
Brüggemann, Ralf

Working Paper

On the small sample properties of weak exogeneity tests
in cointegrated VAR models

SFB 373 Discussion Paper, No. 2002,2

Provided in Cooperation with:
Collaborative Research Center 373: Quantification and Simulation of Economic Processes,
Humboldt University Berlin

Suggested Citation: Brüggemann, Ralf (2002) : On the small sample properties of weak exogeneity
tests in cointegrated VAR models, SFB 373 Discussion Paper, No. 2002,2, Humboldt University of
Berlin, Interdisciplinary Research Project 373: Quantification and Simulation of Economic Processes,
Berlin,
https://nbn-resolving.de/urn:nbn:de:kobv:11-10048463

This Version is available at:
https://hdl.handle.net/10419/65370

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor dürfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dürfen die Dokumente nicht für öffentliche oder kommerzielle
Zwecke vervielfältigen, öffentlich ausstellen, öffentlich zugänglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfügung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewährten Nutzungsrechte.

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://nbn-resolving.de/urn:nbn:de:kobv:11-10048463%0A
https://hdl.handle.net/10419/65370
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/


OntheSmallSamplePropertiesof WeakExogeneity

Testsin CointegratedVAR models
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Abstract

We investigatethesmallsamplepropertiesof two typesof weakexogeneitytestsin coin-

tegratedVAR modelsthat arefrequentlyusedin appliedwork. The first oneis the standard

LikelihoodRatio (LR) testin theJohansenframework. Thesecondtestis basedon mapping

the cointegratedVAR model into VECM representationand thenreducingthe modelusing

somemodelselectionprocedurebeforetestingthesignificanceof the � parameters.Results

from MonteCarloexperimentsindicateseveresizedistortionsin bothtesttypesin smallsam-

ples.Wesuggestabootstrapversionof theLR test,whichcanbeusedfor sizecorrection.
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1 Introduction

Cointegratedvectorautoregressive (VAR) modelshave becomea standardmodelingtool in ap-

plied econometrictime seriesanalysisduringthelastdecade.Modelingmultivariatecointegrated

time seriesusuallyincludesa numberof modelspecificationstepslike, for instance,choosingthe

informationset,selectingthelag lengthandthedeterminationof thecointegrationproperties.Fi-

nally, modelingtheshortrun adjustmentstructure,i.e. the feedbacksto deviationsfrom the long

run relations,is an importantstep,becauseit canreveal informationon theunderlyingeconomic

structure.Modeling the feedbackmechanismsin cointegratedVAR modelsis typically doneby

testingthesignificanceof thefeedbackor loadingcoefficients. Thesesignificancetestsareoften

calledweakexogeneitytests,becausecertainsetsof zerorestrictionsimply long run weakexo-

geneitywith respectto thecointegratingparameters.Theconceptof weakexogeneitywasdefined

by Engle,Hendry& Richard(1983) andis closelyrelatedto testingthefeedbackcoefficients.If all

but onevariablein asystemareweaklyexogenousthanefficient inferenceaboutthecointegration

parameterscanbeconductedin asingleequationframework.

Someauthorsusetestson thefeedbackcoefficientsas‘a form for dataexplorationratherthan

asspecificationtestingin thestrict sense’(Johansen& Juselius(1990, p. 202)),becausethey have

no stronga priori hypotheseson the feedbackcoefficients (seee.g.Juselius(2001), Marcellino

& Mizon (2001)). They highlight theeconomicinterpretationandimposezerorestrictionson the

feedbackcoefficients to learnmoreaboutthe adjustmentmechanismsin the underlyingsystem.

Choosingvalid (weakexogeneity)restrictionsis of majorimportance,becausepolicy implications

aresometimesbasedon theshortrun adjustmentstructure(seee.g.Juselius(2001)). In this paper

we concentrateon two alternative strategiesto testfor long run weakexogeneitythat have been

frequentlyusedin the literature. The first is a LikelihoodRatio (LR) testproposedby Johansen

(seeJohansen& Juselius(1990), Johansen(1995)) andis implementedin popularsoftwarepack-

agessuchasPcFimlby Doornik & Hendry(1997). NumerousstudiesusedtheLR test,seeinter

alia Juselius(1995), Juselius(1996), Marcellino & Mizon (2001). Thesecondstrategy involves

first mappingthecointegratedVAR into a vectorerrorcorrectionmodel(VECM) representation,

reducingtheparameterspaceby imposingadditionalzerorestrictionson theshortrun dynamics

andfinally testingthesignificanceof thefeedbackcoefficientsusinga
�
- or � -test.Thebasicidea

of this strategy is to increasetheprecisionof the importanttestson � by reducingthenumberof

estimatedparametersfirst. Becauseit involvesimposingsubsetrestrictionsontheVECM in afirst

step,wecall thisprocedureaSubsettest.Similarmodelingstrategieshavebeenusedinter alia by

Johansen& Juselius(1994), Hendry(1995, Chapter16), Mizon (1995), Urbain (1995), Juselius

(2001) andLütkepohl& Wolters(1998, 2001).

In this paperwe investigatethepropertiesof theLR andtheSubsettestto seewhetherapartic-

ular strategy hasa clearadvantageover theother. To do so,we conducta numberof MonteCarlo

experimentsusingboth,databasedandartificial DGPs,which we think mimic typical situations

in appliedmacroeconometrictimeseriesanalysis.
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Thepaperis structuredasfollows: Section2 describesthemodelingframework aswell asthe

testsconsideredandpointsout themaindifferencesbetweenthem.Section3 describestheMonte

Carloexperimentsandpresentsthemainresults,beforeconcludingremarksaregivenin Section

4.

2 Weak Exogeneity Tests

Thegeneralmodelingframework is aVAR(� ) modelof form

�	��
�
1
�	���

1 ��������� ���������	� ����� � ��� � � (2.1)

where �	� is a ! " 1 vectorof time series, � � a vectorof deterministicterms,and �
1
�$#$#%#&�$���

are !'"(! coefficient matrices. � is the coefficient matrix associatedwith deterministicterms,

suchas a constant,trend and seasonaldummies. The disturbance� � is a normally distributed

!)" 1 unobservablezeromeanwhitenoiseprocesswith covariancematrix *�+ . If thevariablesare

cointegratedtheVAR ,-�/. model(2.1) hasavectorerrorcorrectionrepresentation

0 ���1
324�����
1 �(5 1

0 �����
1 �������6��5 �7�

1
0 �	���	�78

1 ����� � �9� � � (2.2)

denotedasVECM ,-�:. , which is obtainedby subtracting�	��� 1 from both sidesof (2.1) andrear-

rangingterms(seee.g.Lütkepohl(2001) for details). In cointegratedmodels2 hasreducedrank;<
�;>= , 2 .�?3! andcanbedecomposedas 2@
 �BA�C , where� andA are !D" ; matricescontaining

the loading(or feedback)coefficientsandthe cointegrationvectors,respectively. Beforethe LR

testfor weakexogeneityis applied,researcherstypically imposeidentifying assumptionson the

cointegratingvectorsA . Thentestingfor weakexogeneitymeanstestingzerorestrictionson the �
matrix. Westartby describingaLR testfor generalrestrictionson � andA .

2.1 The Likelihood Ratio Test

Within theVECM (2.2) researchersareofteninterestedin testinggeneralrestrictionson A and � .

Boswijk (1995) suggestedto expressgeneralrestrictionson A as

vec A 
3EGF ��H � (2.3)

where E is a known ! ; "JI matrix, F is a IK" 1 vectorcontainingthefreeparametersand H is a

known ! ; " 1 vectorcorrespondingto normalizingrestrictionson A . Linearexclusionrestrictions

on � canbewrittenas

vec � C 
DLNM (2.4)

where L is a known ! ; "�O matrix and M is a OP" 1 vectorcontainingthe free adjustmentpa-

rameters.Usingthis notation,fairly generalrestrictionscanbecaptured,however, estimatingthe
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modelunderthesegeneralrestrictionsrequiresaniterativeprocedure.Boswijk (1995) shows that

MaximumLikelihood(ML) estimatorsfor FQ�RM and *�+ canbeobtainedby iteratingon

SFT
VUWE C ,X� C * �
1+ �ZY\[ 11. E^] � 1 "�, E C ,X� C * �

1+ Y\_R`a. vec [ 10 b E C ,X� C * �
1+ �TY\[ 11. H .

SMc
 L C ,�* �
1+ Y9A C [ 11A4. L

�
1 L C ,d* �

1+ Y9A C . vec [ 10

S*�+ 
 [ 00 b �eA C [ 10 b [ 01A�� C � �eA C [ 11Af� C
using suitablestartingvalues. [:gih are the momentmatricesfrom the reducedrank regression

suggestedby Johansen(1995). Oncetherestrictedmodelhasbeenestimated,acorrespondingj�k
statisticcanbecalculatedas

j�k 
(l ,�monqp S*�r+ p b monsp S*�+BpW. � (2.5)

where
S*�+ (

S* r+ ) is the estimatedcovariancematrix without (with) the imposedrestriction. j�k
is asymptotically t 2 ,duwvQ. distributedwith uwv being the degreeof overidentification. Alternative

algorithmsto estimatea cointegratedVAR modelundergeneralrestrictionson thecointegration

spacehavebeensuggestedby Doornik& Hendry(1997, Chapter11).

Alternatively, if only hypotheseson � areof interest,a j�k teststatisticcanbeeasilycomputed

without usingan iterative procedure.In fact,simplehypotheseson the feedbackcoefficientscan

alsobeexpressedas

� 
DLxM (2.6)

whereM is a O�" ; matrixof freeparametersand L is aknown !y"zO matrixof onesandzeros.For

example,if we have a four dimensionalsystem( ! 
 4) with onecointegratingrelation(;^
 1)

andwish to testwhetherthe error correctionterm entersthe secondequation,i.e. we testweak

exogeneityof thesecondvariable,thenull hypothesescanbewrittenas

� 

� 1

0

� 3

� 4



1 0 0

0 0 0

0 1 0

0 0 1

M
1M
2M
3

# (2.7)

Sincewe only imposerestrictionson � , hypotheseslike (2.6) canbetestedby solvinga modified

eigenvalueproblemasdescribedby Johansen(1995, Chapter8). ThecorrespondingLR statisticis

computedas

j�k 
(l r
g|{ 1

m}n U , 1 b@~� gd.��:, 1 b
S� gX. ] (2.8)
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where
S� g ( ~� g ) arethe eigenvaluescalculatedwithout (with) the restriction. j�k is againasymp-

totically t 2 ,duwvQ. distributedwhere uwv denotesthe degreeof overidentification. Note that testing

hypotheseslike (2.6) is only of interestif ;G
 1, becauseonly thenno additionalidentifying re-

strictionson A areneeded.Therefore,in theMonteCarlosimulationspresentedin Section3 we

considersimplerestrictionsof type (2.6) in systemswhere ;�
 1, andmoregeneralrestrictions

(2.3) and(2.4) if ;P� 1.

2.2 The Subset Test

Supposetheresearcherhasimposed(over-)identifying restrictionson thecointegratingvectorsA
to give the long run relationsan economicinterpretation.In orderto have a moreparsimonious

descriptionof thedata,hemaywantto imposeadditionalrestrictions.To achievethis,hetypically

mapsthe modelinto VECM representationby fixing A andcomputingthe error correctionterm������
 A C ��� , so(2.2) becomes

0 ���1
 � ���R���
1 �(5 1

0 �����
1 �������6��5 �7�

1
0 �����	�78

1 ����� � �9� �w� (2.9)

andusessomemodelselectionalgorithmto deletevariablesfrom themodel.Typically, oneselects

zero restrictionson 5�� 
 , 5 1 ����������5 �7�
1 . first andfinally decideson the significanceof the

� parameters.As alreadypointedout in the introduction,the intuition for this procedureis to

reducethenumberof parametersfirst andtherebyincreasingtheprecisionof the importanttests

on � . Becauseit involvesimposingsubsetrestrictionson the VECM in a first step,we call this

procedurea Subsettest.By writing themodelin VECM form, all variablesarein _�, 0. spaceand

conventional
�
- or � -testscanbeusedto conducttheweakexogeneitytest. The implementation

of the this ‘test’ differs acrossstudies,becauseof differentmodelselectionmethods.In fact, a

numberof proceduresto deletevariablesfrom a systemhave beenproposedin the literature.For

example,Hendry (1995) suggestedthe general-to-specific(Gets)methodologythat is basedon

a sequenceof
�
-testsanda numberof misspecificationteststo ensurean adequatefinal model.

The methodis frequentlyusedin empiricalmodeling. More recently, Krolzig & Hendry(2001)

have implementedtheGetsmethodinto anautomatedcomputeralgorithm(PcGets)andKrolzig

(2001) hasshown theusefulnessfor reducingVAR models.Alternativemethodstypically include

proceduresthatarebasedon informationcriteria (seee.g.Lütkepohl(1991, Chapter5)). For the

VAR framework Brüggemann& Lütkepohl (2001) comparedifferentsubsetmodelingmethods

andfind thatsystembasedproceduresarenot superiorto methodsbasedon thesingleequations.

Therefore,herewe usea singleequationstrategy thatamountsto sequentiallydeletingvariables

with lowestabsolute
�
-ratiosuntil all aregreaterthansomethresholdvalue � . More formally, we

canwrite the = -th equationof (2.9) as

0 ������
 � �����R���
1 ��� 1

���
1 �������6���B� �o� ���9� ����� � 
 1�$#$#%#��Rl (2.10)

where � � is the = -th row of � and �B� � ,-� 
 1�$#$#%#&�$� . denotesall other regressorsin that

equation.Let
��� h��� denotethe

�
-ratio from anOLS estimationassociatedwith � � in the � -th stepof
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theprocedure.In reductionstep� wedelete�B� � if

p � � h��� p 
 �P� ng|{ 1 � � � � � � � h 8 1
p ��� h��g p and p � � h��� p	¡�� #

Thealgorithmstopsif all p � � h��� p � � . Thecritical value

� 
 �%h 
D¢eU £�¤�¥ , ��¦ � l . b 1] , l b � � � b 1.�§ 1̈ 2 (2.11)

is a functionof thesamplesize l , thenumberof initial regressors� andthereductionstep� . �
alsodependson �R¦ , which varieswith thechoiceof a typical informationcriterion(AIC: ��¦c
 2,

HQ: �R¦©
 2 m}ª	«�m}ª	« l andSC: ��¦(
 moª6« l ). Thecritical valuein this testingprocedure(TP) for

eachtest is chosenaccordingto (2.11) to insurethat a relatedprocedurebasedon a sequential

eliminationof regressors(SER)usinginformationcriteria leadsto thesamefinal model. There-

fore,wereferto thisstrategy asSER/TPin thefollowing. Krolzig (2001) comparesthePcGetsand

SER/TPalgorithmandfindsthatPcGetshasslightly bettersizeproperties.However, thecompar-

isonis basedon onespecificDGPandclearlyamoresystematiccomparisonis necessary. Results

availablesofar indicateno majoradvantagefor themoresophisticatedPcGetsalgorithm.

In theMonteCarlosimulationsof theSubsettest,weuseSER/TPtogetherwith AIC to impose

zerorestrictionson 5 , becausethis strategy hasperformedrelatively well in the comparisonof

Brüggemann& Lütkepohl(2001). The stepsnecessaryin the Subsettestcanbe summarizedas

follows:

¬ mapcointegratedVAR to VECM representation(2.9)

¬ useSER/TPto imposezerorestrictionson 5 (exclude � ’s from search)

¬ test(weakexogeneity)hypotheseson � using
�
- or � -tests

2.3 Small Sample Correction and Bootstrap Tests

In this paperwe aremainly concernedwith thetestperformancein finite samplesituationsfaced

by appliedeconometricians.The distribution of the LR test is only an asymptoticoneandmay

bequitemisleading.In fact, in somestudiesconcernedwith testinglinear restrictionson cointe-

gratingvectorstheLR testhasseveresizedistortions(seee.g.Gredenhoff & Jacobson(2001) and

referencestherein).A similar problemmaybepresentwhentestinghypotheseson � , aspointed

out by Podivinsky (1992). Therefore,it may be useful to considersomekind of small sample

adjustment.For theLR testsweusetwo smallsamplemodifications.Thefirst methodis a simple

degreesof freedomcorrectionassuggestedby Sims(1980, p. 17)

j�k � 
 , l b = .�j�k� lD® t 2 ,XuwvQ. � (2.12)

where = is acorrectionfor thedegreesof freedomasdiscussedbelow. j�k � hasthesameasymp-

totic distribution as j�k , but is lesslikely to reject in small samples.Moreover, we know from

5



standardlinear regressionmodelsthat the � -versionof the LR test is betterbehaved in small

samples.Therefore,wealsoconsider

� 
 j4k�6uwvJ¯D�°,Xuwv �Rl b = . � (2.13)

where = againis somedegreesof freedomcorrection.(2.13) is approximately� distributed(see

Lütkepohl(1991, p. 123)). Choosing= is crucialbecauseit affectstheteststatisticor thedegrees

of freedomandhencethetestdecision.A numberof proposalshave beenmadein the literature.

Typically, = is theapproximatenumberof estimatedparametersin thesystem(2.2) or thenumber

of estimatedparametersin oneequationof thesystem.Podivinsky (1992) suggestedto choose=
equalto the total numberof parametersin 2 and 5 of (2.2). This correctionworked well in the

specificexampleusedin his simulation.However, if ! and � getlargerelative to thesamplesizel , oneendsup with negative degreesof freedom.We thereforechoose= suchthat it equalsthe

approximatenumberof estimatedcoefficientsin oneequationof (2.2), assuggestedby Lütkepohl

(1991, p. 123)in theVAR context. More precisely, we let

=P
(; � ! ; � !±,²� b 1. � 1 (2.14)

wherethefirst right handsidetermgivesthenumberof � parametersperequation,thesecondthe

numberof A parameters,andthe last two the numberof parametersin 5 and � in oneequation

of the system.1 One might argue, that the value of = is too large becauseit actually includes

thenumberof A parameters( ! ; ) of thewholesystem.On theotherhand,choosing= too small

reducestheeffectof thecorrection.Using(2.14) wealsosometimesgetanegativevaluefor l b = .

For instance,for lD
 30, ! 
 4, ;<
 3 and� 
 5 wefind l b =³
 b 2. Therefore,weuse

=P
(; � ; � !±,²� b 1. � 1 (2.15)

asanalternativemeasurefor theapproximatenumberof estimatedparametersin oneequation.It

is yet unclearwhich = is thepreferredcorrection,but thediscussionalreadyhighlightsonemajor

drawback of small samplecorrectionsof test statistics: The choiceof = is somewhat arbitrary

andtheoptimal = might dependon thespecificpropertiesof theconsideredsystem.To avoid the

problemof choosing= , we canalternatively estimatea bootstrapversionof the j�k statisticusing

thefollowing procedure:

1. EstimatethecointegratedmodelunderE 0, recordthe j�k teststatisticandsave theparame-

ters
S� � SA � S

5 � S
� .

2. Draw bootstrapresiduals�µ1́
�$#$#$#Q� �µ´¦ with replacementfrom estimatedcenteredresidualsS� 1 bD¶� �$#%#$#&� S� ¦ b�¶� , where ¶� 
 , 1� l . ¦� { 1

S� � .
3. Generatebootstraptime series� ´� recursively using

S� � SA � S
5 � S

� andgiven presamplevalues�:�	��8
1
�$#%#$#��R�

0.
1Hereweconsiderthenumberof parametersin a modelwith interceptonly.
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4. Estimatethe j�k statisticusingthebootstraptimeseries.

5. Repeat2. - 4. many times.

6. Comparej�k with the , 1 b ��. -quantileof thebootstrapdistribution.

Sincej�k is asymptoticallypivotal,thismightbeaclassicalsituationwherethebootstrapis useful

(seeHorowitz & Savin (2000)). To assessthesmallsampleperformanceof all testsweuseMonte

Carlosimulationtechniques.

3 Monte Carlo Evidence

Theaim of theMonteCarlostudyis to find out whethertheLR test(possiblycorrectedin small

samples)or theSubsettestis thebestway to modeltheloadingcoefficients � . Therefore,we first

compareempiricalsizesof thestandardLR test(2.5) and(2.8) with thoseof theSubsettest.Then,

we presentresultsfor themodifiedstatistics(2.12) and(2.13) andcomparethemto resultsof the

bootstraptest.

We usetwo typesof DGPs. DGPsof thefirst typearedatabased,i.e. in theMonteCarlowe

useparametersthathave beenestimatedby fitting a VAR modelto realworld data. We do so to

geta realisticDGPin termsof dimension,dynamicsandcointegrationproperties.Thesecondset

of DGPsareartificial ones,becausethis enablesus to changethe propertiesof thecointegration

space(i.e. thecointegratingrank).

Theparametersfor thedatabasedDGPshavebeengeneratedby fitting cointegratedVAR mod-

elsto a datasetfor theU.K. monetarysector. Thedatawerefirst analyzedby Hendry& Ericsson

(1991) andlaterreconsideredby inter alia Johansen(1992), Hendry(1995) andDoornik,Hendry

& Nielsen(1998). Weusethedatabecausewethink they representa typicalsystemanalyzedwith

cointegrationtechniques.Thedataincludethelog of M1 money (� ), thelog of TFE deflator(� ),

thelog of realTFEin 1985prices(·XI � ) andameasureof opportunitycostsfor holdingmoney ( k ),

thetypical ingredientsfor a money demandanalysis.We estimateVAR modelsundertherankre-

striction ;<
 1 with lagorder� rangingfrom 1 to 5 includinganunrestrictedconstant.In addition,

we imposetheweakexogeneityrestrictions� 2

 � 3


 � 4

 0 andsave

S� � SA � S
5 1

�$#$#$#�� S
5 �7�

1
� � andS*�+ . To conserve space,we only list the cointegrationparametersin Table1. The remainingpa-

rametersareavailablefrom theauthoronrequest.Obviously the A parametersvaryonly very little

whenincreasingthe lag length. The databasedDGPsthereforehave very similar cointegration

properties.

To assessthe influenceof thecointegratingrank,we have alsoconsideredartificial DGPsand

give thecointegrationparametersin thebottompanelof Table1. Using ¸ 1 and ¸ 2 we canvary the

cointegratingrank of the systembetweenoneandthree. For instance,if ¸ 1

 ¸ 2


 1 thenthe

cointegratingrankof theDGPis ;³
 3. For eachchoiceof ; we alsoconsiderdifferentdynamics

by varying � from 1 to 5. For a given � , we usethesamevaluesfor 5 1
�$#$#$#Q� 5 ���

1
� � and *�+ asin

thecorrespondingempiricalU.K. money demandsystem.
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Table1: DGPsfor MonteCarloExperiments

DGP CointegrationParameters � � �
DataBasedDGPs:

(a) � C 
 , b 0# 096 0 0 0 . , A C 
 , 1 b 0# 842 b 1# 541 5# 580 . 1 CON

(b) �BC 
 , b 0# 103 0 0 0 . , A�C 
 , 1 b 0# 911 b 1# 365 6# 390 . 2 CON

(c) �BC 
 , b 0# 097 0 0 0 . , A�C 
 , 1 b 0# 930 b 1# 356 6# 813 . 3 CON

(d) � C 
 , b 0# 128 0 0 0 . , A C 
 , 1 b 0# 950 b 1# 272 6# 905 . 4 CON

(e) �BC 
 , b 0# 153 0 0 0 . , A�C 
 , 1 b 0# 957 b 1# 234 6# 891 . 5 CON

Artificial DGPs:

� 

b 0# 1 0 0

0 b 0# 2̧ 1 0

0 0 b 0# 3̧ 2

0 0# 1̧ 1 0

, A�C 
 1 b 1 0 0

0 1̧ 1 b 1̧ 1 0

0 0 1̧ 2 b 1̧ 2

(f)–(k) ¸ 1

 0� ¸ 2


 0 1–5 CON

(l)–(p) ¸ 1

 1� ¸ 2


 0 1–5 CON

(q)–(u) ¸ 1

 1� ¸ 2


 1 1–5 CON
Note: Parametervaluesfor ¹ 1 º¼»¼»¼»Bº ¹ �7�

1 aswell as ½ correspondto estimatedvaluesfrom the

U.K. money demandmodelwith lag order¾ . CON is anunrestrictedconstant.

From both DGP types,we have generated1000replicationsof length l rangingfrom 30 to

1000andfit a cointegratedVAR model. In this paper, we areprimarily interestedin the testfor

weakexogeneityandthereforeestimatethemodelsusingthecorrectlag length � andthecorrect

cointegrationrank ; . Moreover, for DGPswith ;Z� 1, we alsoestimatethemodelusing‘correct’

identifying assumptionsthat exactly identify all cointegrationvectors.For example,whenusing

DGPs(l)–(p), we imposethefollowing restrictionson A :

A C 
 1 b 1 ¿ ¿
¿ 1 b 1 ¿

� (3.1)

where ¿ indicatesfreeelementsof A . In principle,imposingcorrect� , ; andidentifying assump-

tionsshouldimprovetheperformanceof theweakexogeneitytestsrelativeto thesituationfacedin

practice.Nevertheless,weconducttheexperimentsasif � , ; andtheidentifyingassumptionswere

known, becausewewantto assessthetestitself andnototherfactorsaffectingits performance.

Usingtheteststatistics(2.5),(2.8), (2.12) and(2.13) we thentestthefollowing hypotheses

¬�E 1
0 � � 21


 0

¬�E 2
0 � � 21


 � 31

 0

¬�E 3
0 � � 21


 � 31

 � 41


 0
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Note that in this case,uwv , thedegreeof overidentificationis simply thenumberof � coefficients

to betested,becauseA is exactly identified.If weusetheSubsettest,wefirst reducetheshortrun

dynamics,i.e. we imposezerorestrictionson 5 , beforeconductinga
�
-testfor E 1

0 and � -testsforE 2
0 and E 3

0.

For all tests,we recordthe relative rejectionfrequenciesof the hypotheses,i.e. the empirical

size.Giventhenominalsizeof À 
 0# 05 and1000MonteCarloreplicationsthestandarderrorof

theMonteCarlois ÀÁ, 1 b À�.�� 1000andhencethe2 standarderrorconfidenceintervalaroundthe

nominalsizeis , 0# 036Â 0# 064. . All simulationswereperformedusingGAUSSv3.2 for Windows.

For conveniencewepresenttheresultsgraphicallyanddiscussthemin thefollowing sections.

3.1 LR- vs. Subset Test

Figure1 shows theempiricalsize(i.e. therelative rejectionfrequency of thetrue E
0) of thestan-

dardLR and the Subsettest for samplesizesl rangingfrom 30 to 100 andfor the databased

DGPs(a) to (e). Theconfidencebandaroundthenominalsizeis indicatedby thedashedhorizon-

tal lines. For ly
 30 and ly
 60, theempiricalsizesof both testsareclearlyabove thedesired

level of 5%in all cases.Wefind thattheempiricalsizeincreaseswith thelag lengthof thesystem.

Althoughappliedresearchersmostlikely avoid to fit large lag dynamicsto shorttime series,we

have includedresultsfor lÃ
 30 to get a senseon how badthingscanget. In thesevery small

samples,we find severesizedistortionsfor both testtypeswith sizesranginganywherebetween

13 and99 %. We alsofind thattheperformanceof bothtestsdeteriorateswith increasingdegrees

of overidentification,i.e. the empiricalsize increaseswhenmoving from E 1
0 to E 2

0 and E 3
0. In

almostall casestheLR testhassizesconsiderablycloserto thenominallevel thantheSubsettest.

For � 
 1, however, we find that theSubsettestandthe LR testperformvery similar. This can

beexpected,becausethereis no searchfor zerorestrictionsif � 
 1 in theSubsettestandhence,

bothtestsarevery similar. In contrast,for � � 1, we searchfor zerorestrictionsin 5 whenusing

theSubsettestandwe consistentlygetmoreseveresizedistortionsthanfor j�k . We alsoobserve

that theSubsettestperformsincreasinglyworserelative to j�k whenincreasingthe lag length � .

This might be an indicationthat the performanceof the Subsettest is adverselyaffectedby the

numberof modelselectionstepsinvolved. Interestingly, this phenomenonis not simply a small

sampleproblem.To seethis, we have repeatedtheMonteCarlo for lÄ
 200� 500� 1000andgive

resultsin Figure2. For theLR testwe find empiricalsizesfairly closeto the5% level andalmost

alwayswithin the confidenceband. In otherwords, the LR testworks very well in sufficiently

large samples.In contrast,the Subsettest is still severely oversizedeven if l'
 1000,a case

virtually never encounteredin realworld macroeconometrictime seriesmodeling. We have also

repeatedtheMonteCarlocomparisonfor theartificial DGPsandbasicallyfind thesamepicture.

To conservespacewedo notshow theseresultshere.

To sumup,theresultssuggestto usetheLR testfor hypotheseson A and � first,beforeimposing

exclusionrestrictionson 5 . However, we alsofind sizedistortionsof theLR testin smallsamples
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andhence,it may be worthwhile to considerthe small samplemodificationsand the bootstrap

versiondiscussedin Section2.3.

3.2 Small Sample Correction and the Bootstrap LR Test

Figure3 againshows thesizeof j�k now with additionalresultsfor j�k � , � and j�k ´ . Results

for the j�k � have beenobtainedby usingthecorrection(2.14). We do not show resultsfor using

(2.15), becausethesecorrectionsarelesseffectiveandperformworsethantheonesshown. Results

for thebootstrapversionarebasedon 200bootstrapdraws in eachMonteCarloreplication.

Theresultsfor thedatabasedDGPs(a)-(e),Figure3, show that the � approximationreduces

theactualsizeonly very little andthereis only aminor improvementcomparedto j�k . In contrast,

the j4k � testcanreducetheempiricalsizequitesubstantially, althoughthe resultingsizeis still

larger than the nominal level. Similarly, j4k ´ bringsdown the empiricalsizevery closeto the

desiredlevel with theexceptionof thecaseof lÅ
 30 andlarge � . As pointedout before,these

casesarerarely encounteredin practice. In themajority of cases,thebootstrapversion j�k ´ has

thebestsizepropertiesof all consideredteststatistics,althoughfor theDGPs(a)-(e)thedifference

betweenj4k ´ and j�k � is small.

To geta moreinformative andgeneralpictureof the relative performanceof all four testsand

to investigatetheinfluenceof thecointegrationrank,wealsoshow resultsfor theartificial DGPs.

To be moreprecise,for DGPs(f)-(k), i.e. ;±
 1, we plot the resultsin Figure4. Compared

to the oversizedj4k statistic,we againfind that the � approximationonly leadsto very small

improvements. On the other hand, j�k � works relatively nicely when � is large. This can be

explainedby thefactthatthecorrectionis a functionof � . In many cases,wefind j�k ´ to have the

smallestempiricalsize,oftenfairly closeto thedesiredlevel (especiallyfor l3
 60andl3
 100).

If we increasethe cointegratingrank of the underlyingDGP to ;±
 2 and ;Æ
 3 (Figures5

and6), weoncemorefind evidencefor massivesizedistortionfor the j�k test.In contrastto what

hasbeensaid,we now find thatneither � nor j�k � work satisfactorily. For lÇ
 30, j�k � has

a tendency to overcorrect,i.e. themodifiedtestshave empiricalsizesthat is significantlysmaller

than the nominal size. In somecases,it even dropsdown to zero(seeFigure5 and6, column

1). This behavior is normallyassociatedwith a lossin power againstalternativesandhence,not

desirable.In mostcases,j�k ´ doesagainthe bestjob andits empiricalsizeis very closeto the

desiredlevel. It is interestingto note,that thebootstrapworksbetterwhen ;z
 2 or ;J
 3. This

fact may be dueto the exact identifying assumptions.Obviously, it paysto introducethe right

structureon the long run coefficients. Thesmall samplecorrectedversions,however, only work

sometimesandoftenresultin empiricalsizessmallerthanthenominalsize.

Wecomparethepowerof thebootstraptest j�k ´ to thesize-adjustedpowerof thestandardj�k
testto checkwhetherusingthebootstrapis associatedwith lossin poweragainstalternatives.For
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thepowersimulationsweuseDGPsfrom Table1 andlet � 21 varyaccordingto

� 21

 ÈÉ l � ÈËÊ ¢ 0� 0# 2� 0# 4�$#$#$#�� 3§ � (3.2)

andrecordtherejectionfrequenciesfor hypothesesE 1
0, E 2

0, E 3
0. To make resultscomparable,we

computethesize-adjustedpowerof thestandardj�k test,i.e.weadjustthecritical valuessuchthat

theempiricalsizeof j�k is exactly 0.05. Moreover, we only comparecases,wheretheempirical

sizeof thebootstraptest j4k ´ is verycloseto 0.05.As a typical resultfrom thepowersimulations,

Figure7 shows thecomparisonfor DGP(s), i.e. a DGPwith cointegratingrank ;T
 3 and � 
 3.

For E 1
0 thereis virtually nodifferencebetweenthepowerof j�k ´ and j4k , whereasfor E 2

0 and E 3
0

thebootstraptestis morepowerful than j�k . For l3
 100,however, thedifferencesareagainvery

small.Thecomparisonindicatesthatusingthebootstrapis not associatedwith a lossin power. In

fact,thebootstraptesthassometimesevenmorepower thanthestandardtest.

Overall, theresultsfrom theMonteCarloexperimentsindicatethat thebootstraptest j4k ´ has

themostfavorablesizepropertiesandits power is comparableto thestandardj�k test. Sincethe

performanceof the j4k testdependson thesamplesize,thedynamics� , thedegreeof overiden-

tification andthe cointegratingpropertiesof the underlyingsystem,j4k ´ doesa betterjob than

the suggestedsmall samplemodifications. Consequently, it is advisableto use j�k ´ for testing

restrictionson � .

4 Conclusions

We have considereddifferentmethodsfor testingthesignificanceof loading(or feedback)coeffi-

cientsin cointegratedVAR models.Testinghypotheseson theloadingcoefficientsis alsoclosely

relatedto theconceptof weakexogeneitywith respectto the long run parameters.We arguethat

thesetestsare importantto identify and interpretthe short run structurein a cointegratedVAR

model in a meaningfulway. Therefore,we areinterestedin the sizepropertiesof thesetestsin

smallsamples.Bothtesttypeshavefrequentlybeenusedin appliedwork. Thefirst oneis thestan-

dard j�k test in the Johansenframework. The secondtest is basedon mappingthe cointegrated

VAR modelinto VECM representationandthenreducingthemodelusingsomemodelselection

procedurebeforetestingthesignificanceof the � parameters.

Wehaveconductedanumberof MonteCarloexperimentsandfind considerablesizedistortions

in smallsamplesituations.More precisely, bothtestsrejectthetruenull too often. Only whenno

modelselectionof theshortrundynamicsis conductedwithin theSubsettest,it performssimilarto

the j4k test.In all othercases,wefind thattheLR testhasmorefavorablesizepropertiesin small

samples.TheMonteCarlostudyrevealsthatthesizedistortionsfor theSubsettestarenotsimply

asmallsamplephenomenon,but aproblemthatdoesnotvanishin largesamples.Obviously, these

sizedistortionsarerelatedto themodelselectionof laggeddifferences.Overall, theresultsfrom

thecomparisonsuggestto usetheLR- ratherthantheSubsettest.
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Sincethe LR testalsohassizedistortionsin small samples,we also investigatedthe perfor-

manceof two smallsamplemodificationsanda bootstrapversionof this tests.We find thatthe �
approximationcannotsuccessfullyreducethesizedistortions,while acrudesmallsamplemodifi-

cationworksin someof theconsideredcases.In someothercases,however, j4k � hasa tendency

to overcorrectthe size distortion. Sincethe performanceof testson � typically dependson a

numberof factors,suchassamplesize,cointegratingproperties,lag length,we suggestto usethe

bootstraptest j4k ´ in appliedwork, becauseit providesthemostreliablesizecorrectionandhence,

themostfavorablesmallsamplebehavior.

Theresultshave importantimplicationsfor empiricalmodelbuilding: Testingthesignificance

of loadingparametersshouldbedonewithin theJohansenframework, possiblyusinga bootstrap

correctedtest. In otherwords,the long run parametersA andthe shortrun adjustmentstructure

� shouldbe modeledcarefully in a first step,beforemappingthe model to _B, 0. and imposing

additionalrestrictionson coefficients 5 for the laggeddifferences.Given the propertiesof the

Subsettestprocedure,it canmostlikely notsuccessfullybeusedas‘a form of dataexploration’ to

identify a meaningfuladjustmentstructure.Researchersusinga strategy similar to theSubsettest

mostcertainlyuseadditionalmodelingtools,suchasa batteryof misspecificationteststo derive

their final model.Therefore,in practice,researchersmayrevisethemodelspecifiedby theSubset

testbasedon additionalevidenceandexpertknowledge.Clearly, we cannotmimic this behavior

in our MonteCarlo comparison.Therefore,the Subsettestmaywork betterin practicethanour

simulationresultssuggest. In practice,it may thus be advisableto start with the j�k ´ test for

exclusionrestrictionson � . Then,onemaysetup theVECM, imposerestrictionson 5 andfinally

checkagainthesignificanceof � parametersto derive thefinal model.
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Figure1: Sizeof LR- andSubsettestDGPs(a)-(e),l3
 30� 60� 100(columns)
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Figure2: Sizeof LR- andSubsettestDGPs(a)-(e),l3
 200� 500� 1000(columns)
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Figure3: Sizeof j�k , j�k � , � and j�k ´ , DGPs(a)-(e),l
 30� 60� 100(columns)
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Figure4: Sizeof j4k , j�k � , � and j�k ´ , DGPs(f)-(k), lD
 30� 60� 100(columns)
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Figure5: Sizeof j�k , j�k � , � and j4k ´ , DGPs(l)-(p), l
 30� 60� 100(columns)
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Figure6: Sizeof j�k , j�k � , � and j�k ´ , DGPs(q)-(u), l3
 30� 60� 100(columns)
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Figure7: Power estimatesof j4k ´ (——–) and j�k (size-adjusted)(- - - - -). Resultsarebasedon

DGP(s)with � 21
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