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NONPARAMETRIC FUNCTION ESTIMATION OF
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REPEATEDLY MEASURED VARIABLES

A. Ruckstuhl, A. H. Welsh and R. J. Carroll *

January 13, 1997

Abstract

We describe methods for estimating the regression function nonparametrically and for esti-
mating the variance components in a simple variance component model which is sometimes used
for repeated measures data or data with a simple clustered structure. We consider a number
of different ways of estimating the regression function. The main results are that the simple
pooled estimator which treats the data as independent performs very well asymptotically but
that we can construct estimators which perform better asymptotically in some circumstances.
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1 INTRODUCTION

In this paper, we consider the semiparametric model

)/Z] :OCZ—I_m(XZ])+€Z]7Z: 17...777/7].: 17...7:J7 (1) {eq:qa]}

where a; and ¢;; are independent mean zero random variables with variances o2 > 0 and o2 > 0,
respectively, and m(+) is an unknown smooth function. Let Y; = (Y1, ..., Yin)", X; = (X1, ..o, Xid)?,
and m(X;) = {m(X;1), ..., m(X;7)}'. The model implies that the Y; are independent with F(Y;|X;)
= m(X,;) and, if e; = (1, ..., 1)! is the J-vector of ones, cov(Y,;|X,) = X = c2e e, + 021. We ad-
dress the general problem of how, when .J is fixed and typically small, to estimate the function m(-)
nonparametrically and, at the same time, how to estimate the variances ¢2 and o?2.

We will show in Section 5 that the variance components (¢2,02) can be estimated at the para-
metric rate (’)p(n_l/Q) and thus can effectively be treated as known for the purpose of developing
and analysing estimators of m(-). We therefore treat both variances as known for our theoretical
investigation in Sections 2 - 4. For definiteness, we focus on the use of local linear kernel smooth-
ing. Where local linear kernel smoothing yields surprising results (Section 3), we compare these
results with results obtained using kernel (local average kernel smoothing) and local quadratic
kernel smoothing.

In Section 2, we investigate two simple approaches to the problem of estimating m(xzo) at a
fixed point zg. The first, which we call pooled estimation, ignores the dependence structure in the
model (1) and simply fits a single nonparametric regression model (with a bandwidth depending
on xg but not 7) through all the data. The second approach, which we call component estimation,
involves fitting separate nonparametric regression models relating the jth component of Y to the
jth component of X (allowing different local bandwidths at zo for each component, j = 1,...,.J)
and then combining these estimators to produce an overall estimator of the common regression
function m(zo).

Pooled estimation has the advantage of simplicity, since only one regression fit is required.
Component estimation requires .J regression fits and may be adversely affected by boundary ef-
fects: if the support of the components of X depends on j, the components estimators may end up
combining estimators from components affected by boundary effects with estimators from compo-
nents unaffected by them. However, we show here that for local linear kernel estimation, pooled
estimation is asymptotically equivalent to the optimal linear combination of the component esti-

mators. The property on which this result depends is that for local polynomial kernel regression,



the estimators of the component functions are asymptotically independent. (The well-known corre-
spondence between local polynomial kernel regression with local bandwidths and local polynomial
nearest neighbor (loess) regression suggests that the same asymptotic independence results holds
for the latter.)

Severini & Staniswalis (1994) introduced quasi-likelihood estimation for so-called partially linear
models, which consist of a linear parametric component, a nonparametric component, and a general
covariance structure. Hence model (1) is a simple special case of a partially linear model. We discuss
quasi-likelihood estimation in the context of model (1) in Section 3. Severini and Staniswalis focus
their analysis on the problem of estimating and deriving asymptotic results for estimators of the
parameters of the parametric component of a partially linear model, while we derive asymptotic
results for the estimator of the nonparametric component based on local polynomial estimators
restricting, however, our attention to simpler models like (1). Since the calculations yield a compli-
cated expression for the asymptotic variance, preventing direct comparisons of estimation methods,
we explore in detail the case of independent and identically distributed explanatory variables X.
In this case, the asymptotic variance of the locally linear quasi-likelihood estimator is larger than
that of the pooled estimator. We found this result surprising so explored the properties of kernel
and local quadratic kernel smoothing in quasi-likelihood estimation. We found that (i) the asymp-
totic variance of the locally linear quasi-likelihood estimator is even larger than that of a (locally
averaged) kernel quasi-likelihood estimator (without the bias necessarily being smaller) and (ii) the
asymptotic variance of a locally quadratic quasi-likelihood estimator is of a different order than that
of the locally linear quasi-likelihood estimator, namely of order Op {(nh®)~1)}. The increase in the
size of the variance of the locally linear quasi-likelihood estimator compared to that of the pooled
estimator is caused by the off-diagonal elements of the inverse covariance matrix. In Section 3 we
also show that a modified version of the quasi-likelihood estimator in which the inverse covariance
matrix is replaced by the diagonal matrix with the diagonal of the inverse covariance matrix on its
diagonal, results in an estimator which is asymptotically equivalent to the pooled estimator.

Although the pooled estimator is the (asymptotically) best estimator we have considered so
far and is easy to apply, it makes no use of the covariance structure in the components of Y and
therefore ought to be capable of being improved upon. Because of the local nature of nonparametric
regression, constructing an estimator which accounts for the covariance structure and improves
upon the pooled estimator is a surprisingly difficult task (cf. Section 3). In Section 4 we propose

a two-step estimator. The intuition for it is very simple: in model (1), multiply both sides of



the model by the square-root of the inverse covariance matrix and rearrange terms so that we
have “expression”= m(X,;) + §ij’ where the &; are now independent and identically distributed.

The 7expression” depends on m(X;;) which we estimate by the pooled estimator. The two-step
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estimator has a smaller asymptotic variance than the pooled estimator and an asymptotic bias
which can be smaller than the pooled estimator.

We require the following assumptions.

C-1 K(-) is a symmetric, compactly supported, bounded kernel density function with unit
variance and define K (v) = A7 K (v/h), with bandwidth h. Let p(r) = [2"K(z)dz
and v(r) = [2"K*(2)dz < co,r = 1,2, with v = 4(0) > 0.

C-2 h — 0 as n — oo such that nh — oo.
C-3 m(-) has continuous second derivatives.

C—4 =z is an interior point of the support of the distribution of X, the density of X;; is twice

continuously differentiable, and f;(:), the marginal density of X;;, satisfies f;(z¢) > 0.

For local linear quasi-likelihood estimation we require longer expansions (and hence stronger con-
ditions) than for the other estimation methods. In this case, we replace conditions C'3 — C'4 by the

following stronger conditions.

C-5 m(-) has continuous fifth derivatives.

C-6 z¢ is an interior point of the support of the distribution of X, the density of X;; is
continuously differentiable, the marginal density f; of X;; is twice continuously differ-
entiable and satisfies f;(z¢) > 0, and the bivariate joint density f;; of X;; is twice

continuously differentiable. Moreover, we require
/(%‘ — 20)? fik (), wo)da; < oo

8£
/(acj — xo)TWka(xj,xo)dx]‘ < oo, [=1,2,r=1,2.

o
It is sometimes helpful to frame results in the context of an arbitrary covariance matrix. When
this is the case, the covariance matrix of Y given X is denoted X = (o, 1), the inverse covariance
matrix is denoted V.= 371 = (vjk), and we set vy = E}Izl v ;. Recall that under the variance

component model, the covariance matrix of ¥ given X is X = 031 + Ufygjgf] 80

=0 {1 (ds/Desel }s
VI = et (1 [ ) feseh )

V =

(g



where dj = Jo? /(0?4 Jo?). Under the variance component model, the diagonal and off-diagonal
elements of these matrices are constant so it is convenient to denote the diagonal elements o ;
of X by U?l, the diagonal elements v;; and off-diagonal elements v;; of V. = Y1 as vy and v,
respectively, and the diagonal and off-diagonal elements of V12 by 64 and ©, respectively. Finally,

under the variance component model, vg. is also constant so we write vy, = v..

2 POOLED AND COMPONENT ESTIMATION

The pooled estimator Mmyy0(20, h) of m(x¢) is defined as the local linear kernel regression estimator
with kernel function K (-) and bandwidth h when all the Y’s and X’s are combined into a single
data set of length nJ. That is

Mpoot(T0) = { B 2n1i< Xij — o) /h) (( Xij _1$0)/h)tKh(Xij . 900)}_1
0o J ]
{ _1221( Xij - o) /h)%Kh(X”_m)}'

The optimal pooled estimator minimizes the mean squared error of Mmyqq (20, h) at z¢ over h.
To define the components estimator mw (2o, h,c), for j = 1,...,J, let m;(zo, h) be the local

linear kernel regression estimator of the (Y;;) on the (X;;), with bandwidth h;. That is

mj(o,hy) = (1,0) {n_l Zf: ((Xij —1960)/’%) ((Xw‘ —1$o)/hj)tKhJ i 960)}

X {n_l Zj: ((Xij _1$0)/hj) Y K, (Xij — xo)} .

Then if h = (hy, ..., h)" and ¢ = (cq, ..., cg)t, the components estimator is the weighted average of

-1

the component estimators given by

w (2o, h, ¢)

J
xov Z_: = (2)

”M“

The optimal components estimator minimizes the mean squared error at zg over both h and ec.

The following result is proved in appendix A.1 and A.2.

Theorem 1 Suppose that conditions C'1 — C4 hold. Define s(zg) = J 7! E}Izl fi(zo). For local
linear kernel regression, the optimal pooled estimator and the optimal components estimator are

asymptotically equivalent. The bias, variance, optimal bandwidth and mean squared error at this

{sec:component}

{eq:qel}



optimal bandwidth for the former are given by

bias{ipoor (0, 1)} =~ (1/2)h*m ) (2); (3)
var{iigool (vo, h)} = y(0f + of){nhJs(zo)} s (4)

5 . — 7(03 + ‘752) .
gt poot (local linear) = nT5(20) (m® (ro) 2 (5)
Mseopt poot (local linear) = (5/4){m® (xq)}*/° {7(03 + o) {nJS($0)}_1}4/5 . (6)

Theorem 1 shows that the pooled estimator has the same asymptotic properties under the model
(1) as it has under the nonparametric regression model in which the errors are independent and
identically distributed with variance o2 + o2. Moreover, working componentwise as in the compo-
nents estimator does not enable us to make use of the known dependence structure in the model

(1) in the sense that we can do no better than using the pooled estimator.
3 QUASI-LIKELIHOOD ESTIMATION

In this section we apply Severini & Staniswalis’ (1994) proposal to model (1). Because of its
undesirable asymptotic properties we modify the quasi-likelihood estimator in the second part
of this section. The modification yields an estimator asymptotically equivalent to the pooled

estimator.

3.1 Ordinary Quasi-likelihood Estimator

Recall that V.= X', Then My q1e(To, 1), the intercept in the solution of
1 1 Kp(Xi — zo){Ya — > 0_o Bk(Xil — 20)"}
v ' =0, (7)
(X —20)" o (Xig—wo)? ] LEw(Xis = 20){Yis = Theo Sl Xis — 20)*}

is the local polynomial version of the quasi-likelihood estimator in Severini & Staniswalis (1994,

n
=1

Equation (18)) for model (1). The local linear quasi-likelihood estimator which we consider first
has p = 1.
In Appendix A.3, we prove the following asymptotic results:

Theorem 2 Suppose that conditions C'1 — C2 and C'5 — C6 hold. Let my, 4ic(xo, h) be the solution
of (7). Then

bias{my gic(z0, )} = REm() (0)/2,

{eq:qfgl}
{eq:qfg2}

{eq:qfg3}

{eq:qfg4}

{th:pooled}

{sec:qle}

{subsec:sev-stan}



var{ing gie(wo, h)} = Op {(nh)™)}.
For the variance component model (1), where the Xy ’s are independent and identically distributed
with marginal distribution f(-) and variance 0%, the asymptotic variance reduces to

X _ 1) (e240?) 0 Y\
vartigelo b))~ ) {”(J — f(wo)) U= X}'

where n = Jo2 /(Jo? + o2). {th:gle}

Note, that the local linear quasi-likelihood estimator has the same asymptotic bias but a larger
asymptotic variance than that of the pooled estimator in the variance component model with inde-
pendent and identically distributed X;’s. In view of this result (and the lack of results on estimating
the nonparametric component of the model referred to in the introduction), we also obtained re-
sults for kernel and local quadratic quasi-likelihood estimators (p = 0 and p = 2 respectively) of
the regression function.

Under similar conditions to those in Theorem 2, we show in Appendix A.3 that the kernel

estimator has

Sy or S (o)

i vk fr (20)

7(0) {7z (6 2onn fi(20) }
nh (Zi:l vk.fk(wo))Q

where vy, = E}Izl vg,; with v; 1 the elements of V. For a variance component model (1), where the

bias{mo 4ic(z0, h)} = h? {m(l)(xo) + m(z)(aco)/Q} .

Q

var{ino gic(¢o, ) } :

X}’s are independent and identically distributed with marginal distribution f(-) and variance c%,

the asymptotic variances reduce to

_ 7(0) (0 + o?)
h —rc_ £
Val’{mo7qle($07 )} thf(ﬂCo)
The kernel quasi-likelihood estimator has the same asymptotic variance as the pooled estimator.
However, as it is generally dependent on the design, its bias also depends on the design.

For the local quadratic quasi-likelihood estimator, we show that

L11(6) = g2 () {m<3><wo> Sy m(ao) }
u(4) —1 3 Sp A! ’

where Sp and Sy are given in (23) and (24), respectively, and for the variance component model

bias{mg 4ic(z0, )}

(1), where the X}’s are independent and identically distributed with marginal distribution f(-) and

variance 0%, the asymptotic variance is

st = IUED (004 i (3))




where n = Jo2/(Jo? + ¢2). The asymptotic variance of the local quadratic estimator is of higher
order Op(n~'h™%) than Op(n~'h™') obtained by the pooled estimator.
3.2 Modified Quasi-likelihood Estimator

{subsec:mgle}
Analysing the proof of the asymptotic results for the quasi-likelihood estimator, the slow rate of
convergence of the asymptotic variance is caused by the off-diagonal elements of V.= 71, This

suggests that we modify the quasi-likelihood estimator by replacing V.= X~! by V = diag(X™1).

Theorem 3 Suppose the conditions of Theorem 2 hold. Let my jq4(20, h) be the solution of (7)
for p=1, where V.= X7 = (v, ) is replaced by V. = diag(X™"). Then

Q

h2m 3 (z0) /2,

1 200, fi(0)
2

nh {Z}Izl vj,jfj(fo)}

where X = (0, 1). For the variance component model (1), the asymptotic variances reduce to

bias{m1 mqic(zo, 1)}

7(0).

var{mq mqic(z0, h)} =

1 (024 0? N
"hZ =1 fi(0)

and hence the local linear modified quasi-likelihood estimator is asymptotically equivalent to the

var{mq mqie(zo, 1)}

pooled estimator. {th:mgle}

For the kernel and local quadratic modified quasi-likelihood estimators, we obtain

1 Umf ( 0)

] 1 U],]f] (o)

= 1(6) ) m(wo) Eie vigfr0) | mO(ao)
3' > v fi (o) 4l ’

bias{ Mg mqie (20, h) }

{
/—’H
3

+ m(z)(%)/?} ,

bias{ M2 mgqte(z0, 1)} = pit

and

J
1L Y viohfi(wo)

var{m, mqic(zo, h)} 5 I,
nh {Z}Izl vj,jfj(fo)}
where ¥ = (0, ) and
F, = %(0) forp=0,
A 21O =@ () =5(0) (o

{n(4) - 132



For the variance component model (1), the asymptotic variances reduce to

1 (024 0?
nh oy fi(zo)

For p = 2, the modified quasi-likelihood estimator is asymptotically better than the quasi-

var{m, mqic(zo, h)}

likelihood estimator because its variance converges at a faster rate. For p = 0, it is easy to see
that a sufficient condition for asymptotic equivalence is v;./v; ; = constant which is, for example,
satisfied by the variance component model (1).

Note that both the asymptotic bias and the asymptotic variance are invariant to multiplying V'

by a constant; i.e., the matrix V has to be determined only up to a multiplicative factor.

4 TWO-STEP ESTIMATION

{sec:combine}
In this section, we propose a two-step estimator which exhibits some asymptotic improvement over
the pooled and modified quasi-likelihood estimators.

Again let V. = Y71 and let XI/Q be its symmetric square root. Let L = TXI/Q and let 74 pooi()

be the pooled estimator of Section 2. Write
Z=LY - (L - l)@l,pool(X)‘

We propose to estimate m(xzg) by mc(z¢), the local linear kernel regression estimator of the re-

gression of the Z’s on the X’s, That is, by solving

me(xg) = { _lzn1i< u—xo)/h)<( Xij _1$0)/h)tKh(Xij_$0)}
0o J ]

-1

=1 j5=1

The intuition for this estimator is very simple: write ¥ = m(X) + ¢, multiply both sides by y-1/2
and rearrange terms so that we have "expression” = m(X) + £, where the & are now independent
and identically distributed. The "expression” we obtain equals Z.

In the appendix, we prove the following result:

Theorem 4 Suppose the conditions of Theorem 1 hold. Define dj = Jo2/(c? + Jo2). Then, for

T >0,

bias{im.(zo,h)} ~ —1/20*m ) (20)70,



Z}]:1 fi(zo) Zk;ﬁj E{m(Q)(Xlkﬂle = 900}_
Z}]:1 fi(xo) 7

—(1/2)h*7, (8)

J -1
var(ii(eo,h)} ~ (nh)~'57 {jg:f;<wo>} , (9)

where 4 and ¥, are the diagonal and the off-diagonal elements of V1/2, respectively.

An optimal 7 can be determined by minimizing the asymptotic mean squared error. The
minimization problem results in a cubic equation in 7. Note that since the bias is design dependent
(because of the structure of 7), so also is the optimal 7.

If we choose T equal to 07! then the asymptotic variance of the two-step estimator is smaller
than that of the pooled estimator. If we wish to treat Z = m(X) + £ in the same scale as the

original data (1), we should set 7 equal to ﬁ;l. In this case,

o= o[- {i-a-apy)

where dj = Jo2 /(02 4 Jo?). Thus the asymptotic variance is
(nh)~yoe
S fileo) L= {1 = (1= )2} /)’

var{me(zo, h)} =~
Now
o2 <ol —{1-(1—d)*} /" <o+ o2

so the two-step estimator with 7 = ¢! has larger asymptotic variance than the two-step estimator
with 7 = o1 but still has smaller asymptotic variance than the pooled estimator. In either case,
the asymptotic biases of the two estimators are difficult to compare but note that the asymptotic
bias of the two-step estimator can be smaller than that of the pooled estimator because 0, is

negative, allowing the possibility of cancellation to occur.

5 ESTIMATION OF THE VARIANCE COMPONENTS

Let Y = (Xﬁ, e X;)t be the vector of pooled responses and let E be the deviations of Y from the
regression line {m(X,), ..., m’(X,,)}’. For all estimators used in this paper, there is an (n.J) x (n.J)
matrix S with the property that the vector of predicted values equals SY, and hence the vector of
residuals is (I — S)Y = D,; explicit formulae in special cases are given in the appendix.

The simplest approach to estimating the variance components is to pretend that the residuals

have mean zero and covariance matrix the same as if m(-) were known. For example, the Gaussian

{eq:qd1}

{eq:qd2}

{th:comb}

{sec:varcomp}



"likelihood” for 7. = 02 and 7, = 02 + Jo? can be written as

n J 9 .
—n(J —1)logt. —nlogt, — %ZZ {Yij —m(X;) — (Y, - m)} - — Z(YZ — )2,

€ i=1j5=1

where Y; = n~1 Z}‘]:1 Y;; and m; = n~! E}Izl m(X;;). This "likelihood” is maximized at

~ J I —
SR
. 1 n J v . 7 B )
= m;;{ = m(Xy) - (Vi=m) )
when 7, > 7. and at
N R 1 n J ,
Fa=Te=—=> > {¥ij - m(Xy)}",
=1 7=1

otherwise. Substituting a consistent estimator of m(-) yields consistent estimates of (02, c?), and

from results of Gutierrez & Carroll (1996) combined with (10), it can be shown that the resulting
estimators have the same limit distribution as if m(-) actually were known.

However, as described below the covariance matrix of the residuals is not the same as if m(-)
were known, and following the procedure used in many venues (e.g., Chambers & Hastie, 1992, pp.
368-369), we can adjust for the loss of degrees of freedom due to estimating m(-). In practice, we
center the residuals at their mean, using D = D, —e! ;D/(n.J), which has approximately mean zero
and the covariance matrix C(c2,02%) = ¢2C, + 02C,, where C, and C, are the known (n.J) x (n.J)

matrices

C, = (I-S)diaglese;)(I-9)"

C, = (I-8)I-5).

In principle, we can still use normal-theory maximum likelihood (with covariance C(c2,¢?) = 02C,
+ 02C,) to estimate (02, 02). However, the difficulty with maximum likelihood in this context is
that the (nJ) X (nJ) matrix C(-) is impractical to invert. We consider two alternative methods of
adjustment.

One approach is to make a restricted maximum likelihood (REML) style adjustment by substi-
tuting the estimate of m(-) into the estimating equations, taking their (approximate) expectations,

subtracting these expectations from the original estimating equations and then solving the resulting

10



(approximately) unbiased estimating equations. For the case that 7, > 7., after some considerable

algebra, we obtain the approximately unbiased estimating equations

0 = D'UU'D - r.u Tjauh
TOZ
0 = _tD—Tsz 7“27

where

1
w, = trace(W, — jUUtﬂT)7

u, = trace(UU'W,),

e; O 0
U = 0 ey 0 7
0 Q ey
W, = (I-S)'UU'1-8),
W, = (I-S)'1-8)
Solving these two equations, we obtain
~ u;D'UU'D — u;D'D
Te = ’
Wil — Wl
~ wD'D — w,D'UU'D
T = J .

Wity — W2l
Alternatively, we can abandon the ”likelihood” and employ a method of moments device. Let

otrace(-) be the sum of the off-diagonal elements of a matrix. Then we can solve the two equations

trace(DD') = o2trace(C,) + otrace(C,);
otrace(DD') = o2otrace(C,) + o otrace(C,),
so that
9 otrace(Cy)trace(D DY) — trace(C,)otrace(D DY)
o =
“ otrace(C;)trace(C,) — trace(C; )otrace(C,)
9 otrace(C,)trace(D DY) — trace(C,)otrace(D DY)
or = .
‘ otrace(C,)trace(C;) — trace(C,)otrace(C, )

These estimators can be shown to have the same limiting distribution as the method of moments

estimators for known m(-), namely

2{m(-) known} = otrace(E E")/{nJ(nJ —1)};

o2{m(-) known} = {trace(E E')/(nJ)} -

11



6 DISCUSSION

We have considered a number of different approaches (more than we have reported on here) to
estimating the regression function when we have a simple dependence structure between obser-
vations. The simple pooled estimator which ignores the dependence structure performs very well
asymptotically. Intuitively, this is because dependence is a global property of the error structure
which (at least in the form we have examined) is not important to methods which act locally in
the covariate space. Specifically, in the limit, local estimation methods are effectively dealing only
with independent observations.

The performance of the pooled estimator raises the question of whether there is some method of
local estimation which nonetheless exploits the dependence structure in such a way that it performs
better than the pooled estimator. The quasi-likelihood estimator is very appealing for estimating
the parametric component in a partially linear model and the general approach for estimating
nonparametric components described by Carroll, Ruppert and Welsh (1996) suggests that the
extension we have considered in this paper is well worth considering. We were surprised to find
that quasi-likelihood estimation is asymptotically no better than pooled estimation. After trying a
number of alternative approaches, we discovered that the two-step method has smaller asymptotic
variance than the pooled estimator but does not necessarily have a lower asymptotic bias. The
question of whether it is possible to construct an estimator with uniformly smaller asymptotic mean
squared error than the pooled estimator remains open.

It is interesting to note that even if we were to assume a parametric form for the regression
function, we would gain conflicting intuition into the problem of estimating the regression function
in our problem. First notice that if we were to assume a constant regression function, then the
maximum likelihood estimator (under Gaussianity) of the constant regression function is the sample
mean which is, in this context, the pooled estimator. On the other hand, if we assume a linear
regression function, the maximum likelihood estimator (under Gaussianity) of the linear regression
function is the weighted least squares estimator which performs better than the least squares
estimator which is, in this context, the pooled estimator. Thus the intuition we gain depends on

which parametric model we consider.
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Appendix A PROOFS OF THEOREMS

A.1 Proof of Theorem 1

We first derive the results for the component estimator. From Fan (1992), Ruppert & Wand (1994)
and Carroll, Ruppert & Welsh (1996), we have the results:

bias {7, ;(z0, h)} = (1/2)h2m? (z0);
var{m, ;(zo, h)} & v(02 + 02) {nh f;(z0)} "

iy, (w0, h) = m(zo, h) = (h*/2)m®) (20) = {nfj(20)} ™" D {Yij — m(Xij)} Kn(Xij — 20)(10)

=1
The last step is implicit in the first two papers and explicit in the third. It is easily seen from (10)
that for j # k, cov{m,, ;(zo, k), My, k(z0,h)} = O(n~'), and hence for asymptotics arguments, the
component estimators m,, ;(zg, ) are independent.

It thus follows that

J
bias{mw (zo,h,c)} = (1/2)m Z Zc] (o, h

J
var{mw (2o, h,¢)} = 7v( O' —I—O' Z {h; fi(xo }_ Zc v (2o, b
=1

The individual component bias functions are b;(zo, h;) and the individual component variance

functions are v;(zg, h;). The problem becomes to minimize (in h and c¢) the function

msew (20, h, ¢) {Zc] (zo, h } —I—ZC vj(zo, h
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subject to ejc = 1. As shown in Appendix A.2, the minimization problem is solved by choosing a

common bandwidth

topt = (Tt )”5
op {m® (20)}n 37—y f(x0)

and weights

J -1
Copt,j:fj(ﬂﬁo){ka(xo)} for j=1,...,J.
k=1

The asymptotic mean squared error at this optimal solution is
4/5
2/5 ol 4o}
msept - = 5/4{m®(zo) } {%}
n Zj:l f] ($0)
which is (6).
We now turn to the pooled estimator. We proceed more generally than for local linear regression

obtaining results for local polynomial regression of order p with p odd. Let 3; = himli ($0)/]
and define B = (fo, ..., 3p)". Let G,(v) = (1,v,0v% ...,vP)". Then,

3_5 = A_l(n7J7h7$0)B(n7J7h7$0)7

where
n J
A(n, J, hyzg) = IZZM ii — 20)Gp{ (X — o) /R}G{(Xij — w0)/h};
n J
B(n,J,h,z0) = IZZKh VG {(X; /h}{ Zm ”—xo)k/k!}.

Let u(l) = [ 2*K (2)dz and D,(u) be the (p+1) x (p+ 1) matrix with (j, k)th element pu(j+k —2).
Let v(¢) = [ 2°K?(z)dz so that v = 7(0), and let D,(y) be the (p-+1) x (p+ 1) matrix with (j, k)th
element v(j + k — 2). Direct calculations (keeping in mind that p is odd) show that

A(n, J,hywo) = {14 0p(1)}s(wo) Dp();
cov{B(n,J,h,z0)} = (th)_18($0)(O'Z—I—Uz)Dp(’y);
BB, J,h,20)} ~ {s(zo)m® D (o) /(p+ 1)1} fu(p+ 1), o p(2p+ D)

Thus, for p odd we have

bias {7y poot(z0, h)} =~ {m(p-l-l)(ggo)hp"'l/(p—l— 1)!} (1,0, ..., O)D;I(,u) {nlp+1),....,u(2p+ 1)}t :
Var (T post(0 1)} & {nhJs(20)} (52 + 02) (1,0, 0) Do) D5 (1) D) (1,0, ., 0)'

Q

In the special case p = 1, these results reduce to (3)—(4), thus completing the proof.
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A.2 Optimal Bandwidths and Weights for the Component Estimator

{pr:optbw}
To determine the optimal bandwidths and weights for the component estimator we have to minimize

(in h, ¢, and )

2
J J
{Z Cjbj(wmhj)} + > cvj(wo, hy) + Aefe,
=1 i=1

where A is the Lagrange multiplier. To simplify the notation, define the matrix H = diag(h) and
the vector f(zo) = {f1(%0), ..., f7(wo)}'. Taking partial derivatives, the optimal parameters satisfy

the implicit equations

{m(2) (xo)}QEtEQQJ E3£($0) - 7(0-2 + U?)n_lc = 0 (11) {eq:pdi}
274 m @ (20) Y2 H2e; H?f(20) + 27(02 + 02)n" e+ AHf(z0) = 0 (12) {eq:pd2}
Etgj -1 =0 (13) {eq:pd3}

The difference between (11) and two times (12) results in
5y(02 4+ o2yn~te + 2AHf (z0) = 0. (14)  {eq:pdd12}
Multiplying this equation by e’ and using (13), we obtain
-1
A= —57(0’2 + 052) {2%23H_f($0)} , (15) {egq:lambda}
and thus by substituting A in (14) by the previous expression we obtain
; -1
¢ = Hf (vo) {sH(wo) } (16) {egssolc)

We now turn to determining the optimal bandwidths h. Substitute A and ¢ in (12) by (15) and
(16). This results in

{{m(z)(QCO)}Qf(QCO)tEBQJE? — (ol + Uf)n_ll} Hf(z0) = 0,
which is satisfied if
{m® (20) }*£(20) ' He; H? — v(02 + 02)n "I = 0.

We can conclude from this equation that %; is constant for all j =1,...,.J, and thus

b (0l + 0?) .
P {m@ (o)} n T f(wo)

Consequently we obtain an optimal c; of

J -1
Copt,; = fi(zo) {Z fk(QCO)} )
k=1

as claimed.
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A.3 Proof of Theorem 2

{pr:qle}

Here we give a brief derivation of the asymptotic bias and variance formulae for the quasi-likelihood

estimator. We start by obtaining some general results for the local polynomial estimator. Then we

obtain results for the kernel (local average), local linear, and local quadratic estimator.

A useful simplification is to let the unknown parameters be g, = Rim(D (20) /q!. Thus, m(X)

is approximated by {G, (X — zoey)}' B, where G, (X — xpey) is the (p+ 1) X J matrix with

(k 4+ 1)th row [{(X1 — 20)/h}*, {(Xg — z0)/h}", ..., {(XJ — 20)/R}*]. Define

L,(a) =17 Y G, (X — voes) VK, (X; — voey) |Yi = {G,u(Xi —woes) } af ,
=1

where K, (X; —zoey) = diag{ K,(X;1 —20), ..., Kn(Xi7—20)}. Then the quasi-likelihood estimator

(at zg) solves 0 = L, (@) and hence

o~

p—5= (B L.(8),

where B is the (p+ 1) x (p+ 1) matrix
B =n""Y G, (X, — woes) VK, (X; — z0ey) {G, 1 (X; — zoes)}.
=1

Let v;; be the elements of V. Then the elements of the matrix B, are

J J
(B:;)T,S = Z Z Uj,kAn,j,k(r - 17 s — 1)7

k=1 ;=1

where
e (X — @\ Xip —20\*
An7]‘7k(7‘, S) =n 1 ; (JT) Kh(Xik — xo) (T) .
It is easily seen that

Augars) ~ [ HK @) fuloo + 2 h)dz

and

Ay ik(rys) ~ h_T//(xj —x0) 2P K (2) fik(2;, xo+ zh)dx;dz

for j # k. Thus, the elements of B*, the limit of B’ as n — oo, are

/=0
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where

J ( J
B(()?K) = Z k ]7
k=1 j=1
JoJ Y J (t=r)
o o (e
B(r,0) = Z Z E—k/ (z; — 20) —(8x0)gfj7k($j7$0)d$j + 1> Z M(gk_ r)(v o)
k=1 j#k k=1 :

for r > 0 and for £ > 0.
Furthermore, note that since F{Y — m(X)|X} =0,

F{L () = P Gy (X~ roe) VG (X - o) [m(X) — {0 - rue)} 5] ).

But Taylor’s theorem implies

{G — z0ey) } B = Bps1{(X — zoes) /AP + By 2{(X — moey)/ R} +

(O {(X1 = woes) /)7, O (X1 = oey) /h)7+)]

and thus
RPH (P (24)

P T T !
hpt1 (p+1)
(ZLJF 1)!(%) {hl”u(p +1)B(r = 1,0) + h* " pu(p+2)B(r — 1, 1)}

RPt2(P+2) (2:4)
(p+2)!
forr=1,2,...,p+ 1. The asymptotic bias is then

hP 2P+ ()
(p_l_ 2)' (B )T7P+3

[E{L,(8)}] (B) iz +

R u(p 4 2)B(r — 1,0). (18) {eq:gBL}

bias (ﬁ117q16(9€07 h)) ~ (17 0,0,.. ) (B*)_l E{Ln (ﬁ)} (19) {eq:gbias}

The covariance matrix of Y given X is ¥=(o;). Thus the covariance of L, (5) is Cy,_, with

elements given by

J J J J
(QLn)T,s = _EX {Z Z Z Z V0,705 kVk,m
k=1/(=1m=1

71=1

X, — r—1 X - s—1
X I(}L(le — $0)I(}L(X1k — $0) (MT%) (17%) } .

Let vg. = E}Izl v ;. Then direct, but lengthy, calculations show that

J
(QLn)lvl ~ V(O)R_lh_l Z(Uk,)20k7kfk($o) (20) {eq:covil}
k=1
(QLn)l,s =~ _lh Z {Uk Ok k Z Ukm/ — $0 lfk7m ($07 $m)d$m} (21) {eq:covi.}
m#£k
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J JoJ
(Cr )rs = Y(0)n A7 713" {Uk,k S vekUkm
k=1

12k mAk

X /($[ — $0)T_1($m — $0)5_1fk7g7m ($07 Ty, $m)d$gd$m} (22) {eq:covrs}

for r > s and for s > 1 and thus, because the covariance matrix is symmetric, we have a first order
approximation of the asymptotic covariance matrix. The variance of the quasi-likelihood estimator

is then
o~ *y—1 *y—1 t 1
var{ina gic (w0, h)} % (1,0,0,..)(B")~'Cy, {(B")™'} (1,0,0,...)"

A.3.1 Kernel (Local Average) Estimation

ijFrom the previous calculation it is easy to determine the bias and variance of the kernel estimator

(p=0). Using (17), (18), (19 and (20), respectively, the bias is

Q

{(B)1) 7 L@} ~ B(0,0)7 {hm®(w0)hB(0, 1) + h*m ) (20) /2 B(0,0) }

J (1)
— 320 Wy 2= Uk Sy (%0) m® (z 2}‘
{ oo Sy v folr) oo/

and the asymptotic variance is

(Cu ) O {5 (06 o fileo)
(BM)1, nh (Zi:l Uk'fk(%))z

var{mi qi¢} =

as claimed. The bias and variance for the variance component model are easily determined from

the above results since vg. and oy j are constant (in k).

A.3.2 Local Linear Estimation

For the local linear estimator (p = 1), the calculation of B* results in

B~ | B0,0) hB(0,1)
= T lATIB(1,0) B(1,1)

since K (-) is symmetric (p(r) = 0 if r is odd) and pu(r) = 1 for r = 0,2. Note that (B*)2; tends to
infinity as h goes to zero. Therefore the limit, A — 0, is taken after (B*)~'Y™ has been calculated.

The determinant of B* is
det(B*) =~ B(0,0)B(1,1) — B(0,1)B(1,0).

A direct calculation of F{L, (3)} for p =1 yields

18



using (18). Thus, the bias (19) is
bias{iy g1e (20, h)} = (1/2)h?m® (20)

as claimed.

The variance is

var{in gie(zo. b)) = (1,0)(B)7'Cy {B)7'} (1,00
B(L,1)*(Cy, )11 —2hB(0,1)B(1,1)(Cy, )12+ h*B(0,1)*(Cy, )22
{B(0,0)B(1, )—B(O,l) (1,0)}2

Q

This expression is of order v(0)/(nh) times a quantity which is nonzero in general.

For the variance component model the off-diagonal elements of V' = X7, the diagonal elements
of V and of ¥, and vy. are constant called v,, v4, 03, and v., respectively. To simplify the calculation
further, we assume the X;’s are independent with a common marginal density function f. Then

the key quantities reduce to

B(0,0) = v fO ) /()
B(r,t) = v J(J = 1)/ (20) /(1)) E{(X = 20)"} + Lpsrjva fU77) (o) {0 = 7)1}

(Cr )i = (0~ h™ vad] f(xo)
(QLn)l,s ~ y(0)n Rt vw,03 0 (J — 1) f(2o) B {(X — z0)°}
(Cp)rs & YO =203 (] 1) fxo) [B{(X — 20)7 72}

+ (=B {(X =)} E{(X = w0)*}].

Thus the determinant of B* is det(B*) ~ v.vg{J f(z0)}? and the above expression of the variance

var{m T ~ L 7 &f(l)($0))2 — 1o}
el O’h)}“’thfuo){H(vd o ) VU

where % is the variance of X. Remembering that 03 = 02 + 02, vy = (1 — n/J)/c? and vy =

results in

—n/(Jo?) yields v, /vy = —n/(J — n). This completes the proof.

A.3.3 Local Quadratic Estimation

For the local quadratic estimation (p = 2), the first two nonzero terms of the approximation of B~

B(0,0)  hB(0,1)  B(0,0) h2B(0,2) h3u(4)B(0,3) h2u(4)B(0,2)
B* ~ { 1B(1,0)  B(1,1) -1B(1, )} {hB(l,Q) h2u(4)B(1,3)  hu(4)B(1,2) }
2B(2,0) h7'B(2,1) 23(2, 0) B(2,2)  Rh'u(4)B(2,3) w(4)B(2,2)
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Matrix algebra shows that the determinant of this sum of singular matrices is

B(0,0) h B(0,1) 4+ h*u(4)B(0, 3) w(4)B(0,2)
= h*{u(4) — 1} det { R71B(1,0)  B(1,1)+ h*u(4)B(1,3)  h7lu 2) }
h™2B(2,0) h7'B(2,1) + h'u(4)B(2,3) h™u(4 2

=P {u(4) - 1} S,
where

Sp = B(0,0)B(1,1)B(2,2) — B(0,0)B(2,1)B(1,2) — B(1,0)B(0,1)B(2,2)
+ B(1,0)B(2, 1)B(0,2) + B(2,0)B(0,1)B(1,2) — B(2,0)B(0,2)B(1,1),  (23) {e:SD}

assuming u(4) # 1 and Sp # 0. (Otherwise the determinant is of order h%.)

To calculate (19) we again need the first two terms of the approximation of B* since using only
the first terms in the multiplication results in all terms cancelling out. However, even this is not
enough: we also need terms of order h#*% in the approximation of L, () in (18). Note that because
the first terms in the approximation of (B*), ¢ (for m(®) and (B*), 7 (for m(7) are proportional to
the first terms in (B*),.4 (for m®) and (B*), 5 (for m¥), respectively, these terms cancel out as
the latter have done. Then direct calculations show that the asymptotic bias is

o o i #6) — 2 (4) [P (wo) Sy m (o)
bias{my qic(v0, k) } = h w(4) —1 3! Sp 4! 7

where

Sy = B(0,3)B(1,1)B(2,0) — B(0,3)B(2,1)B(1,0) — B(1,3)B(0,1)B(2,0)
+ B(L S)B(27 1)B(07 0) + B(27 S)B(07 1)B(17 0) - B(27 S)B(L 1)B(07 0) (24) {eq:5N}
The first nonzero orders of the elements of QLn are
o) ) 072
O(h™?) °) O™
O(h=?) h o0
The order of the terms in the first row of (B*)~!is {O(h™2), O(h™1),O(1)}. Thus the leading order

of the variance is

1 -3

1

n

O(h-
O(h~
O(h~

var{ma 4 (20, B)} = (1,0,0)cov{(B*)7'Y*} (1,0,0)' = Op(n~th™?)

For the variance component model with common marginal distribution, a direct calculation

results in

h—0

det(B) =0 003 J(eo) P {n(4) - 1}

v o (J -1

WJf(QCo) AT 1 {/(x — x0)* f(2) do — (gi)z} .

Replacing o3, vq, and v, by their actual values yields the result in the theorem.

var{mg ge(zo, h)} =~

20



A.4 Proof of Theorem 3

{pr:mgqle}
If we set the off-diagonal elements of V to zero (v;; = 0 for j # k), then the key quantities reduce
to
J © J
B )rs = D qulrts+C=2h" Y v f]" (wo) ¢ & plr+5—2) Y v;fi(20)
£=0 j=1 7=1
(P (20) <
m o
F{L, ~ + p)hPHL . f.
L@, ~ ulr+phm = 2 visliwo
J (P+1) () (p+2)
m To) (1) m (z0)
+ +p+1 hp+2 o AT e 4+ —
,u(r P ) ]Z:;U]J (p_l_ 1)| f] (wo) (p-I-Q)! f]($o)
J
(QLW,)T“S ~ y(r+s-— Q)n_lh_l Z v]z7jaj7jfj($0)
7=1
Direct calculations then yield the results given in the theorem 2.
A.5 Proof of Theorem 4 . 0
pricom
The two-step estimator is just
-1
A '3 (o L) (i an) 1608
mo(x = - < ij — %
o (o) ;; Xij —x0)/h (Xi; — z0) /R w(Xej 0)
n J
1 ZZ ( . $0 /h) Zz’jl(h(Xij — $0) . (25) {eq:qappi}
=1 j5=1 Z

Now K (-) is a symmetric density function with unit variance, and it is easily shown that the term

inside the inverse in (25) converges to 3_; f;(zo) times the identity matrix, we have that

0o J J -1
mc($0) ~nt Z Z ZZ]I(}L(X” — $0) {Z f] ($0)} . (26) {eq:qapp2}
7=1

=1 7=1

Let n;; = Y, — m(Xy;), n, = (9i1y ..y mig)?, and define the nJ x 1 vectors

7 -1
T)(z) = [{K@(Xij—w)};;l};{fox)} ;
n o= [

i=1"

JFrom the the proof of Theorem 1 (cf. Appendix A.1), we have the expansion

J nJ
mc(wo, h) ~ m(aco) + (1/2)h2m(2)(x0) + (nJ)—l {Zf](x)} Z Z{Y” — ” }Kh( i — wo).

=1 7=1
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It then follows that

e (2o, h) = m(zo) + (1/2)h*m? (2o) + (nd) ™ T, (o),

and hence that

= ﬂz - (L - l)ﬁl,pool(xi)

£

= Lp, +Lm(X;) — (L - Dmy (X))
T},(Xa)n

- Ly -)ML-D| . | +mX)- (/20 - DmP(X,). (@)

TS (Xin)n
It is easily seen that the first two terms in (27) contribute only to the variance, while the last two
terms contribute only to the bias.

If we write L = ({;1), then the common diagonal elements are {;; = {4 and the common off-
diagonal elements are (j; = {,. Then we find that the components of the last two terms in (27)
are

Zijw = m(Xij) — (1/2)h2(Cg — )mP(Xy5) — (1/2)h% > mP (Xy).
ktj
Apply the Z;;. to (26) and take expectations to prove (8).
We now turn to (9). Split the first two terms in (27) into two parts, say Z;;1. and Z;j9.. We

first note that (26) when applied to Z;;1. algebraically equals

J -1 n
{an](xo)} Z{I(}L(Xﬂ — xo), ...7I(h(XZ'J — wo)}LQZ (28)

Since LCOV(QZ.)Lt = 721, we easily find that (28) has mean zero and approximate variance

5 -1
T {nh Z fi(z0) }

=1

as claimed in (9).

To complete the argument we must show that (26) when applied to Z;jo. is of order 0,{(nh)~"/2}.
The individual terms are

Zijow = —(nd) Tl = T3 (Xij)n — (nd) 7, D> TH (X .
ki

In fact, terms such as (n.J)7'Tj(z)n are very nearly kernel regressions of the n’s on the X'’s
evaluated at z, and in (26) these “nearly zero” functions are then averaged via a second kernel
operation. Such “double smoothing” has been investigated in other contexts, e.g., Carroll & Wand
(1991), and by direct calculation one can show that indeed (26) when applied to Z;;2. is of order
0p{(nh)~1/%}. This completes the proof.
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