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Optional decompositions under constraints
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Humboldt-Universitat zu Berlin, Institut fiir Mathematik,
Unter den Linden 6, D-10099 Berlin

D. Kramkov *
Steklov Mathematical Institute, ul. Vavilova, 42, GSP-1,
117966, Moscow, Russia

Abstract

Motivated by a hedging problem in mathematical finance, El Karoui and Quenez
[7] and Kramkov [14] have developed optional versions of the Doob-Meyer decomposi-
tion which hold simultaneously for all equivalent martingale measures. We investigate
the general structure of such optional decompositions, both in additive and in multi-
plicative form, and under constraints corresponding to different classes of equivalent
measures. As an application, we extend results of Karatzas and Cvitanié [3] on hedging
problems with constrained portfolios.

1 Introduction

Let V be a non-negative supermartingale on some filtered probability space (2, F, (F,)¢>0, P).
The Doob-Meyer decomposition implies that V' can be represented in the form

V=Vo+M-0C,

where M is a local martingale and C' is an increasing optional process. Such an optional
decomposition is in general not unique. In fact, the Doob-Meyer decomposition asserts
existence and uniqueness under the additional requirement that (' is predictable.

Now suppose that the supermartingale property of V' holds simultaneously for all prob-
ability measures () ~ P such that a given semimartingale X is a local martingale under ().
Denote by P(X) the class of these measures. In this case and under the assumption that X
is locally bounded, Kramkov [14] has shown that an optional decomposition of the form

(1.1) vz%+/mm—c
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holds where (' is an increasing optional process. The stochastic integral is a local martingale
for any @ € P(X). Thus, we have an optional decomposition which is valid simultaneously
for all measures in the class P(X). The local boundedness assumption has been removed
in Follmer and Kabanov [10]; see also Delbaen and Schachermayer [4], Kramkov [13]. An
optional decomposition was first proved by El Karoui and Quenez [7] in the special case
where X is a diffusion process, and where the process V' is of the form

Vi =esssup Eglfr|F], 0<t<T,
QeEP(X)

for some Fpr-measurable random variable fr. In terms of mathematical finance, V' is the
value process associated to the problem of hedging a contingent claim fr with complete safety
in an incomplete situation where the equivalent martingale measure is not unique. From
this point of view, an optional decomposition of the form (1.1) provides a hedging strategy
H which covers perfectly the given claim, and at the same time yields cumulative side
payments described by the increasing process C'. This interpretation suggests to investigate
the structure of optional decompositions under additional constraints on the integrand H.

In this paper we derive optional decompositions in the following general setting. We
prescribe a convex class § of semimartingales, for example a class of stochastic integrals
whose integrands satisfy certain convex constraints. We look for a decomposition of the
form

V=V,+5-C,

where S € § and (' is an increasing optional process. Our criterion for the existence of such
an optional decomposition takes the following form: The process

V- A%(Q)

is a supermartingale under any measure ) in a certain class P(S), where A°(Q) is an
increasing predictable process depending only on @) and S. If S is a linear space then P(S)
is the class of all equivalent local martingale measures for S. If S is a cone then P(S) is the
class of all equivalent local supermartingale measures. In both cases, the process A%(Q) is
equal to 0. If S is a class of stochastic integrals of X where the integrands satisfy certain
convex constraints then these constraints are incorporated in the process A°(Q).

If constraints are formulated not in terms of the integrands H but in terms of the
proportions H'X*/V, one is led to an analogous multiplicative decomposition:

V= 1E(8 - C),

where S € §, (' is an increasing optional process, and £ denotes the Doléans-Dade expo-
nential. Here our criterion says that the process

VIE(A*(Q))

is a supermartingale under any @ € P(S). This leads to extensions of various results on
hedging under convex constraints; see, e.g., Karatzas and Cvitanié [3].

For the theory of stochastic integration we refer to Dellacherie and Meyer [6], Protter
[18], and Jacod and Shiryaev [11]. The stochastic integral of a predictable process H with



respect to a semimartingale X will be denoted as [ HdX or H ¢ X. Let L(X) denote the
space of all predictable processes integrable with respect to X. A process H € L(X) will be
called (locally) admissible if He X is (locally) bounded from below. The classes of admissible
and locally admissible integrands are denoted as L*(X) and L¢_(X). The Emery distance
between two semimartingales X and Y is defined as

D(X,Y) = sup (Z 27"E [min(| (He (X =Y, |,1)]) )
[HI<1 \n>1

where the supremum is taken over the set of all predictable processes H bounded by 1.

For this metric the space of semimartingales is complete, see Emery [9]. The corresponding

topology is called the semimartingale or Emery topology. If X is a semimartingale then the

space L(X) is complete with respect to the metric

(1.2) dx(H,G)=D(H ¢ X,G e X);

see Mémin [17].

Let (2, F,(Fi),50, P) denote a filtered probability space which satisfies the “usual” con-
ditions. Except for processes which appear as integrands of stochastic integrals, all processes
considered in the sequel are assumed to be real-valued, to have right-continuous paths with
left limits, and to be adapted with respect to the given filtration; in particular they are all
optional. For two such processes X and Y, the relation X < Y means that Y — X is an
increasing process.

2 The upper variation process for a family of semi-
martingales

Let § be a family of semimartingales which are locally bounded from below with initial
value Sy = 0. We assume that S contains the constant process S = 0.

Let us introduce the class P(S) of all probability measures ) ~ P such that any S € §
is a special semimartingale under (), and such that there is an upper bound for all the
increasing predictable processes arising in the Doob-Meyer decomposition of the special
semimartingales S € § under (). In other words:

Definition 2.1 We denote by P(S) the class of all probability measures ) ~ P with the
following property: There exists an increasing predictable process A (depending on ) and
S) such that S — A is a local supermartingale under @) for any S € S, i.e.,

(2.1) A% Q)< A  VSeS,

where A%(Q) denotes the compensator of S under (). An increasing predictable process
A%(Q) will be called an upper variation process of S under Q if it satisfies condition (2.1)
and is minimal with respect to this property, i.e.,

A%(Q) < A

for any predictable increasing process A which satisfies (2.1).

3



FExample 2.1 Let S be a linear family of locally bounded processes. Then a measure ¢) ~ P
belongs to P(S) if and only if each S € S is a local martingale under @Q, i.e.,

P(S)=4{Q ~ P| @ is a local martingale measure for S }.
In this case, the upper variation process is given by A%(Q) = 0.

Example 2.2 Let S be a cone of processes which are locally bounded from below. Then a
measure () ~ P belongs to P(S) if and only if each S € S is a local supermartingale under

Q, i.e.,
P(S)=4{Q ~ P| @ is alocal supermartingale measure for S }.

Here again, the upper variation process is given by A°(Q) = 0.

Definition 2.2 The family S will be called predictably convez if for S' € S (¢ = 1,2) and for
any predictable process h such that 0 < h <1 we have

h051+(1—h)05268.

JFrom now on we assume that S is predictably convex. Under this assumption, we show
that the upper variation process exists for any ) € P(S) , and that it can be constructed
as the essential supremum of the family of compensators under Q).

Lemma 2.1 A probability measure Q ~ P belongs to P(S) iff any S € S is a special
semimartingale under () and

(2.2) esssup A%(Q), < +oo
Ses

a.s. for allt > 0. In this case the upper variation process exists and is uniquely determined
by the equations

AS(Q)T = esssup AS(Q)T?

E[A%(Q)-] sup E[A%(Q),]

SEeS

for any stopping time 7. Moreover, there exists a sequence S™ € S such that the compensators

A" = AS(Q) satisfy A™ < AL and

lim sup (AS(Q)t — A?) =0 a.s.

00 g<t< s
for any stopping time T such that A°(Q), < +o0o a.s..

Proof The necessity of (2.2) is obvious. To prove sufficiency we assume first that S consists
of predictable processes of bounded variation. In this case, the set P(S) is either empty or
it contains all () ~ P. For A and B in § consider the process

C=5(A+ B+ Var(4A - B)),

DN | —



where

Var(A— B) = (A— B)t* + (A— B)~

is defined in terms of the Hahn decomposition of A — B. We have A < (' and B < C, and
C belongs to S since S is predictably convex. Thus & is upwards directed. By this property
and standard diagonalization arguments, one can construct a sequence (C"),>; in S such
that ¢ < C"*! and

lim C}" = esssup S;

n—00 SeS
for all rational ¢ > 0. Moreover, this convergence is uniform on any interval [0, 7] such that
esssupges Or < +00. The resulting limit process, denoted by esssupges 9, is increasing and
predictable, and it dominates any A € S. Thus, esssupges S is the upper variation process
with respect to any ) ~ P.

The general case follows if we apply the same argument to the space of compensators of

S € S with respect to Q € P(S). O

Example 2.3 Let X be a semimartingale, and let G > 0 and G < 0 belong to the space
Li.(X) of locally admissible integrands for X. In other words, the stochastic integrals

loc

(G ¢ X and GG e X are well defined and are locally bounded from below. We denote by
H = {H . G<H< 6}

the family of predictable processes bounded from above by G and from below by G. All
stochastic integrals H @ X for H € H are locally bounded from below, the class

S={HeX: HeH}

is predictably convex, and so S satisfies our assumptions above. Let () ~ P be such that X
is a special semimartingale with respect to (), and denote by

X=M+A

the canonical decomposition, where M is a local martingale under ¢} and A is a predictable
process of bounded variation. The compensator of any process S = H ¢ X € S has the form
H o A with H € H, and we have the estimate

HeA=Hoe AT —Hoe A=< GeoeAT —(Ge A™.

On the other hand, the equality is achieved for H = hG + (1 — h)G, where h = dAT/dA.
Thus, Lemma 2.1 implies that the upper variation process A®(Q) of S under () is given by

t t
A5(Q), :/0 GsdAj—/O G.dAZ, 130,

In particular we have shown that the set P(S) contains all probability measures () ~ P such
that X is a special semimartingale under ().



3 A decomposition theorem

As in the previous section we consider a family & of semimartingales which is predictably
convex and contains the process 0, and such that all processes S € & are locally bounded
from below with initial value S = 0. Moreover we assume that P(S) # @) and that the set
S has the following closure property:

Assumption 3.1 If (S™) is a sequence in § which is uniformly bounded from below and
converges in the semimartingale topology to S then we have S € S.

If S is a set of stochastic integrals as in Example 2.3 then this closure property will follow
from a theorem of Mémin [17]. We consider this case in more detail in the next section.

Theorem 3.1 Let V' be a process which is locally bounded from below. Then the following
statements are equivalent:

1) V admits a decomposition
(7) P

V=V,+5-C,

where S € S, and C' is an increasing process;

(i) for all Q € P(S) the process V — AS(Q) is a local supermartingale under Q.

Remarks 3.1 1) The theorem can also be stated without Assumption 3.1 and without the
assumption that § is predictably convex. In this case the equivalence holds if the process S
in decomposition (i) is assumed to be in the minimal class SDSof semimartingales such
that S is predictably convex and satisfies Assumption 3.1.

2) Condition (47) means that the process A (Q) in the canonical decomposition V =
M + AV(Q) of the special semimartingale V under Q is dominated by A%(Q), i.e., AV(Q) <

A%(Q).

The proof of Theorem 3.1 will be given in Section 6. We conclude this section with
a multiplicative version of Theorem 3.1 which will be useful in the next section devoted
to the application to portfolio strategies under convex constraints. Let £(X) denote the
Doléan-Dade exponential of a semimartingale X:

E(X) = X XTI (1 4+ AXg) e,

s<-

where (X°¢) denotes the quadratic variation of the continuous martingale part of X. Recall
that £(X) is a solution of the following stochastic differential equation:

Z=1+7_eX, Zo=1.
Moreover any solution of this equation coincides with £(X) on the set {(w, ) : E(X)_ # 0}.

Corollary 3.1 Let V' be a nonnegative process. Under the assumptions of Theorem 3.1 the
following statements are equivalent:



1) V admits a decomposition
(7) P

V=WEWS -0),
where S € S, and C' is an increasing process;
(i1) for all Q € P(S) the process V/E(A%(Q)) is a supermartingale under Q.
Proof Hereafter we assume that V5 = 1. Let us recall the following formula:
(3.1) EX)EA)=EX+A+[X,AD)=EA+(1+AA)e X)),
which holds for any semimartingale X with initial value Xy = 0 and for any predictable
process A of bounded variation.
(1) = (i1) Let Q € P(S). Define a semimartingale X by the following formula:

X = S—C—A%Q)).

1
Eveagil
Accounting for (3.1) we get

E(X)EA%(Q)) = (S —C) = V.

;From the definition of A°(Q) we deduce that X is a local supermartingale under Q. More-
over £(X) > 0, because V > 0. It follows that

E(X) =V/A°(Q)

is a supermartingale under ().
17) = (1) It is sufficient to prove the existence of a decomposition (¢) on any interval
p p Yy

[0,7,], n > 1, where
1
Tn:inf{tZO: Vtg—}.
n
Hereafter we assume that all processes are defined on theset I' = U,»1[0, 7,,] = {(w, ) : V2 > 0}.

Define
tdv,

o Voo’
We have V' = &(R) and according to Theorem 3.1 the proof will follow if B — A%(Q) is a

local supermartingale under any @ € P(S).
Let us fix Q € P(S) and define

Rt:

1
X=—"—
1+ AAS(Q)
iFrom (3.1) we deduce that

o (R—A4%(Q)).

E(X)EA°(Q)) = E(R) = V.

By assumption £(X) is a local supermartingale under @) and, since £(X)_ > 0 on I we get
that X is also a local supermartingale under (). This implies the desired supermartingale
property for

R—A%(Q) = (1+A4%(Q)) o X.

a



4 Constrained portfolios

Let us consider a model of a security market which consists of d 4+ 1 assets: one bond
and d stocks. Hereafter we suppose that the bond is chosen as a numeraire and denote by
X = (Xi)lgigd the discounted price process of the stocks.

A portfolio II is defined as a triple (v, H, ('), where the constant v is the initial value of
the portfolio, H = (H")i<;<a is a predictable X-integrable process specifying the amount of
cach asset held in the portfolio, and €' = (Cy)¢>0 is an increasing process of accumulated
consumption. The value process V = (V;);>0 of such a portfolio II is given by

1
(4.1) %:v+/ &¢&—C% t>0.
0

The condition ' = 0 means that the portfolio II is self-financing.
Let now H C L{.(X) be a family of locally admissible integrands for X. We assume

loc

that H contains H = 0, is closed in L} .(X) with respect to the distance dx defined in (1.2),

loc
and is convex in the following sense: for any H and G in ‘H and any predictable process

0 < h < 1 the process hH + (1 — h)G belongs to ‘H. A portfolio Il = (v, H,C) is called
H-constrained if H € H.

Example 4.1 The role of H is to model various constraints on the choice of a portfolio. One
may, for instance, consider the following cases:

1. H=L}.(X): no constraints;

loc

2. H={H e L} (

loc

X): H'>0, 1<i<m}: no short selling of the first m assets;
3. H={H €L (X):

loc

QigHigﬁi, G <0, @iZO, 1§i§d} where G and
a belong to L (X):  upper and lower bounds on the number of assets held in the

loc

portfolio.

The next theorem gives a “dual” characterization of H-constrained portfolios. In the

unconstrained case H = L¢

i (X)), the theorem reduces to the optional decomposition theorem

of Kramkov [14] and, in the case of a diffusion process X, of El Karoui and Quenez [7]; see
also [10], [4], [13]. Consider the family of semimartingales

(4.2) S={HeX: HecH}.

Theorem 4.1 Let P(S) # 0, and consider a process V' which is locally bounded from below.
Then the following statements are equivalent:

(1) V is the value process of an H-constrained portfolio, i.e.
V=W+HeX-—-(C
with H € ‘H and an increasing process C'
(i) for all Q € P(S) the process V — AS(Q) is a local supermartingale under Q.



Proof 1In view of Theorem 3.1 the only delicate point in the proof is to check that the family
S given by (4.2) satisfies Assumption 3.1. This follows from Mémin’s theorem [17], which
states that the space of stochastic integrals is closed in the semimartingale topology. O

Following Cvitani¢ and Karatzas [2] and [3] let us also consider the case when constraints
are imposed on the proportions of portfolio capital invested in the different stocks. To avoid
technicalities we assume hereafter that X is a strictly positive process. Let

e

R = <1 >0,
i 0o X!_ -

denote the return process of the i¢th stock.

A portfolio II is called admissible if it has a nonnegative value at any time instant. The
value process of such a portfolio given by the additive representation (4.1) can also be written
in the following multiplicative form:

V=V§(KeR—D),

where K| = H!X'_[V;_ Itv,_soy is the proportion of the portfolio capital invested in the sth
stock at time ¢ and

tdC,
Dt = o VS_ [{VS_>0}7 t 2 07

is the accumulated proportion consumed up to time .
Let now K be a family of integrands for R. As before we suppose that K contains the

constant process K = 0, is closed in L} . with respect to the distance dx, and is convex
in the following sense: for any K and L in K and any predictable process 0 < h < 1 the
process hIX + (1 — h)L belongs to K.

The next theorem gives a “dual” characterization of admissible portfolios whose propor-
tions take values in the set K. Consider the family of semimartingales

(4.3) S={KeR: KEeK},
and recall that £(X) denotes the Doléan-Dade exponential of the semimartingale X.

Theorem 4.2 Let P(S) # 0, and let V' be a nonnegative process. Then the following
statements are equivalent:

(1) V is the value process of an admissible portfolio whose proportions belongs to K, i.e.,
V=WE(KeR—-D)
with K € K and an increasing process D

(i) for all Q € P(S) the process V/E(AS(Q)) is a supermartingale under Q.

Proof The proof follows from Corollary 3.1 with the same arguments as in the proof of
Theorem 4.1. O



As an application let us consider the problem of (super-) replication of contingent claims
with constrained portfolios. A contingent claim of European type is defined as a positive
random variable fr on (Q,Fr) interpreted as the value of the claim at time T'. A strategy
IT with value process V' is called a hedging portfolio for the claim fr if I is admissible
and Vr > fr. An H-constrained strategy II with value process V is called a minimal
‘H-constrained hedging portfolio if

Viz Vi> frlgsry, t<T,
for any H-constrained hedging portfolio Il with value process V.
Proposition 4.1 Let the set S be defined by (4.2). Assume that

sup  Eq(fr — A%(Q)r) < +oo.
QEP(S)

Then a minitmal H-constrained hedging strategy Il = (0, f-[\, 6’) exists, and its value at time
t <T equals

-~ ~ +
Vi=o+(HeX), —Cy = %SS;(I}SI)) (EQ {fT — AS(Q)T | ft} + AS(Q)t) )
€

where at = max(a,0).

Proposition 4.1 follows from Proposition 4.2 below which characterizes the value process
of a minimal H-constrained hedging portfolio for a contingent claim of American type.

Let f = (ft)r>0 be a nonnegative process. We interpret f as the reward process of an
American option. Note that if f; = frly>7) then we have a contingent claim of European
type. A portfolio II with value process V = (V;)i>0 is called a hedging strategy for f if

Vizfi, 20

An H-constrained portfolio I with value process V = (\7,5),520 1s called a minimal H-
constrained hedging portfolio if

Vi>Vi>f,, t>0

for any H-constrained hedging portfolio Il with value process V.

The following theorem can be considered as a generalization of results of Bensoussan [1]
and Karatzas [12] to the setting of markets with constraints.

For @ € P(S) and t > 0 we denote by M(Q) the set of stopping times T with values in
[t,4+00) such that the process (Afw(Q) — Af(Q))u>0 is bounded on [0, 7].

Proposition 4.2 Let the set S be defined by (4.2). Assume that

sup  sup Eql(f, — A5(Q),) < +oc.
QEP(S) 7eEMo(Q)

Then a minimal H-constrained hedging portfolio I = (0, ﬁ, C~') exists, and its value at time
t >0 equals

V,=0+ (ﬁo X): — C, = ess sup (EQ [fr — AS(Q)T|ft] + AS(Q)t) )
QEP(S), TEM(Q)

10



Proof Define

‘775 = esssup (EQ [fv - AS(Q)HE&] + AS(Q)L‘) :
QEP(S), TEM(Q)

Let @ € P(S) and (V;),5, be the value process of an H-constrained hedging strategy. Let
(7)., be a localizing sequence such that FoAS(Q),, < n. Since V > f > 0 we deduce
from Theorem 4.1 that V — AS(Q) is a supermartingale under @ on [0, 7,]. Therefore for
any t > 0 and stopping time 7 € M,(Q) we have

‘/t/\Tn 2 EQ[‘/T/\Tn — AS(Q)T/\Tn|ft/\Tn] + AS(Q)t/\Tn
2 an[{t>7'n} + EQ |:(f7’/\7’n - AS(Q)T/\Tn + AS(Q)L‘) [{tS’Tn}|fti| .

;From the definition of My(Q) we deduce that the sequence
(Forr = AS(@)rnr + AS(Q)e) Ipzryy. 121,
is uniformly bounded from below. It follows from Fatou’s lemma that
Vi > Eolf, — A%(Q)-|F] + A%(Q),

hence

Vi>V, t>0.

Note that V, > f,, t > 0. Therefore we only have to show that V is the value process
of an H-constrained portfolio. This fact follows from Theorem 4.1 and Lemma A.1 in the
Appendix. a

Similarly one may describe the value process of a minimal hedging portfolio whose pro-
portions belong to the set K.

Proposition 4.3 Consider a contingent claim of Furopean type given by fr > 0, and let
the set S be defined by (4.3). Assume that

sup B | fr/€(A%(Q))r] < +oo.
QeP(S)

Then there exists a hedging strategy I with proportions belonging to the set K such that its
value at time t equals

Vi = esssup (£(4°(Q))e o [£/E(4%(Q))r | 7).

Moreover, if V' is the value of a hedging strategy with proportions in K then V; > ‘A/t, t>0.

Denote by M; the set of stopping times 7 with values in [¢, +00).

11



Proposition 4.4 Let (f;),5, be a nonnegative process, and let the set S be defined by (4.53).
Assume that -

sup sup Fo [ f-/E(A%(Q))-] < +o0.

TEMo QEP(S)
Then there exists a hedging strategy I1 with proportions belonging to the set K such that its
value at time t equals

Vo= esssup  [E(AS(Q))iEqlf,/E(A%(Q))|F]].

QEP(S), TEM;
Moreover, if V is the value of a hedging strategy with proportions in K then V, > V,, t > 0.

The proofs are similar to the proof of Proposition 4.2 and are omitted here.

5 Fatou convergence

Let (f"),~, be a sequence of measurable functions on (Q,F,P). We use the standard
notation LY (resp. L', L*°) for the space of all (resp. P-integrable, P-essentially bounded)
real-valued random variables on (Q, F, P). If C is a subset in a linear space, then conv C will
denote the minimal convex set containing C.

The work of McBeth [16], Schachermayer [19] and Delbaen and Schachermayer [5] has

shown the usefulness of the following concept.

Definition 5.1 The sequence ("), -, is Fatou convergent to fif (™), -, is uniformly bounded
from below and f" — f almost surely. A subset C in L® which is closed with respect to
Fatou convergence will be called Fatou closed.

The following lemma on Fatou convergence is taken from [5], see also [19].

Lemma 5.1 Let (f"),>1 be a sequence of nonnegative measurable functions.

1) There is a sequence g™ € conv(f™, "t ...), n > 1, which converges almost surely to
a function g with values in [0, 0o].

2) If conv(f1, f2,...) is bounded in L then g is finite almost surely.

3) If there are o > 0 and 6 > 0 such that P(f* > «) > 6 for all n, then P(g > 0) > 0.

We will also need the following fact from functional analysis.

Theorem 5.1 A conver set C in L™ is o(L>,L')-closed if and only if for each sequence
(™), s, in C, which is uniformly bounded and converges in probability to a function f, we

have f € C.

Let C be a convex set in LY of functions which are bounded from below, and assume that C
contains all bounded negative functions. We use the notation

a“(Q) = sup Egh,

hecC

PCC) = {Q ~P: dQ)< —|—OO}.
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Proposition 5.1 Assume that the set C is Fatou closed, and that P(C) # 0. Then
1) the set C NL*™ is a(L*, L')-closed,
2) a function g € L° which is bounded from below belongs to C iff for all Q € P(C)

(5.1) Eqgg < a“(Q).

Proof Let us define C* = C' N L*. Note that

heC>®
since C 1s Fatou closed.
The assertion 1) follows immediately from Theorem 5.1 while the “only if” statement in
2) is trivial. To prove sufficiency in 2) let us first assume that ¢ belongs to L™ and satisfies
(5.1). Suppose that g ¢ C*. Since C* is convex and o(L>,L')-closed, we can apply the
separation theorem to obtain a signed measure R with density in L' such that

(5.2) sup Frh < Egg.
heCo
Since the set C* contains all bounded negative random variables, R is a positive measure,
which can be normalized to be a probability measure. If, in addition, R ~ P then (5.2)
implies that R € P(C) and
aC(R) < ERgv

in contradiction to (5.1).
In the general case where R < P, we define

R =eQ+ (1 —¢)R
for @ € P(C) and 0 < e < 1. It is clear that R° € P(C), and that

sup Epeh = a“(R°) < Epeg
heCo
if € is small enough. So we only have to apply the preceding argument to R instead of R in
order to get a contradiction.
If g is only bounded from below then, as we have proved, the function ¢" = g An belongs
to C*. This implies g € C since the sequence (¢") ., is Fatou convergent to g . a

Now we introduce a concept of Fatou convergence in the setting of stochastic processes.

Definition 5.2 Let T be a dense subset of Ry. A sequence of processes (X") ., is Fatou
convergent on T to a process X if (X™) _, is uniformly bounded from below, and if for any
t > 0 we have

n>1

X; = limsuplimsup X}
slt, s€T n—oo
= liminfliminf X
slt, s€T n—+0

almost surely. If 7 = Ry the sequence (X™) ., is called simply Fatou convergent.

13



In analogy to Lemma 5.1 we have the following result.

Lemma 5.2 1) Let (X"), o, be a sequence of supermartingales which are uniformly bounded
from below such that XZ =0, n > 1. Let T be a dense countable subset of Ry. Then there
is a sequence Y™ € conv(X"™, X"t . ), n > 1, and a supermartingale Y such that Yy <0
and (Y") o, is Fatou convergent on T to Y.

2) Let (A™), o, be a sequence of increasing processes such that Ay =0, n > 1. There is
a sequence B" E_ConV(A”, A" ), n > 1, and an increasing process B with values in Ry
such that (B") ., is Fatou convergent to B. If there are T >0, a > 0 and § > 0 such that
P(A} > a) > 6 for alln > 1, then P(Br > 0) > 0.

Proof Assertion 2) was proved in [14]. To prove 1) we construct a sequence

Y™ € conv(X™, X" L), n>1,
such that (Y;"),>1 converges almost surely to a variable Y/ for all t € 7. This can be done by
Lemma 5.1 and the diagonal procedure of extracting a subsequence. Using Fatou’s lemma
we see that for s <t, s €T, teT

EY/|F] < lirginfE[iﬁﬂfs] < liminf V" = Y.

The standard construction based on Doob’s Upcrossing lemma shows that the process Y
defined as
;= lim Y/
slt, s€T
is a right-continuous supermartingale with left limits. It is easy to see that (Y™) ., is Fatou
convergent to Y, and that -

Yo < liminflim inf E]Y*|Fo] < 0.

sl0, s€T n—+

Let now X be a predictably convex family of semimartingales which are locally bounded
from below. We assume that A contains all locally bounded decreasing processes, in par-
ticular the process X = 0. The following proposition will play a crucial role in the proof of

Theorem 3.1.

Proposition 5.2 Assume that P(X) # 0, and that the set X is closed under Fatou con-
vergence on some dense countable set T C Ry. Consider a stochastic process V which is
locally bounded from below. Then V belongs to X if and only if for all Q € P(X) the process
V — AY(Q) is a local supermartingale under Q.

Proof The necessity follows from the definition of the upper variation process. The proof
of sufficiency consists of two parts. First, we approximate V' at a finite number of points by
a process X € X'. Then we pass to the limit and use the assumption that A is closed under

14



Fatou convergence in order to show that V belongs to AX'. For simplicity we assume that
P € P(X), and that the upper variation process AY = AY(P) and the process V satisfy

(5.3) AY <N, Vi—=V,>-N, V,=0,

for any s <t and some N > 0. The general case will follow by a localization argument.
1) Let T’ be a finite partition of R;. We are going to show the existence of X € X
which is bounded from below and such that

Xt:‘/t tET/

Note that one may choose X to be constant after the maximal point ¢ € 7', in which
case (5.3) and the supermartingale property of X — A% imply that X > —2N. Since X is
predictably convex, it is enough to show that

for any s < t and some X € & which is bounded from below. Hereafter we fix s < ¢ and
denote g = V; — V.

Let Y be the family of processes Y € A which are bounded from below, equal to 0 on
[0, s], and constant on [¢, +00). Using the notation

C=1{hl h=Y. Ye},

our claim (5.4) means that g € C, and this will be deduced from Proposition 5.1.

First we show that C is Fatou closed. Let (h™) ., be a sequence in C which is Fatou
convergent to a function h, and let (Y™) ., be a sequence in Y such that Y;” = h™. Since
Y™ — A% is a supermartingale and the sequence (Y;" — A¥),>1 is uniformly bounded from
below, the processes (Y — A%),s; are uniformly bounded from below. ;From Lemma 5.2
we deduce the existence of a sequence Y™ € conv(X™, X"t .. ) n > 1, and of a process YV’
such that (Y™) ., is Fatou convergent to Y on the set 7. By assumption we have Y € ),
and this implies h € C since

Y; = lim )" = lim A" = h.

n—0oo n—0oo

To finish the proof of (5.4) we have to show that

(5.5) Eqg <sup Egh

hec
for any @@ ~ P such that the right-hand side of (5.5) is finite. Let () be such a measure.
Since

sup Egh = sup EgY; = sup EQAf
hec Yey Yey

we deduce from Lemma 2.1 that

(5.6) sup Eoh = EqAY(Q),,

hecC

where AY(Q)) is the upper variation process of Y under Q. Note that AY(Q) is equal to 0
on [0, s] and constant on [t, +00).
Now let R ~ P be a probability measure defined by the following properties:

15



l. R=Pon F,
2. Epl|F,] = Eol|F.] on Fu,
3. Epl|F] = Ep[-|F] on F.
We have R € P(X) and

AY(R), = AL, + AL, — AY + AY(Q)u, u>0.

UNs

The supermartingale property of V' — AY(R) under R implies
ER[g|fs] = ER[‘/L‘ - ‘/5|f5] S ER[AX(R)L‘ - AX(R)s|fs] = ER[Aty(Qﬂfs]

and therefore

Eqlg|Fi] < Eq[AY(Q)|F].

which together with (5.6) implies (5.5).

2) Let (7,)n>1 be an increasing sequence of finite partitions such that 7 = U,s; Tn. As
we have shown, there is a sequence (X") ., in & such that X* > —2N and X7 =V, for
t € Tp. It follows that (X™) ., is Fatou convergent on T to V. Since X is closed under
Fatou convergence on T, we conclude that V € X'. O

6 Proof of Theorem 3.1

Condition (u7) of the theorem is clearly necessary for a decomposition of the form (¢). To
prove sufficiency we denote by X’ the set of processes X which are locally bounded from below
and are of the form X = 5 — (', where S € § and (' is an increasing process with Cy > 0.

Obviously, P(S) = P(X). Thus, the proof follows from Proposition 5.2 and Proposition 6.1
below, which asserts that X" is closed under Fatou convergence on dense subsets of Ry.

Proposition 6.1 Let T be a dense subset of Ry. If a sequence (X") o, in X' is Fatou
convergent on T to X then X € X. -

Proof Clearly it is enough to show that X is dominated by some element X € X with
respect to the ordering <. Thus, the proposition follows from Lemma 6.1 and Lemma 6.3
below. O

For a negative number a we denote Y = V(T ,a) the set of random processes Y such
that there is a sequence (Y™) o, in X which is Fatou convergent on 7 to Y and is bounded
from below by the constant a. On Y we use the ordering < defined by X < Y if Y — X
is an increasing process. To simplify the notation let us assume that P € P(S), and let us
write A = A®(P). In addition, we assume hereafter that all processes X € X are constant
after time 1 and that

AS < N

for some N > 0. The general case follows by a localization argument.
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Lemma 6.1 Let X be an element of Y. There is a mazimal element X on the ordered set
Y such that X < X.

Proof For Y € Y we define

b(Y)= sup E[Z —Y].
ZEY, Z>Y

It is clear that Y is maximal if and only if b(Y") = 0.
1) Let us show that, for any Y € Y such that b(Y) > 0, there is U € & such that U > «a
and

(6.1) P((U =) 2 8yb(V)) < 8y/b(y),

where we use the notation

(U —=Y)] = sup |U; =Y.

0<t<1

If this assertion fails, and if (K™) ., is a sequence in X" which is Fatou convergent on T

to Y and such that K™ > a, n > 1, then

(6.2) liminf P (K™ = Y)] > 4e) > 4e,

n—0oo

where € = 2,/b(Y"). In this case there are two increasing sequences (i, Jx)z>1 such that

P(sup([&”fk — (tjk) >e)>e k>1.
<1
Define the stopping time
7. = inf {t >0: Kj*— Ktjk > 6},
and the processes

E_ g Ik Ik
Ly = Kk, + (K" — Ki},,),

Al = (K = K ) sy,

T

It follows that L* € X and A* is an increasing process such that P(A} > ¢) > ¢. Moreover,
LF — AF = K} Ty + K Tysny

Hence, the sequence (L* — A¥);5; is Fatou convergent on T to Y and is bounded from below
by the constant a.

Lemma 5.2 implies the existence of B € conv(A*, A¥*1 ) k> 1, and of an increasing
process B such that (B") ., is Fatou convergent on T to B. Since P(A} > ¢) > ¢, we have
that EB; > ¢2. Denote by M* the convex combination of (L%, LF+1 . ..) obtained with the
same weights as B*. The sequence (M") ., is Fatou convergent on 7 to Y + B and M" > a,
n > 1. Therefore, Z =Y + B belongs to Y. It is clear that Y < Z. However

E[Z = Y] = EBy > ¢ = 4b(Y)
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and we come to a contradiction.

2) Let (Y™) ., be a sequence in Y such that Y! = X, Y < Y™ and p(Y™") < 272(n+3),
and let X be the limit of (Y™) o,. (From 1) we deduce the existence of a sequence (U"), -,
in X such that P(U"— Y”)/*Lé 277) < 27" and U"™ > a. It follows that X e FinaH—y,

=

since Y" < X we have X < X and b(X) <inf,>; b(Y") = 0. a

Lemma 6.2 Let Y be a mazimal element of V(T ,a). Let (A"), o, be a sequence of increas-
ing processes and (K™) o, be a sequence in S such that K™ > a, n > 1. Assume that the
convergence -

Y, = limsuplimsup(K” — A")

slt, s€T n—oo
= liminfliminf(K] — A7)
slt, s€T n—+0
holds almost surely, for any t > 0. Then the variables A} and the maximal functions
(K™ =Y)i tend to 0 in probability as n tends to co.

Proof If there are an increasing sequence (n;)g>1 and a number € > 0 such that P(A* >
¢) > ¢, then Lemma 5.2 implies the existence of B* € conv(A™, A"+ .. ) k > 1, and of
an increasing process B such that (B") ., is Fatou convergent to B and P(B; > 0) > 0.
Denote by N* the convex combination of_(K”k, K™+1...) obtained with the same weights
as B. The sequence (N™) ., is Fatou convergent on T to Y + B, and N* > a. This

contradicts the maximality of Y.

To finish the proof we have to show that the maximal functions (K™ — K")} tend to 0
in probability as m and n tend to co. This follows as in part 1) of the proof of Lemma 6.1.
O

The next lemma is the very assertion we need to finish the proof of Proposition 6.1.
Lemma 6.3 Let Y be a mazimal element of Y(T,a). ThenY € S.

Proof The basic idea is to construct a sequence (M") ., in S which is convergent to Y in
the semimartingale topology and is uniformly bounded from below.
1) From Lemma 6.2 we deduce the existence of a sequence (H") ., in & such that

~

H™ > a and the maximal functions (H" — Y); tend to 0 in probability. In particular,
sup,,s;(H")} < 400. We are going to construct a sequence (L") ., of convex combinations

of (H"), -, which satisfies in addition the condition sup,,[L", L"]; < 4o0.
The process H" — A® is a supermartingale and therefore can be decomposed as

11'_]71_145:Rn_14n7

where R" is a local martingale and A™ is an increasing predictable process with Ay = 0.
Since H™ > a and A° < N, we have R” > a — N and A" < R" + N — a. It follows that R"

is a supermartingale and FA} < N —a.
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;From Lemma 5.2 we deduce the existence of a sequence B" € conv(A", A"t .. ) n>1,
and of an increasing process B such that (B"), ., is Fatou convergent to B. Fatou’s lemma
implies that £ B; < N — a. It follows that -

sup B < 400 and sup[B", B"]; =sup »_(AB})* < sup(B})? < 4o0.

n>1 n>1 n>1 >0 n>1

Let K™ € conv(H", H**' ...) and S™ € conv(R", R"*! ...) be the convex combinations
obtained with the same weights as B"™ € conv(A™, A"*! .. .). Since

K" — A% = §" — B",
we have

sup(S™)7 < sup(K")} 4 sup Bf' + A7 < sup(H")} 4 sup B} + A7 < +o0,

n>1 n>1 n>1 n>1 n>1
where

(S)T :SUP|5t|-

<1

It follows that the stopping time

Um:ir;fiinf{Ogtgl: |S7] > m}

is less then 1 with vanishing probability as m tends to co. In view of the supermartingale
property of S™ and the inequality 5™ > a« — N, we obtain

ES™);, <m+ E|S} | <m+2N —2a+ ES] <m+2N — 2a.
Now the Davis inequality implies the existence of a constant ¢,, < 400 such that

B[S, SV < ¢,

JFrom Lemma 5.2 we deduce the existence of a sequence

C" € conv ([S”,S”]I/Q, {S”"'I,S”“r/z ... ) , n>1,

which is Fatou convergent to an increasing process C'. An application of Fatou’s lemma
gives
EC\I,=1y < h%q_l)(l)ngCl Iign=1y < .

Since P(o,, = 1) tends to 1 as m tends to co, we have C; < 400 almost surely. It follows
that sup,,», C7 < +oc.

Let L™ € conv(K™, K™t .. Jand T™ € conv(S™, S™*1 .. .)and D™ € conv(B", B",...)
be the convex combinations obtained with the same weights as €. We have

L" =T"+ A5 — D
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and

[, T < op, (D, DMY? < sup[B*, BFY

)
k<n

see the “Minkowski inequality”(54.1) in [6], Chapter VII. Hence

sup [L™, L"], < 3sup [T, T"], + 3sup [D", D"], + 3[A®, A%], < 4.

n>1 n>1 n>1
2) Let us define the probability measure R ~ P on (Q,F) with density

dR e’
dP  Eer’

where p = sup,5, [L", L"],. Since

Ersup [L", L"), < 400,

n>1
L" is a special semimartingale with respect to R, and so it can be decomposed as
L"=F"+ A",

where F" is an local martingale under R and A" is a predictable process of bounded variation.
Note that
Erp[F", F"], < Er[L",L"],;

see [6], VII Theorem 55. This implies sup,; Er [F", F"], < 400, i.e., the sequence (/') .,
is bounded in the space M2(R, [0,1]) of square integrable martingales with respect to R and
with parameter set [0, 1]. Thus there is a sequence G" € conv(F", F"*1 .. ), n > 1, which
is convergent in M?(R, [0, 1]), hence also in the semimartingale topology.

3) Let (M") ., be the sequence of convex combinations of (L") ., with the canonical
decomposition -

M" = G" + B",

where G" is the convergent sequence of martingales constructed in 2) and B™ € conv(A™, A" ..

In order to establish convergence of (M") ., in the semimartingale topology we only have
to show that the sequence (B™) ., is convergent in the semimartingale topology. The proof
proceeds along the lines of the proof of Lemma 4.11 in [5]. It is sufficient to show that
[ |[dB — dB™| tends to 0 as n and m tend to oo. If this were not the case, we could find
two increasing sequences (i, J,)n>1 and a number € > 0 such that P(C7 > ¢) > ¢, where

1 rt . ,
Cf:—/ [dBin — dBi|, >0,
2 Jo

Let us show that this contradicts the maximal property of Y.
Hahn’s decomposition implies the existence of a predictable process h™ with values in

{—1,1} such that
1t . ,
on = 5/ K (dB™ — dBi), > 0.
0
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Let us denote e |
NP = [ a4 2 [ = ey
2 Jo 2 Jo
and let N* = H" + D" be the canonical decomposition of N under R, where
1t ’ 1 gt ,
Hr = _/ (1 4+ h)dGin + —/ (1 — h")dGin
2 Jo 2 Jo
is a martingale under R and
1t ’ 1t ,
pr— _/ (1+ h")dB" + —/ (1 — h")dBi»
2 Jo 2 Jo

is a predictable process of bounded variation. Since M" € S and the set S is predictably
convex we have N" € §.

By the construction of A" we deduce that the processes D — B and D" — B/» are
increasing. Moreover, since

HY = Gin = %/Ot(h” — 1) (dci — dci)

and the processes G’ — G tend to 0 in M?(R,[0,1]), the maximal functions (H" — G')]
tend to 0 in probability. The same holds for (H" — Gj"):. Taking if necessary a subsequence
we can suppose that convergence holds almost surely and that the stopping times

7, = infinf{0<t<1: H* < max (Gik,ij) — 1/n}
k>n

are equal to 1 with probability tending to 1 as n tends to co. Since (M — 17)? — 0 in
probability and

1 , 1 . , 1 . ,
N”—C”:H”+§(BZ"+BJ"):H”—§(G2"+GJ")+§(MZ"+MJ")

~

we deduce that the maximal functions (N — C" — Y'); tend to 0 in probability.
For t < 7, and k£ > n we have

Ntk — Htk + Df maX(Gik, Gik) + maX(szv ng) —1/n

>

; maX(M,fk, Mt]k) —1/n.

At time 7, a jump ANF is either AM™* or AM and hence the equality
NF > min(M*, M/*) —1/n

holds for ¢t < 7,. Since M" > a we get

NF>a—1/n, 0<t<r, k>n.

If we define Z/\E” = 2 NiLL 1> 0, then N" € S, N™ > q and maximal functions (Z/V\” —
cr— ?)T tend to 0 in probability.
Now Lemma 6.2 implies that the variables C] tend to 0 in probability. This contradiction

proves the convergence of (B") ., in the semimartingale topology. O
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Appendix: A stochastic control lemma

Here we prove a stochastic control lemma which was used in the proof of Proposition 4.2.
Let S be a family of semimartingales which are locally bounded from below. We suppose
that P (S) # 0 and denote by A®(Q) the upper variation process of S with respect to
@ € P(S). Recall that M,(Q) denotes the set of stopping times 7 with values in [¢, +o0]

and such that the process (AS(Q)th — AS(Q)t) . is bounded on [0,7]. As before, all

processes are assumed to be real-valued, to have right-continuous paths with left limits, and
to be adapted with respect to the given filtration (F;),s,. For simplicity we assume hereafter
that the initial o-field Fy is trivial. -

Lemma A.1 Let (f),5, be a nonnegative process such that

sup  sup Eql(f, — A5(Q),) < +oc.
QEP(S) TeEMo(Q)

There exists a process (Uy),s, such that fort >0

U, = ess sup (EQ [fr — A%(Q)-| 7] + AS(Q)t)
QEP(S), TEM(Q)

almost surely. Moreover, for any Q € P (S) the process U— A°(Q) is a local supermartingale
under ().

Proof Without loss of generality we can suppose that P € P (S). For simplicity we assume
that the upper variation process of § with respect to P is uniformly bounded, i.e.,

(A1) A% = A5(P)< N

for some N < oo. The general case follows by localization arguments.

We need to show that U is a supermartingale with respect to P. To any ) € P(S) we
can associate the corresponding density process z with respect to P. For ¢t > 0 we denote
by Z; the set of density processes z corresponding to some @) € P(S) which are equal to 1
on the interval [0,¢]. Throughout we will use the notation

AS(Z) = AS(Q)a Mi(2) = My(Q)

if z € Z; corresponds to Q € P(S). Due to the fact that A°(z) = A® on [0,1] for z € Z;, we
get
U= esssup  Blen(f — AS(), + AD)|F]
2€2Z¢, TEM(2)
For n > 1 we denote by M,(z,n) the set of stopping times 7 with values in [¢, +o0] and
such that the process (AS(Q)th — AS(Q)t) o is bounded by n on [0, 7]. We also define the

process

U = €ss sup E[ZT(fT - AS(Z)T + Af)|ft]-

z€Z¢, TEM(z,n)
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Since for any z € Z;
(A2) Mi(2) = U My(zm).

we deduce that
(A.3) Uy =supU;.

n>1

Let z; and z; belong to Z;, 71 € My(z1,n) and 75 € My(zq,n), where n is a fixed positive
number. Define the set

K={w: Blan(fr — A%(20)n|F] > Elzar,(fr, — A5(22)-,| R}

Since K € F,, we conclude that the process

z =zl + 221 — Ig)
belongs to Z; and the stopping time

=7l + (1l — Ix)
is an element of M(z,n). Moreover, we have

AS(z) = AS(z)Ix + AS(22)(1 — Ix),
Bl (f = A5(2))|F) = max{Elzin (fr, — A%(21)0)| B, Elzan (fr, — A% (22)5) |}
Note that for any z € Z; and 7 € M,(z,n) we have
2 (fr = AS(2), + A7 +n) 2 0.

Now the results of Striebel [20] (see [8], Lemma 16.A.5) imply that for s < ¢:

E[UMF,] = esssup  Flz.(f: — AS(Z)T + Af)|f5].

2€Z¢, TEM¢(2,n)
Taking the supremum over n and using (A.2) and (A.3) we get

(A4) ElUJF) = esssup Elz(f, — A%(2), + A)|F].

2€2:, TEM:(z)

Evidently, Z; C Z,. Moreover, we have M,(Q) C M,(Q) for @ € P(S) due to (A.1) . It
follows that

E[U, — Af|f5] < esssup  Flz(f; — AS(Z)T)U—S]

26257 TGMS(Z)

= U, — AS.

Hence U — A% is a supermartingale.
To finish the proof we have to show that U admits a right-continuous modification with
limits from the left. This is equivalent to the existence of such a modification for V = U/ — AS.
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According to Theorem 3.1 in [15], this is the case if and only if the function (E£'V;)¢>o is right-

continuous.
When s = 0 the equality (A.4) takes the form

(A.5) £V, = sup Elz(f; — AS(Z)T)].

2€2:, TEM(2)

Let ¢, (¢,),5, be positive numbers such that ¢, | ¢, n - 400, and ¢, <t+1,n > 1.

Since V' is a supermartingale, we have

EV, > lim EV, .
n—00

To prove the reverse inequality we fix € > 0 and choose a process z = z(¢€) from Z; and

a stopping time o = o(e€) from M,(z) such that
(A.6) EV; < Elz,(f> — AS(Z)U)] +¢e¢ and Plo>t)=1.

This is possible by (A.5) and the right-continuity of the processes under consideration.

n > 1 we define the stopping time o,, and the process z" as follows

o o> t, " Zu/ %t oc>t,and u>t,
o, =
t+1, o<t,’ U 1, o<t,oru<t,

We have that z" € 2, , 0, € M, (") and

AS( "), = (AS(Z)u — AS(Z)tn + Afn), oc>t,and u>t,
Z = A8, oc<t,oru<t,

Since

AS(Z”)% < Afn + AS(Z)U — AS(Z)t,

it follows from (A.1) and the definition of the set M;(z) that the sequence (AS(Z”)%)

is uniformly bounded. Now we use Fatou’s lemma and (A.6) to conclude that

EV; <liminf Blzg (fs, — A%(2")s,)] + ¢ < lim BV;, +c.

For

n>1

Hence, (EV;)¢>o0 is a right-continuous function. This completes the proof of the lemma.
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