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Onthe SmallSamplePropertieof WeakExogeneity
Testsin CointeggratedVAR models

Ralf Briggemanh
January, 2002

Abstract

We investigatethe small samplepropertiesof two typesof weakexogeneitytestsin coin-
tegratedVAR modelsthat arefrequentlyusedin appliedwork. Thefirst oneis the standard
LikelihoodRatio (LR) testin the Johanseriramavork. The secondestis basedon mapping
the cointegratedVAR modelinto VECM representatiomnd thenreducingthe modelusing
somemodelselectionprocedurebeforetestingthe significanceof the « parametersResults
from Monte Carloexperimentdndicateseveresizedistortionsin bothtesttypesin smallsam-
ples.We suggest bootstrapversionof the LR test,which canbe usedfor sizecorrection.
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1 Introduction

Cointegratedvectorautorgressve (VAR) modelshave becomea standardmodelingtool in ap-
plied econometridime seriesanalysisduringthe lastdecade Modeling multivariatecointegrated
time seriesusuallyincludesa numberof modelspecificatiorstepdik e, for instancechoosingthe
informationset,selectingthelag lengthandthe determinatiorof the cointegrationproperties Fi-

nally, modelingthe shortrun adjustmenstructure,.e. the feedbackgo deviationsfrom the long

run relations,is animportantstep,becauset canrevealinformationon the underlyingeconomic
structure. Modeling the feedbackmechanismsn cointegratedVAR modelsis typically doneby

testingthe significanceof the feedbackor loadingcoeficients. Thesesignificancetestsare often

calledweak exogeneitytests,becauseertainsetsof zerorestrictionsimply long run weak exo-

geneitywith respecto the cointggratingparametersThe concepiof weakexogeneitywasdefined
by Engle,Hendry& Richard(1983 andis closelyrelatedto testingthefeedbaclcoeficients.If all

but onevariablein a systemareweakly exogenoughanefficientinferenceaboutthe cointegration
parametersanbe conductedn asingleequationframenork.

Someauthorsusetestson the feedbackcoeficientsas‘a form for dataexplorationratherthan
asspecificatiortestingin thestrict sense(Johanse®: Juseliug199Q p. 202)),becausehey have
no stronga priori hypothese®n the feedbackcoeficients (seee.g. Juselius(2001), Marcellino
& Mizon (2001). They highlight the economidnterpretatiorandimposezerorestrictionson the
feedbackcoeficientsto learnmore aboutthe adjustmenimechanismsn the underlyingsystem.
Choosingvalid (weakexogeneity)restrictiongs of majorimportancebecausgolicy implications
aresometimesasedon the shortrun adjustmenstructure(seee.g.Juseliug2001)). In this paper
we concentraten two alternatve stratgiesto testfor long run weak exogeneitythat have been
frequentlyusedin the literature. Thefirst is a Likelihood Ratio (LR) testproposedoy Johansen
(seeJohanse’& Juseliug1990, Johanseli1995) andis implementedn popularsoftwarepack-
agessuchasPcFimlby Doornik & Hendry(1997). Numerousstudiesusedthe LR test,seeinter
alia Juseliug(1995, Juseliug1996, Marcellino & Mizon (2001). The secondstrateyy involves
first mappingthe cointegratedVAR into a vectorerror correctionmodel (VECM) representation,
reducingthe parametespaceby imposingadditionalzerorestrictionson the shortrun dynamics
andfinally testingthe significanceof the feedbaclcoeficientsusingat- or F'-test. Thebasicidea
of this strat@y is to increasehe precisionof the importanttestson a by reducingthe numberof
estimategparameterfirst. Becauset involvesimposingsubsetestrictionsonthe VECM in afirst
step,we call this procedurea Subsetest. Similar modelingstrategieshave beenusedinter alia by
Johanser& Juselius(1994), Hendry (1995 Chapterl6), Mizon (1995, Urbain (1995, Juselius
(200)) andL uitkepohl& Wolters(1998 2007).

In this paperwe investigatehe propertiesof the LR andthe Subsetestto seewhethera partic-
ular strateyy hasa clearadvantageover the other To do so,we conducta numberof Monte Carlo
experimentsusingboth, databasedandartificial DGPs,which we think mimic typical situations
in appliedmacroeconometritme seriesanalysis.



The paperis structuredasfollows: Section2 describegshe modelingframework aswell asthe
testsconsiderecndpointsout the maindifferencedetweerthem. Section3 describeshe Monte
Carlo experimentsand presentghe main results,beforeconcludingremarksaregivenin Section
4,

2 Weak Exogeneity Tests

Thegeneraimodelingframework is a VAR(p) modelof form
Y= Aayi—1+ o+ Al + ED; + uy, (2.1)

wherey; is a K x 1 vectorof time series,D; a vector of deterministicterms,and A;,... . 4,
are K x K coeficient matrices. = is the coeficient matrix associatedvith deterministicterms,
suchas a constant,trend and seasonatlummies. The disturbanceu; is a normally distributed
K x 1unobserablezeromeanwhite noiseprocesswith covariancematrix ¥,,. If thevariablesare
cointgygratedthe VAR (p) model(2.1) hasa vectorerrorcorrectionrepresentation

Ay =y + 1Ay 1+ -+ T 1Ay pra + EDy + 1y, (2.2)

denotedas VECM(p), which is obtainedby subtractingy; ; from both sidesof (2.1) andrear
rangingterms(seee.g.Lutkepohl(2001) for details).In cointegratedmodelsll hasreducedank
r = rk(Il) < K andcanbedecomposedsI] = o', wherea andj are K x r matricescontaining
the loading (or feedback)coeficientsandthe cointegrationvectors,respectrely. Beforethe LR
testfor weakexogeneityis applied,researchergypically imposeidentifying assumption®n the
cointggratingvectors3. Thentestingfor weakexogeneitymeandestingzerorestrictionsonthe o
matrix. We startby describinga LR testfor generakestrictionsona andg .

2.1 ThelLikelihood Ratio Test

Within the VECM (2.2) researcherareofteninterestedn testinggeneralestrictionson 5 anda.
Boswijk (1995 suggestedo expressgenerarestrictionson 5 as

vec = Ho + h, (2.3)

whereH is aknown Kr x n matrix, ¢ isan x 1 vectorcontainingthe free parameterandh is a
known Kr x 1 vectorcorrespondingo normalizingrestrictionson (5. Linearexclusionrestrictions
on « canbewrittenas

veca' = Gy (2.4)

whereG is aknown Kr x s matrix and~ is a s x 1 vectorcontainingthe free adjustmenpa-
rameters.Usingthis notation,fairly generalrestrictionscanbe capturedhowever, estimatingthe
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modelunderthesegeneralestrictionsrequiresaniterative procedure Boswijk (1995 shaws that
MaximumLikelihood(ML) estimatordor ¢, v and:,, canbeobtainedoy iteratingon

¢ =[H'(a'S%a @ Sn)H] ™ x (H' (/S @ Ix)vec Sy — H'(a'S;a @ Sip)h)
5= [G'(S, @ 3'5uB)G] T G (2, @ B)vec Sio

Sy = Soo— ' S10 — SorBa’ + af'S116a’

using suitablestartingvalues. S;; are the momentmatricesfrom the reducedrank regression
suggestethy Johanseif1995. Oncetherestrictednodelhasbeenestimatedacorrespondind. R
statisticcanbe calculatedas

LR=T(n|%| —In|%,)), (2.5)

where3, (f]g) is the estimatedcovariancematrix without (with) the imposedrestriction. LR
is asymptoticallyy?(df) distributedwith df beingthe degreeof overidentification. Alternative
algorithmsto estimatea cointeggratedVAR modelundergeneralrestrictionson the cointegration
spacehave beensuggestedby Doornik & Hendry(1997 Chapterll).

Alternatively, if only hypothesesn a areof interesta L R teststatisticcanbe easilycomputed
without usinganiterative procedure.In fact, simplehypothese®n the feedbackcoeficientscan
alsobeexpresseds

a= Gy (2.6)

wherey is as x r matrix of freeparameterand( is aknown K x s matrix of onesandzeros.For
example,if we have a four dimensionakystem(KX = 4) with onecointegratingrelation(r = 1)
andwish to testwhetherthe error correctionterm entersthe secondequation,i.e. we testweak
exogeneityof the secondvariable the null hypothesesanbewritten as

a1 100
71
0 00O
— — ) 2.7
a as 01072 (2.7)
as] oo 1| L”

Sincewe only imposerestrictionson «, hypothesesik e (2.6) canbetestedby solvinga modified
eigervalueproblemasdescribedy Johansel(1995 Chaptei8). Thecorrespondind.R statisticis
computedas

LR = Tiln[(l —\)/(1=X\)] (2.8)

i=1



where\; ();) arethe eigervaluescalculatedwithout (with) the restriction. LR is againasymp-
totically x?(df) distributedwheredf denotesthe degreeof overidentification. Note that testing
hypothesesike (2.6) is only of interestif » = 1, becausenly thenno additionalidentifying re-
strictionson 3 areneeded.Therefore,in the Monte Carlo simulationspresentedn Section3 we
considersimplerestrictionsof type (2.6) in systemswvherer = 1, andmoregeneralrestrictions
(2.3 and(2.9) if r > 1.

2.2 The Subset Test

Supposédhe researchehasimposed(over)identifying restrictionson the cointegratingvectorss
to give the long run relationsan economicinterpretation.In orderto have a more parsimonious
descriptionof thedata,he maywantto imposeadditionalrestrictions.To achiese this, hetypically
mapsthe modelinto VECM representatiofy fixing 4 and computingthe error correctionterm
ec; = 'y, S0(2.2) becomes

Ay, = aeci 1 +T1Ay 1+ -+ Ty aAy pra + ED; + uy, (2.9)

andusessomemodelselectiomalgorithmto deletevariablesrom themodel. Typically, oneselects
zerorestrictionsonI' := (I'; : --- : T',_;) first andfinally decideson the significanceof the
a parameters.As alreadypointedout in the introduction, the intuition for this procedureis to
reducethe numberof parametersirst andtherebyincreasinghe precisionof the importanttests
on «. Becausat involvesimposingsubsetrestrictionson the VECM in afirst step,we call this
procedurea Subsetest. By writing themodelin VECM form, all variablesarein /(0) spaceand
cornventionalt- or F'-testscanbe usedto conductthe weak exogeneitytest. The implementation
of the this ‘test’ differs acrossstudies,becausef differentmodel selectionmethods.In fact, a
numberof procedureso deletevariablesfrom a systemhave beenproposedn theliterature. For
example,Hendry (1995 suggestedhe general-to-specifi§Gets) methodologythat is basedon
a sequencef t-testsand a numberof misspecificatiorteststo ensurean adequatdinal model.
The methodis frequentlyusedin empiricalmodeling. More recently Krolzig & Hendry(2007)
have implementedhe Getsmethodinto an automateccomputeralgorithm (PcGets)andKrolzig
(2001 hasshavn the usefulnessor reducingVAR models.Alternatve methodsypically include
procedureshatarebasedon informationcriteria (seee.g.Lutkepohl (1991, Chapters)). For the
VAR framavork Briggemanni Litkepohl (2001) comparedifferent subsetmodelingmethods
andfind that systembasedproceduresre not superiorto methodsbasedon the singleequations.
Therefore herewe usea single equationstratey thatamountsto sequentiallydeletingvariables
with lowestabsolute-ratiosuntil all aregreaterthansomethresholdvaluer. More formally, we
canwrite the k-th equationof (2.9) as

Aype = ageci_g + 2y + -+l +up,  t=1,....T (2.10)

where oy, is the k-th row of a andz,,; (m = 1,..., M) denotesall otherregressorsn that
equation.Let ¢ denotethet-ratio from an OLS estimationassociateavith 9J,, In the j-th stepof
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theprocedureln reductionstep; we deletex,,,; if

()= min 1] and i) <7
i=1,..,M—j+1

Thealgorithmstopsif all |t§,{)| > 7. Thecritical value
7 =1; = {[exp(cr/T) — (T — M + j — 1)}*/? (2.11)

is a function of the samplesizeT’, the numberof initial regressors\/ andthereductionstepj. 7

alsodepend®n ¢y, which varieswith the choiceof atypical informationcriterion (AIC: ¢ = 2,

HQ: c¢r = 2loglogT andSC: ¢y = logT). Thecritical valuein this testingprocedurgTP) for

eachtestis chosenaccordingto (2.11) to insurethat a relatedprocedurebasedon a sequential
eliminationof regressor{ SER) usinginformationcriterialeadsto the samefinal model. There-
fore,wereferto this stratggy asSER/TPin thefollowing. Krolzig (2001 compareshePcGetsaand
SER/TPalgorithmandfindsthatPcGetshasslightly bettersize properties However, the compar

isonis basedn onespecificDGP andclearlya moresystematicomparisors necessaryResults
availablesofarindicateno majoradwantagefor the moresophisticatedPcGetsalgorithm.

In the Monte Carlosimulationsof the Subsetest,we useSER/TPtogethemwith AIC to impose
zerorestrictionson I', becausehis stratgy hasperformedrelatively well in the comparisonof
Briggemanr& Litkepohl(2001). The stepsnecessaryn the Subsetestcanbe summarizechs
follows:

e mapcointggratedVAR to VECM representatiof2.9)
e UseSER/TPto imposezerorestrictionsonI" (excludea’sfrom search)

o test(weakexogeneity)hypothesesn o usingt- or F'-tests

2.3 Small Sample Correction and Bootstrap Tests

In this paperwe aremainly concernedvith the testperformancen finite samplesituationsfaced
by appliedeconometriciansThe distribution of the LR testis only an asymptoticone and may
be quite misleading.In fact, in somestudiesconcernedvith testinglinearrestrictionson cointe-
gratingvectorsthe LR testhassereresizedistortions(seee.g.Gredenhdf& Jacobsorf2001) and
referencegherein). A similar problemmay be presentwhentestinghypothese®n «, aspointed
out by Podvinsky (1992. Therefore,it may be usefulto considersomekind of small sample
adjustmentFor the LR testswe usetwo smallsamplemodifications.Thefirst methodis a simple
degreesof freedomcorrectionassuggestetby Sims(198Q p. 17)

LRM = (T — k)LR/T — 2(df), (2.12)

wherek is a correctionfor the degreesof freedomasdiscussedbelon. LR hasthe sameasymp-
totic distribution as LR, but is lesslikely to rejectin small samples.Moreover, we know from
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standardinear regressionmodelsthat the F'-versionof the LR testis betterbehaed in small
samplesThereforewe alsoconsider

F = LR/df ~ F(df. T — k), (2.13)

wherek againis somedegreesof freedomcorrection.(2.13 is approximatelyF’ distributed(see
LUtkepohl(1991, p. 123)). Choosingk is crucialbecausét affectstheteststatisticor the degrees
of freedomandhencethetestdecision.A numberof proposaldhave beenmadein the literature.
Typically, k is the approximatenumberof estimatecparametersn the system(2.2) or thenumber
of estimatecparametersn oneequationof the system.Podvinsky (1992 suggestedo choosek

equalto the total numberof parametersn 11 andI’ of (2.2). This correctionworked well in the
specificexampleusedin his simulation.However, if K andp getlargerelative to the samplesize
T, oneendsup with negative degreesof freedom. We thereforechoosek suchthatit equalsthe
approximatenumberof estimatedtoeficientsin oneequationof (2.2), assuggestedby L iitkepohl
(1991, p. 123)in the VAR context. More preciselywe let

k=r+Kr+Kp-1)+1 (2.14)

wherethefirst right handsideterm givesthe numberof a parameterperequationthe secondhe
numberof 3 parametersandthe lasttwo the numberof parametersn I' and= in oneequation
of the system® One might amue, that the value of % is too large becauset actuallyincludes
the numberof 5 parameter§/Kr) of the whole system.On the otherhand,choosingk too small
reducegheeffectof thecorrection.Using(2.14) we alsosometimegetanegative valuefor T — k.

Forinstancefor T’ = 30, K = 4,r = 3andp = 5wefind T' — k = —2. Thereforewe use

k=r+r+Kp-1)+1 (2.15)

asanalternatve measurdor the approximatenumberof estimatedparameterén oneequation.it
is yetunclearwhich & is the preferredcorrection,but the discussioralreadyhighlightsonemajor
dravback of small samplecorrectionsof test statistics: The choiceof k is someavhat arbitrary
andthe optimal £ might dependon the specificpropertiesof the consideredsystem.To avoid the
problemof choosingk, we canalternatvely estimatea bootstrapversionof the L R statisticusing
thefollowing procedure:

1. Estimatethe cointegratedmodelunderHy, recordthe LR teststatisticandsave theparame-

tersa, 3,1, =.
2. Draw bootstrapresidualsuj, . .. , us. with replacemenfrom estimatedcenteredresiduals
Uy — 1, ... ar —u, wherea = (1/T) S .

3. Generatebootstraptime seriesy; recursvely using &, B, I, = andgiven presamplevalues

Y—p+1,--- 5 Yo-

IHerewe considertthe numberof parameterin a modelwith interceptonly.
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4. Estimatethe L R statisticusingthe bootstraptime series.
5. Repeak. - 4. mary times.

6. CompareL R with the (1 — «)-quantileof the bootstrapdistribution.

SinceL R is asymptoticallypivotal, this might bea classicakituationwherethebootstrags useful
(seeHorowitz & Savin (2000). To assesshe smallsampleperformancef all testswe useMonte
Carlosimulationtechniques.

3 MonteCarlo Evidence

The aim of the Monte Carlo studyis to find out whetherthe LR test(possiblycorrectedn small
samplespr the Subsetestis the bestway to modeltheloadingcoeficientsa. Thereforewe first
compareempiricalsizesof thestandard_R test(2.5) and(2.8) with thoseof the Subsetest. Then,
we presentesultsfor the modifiedstatistics(2.12) and(2.13 andcomparehemto resultsof the
bootstraptest.

We usetwo typesof DGPs. DGPsof thefirst type aredatabased,.e. in the Monte Carlowe
useparametershat have beenestimatedy fitting a VAR modelto real world data. We do soto
getarealisticDGPin termsof dimensiongdynamicsandcointegrationproperties.The secondset
of DGPsareartificial ones,becausehis enablesusto changethe propertiesof the cointegration
space(i.e. the cointgyratingrank).

Theparameteror thedatabasedD GPshave beengeneratedby fitting cointegratedVAR mod-
elsto adatasetfor the U.K. monetarysector The datawerefirst analyzedoy Hendry& Ericsson
(1991 andlaterreconsideredby inter alia Johanser{1992, Hendry (1995 andDoornik, Hendry
& Nielsen(1998. We usethe databecausave think they represenatypical systemanalyzedwith
cointggrationtechniquesThe dataincludethelog of M1 money (m), thelog of TFE deflator(p),
thelog of real TFE in 1985prices(inc) andameasuref opportunitycostsfor holdingmoney (R),
thetypicalingredientdor amonegy demandanalysis.We estimatévVAR modelsundertherankre-
strictionr = 1 with lag orderp rangingfrom 1 to 5 includinganunrestrictecconstantin addition,
we imposetheweakexogeneityrestrictionsn, = a3 = a4 — O andsave @, 3,1y, ... ,I,—1, = and
3. To consere spacewe only list the cointegrationparametersn Table1. The remainingpa-
rameterareavailablefrom theauthoronrequestObviously the 3 parametersary only very little
whenincreasingthe lag length. The databasedDGPsthereforehave very similar cointegration
properties.

To assesshe influenceof the cointegratingrank, we have alsoconsideredrtificial DGPsand
give the cointegrationparametere the bottompanelof Tablel. Usingd; andd, we canvary the
cointegrating rank of the systembetweenone andthree. For instance,f 6, = §, = 1 thenthe
cointggratingrankof the DGPis r» = 3. For eachchoiceof r we alsoconsiderdifferentdynamics
by varyingp from 1 to 5. For agivenp, we usethe samevaluesfor I'y, ... ,I',_1,Z andX,, asin
thecorrespondingmpiricalU.K. money demandsystem.
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Tablel: DGPsfor Monte Carlo Experiments

DGP CointggrationParameters D D,
DataBasedDGPs:
(@) o/=(-009% 0 0 0),/=(1 0842 —1.541 5580) 1 CON
(b) o=(-0103 0 0 0),/=(1 —-0911 —-1.365 6.390) 2 CON
(c) o/=(-0097 0 0 0),//=(1 —-0930 —-1.356 6.813) 3 CON
(d) o=(-0128 0 0 0),8 =(1 —-0950 —1.272 6.905) 4 CON
(e) o/=(-0153 0 0 0),5 =(1 —-0957 —1.234 6.891) 5 CON
Artificial DGPs:
-0.1 0 0
= 0 —0.2 o e ; 1_51 150 8
‘- 0 0 -0z |V | [ _152 L,
0 014 0
H—-k) 6,=0,0,=0 1-5 CON
O—(p) 01=210,=0 1-5 CON
(@)—-u) 6=10=1 1-5 CON
Note: Parametewaluesfor I'y,... ,I',_1 aswell as= correspondo estimatedvaluesfrom the

U.K. monegy demandnodelwith lag orderp. CONis anunrestrictecconstant.

From both DGP types,we have generatedl000 replicationsof lengthT" rangingfrom 30 to
1000andfit a cointegratedVAR model. In this paper we are primarily interestedn the testfor
weakexogeneityandthereforeestimatethe modelsusingthe correctlag lengthp andthe correct
cointegrationrankr. Moreover, for DGPswith » > 1, we alsoestimatehe modelusing‘correct’
identifying assumptionshat exactly identify all cointegrationvectors. For example,whenusing
DGPs(I)—(p), we imposethefollowing restrictionson j:

, 1 -1 * ok

wherex indicatesfree elementf 3. In principle,imposingcorrectp, » andidentifying assump-
tionsshouldimprovetheperformancef theweakexogeneitytestsrelative to the situationfacedin
practice.Neverthelessywe conducttheexperimentsasif p, » andtheidentifyingassumptionsvere
known, becauseve wantto assesshetestitself andnot otherfactorsaffectingits performance.
Usingtheteststatisticy2.5),(2.8), (2.12 and(2.13 we thentestthe following hypotheses

1. _
OHO.Oézl—O
QHOZZOQl:a?,l:O

3. — — —
® HO.Ozzl—Ozgl—Oé41—O



Notethatin this casedf, the degreeof overidentificationis simply the numberof a coeficients
to betestedpbecause’ is exactly identified. If we usethe Subsetest,we first reducethe shortrun
dynamicsj.e. we imposezerorestrictionson I', beforeconductinga t-testfor [} and F'-testsfor
HZandH.

For all tests,we recordthe relative rejectionfrequenciesf the hypothesesi.e. the empirical
size.Giventhenominalsizeof P = 0.05and1000Monte Carloreplicationsthe standarcerror of
theMonteCarlois /P(1 — P)/1000andhencehe? standarerrorconfidencénterval aroundhe
nominalsizeis (0.036,0.064). All simulationswere performedusingGAUSSv3.2 for Windows.
For cornveniencewe presentheresultsgraphicallyanddiscusghemin thefollowing sections.

3.1 LR-vs Subset Test

Figurel shows the empiricalsize(i.e. therelative rejectionfrequeng of thetrue Hy) of the stan-
dard LR andthe Subsettestfor samplesizesT' rangingfrom 30 to 100 andfor the databased
DGPs(a)to (e). Theconfidencébandaroundthe nominalsizeis indicatedby the dashecdorizon-
tal lines. For 7' = 30 and71’ = 60, the empiricalsizesof bothtestsareclearly above the desired
level of 5% in all casesWe find thattheempiricalsizeincreasesvith thelaglengthof thesystem.
Although appliedresearchermostlik ely avoid to fit large lag dynamicsto shorttime series,we
have includedresultsfor 7' = 30 to geta senseon how badthingscanget. In thesevery small
sampleswe find severesizedistortionsfor both testtypeswith sizesranginganywherebetween
13and99 %. We alsofind thatthe performanceof bothtestsdeterioratesvith increasingdegrees
of overidentification,i.e. the empirical sizeincreasesvhenmoving from A} to H3 and H3. In
almostall caseghe LR testhassizesconsiderablycloserto the nominallevel thanthe Subsetest.
For p = 1, however, we find thatthe Subsettestandthe LR testperformvery similar. This can
be expected becausehereis no searchfor zerorestrictionsif p = 1 in the Subsetestandhence,
bothtestsarevery similar. In contrastfor p > 1, we searchfor zerorestrictionsin I' whenusing
the Subsetestandwe consistentlygetmoreseveresizedistortionsthanfor L R. We alsoobsenre
thatthe Subsetestperformsincreasinglyworserelatve to L R whenincreasingthe lag lengthp.
This might be an indicationthat the performanceof the Subsettestis adwerselyaffectedby the
numberof modelselectionstepsinvolved. Interestingly this phenomenoms not simply a small
sampleproblem. To seethis, we have repeatedhe Monte Carlofor 7" = 200,500, 1000andgive
resultsin Figure2. For the LR testwe find empiricalsizesfairly closeto the 5% level andalmost
alwayswithin the confidenceband. In otherwords, the LR testworks very well in sufficiently
large samples.In contrast,the Subsettestis still severely oversizedevenif 7" = 1000, a case
virtually never encounteredn realworld macroeconometriime seriesmodeling. We have also
repeatedhe Monte Carlo comparisorfor the artificial DGPsandbasicallyfind the samepicture.
To consere spacewe do notshav theseresultshere.

To sumup, theresultssuggesto usetheLR testfor hypothesesn 3 anda first, beforeimposing
exclusionrestrictionson I'. However, we alsofind sizedistortionsof the LR testin smallsamples



and hence,it may be worthwhile to considerthe small samplemodificationsand the bootstrap
versiondiscussedn Section2.3.

3.2 Small Sample Correction and the Bootstrap LR Test

Figure 3 againshaws the sizeof IR now with additionalresultsfor LRM, I and LR*. Results
for the LR have beenobtainedby usingthe correction(2.14). We do not shaw resultsfor using
(2.195, because¢hesecorrectionsarelesseffective andperformworsethantheonesshovn. Results
for thebootstraprersionarebasedn 200bootstrapdravs in eachMonte Carloreplication.

Theresultsfor the databasedDGPs(a)-(e),Figure3, shawv thatthe I’ approximatiorreduces
theactualsizeonly very little andthereis only aminorimprovementomparedo L R. In contrast,
the LRM testcanreducethe empiricalsize quite substantiallyalthoughthe resultingsizeis still
larger thanthe nominallevel. Similarly, LR* brings down the empirical size very closeto the
desiredevel with the exceptionof the caseof 7" = 30 andlarge p. As pointedout before,these
casesarerarely encounteredn practice. In the majority of casesthe bootstrapversion L R* has
thebestsizepropertieof all consideredeststatistics althoughfor the DGPs(a)-(e)thedifference
between R* and L R™ is small.

To geta moreinformative andgeneralpicture of the relative performanceof all four testsand
to investigateheinfluenceof the cointggrationrank,we alsoshow resultsfor theartificial DGPs.

To be more precise for DGPs(f)-(k), i.e. r = 1, we plot theresultsin Figure4. Compared
to the oversizedL R statistic,we againfind that the F' approximationonly leadsto very small
improvements. On the other hand, LR works relatively nicely whenp is large. This canbe
explainedby thefactthatthe correctionis afunctionof p. In mary caseswefind L R* to have the
smallesempiricalsize,oftenfairly closeto thedesiredevel (especiallyfor 7" = 60and7’ = 100).

If we increasethe cointegrating rank of the underlyingDGPto » = 2 andr = 3 (Figuresb
ande6), we oncemorefind evidencefor massve sizedistortionfor the L R test.In contrastto what
hasbeensaid,we now find that neither ' nor LR work satisfctorily. For 7" = 30, LR has
atendenyg to overcorrect,.e. the modifiedtestshave empirical sizesthatis significantlysmaller
thanthe nominalsize. In somecasesjt even dropsdown to zero (seeFigure5 and 6, column
1). This behaior is normally associatedvith alossin power againstalternatvesandhence not
desirable.In mostcases,LR* doesagainthe bestjob andits empiricalsizeis very closeto the
desiredevel. It is interestingto note,thatthe bootstrapwvorks betterwhenr = 2 orr = 3. This
fact may be dueto the exact identifying assumptions.Obviously, it paysto introducethe right
structureon the long run coeficients. The small samplecorrectedversions,however, only work
sometimesndoftenresultin empiricalsizessmallerthanthenominalsize.

We comparehe power of thebootstrapgest L R* to the size-adjustegower of the standard. R
testto checkwhetherusingthe bootstraps associatedavith lossin power againsialternatves. For
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the power simulationswe useDGPsfrom Tablel andlet ap; vary accordingto

1 = %, be{0,02,04,...,3}, (3.2)
andrecordtherejectionfrequenciegor hypothesedi}, H2, H3. To make resultscomparableye
computethesize-adjustegower of thestandard. R test,i.e. we adjustthecritical valuessuchthat
theempiricalsizeof LR is exactly 0.05. Moreover, we only comparecaseswherethe empirical
sizeof thebootstrapest/ R* is very closeto 0.05. As atypical resultfrom the power simulations,
Figure7 showns the comparisorfor DGP (s),i.e. a DGP with cointggratingrankr = 3 andp = 3.
For Hj thereis virtually no differencebetweerthepowerof LR* and LR, whereador H andH;
thebootstrapgestis morepowerful than L R. For 7' = 100,however, the differencesareagainvery
small. The comparisonndicatesthatusingthe bootstraps not associatedavith alossin power. In
fact,the bootstrapgesthassometimes®venmorepower thanthe standardest.

Overall, theresultsfrom the Monte Carlo experimentandicatethatthe bootstrapest L R* has
the mostfavorablesize propertiesandits poweris comparabldo the standard. R test. Sincethe
performanceof the L. R testdependn the samplesize,the dynamicsp, the degreeof overiden-
tification and the cointegrating propertiesof the underlyingsystem,. R* doesa betterjob than
the suggestedmall samplemodifications. Consequentlyit is advisableto use L R* for testing
restrictionson a.

4 Conclusions

We have consideredlifferentmethoddor testingthe significanceof loading(or feedback)coefi-
cientsin cointggratedVAR models.Testinghypothese®n the loadingcoeficientsis alsoclosely
relatedto the conceptof weakexogeneitywith respecto the long run parametersWe amguethat
thesetestsare importantto identify andinterpretthe shortrun structurein a cointegratedVAR
modelin a meaningfulway. Therefore,we areinterestedn the size propertiesof thesetestsin
smallsamplesBothtesttypeshave frequentlybeenusedin appliedwork. Thefirst oneis thestan-
dard LR testin the Johanseriramenork. The secondtestis basedon mappingthe cointegrated
VAR modelinto VECM representatiomndthenreducingthe modelusingsomemodelselection
procedureébeforetestingthe significanceof the o parameters.

We have conducteda numberof Monte Carloexperimentsandfind considerablsizedistortions
in smallsamplesituations.More precisely bothtestsrejectthe true null too often. Only whenno
modelselectiorof theshortrundynamicds conductedvithin the Subsetest,it performssimilarto
the LR test.In all othercasesye find thatthe LR testhasmorefavorablesizepropertiesn small
samplesThe Monte Carlostudyrevealsthatthe sizedistortionsfor the Subsetestarenot simply
asmallsamplephenomenorut a problemthatdoesnotvanishin large samplesObviously, these
sizedistortionsarerelatedto the modelselectionof laggeddifferences.Overall, the resultsfrom
the comparisorsuggesto usethe LR- ratherthanthe Subsetest.
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Sincethe LR testalsohassize distortionsin small sampleswe alsoinvestigatedhe perfor
manceof two smallsamplemodificationsanda bootstrapversionof this tests.We find thatthe F’
approximatiorcannotsuccessfullyeducethe sizedistortions while a crudesmall samplemodifi-
cationworksin someof the considereadasesln someothercaseshowever, LM hasatendenyg
to overcorrectthe size distortion. Sincethe performanceof testson « typically dependson a
numberof factors,suchassamplesize,cointegratingproperties)ag length,we suggesto usethe
bootstragestL R* in appliedwork, becausé providesthemostreliablesizecorrectionandhence,
the mostfavorablesmallsamplebehaior.

Theresultshave importantimplicationsfor empiricalmodelbuilding: Testingthe significance
of loadingparametershouldbe donewithin the Johanserframewnork, possiblyusinga bootstrap
correctedtest. In otherwords,the long run parameterg} andthe shortrun adjustmenstructure
a shouldbe modeledcarefully in a first step,before mappingthe modelto 7(0) and imposing
additionalrestrictionson coeficientsI' for the laggeddifferences. Given the propertiesof the
Subsetestprocedureit canmostlik ely notsuccessfullypeusedas‘a form of dataexploration’to
identify a meaningfuladjustmenstructure. Researcherssinga stratey similar to the Subsetest
mostcertainlyuseadditionalmodelingtools, suchasa batteryof misspecificatiorteststo derive
their final model. Thereforejn practice researchermayrevisethe modelspecifiedoy the Subset
testbasedon additionalevidenceandexpertknowledge. Clearly, we cannotmimic this behaior
in our Monte Carlo comparison.Therefore the Subsetestmay work betterin practicethanour
simulationresultssuggest. In practice,it may thus be advisableto startwith the LR* testfor
exclusionrestrictionson a. Then,onemaysetup the VECM, imposerestrictionson I" andfinally
checkagainthesignificanceof o parameter$o derive thefinal model.
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