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COMPONENT ANALYSIS FOR ADDITIVE MODELS

HARDLE, W.!, SPERLICH, S.!, AND SPOKOINY, V.2

U Humboldt- Universitit zu Berlin, Institut fir Statistik & Okonometrie,
Spandauer Str. 1, 10178 Berlin

2 Weierstrass-Institut,
Mohrenstr. 39, 10117 Berlin

ABSTRACT. We consider the component analysis problem for a regression model with
an additive structure. The problem is to check the hypothesis of linearity for each
component without specifying the structure of the remaining components. In this paper
we show that under mild conditions on the design and smoothness of the regression
function, each component can be tested with the rate corresponding to the case if all
the remaining components were known. The proposed procedure is based on the Haar

transform and it is computationally straightforward.

1. Introduction

In multivariate regression problems we study the structural relationship between the
response variable Y and the vector of covariates X = (X1,..., X )7 via the regression

curve

F(z)=EY|X =2)

with = (24,... ,wd)T. Purely nonparametric models do not make any assumption

about the form of the d-variate function F(z). The problem is then to fit a d-
dimensional surface to the observed data {(X;,Y;) : ¢ = 1,...,n}. The obvious ap-
proach is to generalize the univariate smoothing techniques based on local ‘averaging’
to this multivariate situation. A serious problem arising here is that we need much
more data material in higher dimensions in order to have enough data points in a local
neighbourhood of each point. Several approaches for dimensionality reduction have been

proposed to deal with this so-called curse of dimensionality. A promising one is additive
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2 HARDLE, W., SPERLICH, S. AND SPOKOINY, V.

modelling which has been used in many applications and for which software is easily
accessible.

A nonparametric additive regression model has the form

y = Flz)+¢, e =(r1,...,24) € R, (1.1)
F(z) = filzr)+...+ falza), (1.2)

where y is a scalar variable, {fm}fn:1 is a set of unknown component functions and &
is a random error.

This class of models has been shown to be useful in practice: additive models naturally
generalize the linear regression models and allow interpretation of marginal changes i.e.
the effect of one variable on the mean function F holding all else constant. They are
interesting from a theoretical point of view since they combine flexible nonparametric
modelling of many variables with statistical precision that is typical for just one explana-
tory variable. To our knowledge model (1.2) has been first considered in the context of
input-output analysis by Leontief (1947) who called it additive separable. In the statisti-
cal literature the additive regression model has been introduced in the eighties, see Buja,
Hastie and Tibshirani (1989) and Hastie and Tibshirani (1990). Stone (1985, 1986)
proved that model (1.2) can be estimated with a one-dimensional rate of convergence
typical for estimating a single function f of one regressor only.

Algorithmic aspects of additive modelling by e.g. the backfitting or the Gauss-Seidel
algorithm are discussed in Venables and Ripley (1994). Linton and Nielsen (1995) pro-
posed a method of analysis of additive models based on marginal integration. Linton and
Hérdle (1996) extended this approach to generalized additive models.

It is of basic interest in additive modelling to analyze the components further. Hardle
and Tsybakov (1995) proposed a selection procedure to determine which covariates should
be included in an additive regression model. The general problem of finding all the sig-
nificant components can be regarded as a family of testing problems: for each component
S, we test the null hypothesis f,, = 0 or, in the other words, f,, is not significant.
Hérdle and Korostelev (1996) considered a similar problem of testing a single component
fm of the regression function F with a criteria based on large deviation asymptotics for
probabilities of errors.

In this paper we concentrate on the more general problem of testing linearity for each
single component, say f;. Therefore we test the null hypothesis Hp : fi ‘is linear’ versus
the nonparametric alternative Hy : f; ‘is not linear’.

The nonparametric theory of hypothesis testing is now well developed. The problem of
testing a simple null hypothesis versus a univariate nonparametric alternative is studied in
details, see Ingster (1993) or Lepski and Spokoiny (1995) for a historical background and
further references. Hardle and Mammen (1993) and Hérdle, Spokoiny and Sperlich (1997)
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considered the problem of testing a parametric null hypothesis versus nonparametric or
semiparametric alternative in the case of a multivariate regression function.

These ealier results show that the optimal quality or rate of testing and the structure
of rate-optimal tests essentially depend on the smoothness properties of the underlying
function. An adaptive testing procedure which does not require knowledge of smoothness
properties of the tested function, has been proposed in Spokoiny (1996a). This adaptive
method achieves a “near optimal rate” of testing which is worse than optimal only by
some log log-factor. The latter can be viewed as the price for adaptation.

In this paper we develop further this approach and apply it to multidimensional sit-
uation with an additive model function. A direct application of the original procedure
from Spokoiny (1996a) is impossible for several reasons. First, we consider now a special
testing problem. The additional difficulty comes from the fact that the function fi,
even being completely specified, does not specify the whole model since nothing is saying
about the other components, fo,..., fs. These functions can be viewed as an infinite-
dimensional nuisance parameter. Therefore, we aim to develop a procedure, which is
adaptive both to unknown smoothness properties of the first components f; and to the
presence of the nuisance parameters.

Second, the original procedure was developed for the so called ‘signal + white noise’
model which is an idealization of the regression model with the equispaced design. In
view of real applications which we address in Section 5 we try to relax these assumptions
and to deal with an arbitrary fixed design.

Third, the above mentioned testing procedure from Spokoiny (1996a) applies a wavelet
transform with a regular wavelet basis. Here we apply a Haar decomposition which is a
particular (and non-regular) case of the wavelet transform. This choice of basis allows to
relax and to simplify the conditions on the design and also to reduce the computational
difficulties. As we will see, the loss of regularity of the basis does not necessarily result
in a loss of sensitivity of testing.

Our approach is based on the simultaneous approximation of all components fi,..., fq
by Haar sums: we first estimate the Haar coefficients for all components and then analyze
the coeflicients corresponding to the first one.

The testing problem is formulated in the next section. Our testing procedure is de-
scribed in Section 3. The asymptotic properties of this procedure are discussed in Section
4. We compare the sensitivity of our procedure with the optimal one designed for the
ideal situation when the other components and smoothness properties of the tested com-
ponent were known. The results show that our procedure achieves a nearly optimal rate
by some log-factor. The results are stated under very mild conditions on the design which
can be instructively checked in practical applications. In our results we suppose Gaussian
homoskedastic noise with known dispersion o?. This assumption allows to simplify the

calculations and highlight the main ideas skipping a lot of technical details which appear
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when considering heteroskedastic non-Gaussian noise. We indicate where necessary how
the procedure can be applied in this situation too by plugging in a pilot estimate of the
noise variance in place of the o2.

Some simulation results and applications are shown in Section 5. The proofs are

postponed until Section 6.

2. Model and testing problem

We are given data (X;,Y;),i=1,...,n, with X; € R?, ¥; € R!, obeying the regression

equation
Y =F(X)+& (2.1)
where F' is an unknown regression function with the additive structure

F(e) = fier) + .4 falea), (2.2)

and &; are normal random errors with zero mean and known variance ¢?. The design
X1,...,X, is not assumed random or regular (for example, equidistant) because we
want to keep things as general as possible.

Our aim is to analyze each component f,,, m = 1,...,d. For simplicity of presen-
tation we concentrate on the first component f;. More specifically, we wish to test the
hypothesis of linearity Hg : fi; ‘is linear’ that means that fi(tf) = a1 + b1t for some
constants aq, b .

Let ¢ be a test i.e. a measurable function of observations with values 0 (accept) and
1 (reject). Denote by Pp the distribution of the data Yi,...,Y, for a fixed model
function I, see (2.1) and (2.2). Let now Iy be a function with a linear first component.

The error probability of the first kind is the probability under Fgy to reject the hypothesis,

O‘Fo((b) = PFO(¢: 1)'

Similarly one defines the error probability fr(¢) of the second kind. If the first compo-

nent f; of a function F is not linear, then

Br(¢) = Pr(¢=0).

Given ag > 0, we wish to construct such a test ¢ that ap, (¢) < ag for all Iy with a
linear first component and, in addition, it is sensitive against a large class of alternatives
F'. Obviously no test can be sensitive against all alternatives. Following Ingster (1982,
1993) we consider therefore the class of alternatives with the first component f; which

is separated from the set of linear functions with distance at least o,

infllfi() —a—b-] > 0 (23)
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where || - || means the usual Lg-norm, and in addition we assume that f; is smooth
in the sense that f; belongs to some class of functions F. The reason for introducing
smoothness assumptions is that if the underlying function is very irregular, then it is
impossible to distinguish between the noise and the systematic component, Burnashev
(1979). Ingster (1982) established his results assuming that the underlying function be-
longs to a Holder or Ly -Sobolev ball F, Lepski and Spokoiny (1995), Spokoiny (1996b)
studied the case of a L,-Sobolev ball with p < 2 which corresponds to alternatives
with heterogeneous smoothness properties. We use a slightly different form of smooth-
ness assumptions supposing that f; is approximated with a certain rate by piecewise
polynomials, see Section 4.

In general, the testing problem can be formulated as follows. Let some class F of
univariate functions be fixed. We test the null hypothesis Hyg : fi(z1) = a + bzy against
the alternative Hi(p) : fi € F and fi obeys (2.3). Given positive numbers ag < 1 and
Bo < 1, we consider tests ¢ such that

Pr(¢=1) <ag

for all Fy with a linear first component and for all /' from the alternative set Hy(p).
We characterize the sensitivity of each test ¢ by the minimal distance p for which the
above constraints on the probabilities of errors are satisfied. A test ¢* which leads to
the minimal distance p* among all feasible tests is called optimal.

Further we consider the asymptotic set-up assuming that the number of observations
tends to infinity. Increasing the number n of observations results in higher sensitivity.
We let therefore the value p* depend on n, p* = p*(n). This sequence p*(n) determines
“the optimal rate” of testing as n increases to infinity.

Our final goal is to construct tests ¢(n) with a “near optimal” sensitivity o(n) in the

sense that the ratio o(n)/e*(n) grows at most logarithmically.

3. Testing procedure

In order to illustrate the main ideas, we begin with the univariate case i.e. d=1.

3.1. The case of d =1
Consider the univariate regression model

We write here f instead of f; to minimize the notation. The problem consists in testing

the hypothesis that the function f is linear versus a nonparametric alternative.
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The proposed procedure makes use of the Haar decomposition of the function f.

3.1.1. The Haar transform

Let us recall the construction and the main properties of the Haar transform. By I we
denote the multi-index I = (j,k) with j =0,1,2,... and k=0,1,...,2/ — 1, and by
7, the set of all such multi-indices.

Let now the function () (the mother wavelet) be defined by
0, <0,¢>1,
Yty =141, 0<t<1/2, (3.2)
-1, 1/2<t<1.
For every I = (j,k), set
Pr(t) = 20724p(29 — k). (3.3)

Clearly the function v; is supported by the interval [277k,277(k+1)]. Each measurable
function f can be decomposed in the following way, see e.g. Alexits (1961, p.57),
Ft) =co+ > ery(t). (3.4)
IeT
Hence the problem of recovering the function f in (3.1) can be reformulated as the prob-
lem of estimating the coefficients ¢y from given data. Since we have only n observations,

we restrict the total number of considered levels. Fix the level j; such that
2j1+1 <n
and set
I ={(j, k), k=0,1,...,2 =1}

for the index set corresponding to j-th level. Now we approximate the infinite decom-
position (3.4) by the finite sum }-;c7(; ) cribr(t) where the index set Z(j1) contains all
level sets Z; with j < j;. Taking into account the structure of the null hypothesis, we
complement the set of functions (¢r, I € Z;), j < ji, with two functions 1y = 1 and
P (t) =t, and set

1) = 0.3+ U . (3.5)

7=0
The idea of the proposed procedure is first to estimate all the coefficients {cy, I €
Z(j1)} from the data and then to test that all the coefficients ¢y for I # 0,1 are zero.
Before we begin with our procedure, let us note that the functions 4y and ¢y, I € 7,
form an ortonormal basis in L3[0, 1] with respect to Lebesgue measure on [0,1]. When

dealing with real data, it may occur that the functions 1; are no more orthonormal and
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are not orthogonal to each other in Ly(u,), where g, is the empirical design measure,
pn(A) = 37 1 1(X; € A). To cope with this, we replace the functions ; by its
standardized versions ¢ : for I = (j,k),

Vr(t) = A1 (27t — k), (3.6)
where 1 is defined in (3.2) and the normalizer Ar satisfies

AT =) (X - k)1 (3.7)

=1
(Recall that d = 1 and hence X, takes values in the interval [0,1].) Particularly,
M=n, M=(X}+...+ X3, and

M=My=#{i:X; €27k 277 (k+ 1))}, Tel.

In the sequel, we approximate the function f by linear combinations of the functions

¥y, I €Z(j1). Let g be a function observed at point Xy,..., X, . Define ||g||, by

lgllz = g% (Xy).
=1

Determine a column-vector 6*(j;) = (07,1 € Z(ji)) as a minimizer of the error of
approximation,
0" (j1) = arginf || f — > 0147l (3.8)
6(i1) I€Z(51)

Such a vector always exists but may not be unique.

To get an explicit representation of 6*(ji), we introduce matrix notation. First
of all, we make an agreement to identify every function ¢ on R? with the vector
(9(X;),e=1,...,n) in R™. Particularly, the model function f is identified with the
vector (f(X;),7=1,...,n). Define also Y as the column vector (Y1,...,¥,)", where
the sign 7 means transposition.

Denote by N; the number of elements in each level j,
Nj=#(Ij) =2

and let N(j1) be the total number of elements in the set Z(j1),
i |
N() =2+ Nj=1+2"%" (3.9)
7=0

Introduce nx N (j1)-matrix ¥(j;) = (i r,1=1,...,n, I €Z(j;)) with elements
bt = 0H(X) = ATW@IX — k), TE€I(i),i=1,....n  (3.10)
Now the approximation problem (3.8) can be rewritten in the form

6" (j1) = arginf || f — U(j1)0(j1)]I3.
6(51)
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The solution to this quadratic problem can be represented as
.y . N | .
0" (j1) = {P (GG} w6/ (3.11)

Strictly speaking, this representation is valid only if the matrix W7 (j1)¥(j;) is not degen-
erate. More generally one may use the same expression for 6*(j;) when understanding
{\IIT(jl)\Il(jl)}_l as a pseudo-inverse matrix.

We begin our testing procedure by estimating the coefficients (65, I € Z(j1)) by the

least square method.

3.1.2. Estimating the Haar coefficients

The least squares estimator @(j;) of the vector *(j;) is defined by minimization of the
residual sum of squares,

2

6(j1) = arginf ||Y — U(j1)0(1)|% = argmf Z Yi— > 6mwi(Xy) | . (3.12)
6(j1) {6;€Z(51) T€T(51)

Let V(j1) be the pseudo-inverse of W7 (j;)¥(j,),
V) ={v"G)eG0}-
Then
0(j1) = V(v (LY. (3.13)

Since the errors & are normal A(0,¢%), we obtain via (3.1) that é(jl) is a Gaussian

vector with the mean 6*(j;) and the covariance matrix oV (j;),

0(j1) ~ N {07(j1), 0*V (j1) } - (3.14)

3.1.3. Tests

The proposed testing procedure is based on the fact that for a linear function f, all
the coefficients 67, I # 0,1, are zero and therefore, the corresponding estimates g; are
Gaussian zero mean random variables.

We execute the procedure recursively starting from j; = 0 until the finest resolution
level j(n) defined as

j(n) = [log, (n) — 1]. (3.15)

For each j; < j(n),let é(jl) be defined by (3.12). Denote by éjl the part of the vector
6(j1) corresponding to the level jy

0, =01, 1€1;).

At the step ji, we analyze the subvector éjl only.
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Following Spokoiny (1996a), we introduce two kinds of tests: the first one, so called a
‘local test’, analyses each term éb I € 7;, , separately; the second one is levelwise, i.e.
all the estimates 917 I €7; , are used for calculating the corresponding test statistic.

Let vy, I,I' € Z(j1), be the elements of the matrix V(j1) = {¥T(j1)¥(j1)} . Due
to (3.14), we have under the null hypothesis 87 ~ A’(0,v77) and hence each variable
U;}/zé[ is standard normal (if vy ; > 0). The local test rejects the null hypothesis if at

least one such value exceeds a certain logarithmic level,
Bloc(j1) = 1 [ max ooy ;%17 > A, (3.16)
IGIJI '

where

An =14 24/logn. (3.17)

In the definition (3.16) we use the fact that vy =0 implies 67 = 0, see (3.13), and we
assume 0/0 = 0. Note that both v;; and 67 depend on j;. The local test ¢y is very
sensitive to functions f containing local fluctuations like jumps or jumps of derivatives.

The next test, which was called a y?-test in Ingster (1993) and a L;-test in Spokoiny
(1996b), allows us to detect very small but systematic components. It is based on the
standardized sum of squares of f;, I € Z; . Let V; be the submatrix of the matrix
V(j1) corresponding to the level jy,ie. V; = (vrp, I,I' € I;/). In view of (3.14),
under the null hypothesis, the vector éjl is Gaussian zero mean with covariance matrix
0?V;, . First consider the case when Vj, is non-degenerate, necessary corrections of the
procedure for the degenerate case will be discussed later. If detV;, # 0, then under the
null, the vector n; = (11, I €Z;,), defined as the standardization of éjl ,

—1y,=1/2;
n, =o V%0, (3.18)
is standard normal. Define y?-type statistics
Sip = I l> = > . (3.19)
IGIJI

For each f € Fy (i.e. for alinear f), the distribution of S5; does not depend on f and

we denote by Eg and Dg the corresponding expectation and variance. Clearly
EqSj, = Nj,,
DOSjl = EO(Sjl - EOSjl)z = 2Nj,.

This leads finally to the test statistic 7},

S — BoSj, _

T; =
D, S;

(2N;,)7Y2(S5, = Nj,).- (3.20)

Each T}, has under the null the normalized x?-distribution with N;, degrees of freedom

which is for large N; approximated by the standard normal distribution. We define



10 HARDLE, W., SPERLICH, S. AND SPOKOINY, V.

therefore

¢ (1) = 1([T5| > An) (3.21)

with the same A, as above.

In the case when detVj =0, denote by V' the pseudo-inverse of Vj, and set

S, = 07?0, Vib;, (3.22)
N = t(VIVj). (3.23)

Then S;, is again a x?-statistic, but now with N]‘1 degrees of freedom. We take therefore

the test statistic again of the form (3.20) with N7 in place of Ny, ,
T;, = (2N})7V2(S;, - Nj,). (3.24)

The representation (3.21) for the test ¢,2(j1) remains valid with such defined T}, .
Finally we reject the linear hypothesis Hy if one of @oc(j1) or ¢,2(j1) does,

*

9" = L max{Poc(J1), Px2(j1) }- (3.25)

3.2. Test procedure for d > 1

The method of testing is essentially the same as in the univariate case and it is based on
the decomposition of each component f,, from (2.1) by the Haar basis,
Fu®) =D ermr(t),  m=1,....d.
IeT

For the additive model (2.2) this gives for z = (21,...,24) € R?

d
Fz) = ermbi(en).

m=1IeT
We proceed as above for the univariate case by replacing the infinite decomposition by
a finite approximation. Let us fix a level j; for the first component and a level j(n)
for the remaining ones, and let Z(ji) be due to (3.5), Z(j1) = {0,1} + U;<;, Z;. We
approximate FI'(z) by

d i(n)
Z crar(zn) + Z Z Z CIm®r(Tm).
1€1(i1) m=2 j=0 1€,

We use here N = 2/(")+1 _1 coefficients for each component f,, , m > 2, and, assuming
that j; < j(n), the total number N(d,j;) of coefficients is at most Nd + 2. Modify
now the definition of j(n) from the one-dimensional case to provide N(d,j;) < n that

leads to the choice

j(n) = llogy(n/d) —1]. (3.26)
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Let now some j; < j(n) be fixed. Denote by Z(d, j1) the index set
I(d,jr) ={(1,1),1 € Z(jr), I, m), 1 € I;, 0 < j < j(n), m=2,....d}
and let
N(d,ji) = N(j1) + (d = )N = 2 4 (d = )27+ g4 2

be the number of elements in Z(d, j1) .

The next step is to renormalize the basis functions ;. Define A7, by

n

Moo= X’ Te€,m=1,....d, (3.27)
=1
where (X;1,...,X;q) is the coordinate representation of X;.

Set W(d,j;) for the nx N(d,j;) matrix with elements ¢;,(I,m) = /\iinsz(XLm) , 1=

L...ym, (I,m) € I(d, j1) , and define the vector 8”(d, j1) with elements 87, , (I,m) €
ZW(4,) as a solution to the quadratic problem
6°(d, ) = argint | F — W(d, j1)0(d, j)|I2. (3.25)

6(d,j1)

This leads to the same representation for 8*(d, j;) as in the univariate case, 8*(d, j;) =
V(d, j1))¥T(d, j;)F . Again the matrix V(d, j;) is to be understood as the pseudo-inverse
of \IIT(d7]1)\II(d7]1) 3 V(dm]l) — {\IIT(d7]1)\I/(d7]1)}_ .

Given data Y = (Y,...,Y,), we estimate 0%(d, j;) by the least squares method,

Next, for testing the first component f;, we proceed in the same line as for the uni-
variate case making use of the estimates éjl = (ém, I € 7;) and the submatrix
Vii = (o)) 1,10 € ) of the covariance matrix V(d,ji). For the level jp,
the local test ¢1oc(j1) is defined by

Ploc(f1) =1 (}g%x o~ o alfral > /\n)

J1

and the x?-test ¢,2(j;) has the form (3.21),

G2 (1) = 1(|T5, [ > An)

with T}, due to (3.22) through (3.24). The test ¢* is again the combination of all local
and x?%-tests for j; =0,1,...,75(n),

¢* — Osgrllg;((n) maX{¢loc(j1)7 ¢X2 (]1)} (330)
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3.3. Level dependent thresholds

The above described procedure is essencially levelwise. However we apply for each level
J and for both subtests ¢1oc(j) and ¢,2(j) the same test threshold A, . This was done
for the sake of simplicity of presentation. In general it is possible to apply different
thresholds for different subtests. Moreover, the simulation studies show (see Section 5)
that the proposed test with the universal threshold is too conservative and an application
of different thresholds is reasonable.

The following threshold values can be used:

Moc(j) = 1+ 1/2108(N}) + aioc loglog(n),
Nea(i) = 2712 4 [N 20 4y fa e loglog(n)

with arbitrary constants apc > 2 and a,2 > 2. Hence we set

¢loc(j1) =1 (IHEI%X O-_lv(_;l/i([71)|é1,l| > Aloc(jl)) 3

J1

$y2(j1) = 1 (IT;,] > A2 (1))

with the above defined test statistics 6 and T;, and then apply the combined test (3.30).
It can be seen by inspecting the proofs that all the results formulated for the original

test procedure remain valid for this modified test.

3.4. The case of unknown variance of errors

In the above procedure we assumed that the variance o? of errors ¢; is unknown. Here

2 is unknown.

we shortly indicate the necessary modification of the procedure when o
We apply the standard approach by making use of a pilot estimator of 2.
Let j(n) be defined in (3.26). Due to this definition we have n/2 < d2/(M+! < n. We
suppose that n — d2/(W+! > n /4 otherwise the value j(n) can be reduced to j(n)—1.
Let 6, be the least square estimator from (3.29) of the vector 7 = 6*(d, j;) with
j1 = j(n). Denote also V,, = V(d, j(n)) and ¥, = ¥(d,j(n)). Then V, = (VI¥,)"

and
6,=Vv,uly.

We know that the vector én has the mean 6% and the covariance matrix o2V, . More-
over, the vector 8 is the solution of the optimization problem (3.28) and hence ¥, 07
corresponds to the best approximation of the regression function F by the Haar sum
with the highest level j(n). Under usual regularity condition on this function F the

accuracy of approximation tends to zero as j(n) tends to infinity in the sense that

nHF - 9,05 — 0, n — 0.
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This consideration prompts to use the value
Sa =Y - 0.8,
for estimating . We have
EY, = E|Y -9, V,vy)|?
= E|(I, -V, V9] F+ (1, - 9,V, 812
= ||F = U017 + BII(L — VW)l [7

where [, denotes the identity n xn-matrix. Next, since the errors e; are independent

2

zero mean random variables with E<? = % we obtain by straightforward calculation

E||(I, = U, V, ¥ D> = 6% (n — tr V,,V,7).

The rank of the matrix V, is at most d2/("*! and due to our assumption it holds
n—d2/W > p /4 that gives n — trV,V,m > n/4. We set

6 =%,/(n—trV,V.,7).

It can be shown that 62 is a consistent and even root-n consistent estimator of o2 .
Using this estimator, we define the test procedure in the same line as before replacing

o by its estimate &.

4. Main results

In this section we study asymptotic properties of our testing procedure. We state the
results on the error probabilities of the first and of the second kind separately since
we evaluate them under different assumptions on the design variables. The result on
the error probabilities ag, (¢*) of the first kind is valid under mild assumptions on the
design. For high sensitivity of the test, we need slightly stronger regularity conditions on
the design variables.

When testing the first component of the function F from (2.2), the remaining com-
ponents fo,..., fs can be viewed as a nonparametrically specified nuisance parameter
which are to be estimated by a pilot estimator. In order to ensure the required accuracy
of estimation, we need some conditions on the rate of approximation of each function
Sfm with 2 < m < d by the Haar series. We formulate these conditions exactly in the
required form. Later we show that these conditions are met, for instance, under mild
conditions on smoothness of f,, and on the design Xy,...,X,,.

Recall that we identify every function g on R? with the vector (g(X;),i=1,...,n)
in R™. In particular, each f,, is identified with (f,(X;.),¢=1,...,n) and WI,m
is understood as the vector with the elements /\iirﬂbI(Xivm) . Recall also the notation
lglls =221 9%(X) -
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Denote by L,,(j) the linear subspace in R™ generated by the functions {Qb’Lm}7
IGIj'70§j/<j7

i—1
Lo()=3> > brmdin,
7'=0 IEIJ/

Clearly all the functions (or vectors) from £,,(j) depend only on m-th coordinates X; ,,
of design points X;, ¢ =1,...,n. By Il,,(j +1)f, we denote the projection of f,,
onto L, (j) w.r.t. the distance || -|],,,

Hm(] + 1)fm = afginf Hfm - an = arginf Z |fm(Xz,m) - g(Xi,m)|2-

9ELm(5) 9€Lm(s) 521

We write also I, , for IL,(j(n)+1).

In our results we suppose the following condition to be fulfilled:

Condition (D): For n sufficiently large

d
Z Hfm - Hm,nfm”n S Un_1/4'
m=2

The following lemma shows that condition (D) is satisfied under mild smoothness con-

ditions on each component f,, .

Lemma 4.1. Let p,,, be the m-th marginal of the empirical design measure p, ,

pom(A) =" 1(Xim € A), m=2,...,d
=1

Let also there be a constant Cy such that for every 0 <a <b<1 with b—a > 1/n, it
holds

Pn,mla, b] < Ci(b—a).
If each f,,, m=2,...,d, is a Lipschitz function i.e.
[f(2) = [ (@) < Calw = 2], Va,2"€[0,1],
then
fon = Mol < Cr™'/2
with C' depending on Cy and Cy only and condition (D) is fulfilled for n large enough.

Another situation when the difference || f,, — L, » fi|ln can be easily estimated, is in
the case of a discrete m-th component (i.e. when all X;,, belong to some finite set).

Let ¢* be the test introduced above in (3.30).
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Theorem 4.1. Suppose that the observations (X;,Y;), i=1,...,n, obey the regression
model (2.1) and (2.2), and let condition (D) hold. If the first component fi of the

function F is linear, then
ap(¢) = Pr(¢™ =1) < 61(n),

where 61(n) depends on n only and & (n) — 0 as n — oo

The proof of the theorem is given in Section 6.

Now we state the results concerning the sensitivity of the proposed test ¢*. The first
assertion shows under which conditions we detect an alternative with a high probability.
Then we discuss how these conditions can be transferred into precise statement about

the rate of testing.

Proposition 4.1. Let the function F in model (2.1) be of the form (2.2). Let also
0 = (0}71, I € Z;) be the subvector of the vector 8*(d,j) from (3.28) corresponding to
J -th resolution level of the first component and let V; = (U(I71)7(1/71)7 I,I' € I;) be the

corresponding covariance submatriz. If, for some j < j(n), it holds
Ty =270t 2e=29 Ty 107 > 2,
with A\, = 1+ 2y/logn, then
Ppi¢2(j) =0} <é(n) =0,  n— oo,
where §(n) depends on n only.
If, for some j < j(n), it holds

* -1 —1/2 *
T = maxa™ v gy (r 0111 > 2An,

)

then
Pp{dioc(j) = 0} < 6(n) = 0,

with the same §(n) .

This proposition says that the test ¢* detects with a probability close to one any
alternative for which at least one from the corresponding values T and T exceeds
the level 2),,. Therefore, we may suppose that the error of the second kind may occur

only if

Ty

IA

2/\n7

IA
IA
o

=
=
=

0<y

IA
IA
o

=
=
B

It remains to understand what follows for the first component f; of the function F' from
these inequalities. To this end we impose some regularity conditions on the design and

smoothness conditions on the first component f; of the function F'.
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The reason why we need stronger conditions on the design can be explained by the
fact that a degenerate design leads to an identification problem: the components cannot
be separated and therefore it is impossible to make any inference about one of them.

Smoothness (or regularity) conditions on a function f can be formulated in a different
forms. We find it convenient to define them in terms of accuracy of approximation of
this function by piecewise polynomials of certain degree. Given j < j(n), denote by
{Ar, I € Z;} the partition of the interval [0, 1] into intervals of the length 277: if
I=(j,k) then A; =[k277, (k4 1)277). Next, for an integer s, define P,(j) as the set
of piecewise polynomials of degree s — 1 on the partition {A;} i.e. every function g
from Ps(j) coincides on each A; with a polynomial ag+ a1z + ...+ as_12°"1 where
the coefficients ag,...,as_1 may depend on I. Now the condition that a function f
has regularity s can be understood in the sense that this function is approximated by
functions from P,(j) with the rate 277° or, in other words, the distance from the
function f; to the linear space P,(j) can be bounded by C277% with some positive
constant C' depending on s only.

Let now a function F with the structure from (2.2) be fixed and let f; be the first
component. Let also jy be such that 2%0~1 > s. Set for j > jo

9EP(3—Jo) s(3—Jo)

1/2
re(j) = 1nf Hf1 an— 1nf {Zm 1) (21)|2} . (4.3)

The quantity r,(j) characterizes the accuracy of approximation of f; by piecewise poly-
nomials. In our procedure, we use the Haar approximation which corresponds to the case
of a locally constant approximation with s =1.

In order to state our next results we need to define regularity characteristics of the
design Xy,...,X,. Set

u(j) = Iiél%QjMI/n, (4.4)
u(j) = ?SZPQjMI/n’ (4.5)
J

with My = #{i : X;; € Ar}. Design regularity means in particular that wu.(j) is
bounded away from zero i.e. each interval A; contains enough design points X;; and
this satisfies the condition in Lemma 4.1.

Let also V; be the submatrix of V(d,j) = {¥7(d,)¥(d,j)}~ corresponding to the
first component, see Subsection 3.2, V; = ( v, ) 1 I'eZ; ) . Clearly V; is a N;x
N;-matrix, N; =27. Set

@) = Vil (4.6)

Here the norm ||A]| of a matrix A is understood as the maximal eigenvalue of this
matrix or equivalently, [[A]| = sup.,y=1[|A7|| where the sup is taken over v € RN

and ||y =~8+...+ 7J2\7(j) . We may therefore define v*(j) as the maximal eigenvalues
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of V;. We shall understand design regularity in the sense that V; is non-degenerate and
v*(j) are bounded for sufficiently large j. Note that the values v*(j), u.(j) and w*(j)
are related to each other: the regularity conditions in terms of v*(j) are stronger than in
terms of u.(j) and w*(j). Indeed, wu.(j) and u*(j) characterize only the properties of
the first marginal of the design, whereas v*(j) tells us additionally about identifiability

of the first component.

Theorem 4.2. Let condition (D) hold. Suppose there exists an integer s and for some

Jj < j(n), the first component fi of the model function F' satisfies the following inequality

inf || fi = a = b2 > Corl() + Co Ej;v*(j)?/?a?/\n (4.7)

with vy 1(xz) = 1 and some constants Cy and Cy depending on s only, then
Pr(¢"=0)<d(n) >0, n—ox,
where §(n) is from Proposition 4.1.

Remark 4.1. It is of interest to compare this Theorem with other results on the rate
of hypothesis testing. It was shown in Ingster (1982) that if f belongs to a Sobolev ball
W,(1) with

Wi = {5+ [ 1106 <1,

) being s-th derivative of f, then the optimal rate of testing is n~25/(#s+1) and it is
achieved by a testing procedure which makes explicit use of knowledge of s.

Our procedure is adaptive i.e. we do not need to know s. Next, the condition
fi € W,(1) yields n='/2r(j) < C277% and, if the design is regular (that means that all
v*(j) are bounded), then the optimization over j in the right hand-side of (4.7) gives

—2s/(4s+1)
the rate (\/IZW) for the deviation of the function f; from the space of linear
functions. Therefore, our procedure provides the near optimal rate of testing by the

)5/(45—|—1)

logarithmic factor (logn . It was shown in Spokoiny (1996a) that the optimal

adaptive rate differs from the non-adaptive one by the factor (loglog n)s/(45+1) .

Remark 4.2. The result of Theorem 4.2 helps to understand what happens in the case
when our design is not regular and, for instance, u.(7) = 0 for all large j. It was already
mentioned that the procedure can be applied in this situation too and the probability of
the error of the first kind is very small. Concerning the error probability of the second
kind, the inspection of the proof shows that design irregularity decreases the sensitivity
of our procedure in the following sense: there exist smooth alternatives with probably
large Lo-norm which are not detected. Such an alternative f; deviates from the best
linear approximation only in the domain where there are very few design points or where

an identification problem between f; and the remaining components is met.



18 HARDLE, W., SPERLICH, S. AND SPOKOINY, V.

Remark 4.3. It is also worth speaking about the relation between smoothness condi-
tions on the additive model components fi,..., fs and regularity conditions on the
design. Namely, the first term in the right hand side of (4.7) depends only on smooth-
ness properties of the function f; and the second one depends only on design regularity.
Therefore, if we would like to keep the same sensitivity for a less regular component

function we need more regular design and vice versa.

The result of Theorem 4.2 is formulated for the case when smoothness properties of
the function f; are measured in the Ls-norm. An inspection of the proof shows that in
this situation it suffices to apply only the test ¢, > which exactly corresponds to testing
in Ly-norm. Lepski and Spokoiny (1995) and Spokoiny (1996b) have shown that if
smoothness properties of the tested function are measured in some norm L, with p < 2,
then the testing procedure has to be modified to attain the optimal rate of testing which
is n~(2sp=14p/2)/(25p=14p) in this situation. The latter case of p < 2 corresponds to a
function f with heterogeneous smoothness properties, in particular, when this function
has jumps or jumps of derivatives. We conclude by stating one more result related to
this situation.

Given j < j(n), let 6%(d,j) = (07,,. (I,m) € Z(d,j)) be due to (3.28) and let
07 = (07, I € Z;) be the subvector tested at j-th step. The test ¢.2(j) is sensitive
when ||07]|* > C\,27, see Proposition 4.1 and Lemma 6.2 below. At the same time,
the test ¢loc(j) is sensitive in the situation when at least one coefficient 0?1 is greater
than C’A, . This means that it is reasonable to apply the test ¢, when the majority of
coefficients from level j are small and a few of them are of order A, . This corresponds
exactly to the case of a function with nonhomogeneous smoothness properties, e.g. to a
function with jumps.

Set

(G0 =Y 1074171107, < 0). (4.8)
1€1;
We exploit the fact that under some regularity conditions on the first component f; of

F', the value r(j,t) is small for j large enough.

Theorem 4.3. Let condition (D) be satisfied. If, for some integer s and some j; <
Jj2 < j(n), the first component fi of the model function F satisfies the following in-
equality

. L vt (G2)u (g : Lo

inf || fi — a — biby 4l > Cirl(ja) + M 21207 N, 4+ C3 Y r(j,t)

a,b u*(jg) —

J=i

with t; = 20)X,4/v*(j) and some positive constants C1,Cy and C'3 depending on s
only, then
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with the same §(n) as in Proposition 4.1.

As a corollary of the last result, we show that our testing procedure provides a near

optimal rate of testing over Sobolev balls W ,(1) with p <2 and s <1,

W, (1) = {f : /01 £ (@) de < 1} .

Indeed, it is well known, see Triebel (1992), that if f € W, ,(1) for s < 1 and if the

design is regular, then
DY I f(X)P < o2,
=1
This gives for a regular design
r(j,t;) < Cn277%P (n_12j402/\721)1_p/2 = C'np/zx\i_pQ_j(SP_Hp/z).

Since sp — 14 p/2 > 0 for every integer s and p > 1, we obtain
J2
> (b)) < CMeplPAITrm i brmEef2),
=
Now we select ji to minimize the sum C5201/2X,+C"nP/2\77P2771(sp=142/2) that leads to
the rate n_(25p—1+17/2)/(25p—1+p)Ai(P—l)/(Qsp—l-l-p)
factor /\i(p_l)/(%p—l"'p) ‘

which is near optimal by the logarithmic

b. Simulation studies and applications

The behaviour of the suggested test procedure for finite samples has been examined in a

small simulation study and then the test was applied for analysis of econometric data.

5.1. A simulated example

We considered 3-dimensional regression problems having additive components of the

following form:

folz) = 2sin(—22),
Folz) = 2sin(=5z),
fol@) = z+41{x € (~0.15,0)} — 4 I{z € (0,0.15)},
fulz) = 2 - B[]

The models we chose were
e Model 1: Fi(z) = fo(a1) + fo(22) + fa(2s)
e Model 2 : Fy(z) = fo(x1) + fo(z2) + fa(as)
e Model 3 : F3(z) = fe(z1) + fal22) + fa(za),
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see also Figure 1. Here f, and f; are fairly smooth functions that could also be approx-
imated by a polynomial approach, whereas for f, and f. application of wavelets seems
to be reasonable.

In our simulations we assumed the uniform random design on the cube [-2,2]% and
standard normal errors. We do not assume to know the standard deviation of the error
terms and therefore estimate o as suggested in section 3. 4.

We apply the modified test procedure from Section 3.4 with the level-dependent thresh-
olds Ajoe(j) = 14 /210g(N;) + aioc loglog(n) and A2 ; = % + ]2\7—; + /a,2 loglog(n),

where we took ae =2 and a,» =4.

First we compared the performance of the test for different numbers of observations
n = 200 and n = 400. Second, we investigated the relative efliciency of our test by
calculating the power functions of the competing optimal parametric Likelihood Ratio
Test (LR-test) and our nonparametric test procedure. In practice the parametric LR-test
can only be applied if we already knew the functional forms of the additive components.

We further observed at what level j; the test rejects the hypothesis Hy. Finally we
compared the partial tests ¢joc and ¢, o.

In Figure 1 we have displayed the functions f, through f;, the responses (an example
with » = 400 ) and estimates. The solid lines are the data generating functions, the
points are the Y’s and the dashed lines are wavelet estimates, using the Haar basis
and the highest possible level j(n) = 5. This value was calculated due to the rule
j(n) = [logy(n/d)] — 1 under the constraint n — d2/0+! > /4 which leads for d = 3
and n =400 exact to j(n) =5.

Function a Function b

Function ¢ Function d

Figure 1: The functions and the estimates.
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Note that these wavelet estimates are not to be seen as smoothers in this context. But
our goal is in the structural analysis of the components rather than their estimation.
To get power functions for our test procedure we considered the following data gener-

ating process. For Model 1
Y:(1_U)xl—l_vfa(xl)‘I’fc($2)+fd($3)+€7 RS [071] (51)

where ¢ means a standard normal error. We compare the sensitivity of our test proce-
dure with the LR-test designed for this specific form of the alternative: the paramet-
ric hypothesis Hg : v = 0 is tested versus the parametric alternative H; : v # 0.
For the case of Gaussian errors this test is based on the statistics 7, of the form
T, = n~1/2 > {|YZ —Xig — [o(Xi2) — ]‘()(2'73,)|2 — 1}: we reject the null hypothesis if
T, exceeds the proper quantile of the standard normal law. For each v we pick the
threshold value for LR-test to provide the same value of the error probability of the first
kind and compare the error probabilities of the second kind. Similarly we proceeded for
Models 2 and 3.

In Figure 2 we see the power functions for Model 1 and Model 2 for a sample size of
n = 200. The solid lines are for the LR-test, the dashed ones for the nonparametric

procedure. For n =200 we have j(n) = 5.

Power Function, Model 1, n=200 Power Function, Model 2, n=200
8

Figure 2: The power functions for n = 200 observations.

In Figure 3 we display the corresponding power functions for a sample size n = 400.
Looking at the scale of v we recognize that for n = 400 the power functions are steeper
than for n = 200. This fact is not surprising but it can also be seen that the relative
efficiency of the nonparametric procedure stays almost the same. As we expected the
efficiency in Model 1 is very high whereas in Model 2, where we consider a sin function
with high frequency, the distance between parametric and nonparametric power fits is
even for n = 400 rather spread. This fact is in agreement with the general results on
nonparametric hypothesis testing, see e.g. Ingster (1982, 1993) where it has been shown
that optimal nonparametric rate of testing is n=2/(45+1) is worse than the parametric

rate n_1/2 .



22 HARDLE, W., SPERLICH, S. AND SPOKOINY, V.

Power Function, Model 1, n=400 Power Function, Model 2, n=400

e

power

0.6 0 0.2 0.4 0.6

Figure 3: The power functions for n = 400 observations.

Our test procedure is levelwise and it is natural to expect that different levels play
different roles for different model functions. The next two tables show at which level
our test detects firstly the alternative for the Models 1 and 2 and different values of v
in (5.1). We see in Table 1 that the very smooth but nonlinear function f, is detected
typically at lowest level with 7 = 0. Similar simulation results for the case f; = f, are
presented in Table 2. Here we recognize that higher levels become more important. The
simulation were carried our for n = 400 observations. The last column of each table is

displayed in Figure 3.

level j

0 1 2 3 4 5| sum

0.0 0.33 0.33 0.00 0.00 0.33 0.00 1.0
0.1 6.67 0.00 0.00 0.00 0.67 0.67 8.0
0.2 52.67 0.00 1.33 0.00 0.00 0.00| 54.0
v 03] 9533 0.00 067 0.00 0.00 0.00] 96.0
0.4 | 100.00 0.00 0.00 0.00 0.00 0.00]| 100.0
0.5 1 100.00 0.00 0.00 0.00 0.00 0.00]| 100.0
0.6 | 100.00 0.00 0.00 0.00 0.00 0.00]| 100.0

TABLE 1: Percentage of rejection in Model 1
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level j
0 1 2 3 4 5| sum

0.0 0.00 0.00 0.00 0.33 0.67 0.00 1.0
0.1 2.00 0.67 133 0.00 0.00 0.67 4.7
021 333 0.67 6.00 2.67 067 1.33| 14.7
03] 467 4.00 28.00 4.67 067 0.00| 42.0
v 0.4]14.00 10.00 60.00 6.00 0.00 0.67| 90.7
0.5 12333 24.00 48.67 3.33 0.00 0.00| 99.3
0.6 | 36.67 28.00 35.33 0.00 0.00 0.00]| 100.0
0.7 146.67 28.67 24.67 0.00 0.00 0.00]| 100.0
0.8 1 62.67 22.00 15.33 0.00 0.00 0.00]| 100.0

TABLE 2: Percentage of rejection in Model 2

Finally we have done the same simulation study for the Model 3 whose first component
has jumps. But now we investigate separately the tests ¢, and ¢,2. The results are

given in Table 3.

Ploc ©y2

level 0 1 2 3 4 5 | sum 0 1 2 3 4 5 | sum
0.0} 00 07 07 0.0 0.0 00| 10| 00 03 00 00 0.0 00| 0.3
0.1 1.3 07 00 07 0.0 00| 27| 07 07 00 00 0.0 00| 14
021133 1.3 0.0 0.7 0.0 00]153| 87 0.0 07 00 0.0 00| 94
0.3420 1.3 1.3 1.3 0.0 0.0]|46.037.3 0.0 07 1.3 0.0 0.0|39.3

v 041640 0.0 1.3 1.3 1.3 0.7|68.7 (587 00 20 00 0.7 0.0|61.4
051913 0.7 0.0 0.0 0.7 0.0]927|88.7 07 07 13 0.0 00914
0.6 947 0.7 0.0 0.0 2.7 0.0]98.0|94.0 0.7 07 07 0.7 0.0|96.7
0.71980 0.0 0.0 0.0 2.0 0.0]| 100|973 0.0 0.0 1.3 0.0 0.0|98.6
0.8 100 0.0 0.0 0.0 0.0 0.0| 100(99.3 0.0 0.0 07 0.0 0.0 100

TABLE 3: Percentage of rejection in Model 3 for ¢, and ¢, separately

Here we can see that the local test has better performance than the test ¢,>. The
special role of the fourth level for the test ¢ is due to the fact that the length of
support of the corresponding wavelet function is of the same order as the length of the

bump.

5.2. Applications

We now turn to an application to demonstrate the performace of our procedure on real
data. The data set is a subsample of the Socio Economic Panel of Germany from 1992.
To study the female labour supply in East Germany, 607 women with job and living
together with a partner in East Gemany have been asked for their weekly number of
working hours. The following observations have been chosen as explanatory variables:

the age of the woman Xy, her earnings per hour X5, the prestige index of her kind
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of profession X3 (called “Treimann Prestige Index” | see Treimann, 1978), the rent or
redemption X4 for their flat or house, the monthly net income of her partner (in most
cases her husband) X5, her education Xg measured in years, the unemployment rate X~
of the particular country of the Federal Republic of Germany where the woman is living
in and the number of children younger than 16 years Xg.

Since the realizations of these explanatory variables took very different numbers of
values, e. g. they have maximal 5 children but there are more than 500 different wages
in this sample, it made no sense to take one j(n) equal for all components. We chose
Je(n) = 2 for Xg, jr(n) = 2 for X7 and j(n) = 5 for Xy, Xo, X3, X4 and X5. For Xs
(number of children) we tried jg(n) = 1 (first run) as well as jg(n) = 0 (second run) to
avoid overparametrization in that direction.

We apply again the modified tets procedure from Section 3.3 with the parameters
aloc = @,2 = 2. This choice is the smallest possible one and it leads to the least
conservative test.

In Figure 4 we have displayed the functional forms for the additive components except
for X7 and Xg as we had estimated them by using wavelets. These plots indicate that
the influences of X (age), Xy (hourly earnings) and X3 (prestige) may be not linear
whereas X4, X5 and Xg look rather linear. Step by step we tested each component
against linearity.

In the first run linearity was rejected for X5 and X3. For the first component X the
linearity was not rejected but the values of the test statistics have been very close to the
rejection boundary at almost all levels. For instance, for j; = 4 we have Ty = 3.487 and
A2 (4) = 3.548.

In the second run the test procedure rejected linearity for Xy and X, but this time not
for X3. Looking at the values of the test statistics and rejection boundaries we notice
that they are pretty close at almost all levels. E. g. for j; = 2 we have T3 = 3.440 and
Az o = 3.490.

Though there is a difference between the first and second run, the related results are
very close and the performance of the proposed test is quite satisfactory.

In Figure 4 we have displayed the wavelet estimates of the components. Again we see
that the quality of estimation is not good because of undersmoothing but some qualitative
analysis of each component (in our case it is testing of linearity) is still possible. From
this pictures we can recognize that the dependence from the age is rather parabolic then

linear, and that the Hourly-Earnings component is not considered as a linear function

because of the flat part between 5 and 15.
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Figure 4: The estimated functions with a part of the response variables.

6. Proofs

In this section we prove Theorems 4.1 through 4.2.

6.1. Proof of Theorem 4.1

In a first step, we reduce the multidimensional problem with a first linear component fi

to a univariate problem with a regression function f’ satisfying the condition

£l < on™t/1, (6.1)
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Let j(n) be due to (3.26), let some j; < j(n) be fixed and let 87(d, j1) be introduced
n (3.28). Due to condition (D),

d
Z Hfm - Hm,nfm”n S Un_1/4
m=2

and each 1l,, , fn, m =2,...,d, can be represented in the form
mnfm—zzefm¢lm7 m:27"'7d7
J=01€7I;

with some coefficients 0y, , I € 7.
Next, under the null hypothesis, the first component f; of I is linear, f; = 01 +
01,1%1,1 . This and the above bound yield

HF —fi-Ianfo—...— Hd,nfd”n < an~ 11, (6-2)

Denote by 6(d,j1) = (01.m, (I,m) € TWD(j;)) the vector with 87, = 0 for I € T;,
0 < j < j1, and with the above defined 67, for m > 2. Then the inequality in (6.2)
can be rewritten in the form ||F — W(d, j1)0(d, j1)||. < on~'/*. the vector (g(X;), i =
1,...,n).) Set

F'=F-fi—-Uy,fo—...— Uanfa, (6.3)
0/'(d, j1) = 0°(d, j1) — O(d, jy). (6.4)

Then obviously 6'(d,ji) = V(d,j1)¥(d,j1)F" and ||F — ¥(d, )0 (d, )|, = ||F' -
W(d,j1)0'(d, j1)||n - At the same time, the vectors 6*(d, j1) and €'(d,j;) have the same
subvector €7 . Taking into account the model equation (2.2) we conclude that when
considering test statistics based on éjl , the regression function F' can be changed by
F' without any influence on their behavior, although |[F’||, < on~'/* due to (6.2).
Moreover, in further calculations, we operate only with the subvector éjl and the cor-
responding covariance matrix V; and therefore the multi-dimensional structure of the
model is not important. We will use only the latter bound. This allows to reduce the
original problem to the univariate case with the model function f’ satisfying (6.1).

At the next step, we evaluate the error probabilities of the first kind for the tests ¢ioc

and ¢,2 . We use the following technical assertion.

Lemma 6.1. Let numbers ay,...,a, be such that the sum a1&+...4+a,&, is standard

normal, where &,...,&, are independent normal N(0,0%) random variables. Then

< Z|f = o721 f|I2.

Proof. 1t suffices to note that the standard normality of a1& + ...+ @,&, implies 1 =

n

Eaz i

=1

E(a1& + ...+ an&,)? = 0%(a? + ...+ a2) and the assertion follows by application of the
Cauchy-Schwarz inequality. O
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Given j < j(n), let 0r, 1 € Z;, be the elements of the vector éj and let V; =
(vr,p, I,I' € Z;) be the corresponding covariance matrix. The local test ¢joc(j) is based
on the statistics 17 = O'_lvl_}/zé[7 and

P{oioc(j) =1} < Y P(IT1l > M)
I€T,

Obviously 17 can be represented in the form T7 = a1Y1+. . .4+a,Y, with some coefficients
a; depending on I and on the design X,..., X, . Using the model equation (2.1) with
/' in place of F, we get

Tr=2 af(X)+) ai&=br+¢

Recall that the choice of normalizer U_lvl_}/z for 6; was made to provide standard
normality of the stochastic term (5 = @1& + ...+ a,&, . Now we obtain by (6.1) and
Lemma 6.1 for the deterministic term by = a1 f'(X1) + ...+ an f'(X,)

1] < oY fln < 07N
Since (; is standard normal, we get

P([Tr| > Xa) = P(lbr+ 1l > M) < P(IC > A — [01])
2exp{— (/\ _1/4) /2}.

IA

This yields

P{¢ic(j) =1} = P (%%fszl > An) <Y P(T1| > M)

1€l

IA

20 exp{— (/\ _1/4) /2}
and
i(n)
Pl =1} < Y Pléeli) = 1) < 2 exp{~ (A, —n)" 2},
§=0
Recall that the definition of j(n) implies 2/(m+1 < If now n > 2, then n=1/* < 1,
and P(¢ioc = 1) < 2nexp{—2logn}=o0,(1).

Next we consider the test ¢,2. Let us fix again some level j < j(n). We suppose for
simplicity that the matrix V; is of the full rank. The general case can be studied in the
similar way.

The subtest ¢,2(j) is based on the statistic S; = ||n;||* = U_QHVj_l/zé]‘H2 . Again we

can represent n; = U_l‘/j_l/zéj in the form

n;,= AlY) = A(f/) + A(€) = b; -|-C]‘
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where A is a linear operator from R” into R™, b; is a constant vector in RN and
¢; is a standard normal vector in RY5 . Applying Lemma 6.1 to each component by of
the vector b;, I € Z;, we get b3 < o~ 2||f'||> and hence by (6.1)

Ib;11* < Njo 2 IFI7 < Njn~t2, (6.5)
Denote
i =167 > bidr
I€T,
Clearly 7; is a standard Gaussian random variable and we can decompose S; = ||b; +

G2 = 105112 + 116,12 + 2111l - Now by (6.5)
P{o2(j) =11 = P{IS; = Nj| > 2N\, }
< P ([IGIP = 3] > VN =272 = 16,]12) + P (2116, 1l > V)
< P{NIGIE = 3] > VARG (A 2702 = /) ) |+ PGl > ),

Notice that N; < n/2 for all j < j(n) and we have for all n > 2 that A, — 2-1/2 _

V' N;/(2n) > /2logn. Next, see Petrov (1975),

A2 = N
P (M > 210gn) < exp{—logn} =n""!,

V2N,
and P(|y;] > n'/*/2) < exp{—n'/2/8} . Therefore,
P(62(j) = 1) < n™" +exp{-n'/?/8}.

Summing up over all j from zero to j(n) we conclude that
P(¢2=1) < P(p2(j)=1) < {n_l —|—exp(—n1/2/8)}logn — 0,
as n — oo. This completes the proof of Theorem 4.1.

6.2. Proof of Proposition 4.1

For nonational simplicity we write 67 resp. vy instead of 67, resp. v 1y 1,1). We
suppose also that the matrix V; is non-degenerate.

Let, for some j < j(n) and some [ € 7;,

U_1|v;}/20f| > 2),.



COMPONENT ANALYSIS FOR ADDITIVE MODELS 29

/25 1.—1/2

1 0 = o~ vy /707 + (1 where (y is standard normal.

" q —1
We use the decomposition o7 v; ;

Clearly

Pr{doc(j) =0} < Pp (o7 o;} %01 <2,
= Pr (o7 o, 0+ Gl < A)

Pr (|G| > A) <e 250, 0 oo,

IA

as required.

Next we consider the situation when
* _ o—U+1)/2 2Ty —1p*
T7 =270t 205Ty =107 > 21, (6.6)
We will show that under the above assumption,
Pr(T; < X,) <é(n) — n, n — 0o, (6.7)

that obviously implies the assertion.

Recall that in the case when detV; # 0, one has T; = 2-U+1D/2(5. — 27) where
1/2;
0

S; = U_QHVj_l/zé]‘Hz. By construction, we can represent the vector ¢~'V.""/78; in the

form
oV, = b+
where b; = 0_1%_1/20; and ¢; is a standard Gaussian vector. Notice that
Hb]H2 _ 0'_20;T‘/j_10; — 2(]+1)/2T;‘_
Denote

v =il > bicr

I€T,

Clearly «; is a standard Gaussian random variable and we can decompose
Si = 116; + ¢l = 110,11 + ¢ 11 + 21165115
Now we have

Pr(|T;] < )

P ([I1b1? 4 1161 — 20 + 21| < A20+072)

IA

P (27 GH2)¢) |2 = 21) > 377 = X, ) + Pl > 417172,

It remains to note that 377 — X, > A,/2 in view of (6.6) and we end up using the

arguments from the proof of Theorem 4.1.
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6.3. Proof of Theorem 4.2

We begin again by reduction of the multi-dimensional problem to a univariate one. Let
the functions Il,, , f,, for m =2,...,d be defined as above, see condition (D), and let
F'=F —1ly,f;—...— Uy, f, . Define coefficients 6g1,6; 1 by

(61,01 1) = arginf ||F" — a — by 4|, = arglan{F" 1) —a—bX; )%

(a,b) (a,0) =1

We set
F'=F" - bog1 — 0101 =F =001 — 011010 — 1o fo—. .= 1, fr.

Similarly to the proof of Theorem 4.1, we change F by F’. With this change, the vectors
0*(d,j) will be transformed into 6'(d, j), having the same subvectors 0:,j>0. At

the same time, by the triangle inequality and condition (D), for all a,b,

IF' —a—btualln > |[fi—(a—601) = (b—011)b1alln — XMm—qmmm

> o(n) -7t
Here we have set,
o(n) =inf||fi —a—byln.

Similarly we transform smoothness properties of the first component f; into the accuracy

of approximation of I’ by piecewise-polynomial functions of zy,

it F = gl < r40) = )+ 0
gE€PS(

From this point on, we may treat the multi-dimensional structure of our model as if we
are given univariate data corresponding to a univariate function f in place of F’. We
omit therefore the second subindex m in our notation. About this function f we know

that

Wil =inf IS —a = bnll > o'(n) = on) —n~V/%, (6.5)
jont Hf gl < TLG) = re(G) + 07, (6.9)
0"(j) = aggi?f!\f—\l'(j)f)(j)!\n7 (6.10)

J

for all j from zero to j(n).

Now we turn directly to the proof of the theorem using the result of Proposition 4.1.
We show that condition (4.7) of the theorem with sufficiently large C; and C; along
with (6.8) and (6.9) contradict to the constraints from (4.1).

First we rewrite the latter constraints in term of ||@7||. Recall that 87 is the subvector
of 8%(j) corresponding to j-th level, and V; is the corresponding covariance submatrix

of V(j).
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Lemma 6.2. If T7 = 2_(j+1)/20_20;T‘/j_10§ < 2\, , then

*|(2 +3)/2 2 *( :
167)% < 20+ 2625 07 (j). (6.11)
Similarly, the inequality T, = maxjer; 0~ UI }/2|0*| < 2\, implies
gnz%x|0}| <20 A,3/v*(4). (6.12)
€7,

Proof. Both statements are a direct consequence of the definition of the norm of a matrix.
Indeed, let n; = 0_1%_1/20;. Then T = HnjHQ and 67 = U‘/jl/znj. Next, obviously

HV;/ZH = /|IVi|| = /v*(j) . Particularly this yields that

2
« 1/2 1/2 (o
10312 = o[V, Pm )12 < o (V2N Im)ll)” < o0 ()7,
and (4.1) implies (6.11).
Similarly vy <||V;|| for all I € Z; and hence
1671 = o107 2651 < o (o T e
]
Recall the notation £(j) for the linear space generated by functions ¢y, I € Z;, with
0 <j < j and TI(j)f for the projection of f onto the space L£(j) with respect to the

norm || - ||,

(j)f = arginf || = bl
hEL(J)

Particularly, I1(0)f denotes the projection of f on the space of linear functions and by

(6.8) 11(0)f=0.
Lemma 6.3. For each j < j(n),

TG+ D flln < 1G) flln + 11651

Proof. Since L(j — 1) C L(j), then
(7)) f = MGG+ 1) f.
If fG+1)=1G+1)f, then II(5)f=11(j)f(j+1) and we have to show that
MG FG+ Dl 217G+ Dlla = 1165]1-
In view of (6.10)
JU+1) Z 0797
Ie(j
Denote by f; the part of this sum Correspondlng to the last level Z; in Z(j),

fi= Z 0?1&/[

I€T,
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By construction, the functions ¢}, I € Z;, are orthonormal w.r.t. to the inner product

| - ||~ and in particular

1£01% = 16717 = 16511%.

I€T;
Next, obviously f(j+1) — f; € L(j), and by definition of I1(j),
1FG+D =T G+ Dl <G+ D =70+ 1) = fidlla = [1filln = 165]]-
Now the assertion follows from the triangle inequality. O
Lemma 6.4. Given ji < j(n), let (4.1) hold true for all j < ji. Then
TG0 fll7 < 270 A0™ (i) (6.13)
with s = 232214~ 1)=2,

Proof. Recursive application of Lemma 6.3 gives

J1—-1

TG flln <> 116311
7=0

Here we have used that [1(0)f = 0. Since the norm v*(j) obviously increases with 7,
then this result along with the bound (6.11) yields

-1 ]11

TG ]l < Z{ (i +3)/252) 4 (]1)}1/ {23/2 200" (1) } 221/4

and the assertion follows by straightforward calculation. O

Lemma 6.5. There is a constant 5 > 0 depending on s only such that for each j <
j(n)

TGl > s220™(5) /() (1l = 75(5))
Proof. Let g € Ps(j — jo) be such that |[f —g||, < ri(j). Then

M@ Al = IMG)g + TGS = 9l = Gl = TG (S = 9)ln
> () glln — ra(5)-
Recall that ¢ is a piecewise polynomial function on the partition Ay, I € Z;_; and the
projection II(j)g means the approximation of each polynomial on interval A; of length
2-(/=7) by piecewise constant functions with piece length 277 . Therefore, it suffices to

s—1
3

prove that for each piece A; and every polynomial P(z) = ag+ a1z + ...+ as_12
it holds

Z{H X1 > seu* () Jus(j ZP2

where the constant ¢ depends on s only. This fact is a consequence of the next general

statement. O
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Lemma 6.6. Let u, <1, u*>1 and let pu be a measure on [0,1] such that
w2790 < p(Ay) < ur2m0 (6.14)

for all intervals Ay, = [k27% (k+1)277°), k= 0,1,...,2% . Then there exists a constant

» depending on s only and such that for every polynomial P(z) = ag + a1z + ...+
s—1

Ags_ 1T

290 -1

> {/Ak P(ae)u(dac)}2 > %u*/u*/olPQ(x),u(dx).

k=0
Proof. The similar fact with integration instead of summation over A; was stated in
Ingster (1993) and we present here only a sketch of the proof for our situation.
We begin by reducing the case of arbitrary u, and u* to the case when u, =u*=1.
Define a measure g’ on [0,1] by du'/du(z) = w277 /u(Ag) if = € Ax. Due to (6.14),
du'/dp < 1 and obviously p/(Ag) = u.27% . Next, similarly du/dp’ = uZ'27°u(Ag) <

uZ'u* . Now

; {/ k P(w)u(dw)}2 > kz {/ k P<w>u'<dw>}2,

[ P = e [P,

0

Therefore, it suffices to show that

270 —1 2 1
S pewtn} 2« [ P
k=0 Ak 0
or, equivalently to consider the original problem with u(Ay) =27% forall k=0,...,2/0—
1.
Let a = (ag,...,as—1) be the vector of coefficients of P. Then obviously

/0 P(a)u(dx) < Cllall®

where |[a||* = a2 +...+a?_ . Introduce a matrix M with elements puj; = fAk zlp(de),
k=0,...,20~1,1=0,...,s—1). Then Ma is a vector in the space R?° and

290 -1

> {/Ak P(w)u(dw)}2 = || Mal%.

k=0
Now we use that ||Mal|?> = a” MT Ma > ||a||?/|[(MTM)~'||. Tt remains to note that the
conditions s < 2071 and u(Ag) =277 yield that ||(MTM)~!|| < C for some constant
C' depending on s only. O

Summing up the results of Lemma 6.2 through 6.5 we see that the inequality || f|, >
! (5)+C /20120, 0% (§)u*(j) /ux(j) for sufficiently large C' contradicts to constraints (4.1)

and the theorem is proved.
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6.4. Proof of Theorem 4.3

We proceed in the same line as in the proof of Theorem 4.2. The difference is only in
evaluating the norm ||II(j) f||,, , see Lemmas 6.3 and 6.4. Similarly to Lemma 6.3 we can

show that

TG+ D flln < TG) flln + 116711-

Next, in view of the constraints from (4.2) and Lemma 6.2, one has

67117 = > 16717 = D 1671711671 < t5) = r(j. 1)

I€T, I€T,

where t; = 20),4/v*(j). Using this bound for j between j; and j, and the bound
from Lemma 6.3 for j < j;, we estimate
4 2
IT(j2) flln < 5127 0 Xuo™ (1) + > r(4,t5).-
I=n

This allows to complete the proof by the same arguments as for Theorem 4.2.

6.5. Proof of Lemma 4.1

By definition of j(n) it holds n=! < 2-3(M=1 < dp=! . Next, it is easy to see that I,
is the projection of the function f,, on the space of piecewise constant functions with
the piece length 277(W=1_ Let A be one from these intervals and let for m < d, Nam
denote the number of design points X; with X;,, € A. The condition of the lemma on
the marginals g, , of the empirical measure imlies that N4, < C1279(")=1y | Denote
also by fn, 4 the arithmetic mean of the values f,,(X;) over all X; with X;,, € A.
Then 11, , fim (X;) = fim,4 and the Lipschitz condition on the component functions f,
yields | f (Xim) — fim,al < (5273 (M)=1 for X;m € A and hence

. 2 .
> X)) = fanal® S Na | o207 < CiCma=0072,
1: X m€EA

We have 2/(")+1 guch intervals and therefore
N fr = M fn |2 < C1C2027 22 < ¢4 C2g% 0~

as required.
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