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HOW TO IMPROVE ACCURACY OF ESTIMATION.

LEPSKI O.V.

Humboldt Universitat zu Berlin.

Spandauer str. 1, 10178 Berlin, Germany

ABSTRACT. The new approach, allowed to take into account some additional in-
formation, coming from datas, is proposed. The main idea 1s to obtain from datas
some information about structure of the model in order to improve accuracy of
estimation. It seems to be important, since standard nonparametric accuracy of
estimation is usually very low. To improve one statisticians often impose some
additional structure on considerable model, that can lead to inadequate model.
To avoid both these disadvantages special form of estimation procedure, based on
some combination of adaptive technique and hypothesis testing, is applied. From
mathematical point of view it leads to the consideration of new kind of minimax
risks. From practical point of view it allows to improve accuracy of estimation
procedures even for the cases when guess on special structure of a model turns
out to be wrong.

1. Introduction

The paper deals with the approach, allowing to improve the quality of estimation
procedures. This approach is general and one can be applied to any statistical
model and to an arbitrary structural assumptions. By this reason, it is convenient
to present all general definitions and to explain approach itself in terms of abstract
statistical model, in other words, in terms of the sequence of statistical experiments,

see Ibragimov and Khasminskii (1981). Let (XE,BE, f() € Z) be the statistical

experiment, generated by the observation X°. Here (X, 5%) be some measurable
space, P% is the probability measure, defined on this space, ¢ € (0,1) is the small
parameter and later on the asymptotics will be studied w.r.t. ¢ — 0. The set ¥ is
some given set of functions, determined on the Euclidean space R*, f(-) : R* — R'.
Here and later we assume that

zczxmz{ﬂ»:amUUMSL<m}

tefo,1]¢

for some L > 0. For V1 < p < oo denote

Hﬂﬂb:{@mﬁﬂmwﬂglép<wv
SUP+e[0,1] |f(t)| P =00,

and consider the minimax risk on the set X:

The paper was printed using funds made available by the Deutsche Forschungsgemeinschaft.
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2 LEPSKI O.V.

R (f..2.0:(8)) = sup e NG = O} (1.1)

where fs(t) = fs(t, X®), t €]0,1]* is some estimator, i.e. a function, defined on [0, 1)*
and being measurable w.r.t. observation X® ; Ef% is mathematical expectation
w.r.t. measure P%; ¢ > 0 is some fixed number, and ¢.(X) > 0 is normalizing
factor (n.f.), i.e. (X)) = 0,as ¢ = 0.

Normalizing factor ¢ (X)is called minimax rate of convergence (MRC) if

o liminf. pinf; B (f,¥,¢.(2)) > 0,
o limsup,_, R (f6,2,¢6(2)) < o0

for some estimator fs, which is called asymptotically efficient (a.e.) in minimax
sense.

Along the paper, the set ¥ is assumed to be such that MRC ¢.(¥) and a.e.
fs() exist and they are known. Note, that MRC can be treated as an accuracy of
estimation. As it follows from the definition of MRC, this accuracy is attainable
and unimprovable in minimax sense. However, what should a statistician do in
the situation, when the accuracy of estimation is bad, say, ¢.(X) tends to zero
too slowly? Can one be improved? The answer on last question is, of course,
negative under consideration of minimax risks of type (1.1). On the other hand, the
consideration of other types of minimax risks would possibly lead to the positive
solution of this problem. Before than to answer this question, we should answer
another one: why do we hope that such improvement is possible on principle? One
of the answers, which seems to be reasonable, consists in the following. Let us
suppose we have strong suspicion (hypothesis)

HO . f() € 20, Zo C Y.
It is supposed to be known that there exist an estimator fs(o) and the n.f. ¢. (X0),
being MRC on Y, such that
e lim SUPe_s0 R. (fAs(O)v 207996(20)) < 09,
o £Z0) 0, as ¢ — 0,
e(¥)

where for an arbitrary estimator f.

Re (J21 Yo, :(%0) = s B e a0 = FOlL (1.2)

Thus, the hope on improvement of accuracy of estimation is based on the hypothesis
on belonging an estimated function to the set Y, where more precise estimation
procedures are available. In this context there are, at least, two possibilities to give
the mathematical sense to the words "improvement of accuracy of estimation”. The
first one is to use so-called adaptive approach. This approach is very popular last
time and there exist a lot of publications on this topic. One could mention the
papers [1]-[12], [18]-[24], [27] and [31] among others.
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1.1. Adaptive approach. The setup of adaptive estimation, reduced to our pur-
poses, consists in the following: one needs to find an estimator f{%)(-) such that

lim sup R. (fs(a), Z,@E(Z)) < 00, (1.3)

e—0

lim sup R. (fs(“), 20,995(20)) < 0.
e—=0
Any estimator, satisfying (1.3), is called adaptive. The definition of the adaptive
estimator can be done in the following, equivalent (1.3), form. Put

o {ee(S0) S S,
)= {%(z) 7 € £\ o,

and consider the risk, which could be called adaptive.

R (f.,5) = Sup B {0 (OIC) = FOl} - (1.4)

Then adaptive estimator f{?)(-) is an estimator, providing the finiteness of the risk

(1.4), i.e )
lim sup R (fs(“), Z) < 00, (1.5)

e—=0
see Lepski and Spokoiny (1995a) for more details on risks of type (1.4). Obviously,
conditions (1.3) and (1.5) are equivalent. Note also two important facts.
First, considering risks of type (1.4), we leave the frameworks of standard minimax
approach, because now n.f. can depend on function to be estimated. However, any

estimator f{?), satisfying (1.5), is a.e. estimator on the set ¥ w.r.t. the minimax

risk (1.1). It follows from the facts that ¢.(¥) is MRC on ¥, and 0.(f) < ¢.(¥)
for Vf(-) € X

Next, consider the set of pairs (a.,b.), where 0 < a. < b. < p.(X).

Denote by M. the set of n.f. 4.(f), f(-) € ¥, represented as

_Jae f() S Z07
0:(f) = {bs ) e 2\ %, (1.6)

For Vo.(-) € M. introduce the risk
Rsa) fsvzvgs(') = sup E? 96 le H
( )= sup By {o My

Note that ¢.(f) € M. and R(® (f Z) R® (fs,z,@s(-)). The following two
statements are the simplest consequence of the fact that ¢.(¥) and ¢.(¥g) are
MRC on the sets ¥ and ¥, respectively.

For Vo.(-) € M. such that b./p.(¥) = 0,as ¢ =0

lim infinf R(® (fE,Z 0: (- )) = 400

e—0 fa
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For Vo.(-) € M. such that a./p:(X9) =0, as ¢ =0
hmlonfmfR (fE,Z 0: (- )) = 400

Two last results together with (1.5) allow to make the conclusion, that n.f. 9.(-) is
optimal among n.f.’s of type (1.6).

Unfortunately, even having constructed an adaptive estimator f{*)(-), satisfying
(1.5), one can say nothing on its accuracy of estimation. It is because, the n.f. 6.(f),
describing this accuracy, depends on an estimated function and, therefore, one is
unknown. More exactly, n.f. 6.(-) depends on information whether function f(-)
belongs to the set X, or not. Since such sort of information can not be obtained
from noisy datas exactly, one can only state the "theoretical optimality” of the
estimator f{?)(-), which follows from mentioned above optimality of n.f. .(-).
On the other hand, it seems reasonable to test the hypothesis Hy (hypothesis on
belonging of an estimated function to the set Yy ) and then to use obtained results
for the construction of estimators and for study their properties, in particular, the
accuracy of estimation. It is evident, a result of a testing is random, one may be
true, may be not, but we might expect the receiving some additional information
the use of which would be natural.

These reasonings lead us to the following idea (second possibility) how to improve
accuracy of estimation. This idea consists in the consideration of minimax risks
with random normalizing factors of special type.

1.2. Minimax risks with random normalizing factor. By analogy with (1.6),
for Ve € (0,1) let us consider the family of bounded, measurable w.r.t. X* random
variables p., taking two values {p.(X)} and {a.}, where 0 < a. < p.(X). For
every such p. and for every estimator fs() introduce the risk

RO (f..3,0.) = sup E5 {0717 = FOL ) (1.7)

Note, that considering risks of type (1.7), we understand an improvement of accuracy
of estimation as the fulfillment of the event {p. # ¢.(¥)}. Since it is random event,
we have to be sure, that one holds in somehow sense. Otherwise, the following
artificial example

oo
g = w:(X) otherwise

shows the formality of the notion "improvement”. We had no such difficulties un-
der consideration of the adaptive risk (1.4), since p.(f) = p:(30) << @.(¥) for
Vf(-) € . Remember, however, that theoretical possibility to improve the accu-
racy of estimation is connected with the acceptance of the hypothesis Hy. So, let us
demand, that event {o. # ¢-(X)} holds for functions, belonging to the set Y. In
order to give these words mathematical sense, introduce the following subfamily €.
of random normalizing factors (r.n.f.). Let 0 < § < 1 be some given number and
let ., ¢ € (0,1) be some fixed function such that 0 < a. <1 —4 for Ve € (0,1).
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We will say that r.n.f. p. € Q. if

limsupaZ' sup Pi{o. = ¢.(X)} < 1.
e—=0 F(-)EXo
Note, that we do not require a. — 0 as ¢ — 0, in particular one can take «a. =
a >0 for Ve € (0,1). In fact Q. = Q. (a.), but we will omit the dependence on
a( in the notation, because further all statements are formulated for an arbitrary
but fixed a(). The sense of the condition p. € ). is rather natural. One means

that for Vf(-) € ¥y and for Vo. € Q.
P§{Qs7£996(2)}21_a521_5>0

for all enough small ¢ € (0,1). The last inequality means that the probability of
the "improvement of accuracy of estimation” is positive, at least, for each function,
belonging to the set ¥y. On first look, it seems reasonable to choose ¢, , tending
to zero, ¢ — 0, as fast as possible. It would guarantee

Pi{o. # p.(2)} = L, € = 0, ¥f() € S,

However, as we will see later on, the choice of a. is delicate problem, and at a
moment we require only 0 < a. < 1 — 4. Note also, that the introduction of the
subfamily €. allows us to define an optimal r.n.f. and asymptotically efficient w.r.t.
risk (1.7) estimator.
Let 0 < a. < p-(¥), € € (0,1), be some fixed function. Denote by F(a()) the
set of function b., ¢ € (0,1), such that
bE

lim— =0,
e—=0 e

and put
Q. (a0y) = {0 = {pe(2)}, {b}) € 2 2y € Flagy) )}

Thus, €. (a(.)) consists of the r.n.f., belonging to the family ()., and, having second
value, which is "better in order” than some given function a..

Definition 1. The r.n.f. 0. = ({@E(Z)},{cps (oz(.))}) € Q. is called optimal
(asymptotically optimal) if
1. There exist an estimator f*

*(+) and a constant M* < oo, independent on
e €(0,1) and agy , such that

limsup R (f7,%,6.) < M™. (1.8)

=0
2. For Yo. € Q. (c,oe (a(.)))
hgiglfi%f R (fs, 3, gs) = 4o, (1.9)

where inf is taken over all possible estimators.

*

Definition 2. Let . be an optimal r.n.f. Then an estimator fI(-), satisfying
(1.8), is called .y -adaptive.
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Remark 1. As it follows from (1.9), the function ¢. (oz(.)) , being the second value

of optimal r.n.f. 0. can not be improved in order. The first value @.(X) can not be
improved in order as well, because one is MRC. Both these facts together with (1.8)
explain why 0. is called optimal.

Remark 2. By definition o. < p.(X) for Ve € (0,1) and for any ay. Therefore,
from (1.8), any «y-adaptive estimator is a.e. estimator on the set X w.r.t. the
risk (1.1). It means, that considering risks of type (1.7), we, in fact, do not leave
the frameworks of the standard minimax approach.

Remark 3. We know only that by definition . (a(.)) < we(X). So, if ¢. (a(.)) =
0:(X), as € = 0, then from (1.9) any improvement of the accuracy of estimation is
impossible in this case. Such statistical setups exist, f.e., it is typical for cases, when
minimaz risk is described by uniform norm (p = o0). However, the study of such
kind of problems lies beyond the scope of the paper. We refer to the recent paper of
Low (1996), where similar results for the case p = oo were obtained. Certainly, the

case @, (oz(.)) = o(p.(X)), as ¢ — 0, is much more interesting for our purposes,
and only such setups are studied later on.
Another interesting question is: what is a connection between ¢, (a(.)) and

©0:(X0) ? It is intuitively clear, that ¢. (oz(.)) can not be better in order than ¢. ().
The exact statement is given by the following Proposition 1.

Proposition 1. Let o, = ({995(2)} , {c,os (a(.))}) be some optimal r.n.f. Suppose,

there exist an estimator f.(-) such that for some ¢ > q

. e [ — = a1
limsup sup B {2 (So)|l /() = F()lo} < R < o0,
e=0  f()EXo

Then for Ya(y such that 0 < a. < ag, € € (0,1),
N 2 (%) o\
| f|——= >
o ( e ) =\

0 < lo = liminfinf . (f.. Yo..(%0) 3 a0 = (2710) " R,

where

Remark 4. The assumption of the proposition means that ©.(Xq) is MRC on the
set Yo not only for the loss function |- |7 , but for the loss function || as well.
It is typical for the asymptotical statistics, that one and the same function is MRC
for wide class of loss functions, see, f.e., Ibragimov, Khasminskii (1981). Note also

that ly > 0 by definition of MRC.

2. Application to the construction of confidence sets

In this section we show how to apply the notions of optimal r.n.f. and of,-
adaptive estimator to the construction of confidence sets. Fix some 0 <y <1 and
let 6. and f7(-) be the optimal r.n.f. and a()-adaptive estimator respectively. The
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function a( is supposed to be chosen on an arbitrary way. Then, from (1.8) and
Markov inequality, one obtains for all small enough & > 0

£ ~— * M*
smﬂﬂ{&Wﬁm—fMM> }g%
f()ex ~y

This is equivalent
€ b M* A
e

uniformly w.r.t. f(-) € ¥. It means, that with given probability 1—~ an estimated
function lies inside the L,-ball, with center in the "point” f(-) and of the "radios”

€

MT*@E . By definition, pair (fZ(-), 0.) is computable by observation X¢ (measurable

w.r.t. X¢), and, therefore, if event {@5 = Qe (oz(.))} holds, we guarantee essentially
more precise coverage of an estimated function.

3. Relations to the adaptive estimation and to the hypothesis testing

In this section we briefly discuss the relations between the problem of finding of an
optimal r.n.f. and an «(.-adaptive estimator and problems, arising in the adaptive
estimation and in the hypothesis testing.

Let fs() and fs(o)(-) be a.e. estimators on the sets ¥ and Xy respectively.
Further we will see that «(-adaptive estimator fX(-) can be often represented as
follows.

= p(%)

Proposition 2. Let a. = O ({p.(X0)}?), as ¢ = 0 and let f*(-) be a.-adaptive
estimator, represented by (3.1).
Then fZ(-) is adaptive estimator, i.e risk (1.5) (or (1.2)) of this estimator is

finite.

As it follows from proposition 2, if a. tends to zero rather quickly, then o,)-
adaptive estimator is, at the same time, adaptive estimator.
Let us now consider the relations to the hypotheses testing problems. The ful-

20) = { ") = (o) (5.)
fe() o
)

fillment of the event {f. = ¢. (a(.))} can be treated as the acceptance of the
hypothesis Hg : f(-) € ¥o. Then, the assumption g. € Q. means that first type
error probability is bounded by «a,.

*

Proposition 3. Let 6. be optimal r.n.f. and lel oy -adaptive estimator fX(-) be
represented by (3.1). Suppose, also, that fs(o)(-) € Yy for Ye € (0,1).
Then for ¥ 0 <~y <13 H,>0 such that
limsup sup P%30. = . (. <,
0 f()exe(Hy) i (o)}
where for VH >0
() = {0 €S it 1F6)— Aol > He. (o) }-

foEZo
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The statement of Proposition 3 means, that hypothesis Hy can be tested versus
the family of local alternative H. : f(-) € ¥.(H,) with prescribed 1-st and 2-d
type errors probabilities.

4. Examples of the statistical models and of the hypotheses,
corresponding to them

In this section we consider 3 particular models: white Gaussian noise model,
multivariate regression model and probability density model. For each model we
discuss several hypotheses Hj, which is seemed naturally to investigate in context
of the problems, presented in the paper. All these hypotheses possess the following
property: more precise estimation procedures are available under them. We also
want to mention that all mathematical results, presented in the examples, are valid
under some additional assumptions. We will not describe and discuss them, because
it is not required for further consideration, and we give only references on the papers,
where exact results can be found.

4.1. White Gaussian Noise Model. Let statistical experiment be generated by
the observation X¢, which is the sample path of the stochastic process X.(-),
satisfying on the interval [0,1] the stochastic differential equation

dX.(t) = f(H)dt + edw(t),

where w(t) is standard Wiener process. Thus, X* = (X.(¢),0 <¢ <1). Remind,
that  is the small parameter, and the case ¢ — 0 is of our interest. Let >0, Q) >
0 be some given constants, and let § = m 47, where m > 0 is integer and 0 < 7 <
1. Let H(3,Q) be Holder space, i.e. the set of m-times continuously differentiable
functions f(-) whose m-th derivative, satisfies on [0,1] Holder condition with
exponent T and constant @, i.e.

[FU () = FU ()] < Qs — o], W ity €0,1].

Here f(™ () denotes m-th derivative of f(-). In this model we consider univariate
case, hence s =1, |||,y 1 < p < oo and || - ||o are usual L,-norm or C-norm
respectively, which are determined on the [0,1].

Let ¥ = H(3,Q)NY( (L) for some given 3,Q and L. It is well-known (Ibragimov
and Khasminskii (1980)) that

206
£ 7PH 1< p< oo,

_2B
(5,/1n é )2 = 0.
This rate is attained by linear estimators, f.e., by kernel one with properly chosen
kernel and bandwidth. Other classes of smooth functions, such as Sobolev and Besov

ones, can be used for the description of the set ¥ as well. Now let us consider some
possible hypotheses.

pe(X) =



HOW TO IMPROVE ACCURACY OF ESTIMATION 9

4.1.1. Hypothesis on parametric subfamily. Consider the following hypothesis
H, : f(')ezo:{f(t):fo(tvﬁ)v \V/tE[O,l], ﬂE@CRS}7
where function fo(-,-), set © and integer s > 1 are given. Under some regularity

assumptions, Ibragimov and Khasminskii (1981, ch.2) the MRC on the set ¥g is
©v:(Xo) = ¢ and a.e. estimator can be constructed as fs(o)(-) = fo(+, V), where 9.

is the maximum likelihood estimator. Note that ¢ = ¢.(Xg) << ¢.(¥) = 522%(}? <
_25
o0) or (ew/ln é) 1 (p = 00) for all B € (0,00). One of the classical examples of

parametric subfamily is yielded polynomial regression, i.e.
fot, ) =>"0:t7", (91,...9,) €O CR".
i=1

4.1.2. Hypothesis on smoothness. Let
Hy : Hv,P)NX,

where v > 3 and H(~, P), P > 0, is another Holder space. In this case the set ¥
consists of the functions, which are smoother than functions, belonging to the set

Y. The MRC ¢.(Xg) is given by formulae

2y

eTAT 1< p< oo,

2y
1\ 2v+1 _
(5«/11(1;) p = 00,.

and we see that again ¢.(¥g) << . (X).

For the sets Yg, described in examples 4.1.1 and 4.1.2, the method of the con-
struction of adaptive estimators is the simple application of the results, obtained in
Lepskii (1991), for all 1 <p <oo, 0 <<y < oo and ¢ > 0.

In the section 5, for hypotheses, presented in examples 4.1.1 and 4.1.2, we find
optimal r.n.f. and construct «a()-adaptive estimator.

Pe(Xo) =

4.2. Multivariate regression. Let statistical experiment be generated by the ob-
servation X" (here and in the next example 711 plays role ¢), obtained in the
s (Yns Zn)}, where

multivariate regression model, i.e. X" = {(y1, Z1),

yi=f(Z)+e, 1=1,...n
Here Z; = (22(1), - ZZ(S)), 1 =1,...,n, are i.i.d random vectors with common prob-
ability density p(-), defined on the unit cube [0,1]%; &;, ¢« = 1,...,n, are i.i.d.

random variables, E¢; = 0, Ee? = 0? < oo.
Let Hy(3,Q), 6 =m+ 7, @ > 0, be isotropic Holder space on the unit cube
[0,1]°. There are several equivalent definitions of isotropic (anisotropic) Holder

(or Sobolev and Besov) spaces, see, f.e., Nikolskii (1975). We will use the follow-
ing one. Fix some i € {1,2,..,s} and denote fi(m)(Z) = %,(nz). Put Z0) =
(z{’), o ,Zl(l), oo, 20 ) , [ =1,2. We say that function f(-) belongs to the Holder

space Hs(3,Q), if

sup
(2112i—1,%i 411,26 ) €[0,1]5 1
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for Vi=1,...,s and ‘v’zl(l), 22(2) € [0,1].

Roughly speaking, for each fixed (21, .., 2i_12i11, .., 25) € [0,1]*7* functions g}(z) =
f(z1, .y 2iz1, 2, Zig1, -, 2s) belong, as function of z, to the Holder space H(3,Q) on
the interval [0,1] for Vi =1,...,s. In other words, any function f(-) € H(3,Q)
has one and the same smoothness 3 = m 4 7 in each direction.

Let ¥ = H (3,Q)N Es(L), for some given 3, ), L and s. Put also p =2, i.e.
we will consider the losses, being Ls-norm on the unit cube [0,1]°. The MRC is
given by formulae ¢, (¥) = n_w%, which is obtained by Nussbaum (1986).

Now let us describe some possible hypotheses. Certainly, the hypothesis on para-
metric subfamily and the hypothesis on smoothness are of interest in this case as
well. However, as it seems to us, hypotheses, which could be called ”"hypotheses on
structure”, are more important under consideration of multidimensional statistical
models.

4.2.1. Dimensionality hypothesis. This hypothesis consists in the assumption that a
regression function actually depends on ¢ < s significant variables. Thus, formally,

Ho : 31 <t<s, 01,050 Fi@ RO RY 0 e ,20) = Fziyon,2,)

Evidently, that the implication f(-) € H (3,Q) = F(:) € H:(3,Q) takes place,
and, hence, ¢, (3,) = n_w%, and we see that ¢, (¥,) << @,(2), for V1 <1t < s.

4.2.2. Hypothesis on additive structure. This hypothesis consists in the assumption,
that multivariate regression function can be represented as the sum of univariate
functions.

Ho : 3 /iR =R k=1,...,5 ¢ f(z1,...,25) = > fu(zn).
k=1

A lot of papers are devoted to the estimation problem under additivity hypothesis.
It is because, the MRC under this hypothesis coincides with MRC for univariate case,
ie.

o (Do) = 0" T << o(X).

Apparently, the first paper, where this result has been obtained, is Stone (1985).
We also mention the paper of Linton and Nielsen (1995), where the same result has
been proved under rather mild assumptions.

It is also reasonable to combine the hypothesis on additive structure with the
hypothesis on smoothness.

H, : Afu(-) € H(v, P), k=1,...,8, y> [ :f(zl,...,zs):i:fk(zk).
k=1

By the same reasons, under this hypothesis

P (So) = n” 7.
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4.2.3. Hypothesis on single index structure. This hypothesis consists in the assump-
tion that there exists some direction, where a multivariate function is an univariate
one.

Ho : W R’ Y| =1, and F: R'" = R' : f(z1,...,2,)=F (Zﬁkzk) :
k=1

As it follows, f.e., from Speckman (1988), the MRC under this hypothesis is the
same as for the univariate case,

on (Zo) = n 77T,
and we see, that o, (Xg) << ©,(2).

It is also possible to combine the hypothesis on single index structure with the
hypothesis on parametric subfamily. To do this, it is enough to suppose that func-
tion F(-) is known. For example, putting F(z) = z, Vo € R!, we arrive to the
"linearity” hypothesis

Hy : f()eSo={f(") : flz) =1z + ...+ 0.2}
It is clear, that under this hypothesis

[N

en (Xo) =n

4.3. Probability density estimation. Let statistical experiment be generated by
the observation X" = (Xy,...,X,), where X, = (XZ»(l),... X»(S)) ,1=1,....,n,

are i.i.d. random vectors with common probability density f(xy,...,x5). Let f(-) €
Y, where, as in example 4.2., ¥ = Hy(3,0Q) N Xs(L) for some fixed 3, @, L and
s. Let again p = 2. Then, Nussbaum (1986), the MRC on the set ¥ is

#u(3) = 0”75,

4.3.1. Hypothesis of independence. This hypothesis is classical in the theory of hy-
pothesis testing. One consists in the assumption that for Vi = 1,n the components

of the vector X; = (XZ»(l), e ,XZ»(S)) are independent random variables.

Ho : 3fi(-): R' = R}, /Oo fre(e)dr =1, k=1,s : f(a1,...,25) = ﬁ Fi(@k).
%) k=1

Under this hypothesis, for Vk = 1,s each univariate density f(-) can be esti-
(k) (k)

mated separately, using only the corresponding observations X;", X3%, ... X

Let fk() = fi ( ;Xl(k),Xz(k), o ,Xflk)) be, for example, Nadaraya-Watson estima-
tor, providing univariate MRC - n 7 Under hypothesis Hy fk() are i.i.d. ran-
dom variables, and, therefore, the estimator f(O(-) = [Ti_, fi(-) provides univariate

MRC of estimation for f(x1,...,2s) = [Ti—; fr(xx). Thus,
en (Xo) = n" T

As regards to the problem of adaptive estimation for multivariate statistical mod-
els, there is much less known in comparison with univariate ones. In the case of
isotropic spaces, apparently the general theory, developed in Lepski (1991,1992a),
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could be applied. In the case of anisotropic spaces we know only recent papers of
Neumann(1995) and Birge and Massart (1995), concerning with adaptive estimation
over scales of anisotropic Besov spaces and of anisotropic Holder spaces respectively.

The consideration of minimax risks with r.n.f. for multidimensional models is
the subject of a series of separated papers. Here we would like only to present one
conjecture in this direction.

Conjecture 1. Let ¥ = Hy(3,Q) N Xs(L) and let we believe the hypothesis on
additive structure or the hypothesis on single index structure. Then the function
Ve (oz(.)), being the second value of optimal r.n.f., and which is understood as the
Timprovement of accuracy of estimation”, is given by the following formulae.

| 1 _4;%
c,on(ozn):(n na—n) )

As we see, if our conjecture is true, then the "improvement” always exists, and for
the dimensionality s = 2 this "improvement” differs from MRC under hypothesis
_5_

only by factor (ln c%) “*2 In particular, if a, = «, then the function ¢, (a(.))
coincide with MRC on hypothesis set, and, due to Proposition 1, this is the best

possible improvement of the accuracy of estimation.

5. White Gaussian Noise Model

Let we observe the sample path of the stochastic process X.(-), satisfying on the
interval [0, 1] the stochastic differential equation

dX.(t) = f(H)dt + edw(t), (5.1)

where w(-) is standard Wiener process, ¢ — 0 is the small parameter.

Let >0, () > 0 be some given constants, and let 8 = m 4+ 7, where m > 0
is integer and 0 < 7 < 1. Here and later we suppose that function f(-), generated
the equation (5.1), belongs to the space ¥ = H(3,Q) N Xq(L).

5.1. Hypothesis on parametric subfamily. Let us suppose that we believe the
following hypothesis

Ho : f(1)eXo={f(-)eX : f(-)= fo(t,¥), VL€ ]0,1], ¥ € © C R},
where function fo(-,-), set © and s > 1 are given.

For each integer [ > 1 and for each vector z € R! denote |z|| = (Zﬁ»zl 222)5
and we will omit the dependence of [ in the notation of || -||. We suppose that the
following assumptions fulfill.

A1l. The set O is bounded, closed subset in R*, s > 1.

A2, There exist v >0 and L, > 0 such that

Sl[lp] |f(t7191) - f(t7ﬁ2)| < LuHﬂl - 192””, for ¥Vi,,9, € O.
tefo,1

A3. fo(-,0) € H(3,Q)N 3 (L) for V¥ € O,

A4.F)y € O and FQ; < @ such that fo(-,vo) € H(F,Q1).
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Put ¢.(8) = e and let If()]l2 = (fol A )dt)2 be Ls-norm on the interval
[0,1]. Remind that ¢.(3) is MRC on the set H(3,Q), in particular, when minimax
risk is described by L;-losses.

Now let us introduce the minimax risk with r.n.f., corresponding to the estimation
problem on the space ¥ and to the hypothesis Hj.

Fix some 0 < d <1 and let 0 < a. <1 —4, ¢ € [0,1], be some given function.
Denote by ). the family of measurable w.r.t. (X (t),0 <t <1), random variables,
taking two values .(3) and a., where 0 < a. < ¢.(/3), and satisfying the following
inequality

lim sup . ™" sup Py{o. =0 (8)} < 1. (5.2)

e—0

Here Py denotes the measure, generated by the process X.(¢),0 <t < 1, when
function f(-) in (5.1) belongs to the set ¥o, i.e. f(-) = fo(-,?) for some ¥ € O.

For Vo. € Q. and for every an arbitrary estimator f.(-) consider the risk
N F 1y q
RO (f..5,0.) = f?l)lngf (0= HIF=() = FOlI2) " (5.3)

where ¢ > 0 is some fixed constant.

Now let us construct the r.n.f. g. € ., being optimal, in accordance with the
definition 1, and o(.)-adaptive estimator fX(-).

Let A = A, = {A}; ,_i537 be the matrix with the elements A; ; = (i +j—1)7"
Put for an arbitrary integer N and k=1, N, t, =t(N)=k/N; Ap = [tp1,1r).
Also, for Vk =1, N introduce the vectors (x) = (x(lk), . ,:1;5:2_1) and (y®)" =

(9, ) as

dW = N[ AN (), =TT
Ay

Here sign 7/ 7 means transposition. The vectors y¥), k& = T, N, are well-defined,

since matrix A is strictly positively defined for Vm > 1,. For VE =1, N and Vt €
!
Ay put (A1) = (1, N(t = tx1),... ,(N(t —ti1))™) . Denote for ¥t € [0,1]

g: WA W () I{t € Ay} (5.4)
or in equivalent form
In(t) = (yWYAT7dN () {1 € Al (5.5)

k=1
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Put

2 T 2
N:(B,Q) = [(m’\/%) 5_25+1] ;

1\~ 5557
Z5t (541n—) o

Qe

N, = N.(a.) =

Y

where constant Zy = Zo(3,m, Q) will be presented below. Define for Vt € [0, 1]

fs(tvﬁv Q) = fNa(ﬁvQ)(t); fs(t) = fNa(t)'
As it will be shown later, fs(-, 3,Q) is the estimator of a function f(-) € H(3,Q),

constructed by method of piecewise polynomial approximation, and, providing the
MRC ().

For Y9 € © and for Yk =1, N, introduce the vectors (x*¥) (1)) =
(x(lk)(ﬂ), . ,:1;552'_1(19)) and (y®(9)) = (y@(ﬂ), . ,yiﬂ_l(ﬂ)) as follows.

w0 = N9 [ =t () = T T
k
yW (@) = A77xM ().

Put, also, for V¢ € © and for V¢ € [0, 1]

Ne

Fo(t,0) = Y (yW@)yAT=dW (@) I{t € Ay}
k=1
Denote for Vi € O
de(@) = | f-(-) = fo (s )2 (5.6)
Simplest direct calculations show that
L :
~ 2 Iy @D - (5.7)
Ne i3

As it follow from the assumption A2, there exists independent on & constant C' =

C(v, L,,m) such that
|d-(V1) — d.(92)| < C||0y — 05|, V1,04 € O. (5.8)

From here and assumption A1l there exist, see, f.e. Jennrich (1969), = 0,
being measurable w.r.t. X.(¢),0 <t > 1, and such that
D, = arginf d.(9). (5.9)

JEO
Denote for Vi € ©

d=(9) = dZ(9) — *N(m + 1),
and let
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1\ 7511
@ (a.) = (541n —) o ,

A= 27 (40m+ )T

Introduce the random event A = {625(195) < (A (as))z} , and put

. (o) Ac holds,
0 = w:(B)  AS holds;

N

fs('vﬁv Q) "42 hOstv

where AS is the event, being complement to the event A, , and fs(o)(-) = \
For Vz € (0,00), Yu € (0,1) and Va € [0,1) define the function G, (u,z

follows.

Golunz) = 3 M(IJF %) L Q|

F0)(. A. holds,
f:<->={ff ¥

k=0

-1

If @« =0 we understand (In é) as zero. Put

Gy = inf inf G,(u,z).
u€(0,1) z€(0,00)
It is evident, that G,(-,-) is the smooth function and for Yoo # 0, G, (u, z) — +oo,
ifu—1 u—0, 2z — 0, 2z = oco. Therefore, there exist 0 < Zy < oo and
0 < ug < 1 such that

Ga = GQ(UO, Zo)

If Zy is not unique, we take any Zj, satisfying the last expression. If o =0, then
up =0 and Zy can be calculated explicitly (see remark after Theorem 1). Remind,
that Zy is included in the definition of the threshold A, describing the random
event A, , and in the definition of the variable N, describing the estimator fs()

Theorem 1. Lel assumptions A1-A4 hold and let 27° > a. > & for some fized
a >0 and for Ye € (0,1), and let q > 2.
Then 6. is optimal r.n.f. and fX(-) is «a.-adaptive estimator. In particular,
putting liminf. o a. = o« > 0, we have for Yg > 0
limsup R (f7, %, 6.) < M7, (5.10)

e—0

where

M* = + G,.

28 11 ((m+1)ﬁQ)2ﬁ '
COEAN
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Remark 5. First, let us notice, that if a« =0, for example,v. — 0 as — 0, then
Zo can be calculated explicitly. Indeed, by definition,

Gl ) = (<4<m+1>>z +%Z4ﬁ) iz (<4<m+1>>z +%Z4ﬁ) !

z z 1 —u

From here

(4(m +1))tm!\ 7
ZO — 5
4pQ
18+ 1 (<4<m+ 1))/?@)4# q
(ORI |
and constant M* has nice "symmetric” expression:

2 + 1 (<m+ m)ﬁ 45+ 1 (<4<m+ 1>>ﬁ@)4ﬁ q
COCCAN (agymes |
Nezxt, if g =1, then expression for G, and for Zy can be simplified.

(4(m +1))im!G,
ZO — 5
4pQ
4B+ 1 ((4m+1)PQ\ T . |22
G = 64‘45 (( (m‘|‘ )) Q) (Ga) 151
(48)7 !

GOZ

q

M* =

Y

where

. o k4 1)L\’
G, = infz 1+ % u”.

ue(0,1) ;= In <
Corollary 1. Note that all assumptions of Proposition 3 fulfill. Therefore, if Al-
A3 hold, using the decision rule, based on the event A., namely [{A.}, we are
able to test hypothesis Hy against the following set of local alternatives

_B
H f() €Y - inf HfO(aﬂ)_f()HQ > H(g‘llnai) At s

JEO €

where H > 0 is some given constant.

Remark 6. If a. = o € (0,1) for Ve > 0, then the impossibility to construct
more sensitive test follows from general lower bounds, obtained by Ingster (1993).
In particular, it follows from the lower bound, proved in Theorem 1 for the risk
RO, - -) under assumption A4. In the case a. — 0, ¢ — 0, this lower bound is

new in the theory of hypothesis testing.

Let us briefly discuss the construction of the optimal r.n.f. 9. and «()-adaptive
estimator f*. For each function f(:) € ¥ let us define the following functional

d(f) = il |[f(-) = fo(-; D)[]2.

JEO
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As it will follow from the further considerations, |JE(1§6)|% is the estimator of d(f),
providing . (a.) as the accuracy of estimation on the space ¥. If a. = o > 0
(or in >0 O > O) then . (a.) coincides with MRC of functional d(f) on space
Y, and |d (0 )|2 is the rate optimal estimator. If a. — 0, ¢ — 0, then ¢. (o)

5
differs from MRC of d(f) by the factor (ln a—) 71 In some sense this factor is a
payment for the following property of r.n.f. . :

inf P;{o-=¢.(a)}>1—a.—1, 6= 0.
oo, Py {e = e (0e)} =

Remind, that by definition of optimal r.n.f. this payment is unavoidable. It is also
evident, that d(f) = 0 for Vf(:) € ¥o. So, if 625(195) exceeds some threshold, it
means , that d(f) is also not small, in other words, the hypothesis Hy is not true. In
this case usual nonparametric estimator f(, 3,Q) is applied, and one can guarantee
only MRC ¢.(3). If 625(195) is less than ¢. (a.), hence, estimated function lies not
far from the set Yg as well. In this case, it makes sense to apply estimator fs(o)(-) ,
which has nice behavior, if estimated function belongs to some neighborhood of the
set Yg. In order to explain last words, let us consider the simple example, in which
the estimator fs(o)(-) can be found explicitly.

Suppose, that ® = R! and fo(t V) = v,¥t € [0,1]. Tt is easily to see that
f-(-,9) =¥ and, therefore f () = J.. In this case the minimization problem (5.9)
has explicit solutlon

1 X

5 fera—1.\"1 B\ A -1

V. = (VA V) E};(X) A" v,
where v/ = (1,%,...,(m+1)7"). Note that the vector v is the first vector-column
of the matrix A. Hence, A™'v = e, where €| = (1,0,...,0). From here v'A™!'v =

1; (Xk)//\_lv = x(lk). Hence,

:_le kz_j [ dx.() = X.(1) - X.(0)

N

Thus, J. = X.(1) = X.(0). If the hypothesis Hy is really true, then 9. is e-
consistent, asymptotically efficient estimator. Now let us look at how J. behaves
"near” hypothesis set Y.

Let U...(C)={f(-)e X : d(f) < Cep. (ozs)} where C' > 0 is some fixed con-
stant. Note that in this case d(f) = ||f(-) — Ji f(s)ds||s. Therefore, for each
f() e U (C)

19 = F()ll2 = H/ s)ds — f() + e(w(l) —w(0))]l2 < Cp- (az) + efw(l) — w(0)].
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In particular, from here

sup By (o2 ()l — F()]l) < (cw fa)@) ST =0,

F()€V: 0. (0)

sup Pf{so?(aswe—f(-)uzzc+5}XeXp{(_%<ae>) %}

F()€V: 0. (0) €

Yy > 0, as ¢ — 0. Last two lines show optimal, in some sense, behavior of the
estimator . "near” hypothesis set .

5.2. Hypothesis on smoothness. In this section we consider the hypothesis, de-
scribed in the example 4.1.2.

Ho : f(-1)eXo=H(,P)NE, f<y<oo, P>0,

where H(~, P) is Holder space. Thus, the hypothesis set ¥y consists of the func-
tions, which are smoother than functions, belonging to the set Y. Here the constants
y=Il+v (I >0 isinteger, 0 < v <1)and P are supposed to be known.

Let us fix some function 0 < a. <1—-4, 0<d <1, € €(0,1), and let again €.
be the family of r.n.f. ., satisfying the inequality

limsup sup a.7'Pi{o. = ¢.(8)} < 1. (5.11)
e—0 f(')EEO

We keep some notations from the previous section. In particular, for Vo. € .
and for an arbitrary estimator f.(-), RU)(f.,¥,0.) is the minimax risk, defined
by formulae (5.3), ¢.(3) = 7T Also, for YN > 1, tp = tx(N) = k/N, Ay =
[tk-1,1k), fn(-) is defined by (5.4) and (5.5). N:(5,Q) and f.(-,3,Q) remain the

same as before.

Put for Vz € (0,00), Yu € (0,00) and V a €[0,1)
1 L q
40+ 1)) 2
Glo(z) = sup (M (1 + h%) + %245) exp{—u};

u>0 z

7y = arginf G, (z).
2>0
It is obvious, that such 0 < 7Z; < oo exist. (If Z; is not unique, let us take any
7y , satisfying the last equation.) Denote
1
1\ "%+
zZ (54 In —) ] ;
e

) = fr ) =32 (y9) A7 2dW (1) 1t € ALY,

k=1

N, =

where the vectors y®, k = T, N., are the same as in previous section, and A; is
the ({ + 1)x(I+ 1)-matrix with elements X, ; = (i +j—1)"', i,7 = 1,1+ 1. Thus, in
comparison with the definition of the estimator fs() in the previous section only
the following changes were made: we replaced the constant Z; by the constant
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/1 for the definition of N. and replaced the matrix A,, by the matrix A; in the
formulae (5.5). Put

! 272? — TP 8(v—p)+2
K. = 71 (\/l—l—ll.) (1 1) P (1—B)+

AN ERTD
2P~ Qe

Without loss of generality A is assumed to be integer. For V &k =1,... N, put

{k = tkKE and Ak = [{k—h{k)a where
. IN. 2Py \FT _
= [ = () o]
K. ( [+ 1l!) ]

Introduce the vectors (fc(k))/ = (:Z'(lk), e ,:Z';_]T_)l) and (Sf(k))/ = (y(k), ,g;i)l) as
i = N7 [ (= fedxn, j=TTHL
k
§B = ATEx®),
~ ~ !
Put also for V k=1, N, and Vvt € [0, 1], (d(k)(t)) =
(1, Ns(t — fk_l), cee (Ns(t — tNk_l))l) and denote
~ NE 7 _1 . ~
L) =3 (W) A 7AW I{t € Ay}
k=1

~ 2
Note that f.(-) is the estimator, which attains the MRC ¢.(y) = £7+71 on the
space H(~v, P).
Now let us construct the optimal r.n.f. 9. € 2. and a()-adaptive estimator. Put

N

de = |Ifo(-) = F-O)5 + €2+ (N = No);

1 2y 4y

Ye(ae) = (54 In —) o D e (y) = e 1= e

Qe

and introduce the random event

Ac = {d < (Wl + (ape(7) + X}

where
A1+ 1)) prEE (T P
NCTEVLToS  eas NN Y
Denote

_B8
ool o2
ee(7) B <y <28,
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and put

. we () A. holds;
T\ edB) A holds.

. =(+) A. holds;
fel) = {fs( ,3,Q)  AS holds.

Theorem 2. Let ¢ > 2 and let 27° > a. > &%, for Ve > 0, for some a > 0.
Then 6. is optimal r.n.f. and fX(-) is a)-adaptive estimator. In particular,
putting liminf. .o a. = a > 0, one can state for ¥V ¢ >0

hmsupR (fE,Z 0:) < M™, (5.12)
where for B <~y <20
26 + 1 ((m—l— 1)5Q)ﬁ]q
g \
and for v > 203

q

M* =

Y

2y 41 ((z n 1)WP) —+]

2 !
p=h LT

M* =

28 41 ((m + 1)5@) Py L2,

25 i
oy
Remark 7. For the case v = 203 the constant M™* can be written explicitly as well,
but the expression is too cumbersome, except the case o =0, see next remark.

Remark 8. [f a. — 0, as ¢ = 0, (o = 0) then the constants G,(z) = Go(z),
7y and, therefore, M™ can be calculated explicitly for the case v > 23 as well.

2 +1 ((m+1>ﬁ@)ﬁ B ELES (<4<z+1>>ﬁ@)4ﬁ q
(287 \ ! (gysr ! |
Corollary 2. Note, that all assumptions of Proposition 2 fulfill. Hence, if we choose

M* =

2
a. = 5%, then the estimator fZ(-) is the adaptive estimator.

Remark 9. As we see, for 3 < v < 203 the function . (oz(.)) coincides with

MRC ¢.(v) and, due to Proposition 1, this is the best possible improvement of the
accuracy of estimation. There is no any payment for the property 0. E Qs, since

we (ae) = @e(v) for ¥ oy, and it makes sense always to take a. = 527+1 in view
of Corollary 2. If 208 <~ the improvement is worse than MRC, but one still exists,

because e (o) = o(w:(3)) .
6. Proofs of Theorem 1 and 2

6.1. Proof of Theorem 1. First, let us formulate several auxiliary lemmas. Put

for VN >1, for VE=1,N and for V f(-) € ¥
KO = N [ iy rwds =TT

(6B () = (B0 (N5 P(f) = AFpH().
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Denote for ¥t € [0, 1]

(b®(f)) A1) 1{t € Ay} (6.1)

Mz

bn(t, f) =

o
Il
—

or in equivalent form

=S () AHa (e A (6.2)

Lemma 1. For VN >1 and V f(-) € X

low (s f) = FOlla < %N—ﬁ.

The lemma deals with the upper bound for the bias of the estimator, obtained by
the method of piecewise polynomials. Such type of upper bounds are well-known,
see, f.e., Korostelev and Tsybakov (1993), but for further purposes it is convenient
for us to give very short, simple and self-contained proof of Lemma 1.

Let for VN > 1, for VE=1,N and Vj=1,m+1 ., ugk) be i.i.d. random
variables and u(ll) ~ N(0,1). Put

3

Sv= 33 (02 1).

Lemma 2. For ¥ N <1, for ¥V Cy € (0,00) and for ¥ x € [0, NCn(m + 1)]

M=

=1

Il
—
ECH

1,2

4(m + DN(1 +CN)};

2
P{Sy < —a} < GXP{—

pisez ) <o

X

4(m+1)N(1+CN)}'

If Cy = O(N_%), N — oo,, the statement of the lemma remains true, if we
replace right sides of the both inequalities by

1,2

exp {—m} (1+o(1)),
where 0(1) = 0, N — oo, uniformly w.r.t x € [0, NCy(m +1)].

Lemma 3. For ¥V 6 > 0 Jvy > 0, vy > 0 such that for all small enough ¢ > 0 the
following inequality holds.

sup Py {%(5)_1”]66(‘757 Q)= f()ll2=>C + 5} < vy exp {—vzas_?;T},
f()EH(3.Q)

where

2041 ((m+1>ﬁ@)2ﬁ
C = - : .
(@7 \ !
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Such kind of exponential inequalities for the distributions of the normalized L, -
losses of linear nonparametric estimators were found in Lepski (1991) for an arbitrary
2 < p < . Here we only precise the constant C for the case p = 2 and so, the
proof of Lemma 3 can be omitted.

For V £ = 1, N. introduce the vectors (f(k)(g))/ = (é’“)(g)7 75;2_1(5)) and
!
(Tl(k)(g)) = (UW(@), e ,nfﬁ_l(e)) as follows.

() = NIz /Ak(t — tpo)dw(t), j=T,m+1 (6.3)
n*(e) = A7260 (), (6.4)
Denote for V f(-) € ¥
1 X

N =5 21 =y

Ne 1o
2: N ’

%uvz;ﬁizj@Wuv—w“wa)

k=1

n®(e).

Lemma 4. Fiz arbitrary 0 < §; < % and 6y > 0. There exist constants vy >

0, vy >0 and pu >0 such that
sup P{Jz(/)] > 5AXS): AP 2 (Bape ()} < waexp{-vae™),
for all small enough ¢ > 0.

6.1.1. Proof of Theorem 1. We divide the proof of the theorem on two steps. First,
we prove upper bound, i.e. inequality (1.8) of Definition 1. To do this, it is enough
to show that g. € . and to obtain the inequality (5.10). Next, we find the lower
bound, i.e. prove that r.n.f. 9. can not be improved in the sense of the statement
(1.9) of Definition 1.

[(Upper bound). 1. Let us prove, that g. € Q.. By definition, it is required
to show that

limsup a. ™" sup Py {0 = ¢.(6)} < 1. (6.5)
e—0 YEO

It is obvious, that V ¢ € ©

Py{o. = ¢:(0)} = Po{d-(d.) > (Ag. (as))}
:m{mf &.(9) > (he. () } Po{d.(9) > Op. ()}, (6.6)

As it follows from (6.6), in order to prove (6.5), it is enough to show that
limsup a.~ sup Py {d ) > (M. (ae)) } < 1. (6.7)
e—=0

Note, that for Ve > 0, providing N, > 1, the vectors €(k)(5), k=1, N,, defined in
(6.3), are i.i.d. Gaussian random vectors and Ef(k)(e) =0, Ef(k)(e) (f(k)(e))/ = A.
Therefore, for all small enough ¢ > 0 the vectors n®*)(¢), & = 1, N., defined in




HOW TO IMPROVE ACCURACY OF ESTIMATION 23

/

(6.4), are i.i.d. Gaussian vectors and En®(c) = 0, En®(¢) (n(k)(e)) = I,,, where
I, is (m 4 1)x(m + 1) unit matrix. From this observation, for V k = 1, N. and

Vi=1m+1, n;k)(e) are 1.i.d random variables and

0 (e) ~ N (0,1). (6.8)
For vd € 0©
7 — ]2 _ 2 m _ L AL (k) _ (k) 2] _ 2 m )
L0 = 20 = 2N 1) = (5 3 Iy -yl N,

Here we used (5.7). Note, that for Vf(-) and for V k=1, N,
vy = c®(f) + e\ /Nog®) (&), (6.10)

and, moreover, for Vi € O
B (fo(-,9)) = yP(0). (6.11)
Hence, from (6.9),(6.10) and (6.11), for Vo) € © one has

PJ&wnmwa%W}:m{iomw@w_@HJD2(WJ%Q}

=Py {éﬂi ((m(m(g))? - 1) > (M%g(ozs))z}
—P, {S(NE) > (me))z} : (6.12)
where
S(N.) = éﬂi: ((n}’“)(a))2 - 1) . (6.13)

Due to (6.8), for each fixed ¢ > 0 such that N. > 1, for VE=1,N, and V j =
1,m + 1 the distribution of the random variable n;k)(e) does not depend on ¢ and

Y. Therefore, we can apply Lemma 2 to the sum S (N.), where one needs to put

2
r=z, = (MEE@) and to choose Cy = Cy.. Since

1 1 1 1L 1
. = (4(m + 1))5N§1/1na— < (4(m + 1))5N52\/a1ng (6.14)

(here we used, that a. > ¢* by the assumption of the theorem) we can choose C.

on such a way, that C. = O(Ng_%) as £ » 0, and 0 < 2. < N.C.(m + 1), for
Ve > 0, which is small enough. Thus, one can apply Lemma 2. It yields together
with (6.12)

~ 2 )‘996(0[5) ! 1
Py {d.(0) > (\p: (ac)) }SGXP{—( B ) 4N5(m+1)}(1+0(1)){6.15)
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as, ¢ — 0, uniformly w.r.t. ¢ € ©. Since

Ape () 1 N 1
5 AN (m +1) a.’

finally we get from (6.15)

Ztelg Py {d ) > (e (oze))Q} <o (1+0(1)), (6.16)

as ¢ — 0. This completes the prof of (6.7) and, therefore, (6.5).
2. Now let us prove the inequality (5.10). Put for Vf(-) € ¥

RO(f) = B o' 1F20) = FC)ll2} 1{A}

= B {o (0l 700 = FOll} T{AL; (6.17)
RA(f) = Ef{@;luf*«)— -H } A
= E{oT (B0 8.Q) = C)ll2} T{AD. (6.18)
It is evident, that
R (f2,5.6.) < sup RO(F)+ sup RE(f), (6.19)
f()ex f()ex

and, hence, it is enough to obtain upper estimates for R (-) and for RX)(-). First,
let us estimate R()(-). Clearly, that

R® = sup RA(f)
f(-)ex

< suwp By {7 B 8,Q) = FOl} (6.20)

From Lemma 3 one immediately has

sup By {eT B 8 LQ) = SO} < (C 4 6)7(1+ o(1)),

(6.21)
as £ — 0 for V6 > 0. From (6.20) and (6.21)
lim supR < (C+§)
e—=0
Since ¢ is an arbitrary number, tending § to zero, finally we get
1\ g

2 1 1)PQ\ 2741

limsup sup Rgz)(f) < 6—; ((m—l— ’) Q) : (6.22)
e0  f()ex 2375+ m!

Let us now start with estimation of R((-). Fix some 0 < & < L 0<u<l,
and put for V k= 1,k(e), k() = qIn(e)/In(u)

Eln(u) 5
7 - ( ] 1) (Ape (o))
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Introduce the family of the random events 'y, k= 1,k(e) — 1 as follows.

o= {(1 = 8)AX(f) < Tu}: Tiey = {(1 = 8)Af) > T } 5
Iy = {Tk < (1=4d)AX(Sf) < Tk-|—1}-
Note, that

k(e)
F(C): U Fk; karl:®7 Vk,l:(),k(e), k%l (623)
k=1

Denote also
D. = {|=(/)] < 6AXN)}
We have by the triangle inequality

@21(ae)ljf§0)(')—f(-)!\z = @ @) f ) = FO)lle
<@ a)lflede) =bn (o Plle + et e lbw. (o f) = FO)llae (6.24)

Here by, (-, f) is defined by formulae (6.1) or (6.2), where one needs to put N = N, .
Then, from Lemma 1 for ¥V f(-) € ¥ one obtains

e 0llon (1)~ FOl < A= 4 (N (o) = A (6:25)
where A; = 274, Note also that
.o f) = T D)l = A (6.20)
and (6.23) together with (6.25) yields
G @I = O < 6 (@A) + Ar (6.27)

Put
ROV(f) = By (97 () Au(f) + A1) T{A. N T}

k(e)-1
Rglg)(f) = Ef (995_1(055)A5(f) —I_ Al)q [{As N Fk N Ds};
k=1
ROA(f) = By (¢ (@) Ac(f) + A1) T{A N Ty 0 DL}
ROD(f) = By (07 (0)Ac(f) + A1) T{A.NT§ N D2},

Due to (6.23)

H{A) = {ANTo) + I{A.NT)
= [{A.nTot+I{A.NTgN DY+ I{A.NT5 N D}
= HA.NTo}+ H{A-NTEN DI} + T{A. N Ty N D.}
k(e)-1

+ Z [{AsﬂFkﬂDs}.

k=1
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From here and (6.27) for V f(:) € &

RO(f) <3 REI(f). (6.28)

=1

Let us estimate R{*)(-). Remind that we consider the functions f(-) € ¥;(L) and it
is easily to check, there exists some constant Ly = Li(, L) such that |A.(f)] < Ly
for V¢ > 0. Hence,

ROD(f) < (Ligr (o) + A1) Py {A.N TN D2}
(Lipzt (o) + A1) Py {5 N D2}

= (LigT'(as) + A1) Py {|Ze(f)| > HAX(f) AUS) = 5 Tl(sl}

IA

- (Lw;l(asHAl)qu{Ize(f)l251A?(f); 20 2 (g (o) }

Putting 4, = ﬁ , we have in view of Lemma 4

sup ROV(f) < (Lipz (o) + Ar)  vsexp{—vie ™},
)€

and, therefore,

limsup sup RUD(f) =0. (6.29)
e=0  f(-)ex

Let us estimate R{?)(-). Quite analogously,
ROA(f) < (LigT (o) + A1) P {A N Ty 0 D} (6.30)
Note that by definition
d(V.) = AX(f) — z(f) + e S(N.),
where S(N.) is defined in (6.13). Therefore,
{A- N Ty N D2} = {d-(02) < (Ap= (02))F 0 {Txip } N {D:}
{A2() = z(f) +25(V.) < (e (02))
{|2(N < HAANFO{1 = 8)AXS) = Tie |

[25(N.) € T + (hpe (a2))*) = {suvs) < (A% ;O@) /ﬁrf} |

From here and (6.30) one has for V f(-) € ¥

(1,3) L q _ )\996 (Ozs) 2 qlng
RE(f) < (LipHae) + Ay) Pf{S(NE)g ( - ) ’/mas}' .

D

1M
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As it has been already mentioned above, the distribution of the addends in S(N,)
does not depend on f(-) and ¢. Hence, we can apply again Lemma 2 with

doo () [l
x:x6:(¢(a)) glne

€ In o,

and properly chosen Cy = Cly,. It yields

P; {S(NE) < (WTW)QJ%}

< o (- (2te) e
= exp{glne}(l+o(1)) =41+ o(1)),

as ¢ — 0. Continuing (6.31), we arrive

OR RUD(F) < (Ligpr (0n) + A1)?e%(1 + of1)).
)€

_b _b
Since . (a.) = (54 In a%) L (54a In é) 7+ finally we have

limsup sup RUP(f) = 0. (6.32)
e=0  f(-)ex

Now, let us estimate R("V(.). By definition

ROD() = By (o7 (duf) + ) T{ A5 a2 < )

11—,
. 1 q
T Inwu \° 1
-1 1 o
(995 (o) T4 1) = (A (1+‘/1na5) — +A1) .

From here, tending first £ to zero and then 4; to zero, one has

1 g
limsup sup RUD(F) < ()\ (1 + 4/ ln_u) + z‘h) , (6.33)
e=0  f()ex In o

for V u € (0,1), where, remind, 0 < o = liminf.0a.. At last, let us estimate

RUA(2). For ¥k =1,k(e) —

{A.NT, N D.}

{AZ(f) = 2(f) + 22S(N.) < (e (02))%)

{Te < (1= 0)AXS) < Tha p N {]2:()] < HAX(S) }
{E28(N.) < =T+ (e (@) F N {(1 = 6)AX(S) < Th )

{S(M) < - (Reeled)” o } A {(1 = 8AK) < T}

IA

M D




28 LEPSKI O.V.

From here
k(e)-1 .
B <0 30 By (e o) Af) + An) T{BY 5 (1= 8)AXS) < T
k=1
k(e)-1 Tk ) q
< Yo, + A P,{BW 6.34
< 3 (wtony s ) Ry {80}, (634

for Vk=1,k(e)—1. It yields

R G S LAl

= u"(1+0(1)), (6.35)
uniformly w.r.t k= 1,k(¢) — 1. We have from (6.34) and (6.35)

k(s)_l k —I— 1)1nu); 1 1
R < M1+ ( A Wl aron
(f) kZ::l ( ( o Vi ) )( (1))

< i(A (1+ (anlo)zln“)2ﬁ+Al> u’“) (1 + o(1)6.36)

Since the series in the right side of (6.36) is absolutely converging for ¥ u € (0,1)
and for Ve > 0, we have

q

> k+1)1 :
limsup sup Rﬁl’z)(f) <M ()\ (1 + w) + A1> ut.
k=1

e=0  f()ex Ina

(6.37)

Here we took into account that d; > 0 is an arbitrary number. Combining (6.29),

(6.32), (6.33) and (6.37), from (6.28) we get

limsup sup RO(f) < G Zo,u). (6.38)
e=0  f()ex
Taking into account, that left side in (6.38) does not depend on w € (0,1), finally
we have
limsup sup RY(f) < Gol Zo,uo) = G- (6.39)
e=0  f()ex
Putting together (6.22) and (6.39), we arrive to the inequality (5.10).
II(Lower bound). Let p. be an arbitrary r.n.f., taking two values {p.(3)}
and {a.}, 0. € ., and suppose that

lim ——=— = 0. (6.40)

e—0 e (as)
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In accordance with Definition 1 one needs to prove that for V p. € )., satisfying

(6.40),

lim infinf Ry)(fs, Y, 0.) = +oo, (6.41)
e—=0 fe

where infimum is taken over all possible estimators.
Let F(z),x € R', be the function, satisfying the following conditions

F(z)=0, Vo R"\[-1,1];
F(z)e H(B,1), «el-1,1]; (6.42)
o /_11 F?*(z)dz > 0.

Put 6. = ((QU)_154 In a%) T k(e) = 1/4. (without loss of generality k() is
assumed to be integer), where Q = Q — Q1, Q; is defined in the assumption A4.
Let @ be the vector (vy,...,vy.)) with coordinates, taking two values +1 and -1.

Denote by V' the collection of vectors . Obvious, |V| = 25() . Consider the family
of functions f(-,v), v € V, defined on the interval [0,1]:

) k()

F(t,9) =D viFi(t),

=1

where Fj(t) = Q&°F (tg:") , ti=1d., 1=1,k(e). Setalso fo(-) = fol(-,¥o);
G, 9) = fol+,00) + f(-,7), ¥ €V, and introduce the following notation:

Py =Py; P{;:Pf(.’{;), vevV;
VIV ={FeV :v=1} VTV ={FeV : v=-1}

VO = {3 1 vy=—1,+1, Vi#£j, v; =0}, Vj =1, k().
Note that in view of (6.42) and assumption A4
f(,0)e¥, VieW (6.43)

Fix some r.n.f. o. € Q., satisfying (6.40), and denote by B. the random event
{0: = a.}. Let us formulate the important auxiliary statement.

There exists po > 0 such that for V j = 1,k(e)

1
ok(e)-1 > Py{B.} >po (6.44)
rev(®

for all small enough & > 0.
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_ First, let us show that (6.41) follows from (6.44). Fix some an arbitrary estimator
f=(+). Then, due to (6.43)

RO(Jo,0) 2 sup By (0= 7" 1/) = £)lI=) " 1B}

> f(;)uge Byt (a2 () = £, D)) 1B}
> gE(—lr\f> Je D) 1B}

N
e

> ( RO 10 18] 2 (1 (7)) 6

where Ejz is mathematical expectation w.r.t. measure P3z. Here we used that

q>2, E|£]* > (E|f])°,V s> 1, and the fact that

s > = Es, (6.46)

’UEV

where @ is the random vector with independent coordinates, taking two values 41

and -1 with probabilities 1. Denote for V j =1,k(¢) : A;=[t; — 6,1, + 4.;

dP;
70 = =T (X.(1), 0<t <), Fev
J dP{,‘J({,‘) ( ( )7 — — )7 vE 7
dP;
70 = T X1, 0<t<1), FevyV
7 dPU](U)( ()70_ — )7 UE‘/] bl
where for V @ = (vy,... ,vp)) € V the vector 7;(7) € Vj(o) is defined as ©;(¥) =
(01, ,05-1,0,0541, ... , V(). Due to Girsanov’s formulae
1 /1 . L 1 . 1 .
20 =exp{ 5 [ (00) = S HE) A0 = I DIE+ I CHENIE]

Therefore, w.r.t. measure Py, (z), Z](l) can be represented as

7V = exp{i—g/ Fi(t)dw(t) — 535/ Ff(t)dt}.

A, 2e? Ja
Putting,
Ja, Fi(t)dw(1)
NN
one has
Z](l) = exp {;/uh — %;/}62} , (6.47)

268+1

where 1, = yeﬁ (ln %)@ . y=(cQ)5+. Note

c{n[Pon ) = N(0,1), ¥ j=Tkc). (6.48)
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Analogously,

77 = exp {—@/Jsm - %@/}2} : (6.49)
From (6.48) we conclude that the distribution of Z](l) and Z](_l) does not depend
ON Vi,...,Vj—1,Vjt1,--- ,Vk(e) and j. Moreover, 1, < yeﬁ (a In é)zg% — 0, as

¢ — 0. Hence, for all small enough ¢ > 0, for V v € Vj(o) and V0 < § < po/2 we
have

P ({zV <1-sju{z <1-6}) <o (6.50)

Put T.(-) = fs() — fo(*) and D; = {Z > 1 — 5} {Z > 1 —5} Continuing
(6.45), we get

B k(<) 1
R.(f.) = a;2 Z:; Ok(2) %:/ (Ev* (/A (Te(t) -

J

k|

(t,ﬁ))Zdt) [{BE})

_ as—?%:)% 2 E(/ Et)—f(t,ﬁ))zdt) [{B.}
+ aﬂgigir 2w ([, (- fioar) 1)

k(e) 1
= a6—2 Z 50 Z Egj(g)[{Bs}
J=1 eV

(Z](” [ (= Fpd+ 27 [ @+ Fj(t))th)

J J

> (1-4) _222:(5 > By {B.0D;)
([, (- 2+ o+ mo2a)
ko)
> (1-00Y s 3 Pﬁ{Bstj}/ F2(1ydt. (6.51)
= 7ev Aj

Here we used that 2a* +2b* > (a —b)%. Since fAJ F2(t)dt = Q%0?6%°+! | continuing
(6.51), we get

ZP{B NnD;}

j=1 ’UEV

k() -1 Z (PJ{BE} - PU{D;}) .

Rs(fs) > (1-=19) <Q055+%a6_1)2

=1

m

<
)
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Due to (6.44) and (6.48)

1 .
2k(6)—1 Z PJ{BE} 2 Po, \V/] = 17k(€),
7ev(®

PA{DS} <6< %, Vi=T1k(e), VieV

and we finally arrive
. _ 1 2
R(E) > (1-6) (QoslFart) Ko
1 2
= const <5E+Za_1) = const (995 (Ozs)as_l)z ) (6.52)

€

Noting, that the right side of (6.52) does not depend on the estimator fs(-), we
have

. . . ~ . . -1 2 _
hgi)lglfl?af R.(f:) > const hgi)lglf (c,os (e )a ) = 400
in view of (6.40). From here and (6.45) we obtain the statement of the theorem.
Thus, it remains to prove (6.44).

Fix some j =1,k(¢) and put

1 dP;
7= g X gpr (XelD), 0< 1<)

=-17(0)
UEVJ

Since p. € ., by definition, for V § > 0
Oés_lpo{Bg} S 1 + (S,

for all small enough & > 0. From here

1
P = g 2 PolBd = BoZl{B.)
TeV.

> Eo (Z1{B.} + ca. "' I{B}) — c(1 + 6), (6.53)

where the constant ¢ will be chosen below. It is clear that
inf (Z1{F} + co. " I{F2Y)
= Z.1{Z. < ca.”'} + ca. " I{Z. > ca. 7'}

From here, continuing (6.53), one has

Pe > Eo(Z1{Z < co.™} +ca.  1{Z > ca.™'}) — (14 6)
By (Z.1{Z. < ca.™'}) = c(1 +6)
1

W Z P{;{Zs < COés_l} — C(l —|— (S)
vev®

= (1= e(14)~

AV

1 _
m Z P{,‘{ZE ZCOKE 1}.

2 zev®
J
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Since, Z. > 0, one can apply Markov inequality. It yields
P:{Z. > ca.”'} <a.cT'EsZ..

From here

—_

P. > (1_0(1+5))_a50_12k(5)—1 Z E:Z.

= (1 —c(1+4))— a.c”"EoZ. (6.54)

Let us now calculate EqZ?. Applying again Girsanov’s formulae, we have in view

of (6.46)

k(<) 1
Z. = —7M
© ,_H (2 it

=177
where ZZ»(l), ZZ»(_l), i = 1,k(e), are defined by formulas (6.47) and (6.49) respec-

tively. Thus,
k(e)

7. =
i=1,i#]

and remind that 1, ~ N(0,1), ¢ = 1,k(¢) w.r.t. measure Py. Note also that
Eonim = 0, V4,0 = 1,k(g), i # [, because [} Fi(1)Fy(t)dt = 0, and, therefore,

1 1 1 1
(5 explvn — 52} + sexp{ v - 202} )

ni, 1 = 1,k(e), are independent random variables. Then

) 1 1, 1 1,0\ et
EZ; = {E <§GXP{¢6771 - 5@/’5} + 5 exp{—t.m — 5%/’5})}

k()1
= (Gele?} + gesp{-v2))
(1462 + 0 (¥ 77" = exp{h(e)e (1 +o(1)).

because ¥k(c) — 0, as ¢ — 0. Since k(e)y? = —11na., then EoZZ = ozs_%(l +
o(1)). From here and (6.54)

P.>1—c(l+6)— (Vaze ) (1 +o(1)).

If a. = 0,as ¢ = 0, then P. > pg for V pg < 1, because ¢ and 4 can be chosen
arbitrary small numbers. If liminf._.g . > 0, then remember that by assumption
of the theorem «a. < 275, Ve > 0. In this case, choosing ¢ = %, we obtain P, > 11—6,
if ¢ and ¢ are small enough. This proves (6.44) and completes the proof of the
theorem.

Theorem is proved.

6.1.2. Proof of Lemma 1. For ¥ N > 1 and V k = 1, N denote by P% the set of
polynomials, defined on interval Ay, of the form

J=1

N
Py = {pmt% te A, pn(t) =Y ai(N(t—11)) " ¢, €RY, j=Tm+ 1} |
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Fix some function f(-) € ¥ and consider the following minimization problem

p () € Px '
Put a®) = A='b®)(f). It is easily to see that the polynomial
N
(1) = 2@ (N =)y
7=1
is the solution of the problem (6.55), i.e
_(k) 2 . 2
- f0)ydt =t [ (p(t) = f(1) . 6.56
[N @ = rde= nt [ (xte) - £0) (6.36)
On the interval Ay let us define the polynomial }555)() as follows.
m+l £(j-1)
~(k) f (tk—l) i1
t) = (Nt —tp_1)) .
p () ]Z:; (j—l)!N]_l( ( k 1))
Since f(-) € ¥ we have due to Taylor expansion
2 2
[0 - spae< (L) [ar= L (Gvee)

Since }555)() € P from (6.56) and (6.57) we finally get
N 2
low( 1) = FOIE= 3 [ 0000~ e < (L)
= m!
Lemma is proved.

6.1.3. Proof of Lemma 2. Put T = 4+02%N and A= (24 Cn)(m+1). To state the

lemma it is sufficient to show that V k=1, N and for V |[¢t| <T

1
Eexp{tn} < exp{ﬁAtQ}. (6.58)
Then the first two inequalities of the lemma follow from Petrov (1975, ch.2, 4,
theorem 17). Moreover,
x? x? 22Cy x? (1)
e — — —0
AN(m+1)(1+Cy) 4AN(m+1) 4N(m+1)(1+Cx) AN(m+1) ’

uniformly w.r.t @ € [0, NCy(m+1)],if Cy = O(N_lg), as N — oo that proves the
third statement of the lemma. Thus, one needs to state (6.58). Indeed, for ¢ < %

Eexp{tn} = (exp{t}\/l — Zt)_(m+1) :

Simplest direct calculations show that for V|t| < T

_ (mt

(m+1) 1
(1 =2t)" 2 exp{—(m+ 1)t — §At2} <1,

that proves (6.58).
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Lemma is proved.

6.1.4. Proof of Lemma 4. Due to assumption A1, the set © is bounded and, there-
fore, there exists P > 0 such that © € [-P, P]°. Fix some b > 0 (the final
choice of b will be done below). Put p; = ic®, ¢ = 0,%1,... ,%I(g), where
I(g) = [Pc7"], and let S. be the &’-net in the interval [—P, P], i.e. S. = {p;;, =
+1,...,+1(e)}. Let SE) = S x ... x S. and denote O, = © N S¥). O, is the
net in the set © and, obviously, |0.] < (2Pe%)*. For V z € [—P, P] define the
transformation w(z) : x — S. as follows: u(x ) < x < u(x)+ ¢’ For ‘v’19 E Q)
put u® (W) = (u(?y),...,u(?,)). Clearly that u?(J) € O, for V 19 c 0, uW)
is uniquely defined, and

Ju () = 9] < V5. (6.59)

Put, at last, J. = u(s)(lgs) and note that J. is measurable w.r.t. the observation

(X.(1),0 <t <1) in view of the definition of u{*)(-). Denote for ¥V 9 € ©
1 X

IR —6 kz ) =y )
() = Z (e907) =y @) o).

Later on we will use the standard trick. We show that the statement of the lemma
holds, if to replace 3. by 9.. In other words, we prove required inequality on the
net ©. and then show that the differences between AZ(f) = AZ(f, 195), z(f) =
z(f, 195), and AZ(f,4), z.(f,V) are negligible. First, let us suppose that

5 (s ’
sup Py {|Zs(f7 )= 1A2(f, )5 AN D) 2 (5299 (ozs)) }
f()ex
< vzexp {—v45_“} (6.60)
and conclude from here the statement of the lemma. We will use the notation
L1, Lo, ... for the absolute constants. Indeed, since we consider the functions f(-) €
¥1(L), then
(AN < Lay NlyP @) < L. (6.61)
From (6.61)
[AZ(f) = AX([,9:)] < Lz— Z ly®(0.) — y (@)
Ne i
< Ly||d. — 0.||" < Lasze®. (6.62)

Choosing br = 2, we get from (6.62) for all small enough ¢ > 0 the following
inclusion

{A[) > (Bap (0)?} € {Ai(f, 0.) > (%so <ae>) } ()
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Quite similarly

1 X

~ 2 [7ik(e)

5k1

(2e(f) = 2(f,92)] < Lay/Noe?*! (6.64)

where 7;(e) = Y4 |n;k)(5)|. Taking into account, that n;k)(e), E=1,N,, j=
I,m + 1, are i.i. normally distributed random variables, from (6.64) with bv = 2

one has

sup Py {l2:(f) = 2(f,9.) > €%} < Lsexp{—Les™?}.
€

The last expression together with (6.60) and (6.63) leads to the statement of the
lemma. Thus, it remains to prove (6.60).

Denote OF(f) =4{d € O, : A(f,9)> %c,os (ae)} and set for V f(-) € ¥ and for
Ve oi(f)

ze(f, V)

R TAT)

Note that Z.(f,9) ~ N(0,1) for V9 € © and for V f(-) € ¥. From here we get
V() ex

q o1 2 3 2 9 da ’
Py {Ize(f, 0| = FAXLA) 1 AU D) > (5% <a6>) }

01 5 _
- Z P {|26(f719)| > ?As(fvﬁ) VRS 19}

90T (f)
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This proves (6.60) with any p <
lemma.
Lemma is proved.

élﬁzﬁ and, therefore, completes the proof of the
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6.2. Proof of Theorem 2. Put for ¥V k=1, N., k=1,N. and for ¥V f(-) € &

KO = N2 [ (=) T 0ds =TT

(M) = (B, ) M) = AT BO(f);
i)=Y (W) AT FaW ()T € A

o2
2
o
x
S
~=
S—’
I
N
oo
—
|>\
S
o~
|
;‘-z
L
S—’

.

L
~
S

o~
S—’
Q.
\.ﬁﬁ-
L)
I
—_
—
+
—_

Note that by definition fo(-) = b.(-, f) + ev/Nane (), fo() = b, f) + e/ Noiia ()
and this is the standard decomposition of linear estimators onto ”smoother” and
"stochastic term”.

Lemma 5. For V f(-) € ¥ and for Ve € (0,1) such that N.>1, N.>2 the
following decomposition holds.

de = 10201 1) = el IR + 253/ No((b2 £) = B2 1) me(0)) + €3(52 = 5.),

where

N: 141

.= % ((U;k)(g))Z — 1) ;o S=33 ((ﬁ;k)(ef))Z - 1) ;

k=1j=1
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6.2.1. Proof of Theorem 2. I(Upper bound). 1. Set . = (A )(a:))* +(Ap-(7)+
A27.)%. Let us first prove that ¢. € Q.. By definition, it is required to show that

lim sup e, ™! Sll]@E P{o. = p.(8)} =

e—=0 f()E
limsupa.~! sup Pf{czs > e} (6.65)
=0 F(-)EZo

Fix some function f(-) € Y¥o. Since f(:) € H(v, P), the statement of Lemma 1
remains valid, if to replace 3, m, @ by ~, [, P respectively. Then Vf(-) € ¥g we
have by triangle inequality and Lemma 1

16, £) = by )llz < 105 f) = Oz + 10 ) = SOl

< % (NZ7+ N27) = Aige(7) + Jore, (6.66)
Set Vf(-) € X
G(f) = 26N (b, ) = B 1)) o)) (6.67)
It is easily to check that for each function f(-) and Ve > 0
C(F) ~ N (0, 42]1ba (- f) = b (-, f)]3) - (6.68)

From (6.66) Vf(-) € ¥
BEC(f) <42 (Mg=(7) 4 Aome)?

and we see that acrossing term (.(f) is negligibly small in comparison with threshold
©., as ¢ — 0. Note also that sum £25. satisfies the assumptions of Lemma 2, and
we can state the following inequality.

f?.l)lgz P, {5295 > 5“1} < exp {—5_“2} (1 +o0(1)), (6.69)

as ¢ — 0, where the constants p; >0 and py >0 depend only on 4 and 3. Here

we used the fact that the distribution of the random variable 25, does not depend
on f(-). Thus, we get from (6.66), (6.68), (6.69) and Lemma 5

PH&Z%}ZE{&Z(W?QY}Q+dm

uniformly w.r.t. f(-) € ¥y, as € — 0. Noting again, that distribution of the random

. . . _ (aplac))?
variable S. does not depend on f(-), and applying Lemma 2 with « = (T) to

the sum S., we arrive to the required inequality (6.65), because

Mo(a)\t 1 L
€ AN (I+1) a.

2. Now let us prove the inequality (5.12). We will apply the similar approach,
which we used to prove (5.10) in Theorem 1.
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Set Vf(-) € X
RO(f) =By (97 ()| 1) = FC)a) " T{AD; (6.70)
O(f) =By (¢ B 8,Q) = FO)ll2) LA (6.71)

R®)
As it follows from (6.19) in order to obtain (5.12) it is enough to find uniform upper
) and R(?)(-). Since

estimates for R (

sup RO(f) < sup By (97 (B)1/-(8,Q) = F(ll=) "

F(-)ex frex

set ¥ and the estimator fs(-,ﬁ, () are the same as in Theorem 1, we have from

(6.22)

limsup sup RP(f) < (2ﬁ—|2_1 ((m—l— 1)562)@) : (6.72)

50 f()ex 27T m!
Let us now start with the estimation of R (-). First, note that
Hfs(N-) — FOll2 = [15=(5 /) +715) = FO)l
<[5 ) = b, Dll2 4 [0 ) = SOz + 7= ()2
= Bl) +100 £) = SOl + e (84 Nufi 4 1)

< B.(f)+ %N;5+5(SE+NE(Z+1))%, (6.73)

where B.(f) = H(N) (-, f) = b.(-, f)||2 . Here we used Lemma 1. Denote d, = Bz(f)—l—
C(f) +€25.. As it follows from Lemma 5 d. =d. — 28, . Putting Vf(-) €

R() = (7 () (Bl + SN 4 /N4 )) ) Pl < e,

we can state in view (6.69) and (6.73) that

limsup sup Rgl)(f) < limsup sup Rgl)(f)-
=0 f()ET =0 f(1)ex

Thus, it is enough to estimate R()(-). Fix some small § > 0 (later on § — 0) and

denote
n = {f(-)ez BN | (g)}

Then

RO 2y RO
f(est)

(@21(%)( %(T?)JF—NMNN l+1)) . (6.74)

IA
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Set ¥ =¥\ £, Due to (6.68) there exist some constant 3 > 0 such that

sup  P{IC()| > 6B(f)} < exp{—e7} (1 +o(1)).

f()es?

Hence, for all small enough ¢ > 0 and Vf(-) € £
RO -1 9Nt 4o /A '
RO 2 (e an) (Blh) + SN+ o/ R(+ 1))
x P{BX[)(1—0)+e%S. <.} (6.75)

Now let us consider 3 cases.

a. <y <2B. In this case . (a.) = ¢-(7) and . = (A1p:(7))* (1 +0o(1)). We
have from (6.74)

1 q
. _ . 1446 2Py 7T
(1,1) - V4
fimep i < %5%( 1—5A1+(¢l+—1u) ”1)

q

o 2y41 (U+1yP\FE
_ ((27)2%( ; ) ) (6.76)

Pf{BZ(f)(l - 5) —I_ 5256 S S‘Qs} S Pf{gzsf S _5995}

For all f(-) € %

€

In view of Lemma 2

sup Pf{est < —dp.}
f(hest?

is exponentially small for all § > 0, as ¢ — 0, and, therefore,

limsup sup R(l)(f) = 0. (6.77)

e
e—=0 f(~)€2£2)

Here we also used that |B.(f)| < L1,Vf(:) € X,, for some 0 < L; < oco. It remains
to note that

sup Rgl)(f) = magzx { sup Rgl)(f); sup Rgl)(f)}
f)es F(yextV f()es?
and we have from (6.76) and (6.77)

1 q
_ 2 1 [+ 1)7P\ >+
limsup sup RUM(f) < 7+2v (( U l) ) '
=0 J()ED (29)7# g

Last expression together with (6.72) completes the proof of (5.12) for the case (<
v <28.
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b. ~ > 23. In this case ¢, (a.) = ¥.(a.) and p. = (A:(a))*(1 + o(1)). Set

¢. = —qlne and denote for every ¢ € [-dIna., c.]

Lt =
Zs(c):{f(-)EZ : BXf) = (T(Sa) %};

1+
Zf’):{f(-)eZ:BZ(f)>( 1_5 ) }

Then, due to Lemma 2, quite similarly (6.77) and (6.32)
RO(f) = 0. (6.78)

limsup sup
e—0 f(.)ezgs)

We also obtain from Lemma 2
q

i} I+ /) 0
RO(f) < (ﬁ) A+ 5207 | exp{=c} [ (1+0(1))

uniformly w.r.t. f() € ¥.(¢) and ¢ € [=dIna,c.|. Therefore,

sup sup E’( )(f)
c€[—blnae,c.] f(-)EX:(

[T

I+, /
< | sup A+ Q g exp{—c} | (14 0(1)). (6.79)
- CE(0,00) 1 — (S m' 1
We also have from (6.74)
q
_ 144
sup  RU(f) < ( A QZ‘W) (1+ o(1)). (6.80)
fhest) -

Tending, first, € to zero, and, then ¢ to zero, we obtain from (6.78), (6.79) and
(6.80)

lim sup sup Rgl)(f)
e=0  f()ex

1 1 q
< sup M(H %) + 2700} expi—c} = Gu(2).
c€(0,00) Z1 lﬂg m'

This, together with (6.72), completes the proof of (5.12) for the case v > 2.

c. v = 203. We omit the proof of (5.12) for v = 23, because it is just the repetition
of the proof for the previous case. Moreover, the constant, which bounds the risk,
is rather cumbersome.

ITI(Lower bound). We do not need to prove the lower bound, because, if v > 243
the proof for this case coincides with proof of the lower bound in Theorem 1, where
one needs to take fo(-) =0 instead of fo(-) = fo(-,Jo). In the case 5 < v < 23,
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the function . (a.) coincides with ¢.(v), being MRC on the hypothesis set Y.
Then, required lower bound follows from Proposition 1.
Theorem is proved.

6.2.2. Proof of Lemma 5. By definition

i = B ()~ 0 ) (V) — VA))

+ é‘QZYeHm(')H%—262\/stVs~<776(')ﬂ75(')>
+ N[l ()ll; + €7 (L + 1)(N: — No).

Hence, in order to prove the statement of the lemma it is enough to show that

<bs(7f)7ﬁs()> = <Z;s(7f)7ﬁs()>’ (681)
N (7)) = VNIRCIE. (6.52)

Let us show, for example, (6.79). (6.78) is obtained by the same calculations.

Fix some k=1, N. and consider

k-l—l K.
Zk =\ Na /Ak ns(t)ﬁs N Zkl: / 776 776

Denote by Vi, 1 = kK., (k+ 1)K, (I +1) x (I + 1)-matrix, which is defined as

follows.

Then
(B+1)K.

p= VN B (@) AT (E96)

i=kK,

Let vi(p,q), p,q=1,1+1, is (p,q)-element of the matrix V;. Direct calculations
show that

g—1 _ 1y
vi(p,q) = N1 Y7 (q 1) (ti—l — {k—l)q ' N;(HI)L

=0 r p—l—r'

Let w;(p,q), p,q=1,1+1, is (p,q)-element of the matrix U; = A;'V;. Again the
simplest algebra yields

ui(p, q) = {Ng_l(;j) (ti—l - {k—1)q_p NZP g > p;
0 q<p.



HOW TO IMPROVE ACCURACY OF ESTIMATION 43

Introduce the vector (T(i))/ = (Tl(i), o ,T(i)) = (f(i)(s))/Ui. Then Vj =1,1+1

{+1
we have
I+1 7 '
= L 4u.9) = &)
j1 ~ (i1 el § yi-p
— NI /Aldw(t) (Z;(p_l)(t—tz_l) (it — Thr) )

_ Ng—lzv;%/ﬁ(t—fk_l)f—ldw(t).

Hence, we have
(k+1)K. o
2020 - yEnTEEw e,
i=kK.
By definition

Zi= [N (FO) A0 = 87 (E9() ATIED )

It remains to note that
1 . N
-~z - N3 < (k
Ne 2(ne(0), 7)) = Z N30
=1 k=1
= NEH%( II3-

Lemma is proved.

7. Appendix. Proofs of Propositions 1-3

7.1. Proof of Proposition 1. Fix an arbitrary o) and let ff(-) be some a(,-
adaptive estimator. Introduce the following estimator

Py NG e = (o))
() {fs(-) b = ().

Fix some § > 0. Since p. is optimal r.n.f. and ¥g C X, for all small enough ¢ > 0
one has

WSz sup By (61172 = FOly)°

> sup B (¢ an)llf2 () = FO)) " He- = ¢ (o))

F()EXg
= sup EV? o NE-— -pq[Aszsoz.
sup BY (2 @) = FOll)" 1He: = o (o)}
= m. su E D) = -pq
up B (o2 (So)ll£0) = 10ly)

— mosup BY (o2 (o) () = FOll) o= = po(2)}, (T.1)

F(-)EXo
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where 7. = (¢-(30)pt(a.))’ . By Cauchy-Schwartz inequality, for all small enough
e >0 we get

EY (o7 (Sl () = FO)b) " THa. = (D)),
< {BY (67 llFC) = FOIL) " T {PP e = pu(mp) T

<m0yt (o PG =9}
F()EXg
< (R+68) (ag+6) 7 . (7.2)
Here we used that 9. € . and the assumption of the proposition. From (7.2),
continuing (7.1), we have
M —I_(S 2 ﬂ-é‘inf sup R(fE,ZO,S«Qs(ZO))
fe F()Eo

- (R+5)qi(0éo+5)%-
1

Hence

Q=

gt > (008 467 (1= (14 5) L 00 455 ) )

¢
Tending & to zero we arrive at the statement of the proposition.
Proposition is proved.

7.1.1. Proof of Proposition 2. Since an estimated function is supposed to be bounded
by some constant L, without loss of generality one can assume that Hfs()Hp <3L.
As it has been already mention, each o(-adaptive estimator is a.e. estimator on
the set ¥ (see Remark 2). Therefore, in order to establish the statement of the
proposition, it is enough to show that

limsup R (7, S0, ¢2(So)) < 0.

e—0

Indeed, due to the representation (3.1)
R. (fs*v E07 S‘QE(ZO))
€ — r q A
< sup EF (o7 (So)lFOC) = FOlln) " THo- = - (a2)}

F()EX,
+ sup EBY (07 (So)lF() = FO) " 1o = ¢e(2)}
F()EX,
< R (19, %0, 0:(%0)) + (4L)"67%(Z0) sup PY{o. = ¢.(R)}. (7.3)

f(-)EE
Since f(O(-) is a.e. estimator on the set X
R. (.]Es(O)v 207996(20)) + < oo,

Since 9. € ).
lim sup oze_lPEcE){@s = p:(X)} < 1.

e—0 -
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Moreover, by assumption of the proposition a.¢-(Xg) = O(1). From these three
facts and (7.3) we obtain the statement of the proposition.
Proposition is proved.

1
7.1.2. Proof of Proposition 3. Putting H., = (M* ?, we have from the definition of

"
the optimal r.n.f. and from the representation (3.1)

M* > limsup R(f7, 5, 6.) (7.4)
e—0

. € — r q A
> limsup  sup B (o7 ()| 7OC) = FOl,) " H{oe = ¢e (a2)}.
=0 F()ES.(H,)

Note that Hfs(o)() — fOlp = Hype (ae) for all f(-) € ¥.(H,), that follows from
fO() € 8y and from the definition of the set .(H,). Thus, continuing (7.4),
)

M > Hg lim sup sup PEfE {és = Pe (as)}'
=0 f()EX(Hy)
M*
= —limsup sup  PY{5 = 0. (an)}.
T e=0 f()EX(HA)

Proposition is proved.
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