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PRQTSTUWVYX[ZR\']_^TUa`b STVcURX[QTS"de^TUWfgZihjfkX[Q�\']_^lX[STV

\']_^ b'bnmob[prqes ZWfgQTVcZWZRX[QTS�tu] b Q bnv fg]cZ

w sTv�xybnm S�hiz|{}QTf�~nVcUWZWf�h�`X�h�� s�q VcU m fgQ

\'�lX[QTSlX s VcUR\�hjUc���

�a�����[� q VcU m fgQ

V v X[f m��
X[ZW]_^TU b VcS��R��f���f�� ^ s z x VcU m fgQ�� STV

ZW]_^lX[STVa�R��f���f�� ^ s z x VcU m fgQ�� STV
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¦ V§~'fgV§�eVcS"X[QTS�X[�T�TU b ~nVcS x/¨ w X[QTZ}©�`bnmgmgv VcU@ª q�«n¬ X[QTS®¯VcU b QTfg°�X²±@UWf v²v ª�de³ ¬ �

©´fgQlX[QT]cfkX m Z s �T� b Uih b[p hj^TV�±@VcU v X[Q ¦ VcZWVYX[UW]_^"© bns QTSlX�hjf b Qª�µ@©¶±)\�© qF· � ·/¬ fgZ

¸ UjX�hjV p sTmgm�¨ X[]_°�Q b � m VcS ¸ VcS��
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¦ VYX m STVc]cfgZWf b Q v X[°[VcUWZ�^lXY~nV x VcVcQ�X[U ¸ns VcS%h b x V�fgQ�� s VcQT]cVcS x/¨ �TUWf b U mgb ZWZ b U ¸ X[fgQ%V���z

�yVcUWfgVcQT]cVcZ��#V[� ¸ �}fgQ�Zih b ]_°�fgQ/~nVcZih v VcQ/h�STVc]cfgZWf b QTZEª�\'^TV p UWfgQ"X[QTS \�h_X�h v X[Q����n��� ¬ X[QTS"fgQ

VcQ/hjUWVc�TUWVcQTV s UWfkX m STVc]cfgZWf b QTZ�ª qeb � v X[Q®���n� «�� ©´fgV ¸ VcQ x X sTv X[QTS���^ bnv X[Z����n�n� � ©´fgV ¸ VcQ'z

x X sTv �����n� �! fgV v X[QTQ
X[QTS#"�V mgm V§��f ¸ h������n� ¬ �$��^TVcZWV"Zih s STfgVcZ²STVYX m ��f�hj^6hj^TV p X[]§h

hj^lX�h}�yV b � m V v X ¨%x V@UWfgZW° h_X[°�fgQ ¸ X p hjVcU mgb ZWZWVcZRX[QTS�UWfgZW°GXY~nVcUWZWV�X p hjVcU ¸ X[fgQTZ�X[QTS�UWV m X�hjV

hj^TVcZWV&%lQTSTfgQ ¸ Z h b �TU b ZW�yVc]§h hj^TV b U ¨(' Ze~[X mgs V p s QT]§hjf b Q�ª*)�X[^TQTV v X[Q%X[QTS�� ~nVcUWZW° ¨ ���/�+� �
� ~nVcUWZW° ¨ X[QTS,)�X[^TQTV v X[Q
����� «n¬ hj^lX�h�fgZ0] b QT]YXY~nV%X xyb ~nV%X[QTS4] b Q/~nV�� x V mgb � ]cVcUih_X[fgQ

UWV p VcUWVcQT]cV0� b fgQ/hjZc�

P m hj^ bnsT¸ ^
hj^TV"V��TX[]§h®fgQ�� s VcQT]cV b[p �TUWf b U ¸ X[fgQTZ%X[QTS mgb ZWZWVcZ v X ¨ Q b h®X m � X ¨ Z x V

] b QTZWfgZihjVcQ/h´��f�hj^0hj^TV ZW^lX[�yV b[p �TU b ZW�yVc]§h´hj^TV b U ¨(' Z¶~[X mgs V p s QT]§hjf b Q%ª-��^lX m VcU´X[QTS/. b ^TQTZ b Q

�����n� �0 V x VcU X[QTS
1 s ]_^TV mo« �n��� � \']_^lX[STV+��\�hjV sTm ��X[QTS®\']_^TUa`b STVcU « �n� «n¬ ��f�h v X ¨ X�h m VYX[Zih

x V��yVcUW]cVcf�~nVcS�X[ZGX v²b UWV%~[X m fgS6STVcZW]cUWfg��hjf b Q b[p UWVYX m STVc]cfgZWf b QTZ v X[°[VcUWZ '¯x Vc^lXY~'f b U²fgQ

X�~[X[UWfgV§h ¨b[p STVc]cfgZWf b Q�ZWf�h s X�hjf b QTZ�hj^lX[Q4Zih_X[QTSlX[UWSFª ~ b Q,2}V sTv X[QTQ�X[QTS3" b U ¸ VcQTZihjVcUWQ

���[³�� ¬eb U�Z sTx04 Vc]§hjf�~nV0V����yVc]§hjVcS s hjf m f�h ¨ hj^TV b U ¨ ª�\�XY~[X ¸ VE�����n� ¬ �

5 hRfgZ}X[Q b �yVcQ76 s VcZihjf b Q8� ¨ V§h9�#^ b ��Z s ]_^ x Vc^lXY~'f b U v X ¨ fgQ�� s VcQT]cV0hj^TV�� X ¨ �yV b � m V

� m X ¨G¸ X v VcZ���^ b �eV§~nVcUc� 5 Q%hj^TfgZ �lX[�yVcU����eV��TU b ~'fgSTV&%lUWZih�ZihjVc�TZ b[p X p b U v X m X[QlX m�¨ ZWfgZ b[p
Z s ]_^ x Vc^lXY~'f b Uc� \'�yVc]cf:%l]YX mgm�¨ ���eV0X[UWV@fgQ/~nVcZihjf ¸ X�hjfgQ ¸ hj^TV@V<;#Vc]§hjZ b[p X mgm � m X ¨ VcUWZ bnx V ¨ fgQ ¸
h b �TU b ZWVc�y]§hrhj^TV b U ¨(' Z´~[X mgs V p s QT]§hjf b Q b Q v f=��VcS�V�6 s f m f x UWfkX p b U¶ZWV m Vc]§hjVcSE] b QTSTf�hjf b QTZ¶fgQEX

Z ¨'v²v V§hjUWfg] ZWf v�sTm h_X[QTV bns Z v X[UW°[V§huVcQ/hjU ¨E¸ X v V[�  ^TVcUWVYX[Z¯ZWf v�sTm h_X[QTV bns Z v X[UW°[V§huVcQ/hjU ¨

¸ X v VcZ b Q m�¨ ^lXY~nV b QTVeV�6 s f m f x UWf sTv fgQ�� s UWVeZihjUjX�hjV ¸ fgVcZ´f p hj^TV ¸ X v V fgZrX[Z ¨'v²v V§hjUWfg]¯��f�hj^

fgQTSTf�~'fgS s X m VcQ/hjU ¨ ] b ZihjZ ª�\'V m hjVcQ X[QTS ±%`s hj^����n� «n¬ ��hj^TV ¨ ^lXY~nVEQ sTv VcU bns Z�X[Z ¨'v²v V§hjUWfg]

�



V�6 s f m f x UWfkXRfgQ²� s UWV�ZihjUjX�hjV ¸ fgVcZ¯f p hj^TV ¨ X[UWV�Z ¨'v²v V§hjUWfg]�X[QTS b QTV�Z ¨'v²v V§hjUWfg]�V�6 s f m f x UWf sTv
fgQ v f=��VcS®ZihjUjX�hjV ¸ fgVcZ�ª ZWVcV ¦ X[� b � b Uih�������� � ¦ X[� b � b Uih�V§h}X m �������n� ¬ �

PRZ¶�eV�X[UWV ¸nb fgQ ¸ h b ZW^ b �<fgQ�hj^TfgZ¶�lX[�yVcU��[hj^TVcUWV fgZrX s QTf 6 s VeZ ¨'v²v V§hjUWfg] V�6 s f m f x UWf sTv
fgQ v f=��VcS1ZihjUjX�hjV ¸ fgVcZ%X m Z b f p X mgm � m X ¨ VcUWZGhjUjX[QTZ p b U v �lX ¨nb ;#Z®X[]c] b UWSTfgQ ¸ h b �TU b ZW�yVc]§h

hj^TV b U ¨(' Z ~[X mgs V p s QT]§hjf b Q%X[QTS%X��TUWV p VcUWVcQT]cV@]YX m ] sTmgs Ze�TU b � b ZWVcS x/¨ \']_^lX[STV+�y\�hjV sTm ��X[QTS

\']_^TUa`b STVcU�ª « �n� «n¬ p b U v X m fg�cfgQ ¸ hj^TV fgSTVYX[Z b[p VYX[U m fgVcUGZih s STfgVcZª ZWVcVV[� ¸ � \'^TV p UWfgQ X[QTS

\�h_X�h v X[Q����n��� �0qeb � v X[Q����n� «�� ©´fgV ¸ VcQ x X sTv X[QTS ��^ bnv X[Z����n�n� �& fgV v X[QTQ X[QTS

"�V mgm V§��f ¸ h������n� ¬ f p hj^TV ¨ ^lXY~nVEfgSTVcQ/hjfg]YX m Zih_X[UihjfgQ ¸ � b fgQ/hjZEª f�� V[�@fgSTVcQ/hjfg]YX m¶¸ X[fgQ b U mgb ZWZ

V����yVcUWfgVcQT]cV ¬ �  V p s Uihj^TVcU v²b UWV�X[QlX m�¨ �cV�hj^TV ¸ X v V p b U�hj^TV0]YX[ZWV b[p hj^TUWVcV�� m X ¨ VcUWZ�X[QTS

]YX m ] sTm X�hjV�hj^TVRV�6 s f m f x UWf sTv � b fgQ/hjZ p b U¯hj^TVR]YX[ZWVcZ b[p Z ¨'v²v V§hjUWfg]RX[Z �eV mgm X[ZeX[Z ¨'v²v V§hjUWfg]

Zih_X[UihjfgQ ¸ � b fgQ/hjZ�ª f�� V[� p b U b QTV"� m X ¨ VcUG^lXY~'fgQ ¸ X�Zih_X[UihjfgQ ¸ � b fgQ/h STf:;#VcUWfgQ ¸�p U bnv hj^TV

b hj^TVcUWZ ¬ �

��^TVe�lX[�yVcU´�TU b ]cVcVcSTZuX[Z p bnmgmgb ��Zc� 5 Q�hj^TVeQTV��'huZWVc]§hjf b Q0hj^TV X[ZWZ sTv ��hjf b QTZ s QTSTVcU m�¨ fgQ ¸

bns UuX[QlX m�¨ ZWfgZ´��f mgm'x V ZW�yVc]cf:%lVcS8�'X[QTS��eV v²b hjf�~[X�hjV¯hj^TV ¸ VcQTVcUjX m ZihjU s ]§h s UWV b[pybns U v²b STV m �

5 Q hj^TV hj^TfgUWSEZWVc]§hjf b Q8�/�eV�STV<%lQTV�hj^TV hjUjX[QTZ p b U v VcS v X[UW°[V§h¯VcQ/hjU ¨E¸ X v V+�nf��´V[�´hj^TV ¸ X v V

fgQ/hjV ¸ UjX�hjfgQ ¸²bns U x Vc^lXY~'f b UjX m X[ZWZ sTv ��hjf b QTZc����^TV�Z sTx ZWV�6 s VcQ/h�ZWVc]§hjf b Q�hj^TVcQ"UWVc�TUWVcZWVcQ/hjZ

X ¸ VcQTVcUjX m �yQ'z � m X ¨ VcU}�TU b'b[prb[p hj^TV�V���fgZihjVcQT]cV+�#Z ¨'v²v V§hjU ¨ �#X[QTS s QTf 6 s VcQTVcZWZ b[p X v f=��VcS

ZihjUjX�hjV ¸[¨ V�6 s f m f x UWf sTv p b U�hj^TV0]YX[ZWV b[p fgSTVcQ/hjfg]YX m Zih_X[UihjfgQ ¸ � b fgQ/hjZc�  V�hj^TVcQ"STVYX m ��f�hj^

hj^TV"X[QlX m�¨ ZWfgZ b[p hj^TV�hj^TUWVcV z � m X ¨ VcU ]YX[ZWV[� 5 Q
hj^TV
%lQlX m h � b ZWVc]§hjf b QTZ²�eV���f mgm�x UWfgV<� ¨
STfgZW] s ZWZ bns U!%lQTSTfgQ ¸ Z}X[QTS bns h m fgQTVRhj^TV�f v � m fg]YX�hjf b QTZ p b U p s Uihj^TVcU�UWVcZWVYX[UW]_^��

«
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 V�X[ZWZ sTv V�hj^lX�hRX mgm � m X ¨ VcUWZ bnx V ¨ h b X²�TUWV p VcUWVcQT]cV�]YX m ] sTmgs Z x X[ZWVcS b Q��TU b ZW�yVc]§h}hj^TV z

b U ¨(' Z�~[X mgs V p s QT]§hjf b Q������ � �"!#� fgQ�hj^TV²�lX[UjX v V§hjVcUWfg�cVcS ~nVcUWZWf b Q b[p � ~nVcUWZW° ¨ X[QTS
)�X[^TQTV v X[Q�ª|����� «n¬ � ��^TV p s QT]§hjf b QlX m#p b U v p b U�X v VcSTfkX[Q%STVc]cfgZWf b Q v X[°[VcU�fgZ x X[ZWVcS b Q

XE~[X[Zih�Q sTv�x VcU b[p V����yVcUWf v VcQ/hjZ b Q%$'& � ¸ X v VcZ �
ª|� ¬ �����rª)( ¬ � &

*++, ++-
(/. f p (�0 � �
132 ª 1 ( ¬54 f p (�6���7

��^TVcUWV�hj^TV��lX[UjX v V§hjVcUWZ}X[UWV98;:=<�:-��> �n� X[QTS 2 : « > « �'�
5 p � m X ¨ VcUWZ´UWVc]cVcQ/h m�¨ V����yVcUWfgVcQT]cVcS X ¸ X[fgQ b U´X mgb ZWZ���hj^TV ¨ X[UWVefgQ�X[STSTf�hjf b Q0X[ZWZ sTv VcS�h b

x Vc^lXY~nV�X[]c] b UWSTfgQ ¸ h b hj^TV p bnmgmgb ��fgQ ¸ �TUWV p VcUWVcQT]cV�]YX m ] sTmgs Ze�TU b � b ZWVcS x/¨ \']_^lX[STV+�y\�hjV sTm �

X[QTS"\']_^TUa`b STVcU�ª « �n� «n¬ �

ª «n¬ ?A@CB ª)( ¬ &D�#ª)(/E�FG( ¬ 1 �#ª)(/E ¬ 7
p b U¯X@Zih_X[UihjfgQ ¸ � b fgQ/h�(/E���X@UWV p VcUWVcQT]cV}� b fgQ/h b[p �cVcU b ��� b hjVcQ/hjfkX m'p s h s UWV bns hj] bnv VcZ�(��'X[QTS
� x VcfgQ ¸ �TU b ZW�yVc]§h}hj^TV b U ¨(' Z�~[X mgs V p s QT]§hjf b Q��
©´f ¸ns UWV��0STV v²b QTZihjUjX�hjVcZ�hj^TV�V<;#Vc]§h b[p XEZih_X[UihjfgQ ¸ � b fgQ/h b Q%hj^TV0Z sTx ZWV�6 s VcQ/h�V§~[X mgs z

X�hjf b Q b[p �lX ¨'v VcQ/hjZc� 5 h�fgZRVYX[Z ¨ h b ZWVcV�hj^lX�hRhj^TV0~[X mgs X�hjf b Q b[p X Z sTx ZWV�6 s VcQ/h bns hj] bnv V

fgZ�STVc�yVcQTSTVcQ/h b[p �TUWf b U ¸ X[fgQTZ b U mgb ZWZWVcZc�

2 b hjVehj^lX�hu�eV�S b Q b hufgQT] mgs STV �TU bnx X x f m f�h ¨ �eVcf ¸ ^/hjfgQ ¸ z¶X m Z b f v � m fgVcS x/¨ ª ] sTv�sTm X�hjf�~nV ¬
�TU b ZW�yVc]§h�hj^TV b U ¨ ª-� ~nVcUWZW° ¨ X[QTS�)�X[^TQTV v X[Q4����� «n¬ z fgQ bns UR�TUWV p VcUWVcQT]cVE]YX m ] sTmgs Z�ª p b U

] b QTZWfgSTVcUjX�hjf b Q b[p Q b Q'z|X[STSTf�hW~nV x V m fgV p Z�fgQH$�z �yVcUWZ b Q ¸ X v VcZ�ZWVcV p � V[�tufg]_^ x VcU ¸ VcUEX[QTS
)@V m ZWV ¨G« �n�n� ¬ � ��^TV@X[QlX m�¨ ZWfgZu� bnsTm S x Vc] bnv V v²b UWV}] bnv � m fg]YX�hjVcS b U¯V§~nVcQ s Q/hjUjX[]§h_X xTm V[�

t ���yVc]§hjVcS<�lX ¨nb ; v X ��f v fg�YX�hjf b Q ��f�hj^ v f=��VcS�ZihjUjX�hjV ¸ fgVcZ�fgZ�STV<%lQTVcS b Q4hj^TV x X[ZWfgZ b[p

·



Loss Gain

Value

v(y0+x)

y0

v(y0)

v(x0)

v(x0+x)

x0

( ) ( ) ( )
0 0 0x

x v x x v xs = + -

( ) ( ) ( )
0 0 0y

x v y x v ys = + -

©´f ¸ns UWVE� �  X mgs X�hjf b Q b[p X[Q bns hj] bnv V �%��f�hj^®�TUWf b U mgb ZWZ�X[QTS ¸ X[fgQ%V����yVcUWfgVcQT]cVcZ b Q®hj^TV

x X[ZWfgZ b[p �TU b ZW�yVc]§h�hj^TV b U ¨(' Z�~[X mgs V p s QT]§hjf b Q�X[QTS®hj^TV�Zih_X[UihjfgQ ¸ � b fgQ/hjZ ' ]YX m ] sTmgs Z

� UWV ¸nsTm X[U � ��Q b Q'z hjUjX[QTZ p b U v VcS®�TU bnx X x f m f�hjfgVcZefgQ ¸ X v V�hj^TV b U ¨ �

" b UWVEf v � b Uih_X[Q/h9�#��^TVcQ�fgQ/hjV ¸ UjX�hjfgQ ¸ hj^TVcZWV x Vc^lXY~'f b UjX m ] b QT]cVc��hjZ0fgQ/h b X%ZWf v�sTm h_X�z

QTV bns Z v X[UW°[V§h�VcQ/hjU ¨®¸ X v V+���eV���f mgm X[ZWZ sTv V@hj^lX�hRX mgm � m X ¨ VcUWZ bnx V ¨ h b hj^TV p s QT]§hjf b QlX m

p b U v X[QTS hj^TVR�lX[UjX v V§hjVcUWZ ~[X m fgS p b UeX v VcSTfkX[Q STVc]cfgZWf b Q v X[°[VcUeX[]c] b UWSTfgQ ¸ h b � ~nVcUWZW° ¨
X[QTS�)�X[^TQTV v X[Q�ª|����� «n¬ �/X[QTSEhj^lX�hrhj^TfgZufgZr] bnv²v²b Q�°�Q b � m VcS ¸ V � f��´V[�uX mgm � m X ¨ VcUWZu°�Q b �

hj^lX�huX mgm'b hj^TVcUWZ´V§~[X mgs X�hjV X[]c] b UWSTfgQ ¸ h b �TU b ZW�yVc]§hrhj^TV b U ¨ X[QTS�hj^TV�X xyb ~nV z ZW�yVc]cf:%lVcS �TUWV p z

VcUWVcQT]cV ]YX m ] sTmgs Zc����^lX�h�X[ZWZ sTv ��hjf b Q fgZ m VcZWZ0UWVcZihjUWfg]§hjf�~nVEhj^lX[Qf�h v X ¨ X[�T�yVYX[U0X�h %lUWZih

ZWf ¸ ^/hY� 5 h v VYX[QTZ�Q b hj^TfgQ ¸ xTs h�X[Q"fgQ/h s f�hjf�~nV s QTSTVcUWZih_X[QTSTfgQ ¸%b[p¯x X[ZWfg] x Vc^lXY~'f b UjX m ] b Q'z
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X[QTS�� b ZWf�hjf�~nV[�

5 p hj^TV%Zih_X[UihjfgQ ¸ � b fgQ/h�~[X mgs VcZ b[p hj^TVGh � b %lUWZih²� m X ¨ VcUWZ²X[UWV%Z v X mgm X[QTS6QTV ¸ X�hjf�~nV+�
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