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Multivariate Plug-in Bandwidth for Local Linear Regression

By LIJIAN YANG and ROLF TSCHERNIG*
Michigan State University, East Lansing, USA Humboldt- Universitit, Berlin, Germany

March 9, 1998

Abstract

Optimal bandwidths for local polynomial regression usually involve functionals of the deriva-
tives of the unknown regression function. In the multivariate case, estimates of these functionals
are not readily available, primarily because estimating multivariate derivatives is complicated.
In this paper, an estimator of multivariate second derivative is obtained via local quadratic
regression with cross terms left out. This estimator has the optimal rate of convergence but is
simpler and uses a lot less computing time than the full local quadratic estimator. Using this as
a pilot estimator, an estimator of the integrated squared Laplacian of a multivariate regression
function is obtained which leads to a plug-in formula of the optimal bandwidth for multivariate
local linear regression. This bandwidth has good theoretical properties as well as satisfactory
performance in our simulation study. It is also recommended for variable selection methods.

Abbreviated Title. Multivariate Plug-in Bandwidth

Keywords: ASYMPTOTIC OPTIMALITY, BANDWIDTH SELECTION, FUNCTIONAL
ESTIMATION, LAPLACIAN, LOCAL QUADRATIC REGRESSION, SECOND DERIVATIVES,
WITHIN BIAS TRADE-OFF

1. INTRODUCTION

Nonparametric estimation in general requires little a priori knowledge on the functions to be esti-
mated. The estimation results, however, depend crucially on the bandwidth choice. While choosing
too large a bandwidth may introduce a large bias, selecting too small a bandwidth may cause large
estimation variance. An asymptotically optimal bandwidth usually exists and can be obtained
through a bias-variance trade off. Such an optimal bandwidth in general involves functionals of
the unknown underlying functions, and selection of the optimal bandwidth for various function
estimation problems has always been a challenge. Bandwidth selection methods with good theoret-
ical properties and practical performance exist for univariate density estimation (see, for example,
Jones, Marron and Sheather, 1996a,b, Cheng 1997, Grund and Polzehl, 1997) and univariate lo-
cal least squares regression (see, for example, Fan and Gijbels 1995, Ruppert, Sheather and Wand,
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1995). Wand and Jones (1993) contains some excellent analysis of bandwidth selection for bivariate
density estimation. Ruppert (1997) proposes empirical-bias bandwidth selector (EBBS) which is
applicable in multivariate setting. However, the theoretical properties of EBBS is not known and its
practical performance has only been studied in the univariate setting. As pointed out by Ruppert
(1997), the difficulty in obtaining a reliable multivariate data-driven bandwidth is essentially due
to the complexity of estimating higher order multivariate derivatives. Our paper attempts to ad-
dress the multivariate bandwidth issue via a simple algorithm to estimate second order multivariate
derivatives.
To be precise, consider a multivariate regression model

Y = £(X) + g(X)e (L1)

where Y is a scalar dependent variable, X = (X7, X», ..., X) is a vector of explanatory variables, €
is independent of X, Fe = 0 and var(e) = 1. Let (X;,Y;), i =1,2,...,n be an i.i.d. sample. Then
the local linear estimator of f at a given point x = (x1, x9, ..., :L"d) is obtained by doing a first order
Taylor expansion of the function f at point x for all the data points X; and solve a least squares
problem locally weighted by kernels: i.e., the estimator f(x) is the first element c of the vector

{e (ca)i<aca)

that minimizes )
d

Z{Yi—c— an(Xia—xa)} Kjp(X; — x) (1.2)
=1

a=1
where K is a symmetric, compactly supported, univariate probability kernel (so that K is nonneg-
ative and [ K(u) = 1), and

d N
Ky (X, — x) = % I # (X"‘T) . (1.3)

. 2
Denoting by p(x) the density of X, the mean integrated squared error (MISE) E [ {f(x) - f(x)}

p(x)dx is a function of the bandwidth A, and the h that minimizes this error is called the optimal
bandwidth. An asymptotic optimal bandwidth in this setting is given by (see e.g. Tschernig and
Yang (1997))

hop = {d||K[[3*B(g)n~' O(f) o}/ (1.4)

in which 0% = [u*K (u)du, ||K||3 = [ K?(u)du and
Blg) = [g'x)dx (15)

2

c(f) = /{Trv2f(x)} dX—/{Zf)\/\ } (x)dx. (1.6)

where fy\(x) denotes the second derivative of f(x) with respect to the A-th variable z,. The
integration is always taken over the support of the density p(x).



If the integral of ¢g?(x) is infinite over the support of p(x), one can always use in formula
(1.5) and (1.6) a weight function with compact support, which is equivalent to screening off large
observations, as done in Tjgstheim and Austead (1994).

The main difficulty for using (1.4) is the estimation of C'(f), the integrated squared Laplacian
of f. To estimate f))(x), one has to do a local quadratic regression, i.e., a second order Taylor
expansion of f(x). The local quadratic estimator of the second derivative fy(x) is 2 times the
aa-th element ¢, of the vector

{Ca (Ca)1§a§d ) (Caa)lgagd ) (Caﬁ)1§a<ﬂ5d}

that minimizes

n d d 2
Z{}/i_c_ an(Xia_xa) - ana(Xia_xa)Z_ Z Caﬂ(Xia—LUa)(Xiﬂ—iUﬂ)}
a=1

i=1 a=1 1<a<f<d
Kn(X; — x). (1.7)

A full Taylor expansion like that in equation (1.7) is unnecessary if one only needs to estimate
Fa(x) for C(f). In Section 3, it is shown that it suffices to solve a local least squares problem
based on a partial expansion, ignoring all cross terms in the local quadratic expansion problem.
This simplifies and speeds up the computation considerably. It will be shown that despite this
facilitation the bias and the variance are of the same rates as keeping the cross terms in. The cost
of leaving out the cross terms is essentially a more complicated bias formula (5.6) when estimating
- It is also worth pointing out that integrating over fy, weakens the “curse of dimensionality”
since the estimation of C/(f) achieves a convergence rate of O(n~2/(4+6)) which is faster than the
rate of O(n=2/{4+8)) for estimating fyy.

The paper is organized as follows. In the next section, we define a plug-in bandwidth selector
for estimating f(x), and give its asymptotic properties. It is called plug-in as it attempts to
approximate hqp; by plugging in estimates of the unknown quantities B(g) and C(f) in formula
(1.4). In Section 3, we describe in detail the asymptotic properties of the estimator of C(f), and
also of the partial local quadratic estimator of fy)(x) used for estimating C(f). In Section 4, we
present results from our simulation study. The results of this paper are also useful in variable
selection procedures, such as developed in Tschernig and Yang (1997). All proofs are contained in
the Appendix.

2. A PLUG-IN BANDWIDTH

We had already commented that the optimal bandwidth h,p; given in formula (1.4) contains un-
known quantities B(g) and C(f) and hence cannot be directly used in the estimation of f(x).
A quick substitute is the simple rule-of-thumb bandwidth (Silverman, 1986, page 87), hror =

hs(d + 2) where
hs(k) = \/var(X;) {4/k} Y/ FF2) -1/ (k+2) (2.1)



in which
1/d

d
ﬁ(xl) = {H ﬁ(Xia)} )
a=1

2
. 1 L 1 (&
var(Xi,) = — {ZXZ?a - <Z Xia> } ca=1,2...d.
=1 =1

While hg(d + 2) may look rather simple, it does have the same order of n='/(4+% ag hopt and is
therefore a reasonable substitute of the latter. The problem is that it is not of the optimal ratio,
i.e., one does not have hror/hopr — 1 as n — oo. With some abuse, we are using the hror
designed for density estimation because there does not yet exist a simple rule-of-thumb bandwidth
for multivariate regression. Although such a bandwidth exists in the univariate case (Fan and
Gijbels, 1995), its multivariate generalization would be more complicated.

We propose a plug-in bandwidth

hopt = {d|| K|3*B(g)n ' C(f) toyg 'y /4 (2.2)

in which B(g) and C(f) are estimates of B(g) and C(f), respectively. Here, we use
~ L ~ 2
Blg) =Y {vi- F(xn)} /5(Xs)
i=1

with a local linear estimator f(x) and a kernel density estimator p(x), both with bandwidth hg(d+
2). Using standard results such as contained in Wand and Jones (1995) or Fan and Gijbels (1996),
one has B(g)/B(g) = 1 + O,(n=?/(4t9) as n — co.

The definition of C(f) is given in (3.13) and its asymptotic properties given in Corollary 3.2,
both in the next section. In particular, C(f)/C(f) = 1+ O,(n=2/(4+6)) as n — co. Based on the
asymptotics of B(g) and C(f), one has the following

Theorem 2.1 Under Assumptions (A1) to (A4), for n — oo, the bandwidth defined in (2.2) is
asymptotically optimal. In particular,

Eopt — hopt —2/(d+6)
——— | =0p(n .
( hopt > P( )

Since iAzopt is a consistent substitute for the optimal bandwidth A, it can be shown that lAlopt
performs asymptotically similarly to hpy; in terms of MISE since f (x) using Eopt becomes close
to f(x) with hopt. See Neumann (1995) for details. Tlopt will on average work better than the
naive hprop since the latter is an inconsistent bandwidth estimator. Simulation results in Section

4 strongly support these expectations.



3. LOCAL QUADRATIC ESTIMATION

The estimator f»\(x) obtained in Section 1 by solving the least squares problem (1.7) is given by

Fan(x) = 2¢% (ZTWZ)A ZTwWy, (3.1)
where Y = (Yi)nx1,
W = diag {lKh(Xi _ x)}n , (3.2)
n i=1
2= 1A% = s hcazar {(Xia =20}, A0 = 20) (Ko =0 icocped] B3
isan x (d+1)(d + 2)/2 matrix and
exis a (d+1)(d+2)/2 vector of zeros whose (A + 1)-element is 1, (3.4)

see Ruppert and Wand (1994).

The complex formation of the matrix Z makes the explicit mathematical derivation of (Z Twz ) -
rather difficult, and Z’s size means that computing of (3.1) may be costly. Hence in this section
we propose a way to reduce Z to a much simpler formation and a smaller size.

Since we are not interested in mixed derivatives %f(x), the terms cog(Xiq — o) (Xig —23)

in (3.1) are not necessary. Thus one can alternatively define fy(x) to be 2 times the avo-th element
of the vector

P%{Ca}1§a§da{caa}1gagd]
that minimizes
n d d 2
> {YZ —c— Y ca(Xia —2a) = Y Caa(Xia — xa)Q} Kn(X; —x), (3.5)
=1 a=1 a=1
which is a reduced least squares problem, and equivalent to using a submatrix of the matrix Z in
(3.3) in place of Z in the formula (3.1). Without creating new notations, we denote from now on

this submatrix as n

, (3.6)

Z = |:17 {Xia - xa}1<a<d ; {(Xia - xa)Q}
- =1

and now define ey as a (2d + 1) vector of zeros whose (A + 1)-element is 1. Our new estimator
f/\)\(X) is then

1<a<d

~ -1
Pax) =25, (2"wz) 2'wy. (3.7)

In what follows, one denotes for any compact supported function L

o0

pr(L) = [ L(wdu,

— 00

hence in particular py(K) = o%. We write u4(K) = rko}, where x denotes the kurtosis of the

kernel K, which is always > 1. For the derivative estimation, we denote by f.g,(x) the derivative

33
0rq 0T30Ty f(X), etc.



Theorem 3.1 Under assumptions (A1)-(A3) in the Appendiz, for X = 1,...,d, as h — 0 and
nhit* = oo, one has

Vnhd+t {f,\,\(x) — fa(x) — b,\,\(x)hQ} — N(0,05,(x)) (3.8)

where 2(d-1)
02, (x) = pa(K2) |1 K5 9% (%)
M o (k —1)2p(x)

in which p(x) is the density of X. The formula for byx(x) is in equation (5.6) of the Appendiz.

(3.9)

Remember that our goal is to estimate the optimal bandwidth (1.4) which requires the esti-
2
mation of the functional C(f) = [ {Zf\:l fM(x)} p(x)dx. We now propose to estimate C(f) with
- ~ 2 ~
C(f,h)=J {Zf\:l fM(x)} p(x)dx, where the partial local quadratic estimator fy(x) is given in

(3.7), A = 1,2,...,d. Our next theorem gives the asymptotic property of C(f,h). In the follow-
ing, we denote K*(u) = K(u)u?, K x K* is the convolution between K and K*, (K * K*) (t) =
[ K(t —u)K*(u)du, which equals [ K(t 4+ u)K*(u)du because K* is symmetric; and K®) is the
convolution of K with itself.

Theorem 3.2 Under assumptions (Al)-(A4) in the Appendiz, as h — 0 and nh®™* — oo, one has

d d
O ) = C(F) + 20 [ 3 fa) Y b (p(x)dx
A=1 A=1

2d—2
g {dua (B2 |5+ dld = D) KV ( 1 )
+ o8- (k — 1)2nhd+4 +o+ p( )+0p nyV/hd+8
in which
nVhi8¢ B N {0,0%(g, K, d)}
where \d
oK) = SO [ ay
and
F(tl)z Z (K**K) (tlli) (K**K tl)\ H K tlfy) + Z K* tl)\ HK tl’y
1<A#u<d YENB 1<A<d YEA

Note from the theorem that 6’( f,h) has an asymptotic standard deviation that is of smaller
~1
order than one of the bias terms: (n\/ hd+8) =0 ((nhd+4)*1) and the two bias terms point to a

trade-off if both are positive, or cancellation if the h? term happens to be negative. If the h? term
happens to be zero, then higher order terms need to be considered, but that is beyond the scope
of this paper. Therefore we obtain the following results for the optimal bandwidth for estimating

C(f)-



Corollary 3.1 Under the same assumptions as in Theorem 3.2, to estimate C(f) by C(f,h)
(1) if | 3t Fax () Eiet baa(x)p(x)dx < 0, then

. J 92 (x)ex { dpa (B2 | K57 + d(d — D3 (2) | K[5 (3.10)
C(f),opt — \ —

o 2] T4 a0 S b (x)p(x)dxor (k= 1)2n

is the optimal bandwidth, in which case the asymptotic bias is of order h4( Fopt = (n=4/(4+6)) and

standard error of order nvVhdt8 = O(n—(+4)/2(d+6)) .
(2) if [ X8=1 () 281 bNx)p(x)dx >0, then

92 (x)dx {dpua (B?) | K3 +d(d1>u%<K2>K3(d2)}}diﬁ (3.11)

h =q(d+14
Cf).opt {( 4 41 Y51 ) T8t b (x)p(x)dxol (k — 1)%n

is the optimal bandwidth, in which case the asymptotic bias is of order hZC(f) = O(n*Q/(d%)) and

standard error of order nVhat8 = O(n=(d+4/2(d+6)),

»opt

Now observe that all the terms in the denominator are either known or have to be estimated
anyway like B(g) = [ ¢?(x)dx. Estimating, however, the term [ 39 | fax(x) 29, b (x)p(x)dx
in the denominator or knowing its sign can be extremely difficult, thus it is not feasible to know
which one of (1) and (2) is the case and compute a plug-in bandwidth ?Lc( fopt accordingly.
However, Corollary 3.1 shows that the optimal rate for hc(y) o is independent of the sign of
[329 Faa(x) 9, bax(x)p(x)dx and always n~'/(4+6)_ Since there does not exist any rule-of-
thumb bandwidth we suggest to use the bandwidth

he = 3hs(d+4) = 3y/var(X,) {4/(d + 4)}/(@+6) ;= 1/(d+6) (3.12)

which has the correct order 1/(d + 6). This choice of h¢ is admittedly crude due to the need for a
simple working solution. By Corollary 3.1 h¢(f),ops minimizes the absolute value of the asymptotic
bias and hence deviating from hc(y) op¢ in either direction always increases the bias. By Theorem
3.2, however, increasing the bandwidth always leads to a reduction in the variance of C (f). It
is therefore preferable to overestimate hc(y) opr than to underestimate it, which is our reason for
preferring 3hs(d + 4) to hg(d +4). It turns out to produce satisfactory results in our simulation

study in section 4.
We therefore define

2 2

ij{Zijf } /{Zm } x)dx + O (n~1/2), (3.13)

where the partial local quadratic estimator fy(x) is given in (3.7), A = 1,2, ...,d and using band-
width he. Definition (3.13) and Theorem 3.2 yield



Corollary 3.2 Under the Assumptions (A1) to (A4), for n — oo, the C(f) defined by (3.13) has
the following consistency property:

chH-chHl _ ., .-
{07} Op(n 2/(d+6)).

We want to add a comment here that the results of this section can be generalized to au-
toregressive time series under conditions that lead to geometric mixing property, see, for instance,
Hirdle, Tsybakov and Yang (1997) for such conditions. The pilot estimator C(f) was used in the
plug-in formula of a data-driven asymptotic final prediction error (AFPE) for nonlinear time series
lag selection developed by Tschernig and Yang (1997).

4. SIMULATION RESULTS

In this section we investigate the finite sample performance of the simple rule-of-thumb bandwidth
(2.1) and the plug-in bandwidth (2.2) for the local linear estimation of the regression function f(x).
These results are compared with those which are obtained by using the known asymptotic optimal
bandwidth (1.4). For each pseudo data set generated, we compute the estimated MISE (EMISE)

Z(fh(xi) — f(X9))? (4.1)

~

for h = hopt, hopt, hroT. In total we consider four different regression functions in the regression

model
Y =f(X)+¢ €~ N(0,0.01):

e Model 1: f(X) = (X?+ X3+ X2+ X3)/4

e Model 2: f(X

(X) =
(%) = XPX3 + X3
(
(

)
)
e Model 3: f(X) = X}/3 + (Xy —0.3)2X2X}
e Model 4: f(X) = X2X% +sin(rX3/2)/4 + cos(nX4/2)/4

For all models we use a random design matrix X whose elements are independently drawn
from a uniform distribution in the interval [—0.5,0.5]* and two sample sizes: 100 and 500. In all
cases we conduct 100 replications. Note that since f(x), g(x) and p(x) are explicitly given, we
can compute hgp; by (1.4). We are comparing the hror designed for density estimation with our
ﬁopt simply due to the nonexistence of a rule-of-thumb bandwidth for multivariate regression, as
we commented in Section 2.

All the results are shown in Figures 1 and 2. The results for each model are depicted in
one column of graphs. For Model 1, Figure 1 (a) shows the densities of EMISE for the optimal
bandwidth hgy; (solid line), the plug-in bandwidth ﬁopt (long dashed line) and the rule-of-thumb
bandwidth hror (short dashed line) given 100 observations. Figure 1 (b) shows the corresponding



results for 500 observations. Figure 1 (c), the last one in this column, shows the densities of the
bandwidth ratios iAzopt /hopt for 100 observations (thin, solid line) and 500 observations (thick, solid
line) as well as the densities of the bandwidth ratios hroz/hept for 100 observations (thin, short
dashed line) and 500 observations (thick, short dashed line). The corresponding graphs for Model
2 are Figures 1 (d) - (f), while Figure 2 (a) - (f) contains all the graphs for Model 3 and 4.

i From inspecting all upper and middle Figures one can see that the densities of the EMISE of
the plug-in bandwidth are always to the left of the EMISE densities of the rule-of-thumb bandwidth,
independently of the model chosen and the sample size. Therefore, conducting the additional effort
in estimating C'(f) by the partial local quadratic estimator pays off even in small samples of 100
observations. Furthermore, the densities of the EMISE associated with the plug-in bandwidth
Eopt are located extremely close to the densities associated with the optimal bandwidth Ay This
indicates that the C(f) estimate is quite close to the true C(f). The EMISE of hopt is the least
spread out of all three due to the fact that h,y,; is constant across all replications for a fixed model
and sample size. Experimenting with other h¢, that is with smaller factors to be multiplied with
hs(d + 4), led to a substantial increase in the variance of the C(f) and lALOpt estimates. This can
be seen by comparing the scales of the Figures (a), (d) and (b), (e) for 100 and 500 observations,
respectively. It is worth pointing out that these results are obtained for quite different regression
functions.

The last Figure in each column allows to study the behavior of the bandwidth ratios ?Lopt /Popt
and hrot/hope. First of all, one finds that for none of the four models (Figures 1(c), (f), 2(c), (f))
the center of the densities of the bandwidth ratio hro1/hep (thin or thick dashed lines) converge to
1. In contrast, as implied by Theorem 2.1 this convergence occurs for the densities of the bandwidth
ratio /f;,opt /hopt (thin or thick solid lines) for all four models. However, one observes the expected
decrease in variation only for Model 1 indicating the influence of the regression function on when
the asymptotics kick in. Among the four models, Model 1 has the simplest regression function since
it is the only one with constant second derivatives.

Overall, this Monte Carlo evidence is very supportive for the plug-in bandwidth ?Lopt because
it is possible to obtain reasonable estimates of the integrated squared Laplacian of a multivariate
regression function by a suitable bandwidth h¢ and a partial local quadratic estimator.

5. CONCLUSION

In this paper we proposed a plug-in bandwidth for multivariate local linear regression. This plug-
in bandwidth estimates the optimal bandwidth by estimating unknown functionals, including the
integrated squared Laplacian of the multivariate regression function. In a Monte Carlo study, our
plug-in bandwidth was found to approximate the optimal bandwidth much better and produce
much smaller mean integrated squared error than a naive rule-of-thumb bandwidth.

To estimate the integrated squared Laplacian of the regression function by a partial local
quadratic estimator, we derived an optimal bandwidth via a within bias trade-off. As this optimal
bandwidth includes highly complicated functionals, we suggested a feasible pilot bandwidth that
retains the optimal rate. In doing so, we tried more to keep this pilot bandwidth from being
too small than too large. This is due to the within bias trade-off: Unlike the usual situation



where a smaller bandwidth means a smaller bias, here deviating from the optimal bandwidth
always increases bias. On the other hand, increasing the bandwidth leads to a smaller variance as
usual. Our Monte Carlo results on the plug-in bandwidth indicate satisfactory performance of this
pilot bandwidth despite the curse of dimensionality. We believe that the multivariate functional
estimation techniques employed in this paper can be useful in other situations as well.

APPENDIX

In order to prove Theorems 3.1 and 3.2, we need the following assumptions

(A1) The density p(x) of X exists and is continuously differentiable everywhere up to order two
on its support S.

(A2) The function f(x) is continuously differentiable on S up to order four while g(x) is continuous
on S.

(A3) The bandwidth h = h,, is a positive number depending on n such that h — 0 and nh®** — oco.

(A4) For each A =1,2,...,d, one has [ f%, (x)p(x)dx <oo. Also [ g*(x)dx < co. Here we make the
convention that all integrations in variable x are over S.

Lemma 5.1 Let Z be as in (3.6) and

1 led led
H=| O0gx1 h Iy Ogxq
Oaxi  Oaxa h72I4

Asn — oo,

1 01xd U%(llxd
HYZ"WZH = p(x) | Oax1 okl Odxd {1+0,(1)} (5.1
02141 Ogxa of(k—1) {Id-i-ﬁldxlllxd}

(HTZTWZH)A -

1 (h=1+4d)/(k—1) Oqg —o0g (k—1) 14

— Odx1 o1y Odxd {1+0,(1)} (5.2)
p(x) -2 -1 —4 -1
e (H — 1) 1d><1 0d><d Ok (I{ — 1) Id

uniformly in a compact neighborhood of x.

Proof. The elements of H? ZTW ZH are all of the following form

=1 (Xio — 70)" (Xip — xﬁ)k

10



where k,1 = 0,1,2 while 1 < a, 8 < d. The equation (5.1) follows by the usual array type central
limit theorem, K being a symmetric compact product kernel, see, for example, Wand and Jones
(1995), or Fan and Gijbels (1996). The equation (5.2) follows by applying the results of Liitkepohl
(1996), equation (1), page 30, plus equation (3), page 29. Specifically, by equation (3), page 29 of
Liitkepohl (1996), one has

k—1

{U%((H —1) <Id + 1d><111><d> }_1 = ot (k—1)"" {Id - D) (11 N ’%1) 1d><111><d}

= UI_(4(K - 1)71 <Id - K—1+ dldxlllxd) .

One then notes that by Liitkepohl (1996), equation (1), page 30, one has

—1 —
1 01%4 U%(llxd A B C !
Ogx1 O%Id Odxd = B’ D 0d><d
0% lax1 Oaxa 0% (k—1) {Id + ﬁldxlllxd} C'" O4xa E
F —~FBD™! —~FCE™!
=| —-D'B'F D14+ D B'FBD! D 'B'FCE! (5.3)

—E-C'F E-'C'FBD™! E-'4+ E-1C'"FCE!
where F = (A — BD 1B’ — CE!'C')"!. Now because A =1, B = 0144, C = 0%11xq, D = 0% 1,
E=ob(k—1) (Id T ﬁldxlllxd), we obtain

1
A—BD7'B' —CE7'C' =1 - 0% 11xag x o (k —1)7! <Id — ﬁld“h“’) X 0% Lgx1
K —
d? k—1
=1—(k—1)"t{d— = :
(k=1) < n—l—i—d) K—1+d
Hence F'=(k —1+d)/(k —1). So
FCE™!' = (k—1+d)/(k—1) x U%(llxd X 01}4(,% — 1)_1 (Id — mldxlllxd)
-2 -1 d -2 -1
=0k (K)—].) (K)—].—i-d)/(lﬁ'/—].) 11xd_m11xd =0k (K)—].) 11><d (54)

and

1
E '+ E'CFCE =0 (k—1)7" <Id - m1M1M> + P! (FCE‘I)’FCE_l

—1+

(k=1 4

1
—1 1
o dd><1 IXd)+H—1+d0K

o (k— 1) 1gx1lixg = 0 (6 — 1)y

(5.5)

= oyl (n—1)7" <Id -

11



Plugging equations (5.5), (5.4), B = 01xq, D = 0% I and F = (k — 1 +d)/(x — 1) into (5.3) gives
equation (5.2). Q.E.D.

Proof of Theorem 3.1.
Now notice that

— -1
Faa(x) = fax(x) = 2¢,\H (HTZTWZH) H'"ZTWY — fu(x)
and by equation (5.2) of Lemma 5.1, it becomes

2 - (Xix — z))?
= od (K — 1)p(x)nh? {14 0,(1)} ;Kh(Xi - X)T {F(X3) = Fux) +9(X)e}

and that .
el (ZTWZ) ZTW Zey =0

for any X # d + A, one can add in terms like
-1 -1
el (ZTWZ) ZTW Zeof (x) = el \H (HTZTWZH) H'ZTW Zey f (x)

or

—1 -1
ehin (2"WZ) " Z"WZey fy(x) = ef o H (H'Z"WZH)  HZW Zey [ ()
where N =1,...,d or

-1
chinH (H' Z"WZH) ~ H Z'W Zey, o 3 (%)

where X =1,...,d and N # A. Thus fax(x) — fax(x) becomes
Tl + T2 + T3
where , . x "
iX — T
T = e = pGoni? oD} 2 Kn(Xe =) =55
{7000 = 760 = (X, =0TV 70 = 50X — 7 V27 ) (X - )}
{1+0,(1)} s (Xix — z))? . ,
B = T D omi? ;Kﬁ(xi T {1§a%§d<Xz — o) (Xip — m)fag(w}
1 - (Xix — x5)*
B ol (k — 1)p(x)nh? {L+o(1)} ;Kh(xi a X)Tg(xi)ei

where the asymptotic variance of T3 is calculated as

1
1
o (e~ DZpGatand

Uy — 4
W) [ Kntw =22 2 yp(w)d

12



which is (using u = x + hv)

1
= sl 4o

= = ) }/K 203 g% (x + hv)p(x + hv)dv

K?)||K g*
- tatih _||1)||2( )nhdiﬁ (LoD},

While the similar procedure applied to 7} yields

(uy — z))?

{14 0,(D) [ Ka(u -t

R R ey

{#0) = 769 — (=710 = 5(u =2V - x) } plu)d

4 {(,1«: ?;( ()X})h2 [ w1 { ot ) = 160 — V1) - %fﬂvTv?f(x)v} plx + hv)dv

9K
2
= m [ Zﬁ {%faaﬁ(x)pﬁ(x) + %faﬁﬁ(x) ( )+ faaﬁﬁ }] /K v?\vZU%dv
1<a<B<d

d

v [Z{%fvw( )Py (x )+ fww }] /K v/\v4dv+ h?)

ok Dpl) | &

The term T5 is treated as

1 = a}l{{(lﬁ—i-_of; ZKh (X; — (XT‘T)‘V {lgcgﬂgd (th— xa) (Xiﬁh—lrﬁ) fa,B(X)}
- _1§a§ﬂ§df’%((?f—(1))(){l+op }/Kh u-—x) (UA ;20692 (“a;%) <Uﬂ;m)10(u)du

= Z %/K V)vivaugp(x + hv)dv {1 + 0,(1)}

1<a<f<d

h? f
L ,:fl /K v)viv2 vﬁpag x)dv {1 +0p(1)}.
1<a<ﬁ<d

Now adding 77 and T3 gives
T + 15 ZZbAA(X)hZ

in which the bias coefficient is
fryyy (%)p(x) }-I

J

U n s [ ®p®)
bAA(X)—p(X) |_H_1 K;{ hlala} 2 RAS A 51

13



1 pe(K)  f froa(x)pax) - foan(x)p(x)
+p(x) la}l((n -1 { 6 + 24 }]
L U%{ faaﬁ (X)pﬁ (X) faﬁﬁ (X)pa (X) faaﬁﬁ (x)p(x) _ fa,B (X)paﬁ (X)
+p(x) [H—1a<ﬁ§ﬂ¢)\{ 2 * 2 * 4 2 }]

p(x) [k —1 x<h 2 2 4 2

1 K X X X)p(x X X
[ o 3 {20 | Donlslon(x) | Joastelptx) _ s >}]

L1

p(x)

In the mean time, the term 73 gives the variance formula for o5 (x) as in (3.9). Q. E. D.
Proof of Theorem 3.2.

-1 2 * 2 * 4 2

. KZ{fW )PAX) | o (9Pa(®) | faann(®px)  far(X)par(x) }] (5.6)

a<<A

Since 1
Fa(x) = faa(x) + {ban(x)h? + Ty } {1 +0p <h2 + \/W>}
where ( )2
1 n X')\ — T
T3\ = Kp(Xi — x)—5——g(Xi)e;
TG~ DpGanie & K% w9
one has

2

d ~
I, h) Z/{Z fAA(X)} p(x)dx
A—1
d d , 1 2
/lgf»\ g{bx/\ x)h? +T3/\>\}{1+0p <h +W)}] p(x)dx
+2h2/2f/\>\ Zb)\/\ x)dx + o, <h4+ #)

+/ (}; T3,/\>\> p(x)dx {1 +o0p <h2 + \/ﬁ> } . (5.7)

2
Thus it remains to compute the term [ (Zﬁzl T37,\>\) p(x)dx, which has a simple decomposition
as

> 2H(X, Xj)eieg + Y H(X, Xo)e;
1<i<j<n 1<i<n

where

d o -
/ U%(ﬁ - 1)1 = )n2h4 Z 7)\ A) (Xi)Kh(Xj —x) Z %Q(X‘j)d}(.
A=1 pn=1

14



Note first that

d )2
E{H(Xl,Xl )€ E/ ) )n2h4Kﬁ(X1—x){Z %} 73(X1)

A=1
dx 4 (yy — x,\ 2 )
N // o8 (K — 1)2p(x)n2h4 {Z } 9" (y)p(y)dy
d_ 2
= // (k —1)2 )nzhd+4 (Z > ?(x + hu)p(x + hu)dxdu
d 2
T oS (k- 11)2n2hd+4 /gQ(X)dX/KQ(“) Zz&) du{l+o(1)}

J g2 (x)dx {dpa(K2) [ K597 + d(d — 1)pd(2) | K57

B { : a%(ic — 1)2n2pd+t - } {1 +o(1)}

and similarly that

1
E{H(Xluxl) 6]_} O (W) .

Hence by an array type central limit theorem

g0 {aa () | KIZ + dtd = 1)) |1 K15}

0% (k — 1)2nhd+4

> H(X;,X)el

1<i<n

1
+0p < /n3h8+3d) ' (5:8)
Meanwhile, using a central limit theorem for nondegenerate U-statistics as contained in Hall (1984),
one can verify that -1 <;<, 2H (X, X,)eie; is asymptotically normal with mean zero and asymp-

totic variance )

P {0 (X, Xo) e} = 2020 {H (X, X)) =

2
1 4 X1y — @) 4 (Xgpy — )2
2’E / Ky (X, — E AT g(X) KR (X — u X, )d
n { J%(I{—l)Qp(x)thzl n(X1 X))\Zl 2 9(X1)Kp(Xe —x “gl g9(Xy)dx

which is

2 1 d (x,, — d (Xop — @ 2 2
o}(ﬁ(n—l)‘ln?hSE{/@K’l(Xl_X)Az_l%(X1 Ky, X2—X§1 2“ ") (Xg)dx}

p(x) = =

—x _x d )2 d )2 2
= _21)4n2h8 / {/ Kp(y1 —x)Kn(y2 —x) 5 (y1a - A) 5 (y2u - u g(y1)g(y2)dx}

15



xp(y1)p(y2)dy1dys

_ 2 / Kn(y1 —x1)Kn(y2 — x1) Kn(y1 — x2) Kp(y2 — x2)
U}(ﬁ(/‘& — 1)*n?h8 p(x1)p(x2)

XZ yl/\—frl/\ i You — wm i y1,\—$2>\ Z y2u :132#2
p=1 A=

xg*(y1)g” (y2)p(y1)p(y2)dxidxady 1 dys.

This, after doing a change of variables y; — x; = huy, y2 — X3 = huso, becomes

B 2 //K(ul)Kh(XQ — X1 +hu2)Kh(X1 —X2+hu1)K(u2)
~ 018(k — 1)4n2h8 p(x1)p(x2)

d d 9 d
9 (z24 — @1 + hugy) (z1x — $2)\ + hupy)?
XU T ) Z Uy
A=1 n=1

=1
><g2(x1 + hul)gQ(XQ + hug)p(x1 + huy)p(x2 + hug)dxdxsdu;dus

using another change of variables x3 — x; = ht;, the above becomes

. U.1 t1 + llg)K(—tl + ul)K(ug)
= 015(s — 1)4n2R a8 // x1)p(x1 + ht1)

d d

d d
X Z U%)\ Z(tlp, + U2u)2 Z(_tl/\ + U]_/\)2 Z u%u
A=1 pn=1

A=1 pn=1

XgQ(Xl + hul)gQ(xl + ht1 + hU.Q) (X1 + hul) (X1 + ht1 + hu2)dx1dt1du1du2

2f9 (x1)dx;
o10(k — 1) 2hd+8/K (uy) ZuuK —t1 +uy) Z —tix + u1n)?
9K n A=1 A—1

d d
K(u2) > ud, K (t1 +u2) Y (t1, + uzy)dtidurdus {1+ o(1)}
— =

2
2 [ g*(x1)dx; d d
16(£_ 1)1n2hdts /dtl {/K t1 +u2) K (uz Z b +U2u)2>§u%/\du2 {I+o0(1)}
2[9 X1 Xm 2
16( 4n2hd+8 /dt F=(t1) {1 o(1 )}
OK
where
F(t))= > (K**K)(ti,) (K"« K)) (t) 4 ] K@) p+ Y. K@) [T K@ (t1y) ¢ -
1< #£p<d YEN 1<A<d V£
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Hence ¢ = 371 <<, 2H (X, X;)€;€; has mean zero and asymptotic variance

2[9 2
}(6( 4n2hd+8 /th

This, plus equations (5.7) and (5.8) have completed the proof of Theorem 3.2. Q. E. D.
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Figure 1: Model 1: (a) Estimated mean integrated squared error, 100 observations: solid line -
optimal bandwidth; long dashed line - Plug-in bandwidth; short dashed line - ROT; (b) Estimated
mean integrated squared error, 500 observations: solid line - optimal bandwidth; long dashed line
- Plug-in bandwidth; short dashed line - ROT; (c¢) Ratio of Plug-in and optimal bandwidth (solid
line) and ratio of ROT and optimal bandwidth (short dashes) with 100 observations (thin lines)
and 500 observations (thick lines); (d), (e) and (f) are for Model 2, respectively.
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Figure 2: Model 3: (a), (b) and (c); Model 4: (d), (e) and (f); see Figure 1 for details.
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