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ABSTRACT

This paper describes an estimator of the additive components of a nonparametric additive
model with a known link function. When the additive components are twice continuously
differentiable, the estimator is asymptotically normally distributed with a rate of convergence in

probability of n"2'3 . This is true regardless of the (finite) dimension of the explanatory variable.
Thus, in contrast to the existing asymptotically normal estimator, the new estimator has no curse
of dimensionality. Moreover, the asymptotic distribution of each additive component is the same
as it would be if the other components were known with certainty.
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NONPARAMETRIC ESTIMATION OF AN ADDITIVE MODEL WITH A LINK
FUNCTION

1. Introduction
This paper is concerned with nonparametric estimation of the functions m;,...,m,; in the

model

(L.1)  Y=Flu+mX)+.+my(XH)+U,

where X/ (G =1, ..., d) is the j'th component of the random vector X e R? for some finite

d =2, F is aknown function, g is an unknown constant, m;,...,m,; are unknown functions, and
U is an unobserved random variable satisfying E(U | X =x)=0 for almost every x. Estimation

is based on an iid random sample {Y;,X;:i=1,...,n} of (¥,X). We describe an estimator of the

additive components m,...,m, that converges in probability pointwise at the rate n?'% when F

and the m; ’s are twice continuously differentiable and the second derivative of F' is sufficiently

smooth. In contrast to previous estimators, only two derivatives are needed regardless of the
dimension of X , so asymptotically there is no curse of dimensionality. The centered, scaled
estimator of each additive component is asymptotically normally distributed with the same mean
and variance that it would have if the other components were known.

Linton and Hérdle (1996) (hereinafter LH) developed an estimator of the additive
components of (1.1) that is based on marginal integration. The marginal integration method is

2/5

discussed in more detail below. The estimator of LH converges at the rate n and is

asymptotically normally distributed, but it requires the m;’s to have an increasing number of

derivatives as the dimension of X increases. Thus, it suffers from the curse of dimensionality.
Our estimator avoids this problem.

There is a large body of research on estimation of (1.1) when F is the identity function
sothat Y =g +m(X")+...+my(X?)+U . Stone (1985, 1986) showed that n~>’> is the optimal

L, rate of convergence of an estimator of the m;’s when they are twice continuously

differentiable. Stone (1994) and Newey (1997) describe spline estimators whose L, rate of

convergence is n 2’5, but the pointwise rates of convergence and asymptotic distributions of
spline and other series estimators remain unknown. Breiman and Friedman (1985); Buja, Hastie,
and Tibshirani (1989); Hastie and Tibshirani (1990); Opsomer and Ruppert (1997); Mammen,
Linton and Nielsen (1999); and Opsomer (2000) have investigated the properties of backfitting



procedures. Mammen, Linton and Nielsen (1999) give conditions under which a backfitting

2/5

estimator of the m;’s converges at the pointwise rate n~ when these functions are twice

J
continuously differentiable. The estimator is asymptotically normally distributed and avoids the
curse of dimensionality, but extending it to models in which F is not the identity function
appears to be quite difficult. Horowitz, Klemeld, and Mammen (2002) discuss optimality
properties of a variety of estimators for nonparametric additive models.

Tjgstheim and Auestad (1994), Linton and Nielsen (1995); Chen, Hardle, Linton, and
Severance-Lossin (1996); and Fan, Hérdle, and Mammen (1998) have investigated the properties

of marginal integration estimators for the case in which F is the identity function. These

estimators are based on the observation that when F is the identity function, then m, (xl) , say, is

given up to an additive constant by

(12)  [EYIX = 0w, x))ax’ ax’
where w is a non-negative function satisfying

Iw(xz,...,xd )dxz...dxd =1.

Therefore, ml(xl) can be estimated up to an additive constant by replacing E(Y |1 X =x) in (1.2)

with a nonparametric estimator. Linton and Nielsen (1995); Chen, Hirdle, Linton, and
Severance-Lossin (1996); and Fan, Hirdle, and Mammen (1998) have given conditions under

2/5 and

which a variety of estimators based on the marginal integration idea converge at rate n
are asymptotically normal. LH extend marginal integration to the case in which F is not the

identity function. However, marginal integration estimators have a curse of dimensionality: the

smoothness of the m j ’s must increase as the dimension of X increases to achieve n~2’>

convergence. The reason for this is that estimating E(Y | X =x) requires carrying out a d -

dimensional nonparametric regression. If d is large and the m; s are only twice differentiable,

then the bias of the resulting estimator of E(Y | X =x) converges to zero too slowly as n — oo to

estimate the m j ’s with a n2/>

rate. For example the estimator of Fan, Hérdle, and Mammen
(1998), which imposes the weakest smoothness conditions of any existing marginal integration
estimator, requires more than two derivatives if d >5.

This paper describes a two-stage estimation procedure that does not require a d -
dimensional nonparametric regression and, thereby, avoids the curse of dimensionality. In the

first stage, nonlinear least squares is used to obtain a series approximation to each m;. The first-



stage procedure imposes the additive structure of (1.1) and yields estimates of the m; s that have

smaller asymptotic biases than do estimators based on marginal integration or other procedures
that require d -dimensional nonparametric estimation. The first-stage estimates are inputs to the

second stage. The second-stage estimate of, say, m, is obtained by taking one Newton step from

the first-stage estimate toward a local linear estimate. In large samples, the second-stage
estimator has a structure similar to that of a local linear estimator, so deriving its pointwise rate of
convergence and asymptotic distribution is relatively easy. The main results of this paper can
also be obtained by using a local constant estimate in the second stage, and the results of Monte
Carlo experiments described in Section 5 show that a local constant estimator has better finite-
sample performance under some conditions. However, a local linear estimator has better
boundary behavior and better ability to adapt to non-uniform designs, among other desirable
properties (Fan and Gijbels 1996).

The remainder of this paper is organized as follows. Section 2 provides an informal
description of the two-stage estimator. The main results are presented in Section 3. Section 4
discusses the selection of bandwidths. Section 5 presents the results of a small simulation study,
and Section 6 presents concluding comments. The proofs of theorems are in Section 7.

Throughout the paper, subscripts index observations and superscripts denote components of

vectors. Thus, X; is the i ’th observation of X, X/ is the j 'th component of X , and X l-j is

the i ’th observation of the j’th component.

2. Informal Description of the Estimator

Assume that the support of X is X =[—1, l]d, and normalize m;,...,m; so that

1
jlmj(v)dv=o; j=ld.
For any xe R? define m(x) = ml(x1)+...+md (xd), where x/ is the j’th component of x. Let

{pi: k=1,2,...} denote a basis for smooth functions on [-1,1]. A precise definition of “smooth”

and conditions that the basis functions must satisfy are given in Section 3. These conditions

include:
1
2.1) L P (W)dv=0;

1ifj=k
0 otherwise;

(22) j_llp,-<v>pk(v>dv={

and



23)  m(x)=> 0, p (x7)
k=1

for each j=1,...,d , each x/ e [0,1], and suitable coefficients {ij }. For any positive integer «,
define

Pe(®) =11,y (s pie ), PO sy e () p (6D, i (2T
Then for 6. R¥H P.(x)'6, is a series approximation to g+m(x). Section 3 gives
conditions that x must satisfy. These require that k& — oo at an appropriate rate as n — oo .

To obtain the first-stage estimators of the m; ’s, let {Y,X;:i=1,..,n} be a random

sample of (Y,X). Let énK be a solution to

minimize: S .(@)=n""> {Y. — F[P.(X,)6]}*,
inimize: S,,c(6)=n Zl{ [P (X,;)61)

where O, C R** s a compact parameter set. The series estimator of +m(x) is
fg+m(x)=P.(x)6,,,
where j is the first component of énK. The estimator of m I-(xj ) for any j=1,....d and any

xle [0,1] is the product of [p, (xj ) I pK(xj )] with the appropriate components of é,(.
To obtain the second-stage estimator of (say) ml(xl) ,let X ; denote the i ’th observation

of X=(X?,...X%). Define i_(X;)=rty(X?)+..+1my;(X?), where X/ is the i’th

observation of the j’th component of X and #i; is the series estimator of m ;. Let K be a

J J°

probability density function on [-1,1], and define K, (v)= K (v/h) for any real, positive constant
h. Conditions that K and /& must satisfy are given in Section 3. These include 7 — 0 at an

appropriate rate as n —> oo . Define

Sy (x! i) =

=23 (Y, = FL+ iy (x") + i (XN F L+ iy () + i (X)1X] =D K (' = X))
i=1

for j=0,1 and



Sy (x' i) =2 FL+ i (xh) + i (X)P (X! = x1) K, (x' = X))
i=1

=2 (Y, = FLa+ i (X + i (X)L + iy () + i (XDNX =2 K (1 = X))
i=1

for j=0,1,2. The second-stage estimator of ml(xl) is

87 (xS, o (Xt ) = 87y (x i) STy (i)

24) iy (xh =i (') - L U Loee
SnOl(x ’m)Sn2l(x 7m)_Snll(x 9m)

The second stage estimators of m, (xz),...,md (xd) are obtained similarly.

The estimator (2.4) can be understood intuitively as follows. If & and rm_; were the true

values of ¢ and m_j, the local linear estimator of m (x") would minimize

2.5 S by.by) =Y Y = FLi+by+b (X! —x)+ i (X)]).
i=1

Moreover, S,’,jl(xl,rh)=aSn1(xl,bO,b1)/8bj (j=0,1) evaluated at by =1y (x') and b =0.
S,;'jl(xl,nﬁ) gives the second derivatives of Snl(xl,bo,bl) evaluated at the same point. The

estimator (2.4) is the result of taking one Newton step from the starting values b, =rhl(xl),

b, =0 toward the minimum of the right-hand side of (2.5).

Section 3 gives conditions under which rﬁl(xl)—ml(xl)=0p (n_2/ 5) and

n?'3 [n%l(xl)—m1 (xl)] is asymptotically normally distributed for any finite d when F and the

B

m;

s are twice continuously differentiable.

3. Main Results
This section has two parts. Section 3.1 states the assumptions that are used to prove the

2/5

main results. Section 3.2 states the results. The main results are the n ~'~ -consistency and

bl

asymptotic normality of the m;

.
The following additional notation is used. For any matrix A, define the norm
|A||=[trace(a’A">. Define U=Y-Flu+m(X)], Vx)=VarU|X=x), Q.=

E(Flu+mX)PP(X)P(X)}, and W, =0. E{F{u+m(X)PV(X)P(X)P(X)}0;'



whenever the latter quantity exists. @, and W, are d(x)xd(x) positive semidefinite matrices,

where d(x)=xd+1. Let A, denote the smallest eigenvalue of Q.. Let O, ; denote the

,min

(i, j) element of Q,. Define {,. =sup .y ||PK(x)|| . Let {6} be the coefficients of the series

expansion (2.3). For each x define

0](‘ = (/l,el1,...,01’(,921,...,ezk,...,gdl,...,gd’(), .

3.1 Assumptions
The main results are obtained under the following assumptions.

Al: The data, {(¥;,X;): i=1,...,n}, are an iid random sample from the distribution of

Y,X),and E(Y|X =x)=F[¢+m(x)] for almost every xe X E[—l,l]d .
A2: (i) The support of X is &X' . (ii) The distribution of X is absolutely continuous with
respect to Lebesgue measure. (iii) The probability density function of X is bounded, bounded

away from zero, and twice continuously differentiable on X . (iv) There are constants ¢, >0
and Cy <o such that ¢y <Var(U|X =x)<Cy, for all xe X'. (v) There is a constant Cy; <o
such that E1U V< CJ 2 jIE(U?) < oo forall j>2,

A3: (i) There is a constant C,, <o such that Im]- v)I<C,, for each j=1,....d and all
ve[-1,1]. (ii) Each function m; is twice continuously differentiable on [-1,1]. (iii) There are
constants Cpj <oo, cpy >0, and Cp, <oo such that F(v)<Cp and ¢y < F'(v) <Cp, for all
velu-C,d,u+C,d]. (iv) F is twice continuously differentiable on [#—-C,d,u+C,d]. (v)
There are constants Cpz <eo and s>5/7 such that | F”(v,) = F (v)I<Cpslv, —w I for all
vy,velu-C,d,u+C,d].

A4: (i) There are constants Cp <oo and c¢; >0 such that 1Q, ;IS Cy and A i > ¢y
forall ¥ andall i, j=1,....d(x). (ii) The largest eigenvalue of ¥ . is bounded for all x .

A5: (1) The functions {p,} satisfy (2.1) and (2.2). (ii) There is a constant ¢, >0 such

that . > ¢, for all sufficiently large x . (iii) {, = O(K” 2) as Kk —> oo, (iv) There are a constant

Cy <o and vectors By € O, =[-Cy,Cyl*™ such that sup .y | 4+ m(x) — Po(x) 6 1= O(K %)

as Kk —oo. (v) Foreach x, 6, is an interior point of O,..



A6: (1) K‘=CKn4/ 3% for some constant C, satisfying 0<C, <o and some Vv

satisfying 0<v <min{1/30,(7s-5)/[30(+5)]}. (i) h=C,n "> for some constant C,
satisfying 0 < C;, <oo.
A7: The function K is a bounded, continuous probability density function on [-1,1] and

is symmetrical about 0.
Assumption A2(v) restricts the thickness of the tails of the distribution of U and is used
to prove consistency of the first-stage estimator. Assumption A3 defines the sense in which F

and the m j ’s must be smooth. A3(iii) is needed for identification. A4 insures the existence and

non-singularity of the covariance matrix of the asymptotic form of the first-stage estimator.
Assumption A4(i) implies A4(ii) if U is homoskedastic. Assumptions A5(iii) and A5(iv) bound

the magnitudes of the basis functions and insure that the errors in the series approximations to the

B

m;

s converge to zero sufficiently rapidly as x — co. These assumptions are satisfied by spline

and (for periodic functions) Fourier bases. Assumption A6 states the rates at which k& — e and
h—0 as n—oo. The assumed rate of convergence of / is well known to be asymptotically
optimal for one-dimensional kernel mean-regression when the conditional mean function is twice
continuously differentiable. The required rate for x insures that the asymptotic bias and variance

2/

of the first-stage estimator are sufficiently small to achieve an n~ 5 rate of convergence in the

second stage. The L, rate of convergence of a series estimator of m; is maximized by setting

ko< n'’>, which is slower than the rates permitted by A6(i) (Newey (1997)). Thus, A6(i)
requires the first-stage estimator to be undersmoothed. Undersmoothing is needed to insure

sufficiently rapid convergence of the bias of the first-stage estimator.

3.2 Theorems
This section states two theorems that give the main results of the paper. Theorem 1 gives
the asymptotic behavior of the first-stage series estimator under assumptions A1-A6(i). Theorem

2 gives the properties of the second-stage estimator. For i=1,...,n, define

U,=Y,— Flu+m(X;)] and by(x)=p+m(x)—P.(x)0,,. Let ||v|| denote the Euclidean norm

4
of any finite-dimensional vector v .

Theorem 1: Let A1-A6(i) hold. Then

@  1im 6, -6, =0
n—oo

almost surely,



) 6, —6p=0,("In"+x7?),

and

1/2 + —3/2).

(c) sup [ m(x)—m(x) = OP(K‘/n K

xeX

In addition,

B =00 =17 01D F L+ m(X)P(X)U;
i=1

(d)

+n7 QD Fu+m(X,)) Pe(X)be (X)) +R,.
i=1

where |R,[|=0,(? In+n7"?). B
Now let fy denote the probability density function of X . For j=0,1, define
NMENDE

njl

=2 (Y, = Flu+my (x) +m_ (XN F [ +my () +m_ (X)X = 2N K (xF = X))
i=1

Also define

Dy,(xHY=2 j Flu+m)+m (D fy (', B)dx
D(x")=2 j FLu+m(x)+m_ (DP[fy (x',%)/0x' 1d% ,
Ag = I_llsz(v)dv ,
By = I_llK(v)zdv ,
g X) = F7Lu +my (x") + m_ ()]m) (x") + F Tt + my (x") + m_ (R)]m](x"),
B =2C A Dy (x')! j g R F L+ my(xh) +m_ (D] fy (£, H)dx
and
V,(x") =B, C,'D(x")? j Var(U | x' X F T +m (x" )+ m_ (R fx (x', D)dx .

The next theorem gives the asymptotic properties of the second-stage estimator.

Theorem 2: Let A1-A6 hold. Then



@ Ay (x)—m(xH=

[nhDy ()T {=S70; (x' ) +[Dy (x")/ Dy (x)1S, (6, m)} + 0, (n7>2)

1/271_2/5]

uniformly over | x'1<1-h and my (xl) —my (xl) = Op [(logn) uniformly over | X<,

b 2y (D)= my (D= NSV (]
(0 If j#1, then n* liy(x")—m(x")] and n*"[i;(x/)—m;(x')] are asymptotically
independently normally distributed. B

25y (x"y = my (x")] is not affected by

Theorem 2(a) implies that asymptotically, n
random sampling errors in the first stage estimator. In fact, the second-stage estimator of m (xh)

has the same asymptotic distribution that it would have if m,,...,m; were known and local linear
estimation were used to estimate m (xl) directly. In this sense, our estimator achieves an oracle

bound. Parts (b) and (c) of Theorem 2 imply that the estimators of ml(xl),...,md (xd) are

asymptotically independently distributed.
It is also possible to use a local constant estimator in the second stage. The resulting

second-stage estimator is
N Iy _ o~ 1 VS NP
my (X ) =my(x )= S,01(x ,m)/ S, (x",m).
The following modification of Theorem 2, which we state without proof, gives the asymptotic

properties of the local constant second-stage estimator. Define

§1c (8= (@7 /L) Flmy (¢ +2)+my (D)= Flom () +my (D]} f (€ +2.9)|

and
ﬁl,LC(xl) = ZCﬁAKDO(xl)_lj.gLC(xl,fc)F,[,u +m1(x1) +m_ (D] fy (xl,fc)dfc.
Theorem 3: Let A1-A6 hold. Then

(@) iy o (x) = my (x') ={nhDy (X7 S}, (x',m) + 0, (17?7,

1/2n—2/5]

uniformly over | x'1<1-h and my (xl) —-my (xl) = Op [dogn) uniformly over | X<,

) n*ly e (N —m D1 NI e (DY (D]

2150 4
[

() If j=1,then n* iy 1o (x") —my ()] and n*'>[h; ;o (x/)—m;(x7)] are asymptotically

independently normally distributed. l



Vl(xl) and f 1(x1) and ;¢ (x') can be estimated consistently by replacing unknown
population parameters with consistent estimators. Section 4 gives a method for estimating the
derivatives of my that are in the expressions for ﬁl(xl) and ﬁLLC(xl). As is usual in

nonparametric estimation, reasonably precise bias estimation is possible only by making

assumptions that amount to undersmoothing. One way of doing this is to assume that the second

derivative of m, satisfies a Lipschitz condition. Alternatively, one can set h=C,n 7 for
1/5<y<1. Then a2}y (x")—m (x")1—=¢ N[OV, (x)], and n"7 2[5y ;o (6" —my (x1)]

—4 N[0,V (xD)].

4. Bandwidth Selection

This section presents a plug-in and a penalized least squares (PLS) method for choosing
h in applications. We begin with a description of the plug-in method. This method estimates the
value of £ that minimizes the asymptotic integrated mean-square error (AIMSE) of

n* 5[n%l(xl) —-my (xl)] for j=1,....d . We discuss only local linear estimation, but similar results

2/5
(

hold for local constant estimation. The AIMSE of n~"” (11, —m;) is defined as

AIMSE, = n*'3 j_ll w(H[ B (x)? +V; (x)]dx'

where w(-) is a non-negative weight function that integrates to one. We also define the

integrated squared error as (ISE)
ISE, =n*'’ j_ll Wy (X = my (P dx
We define the asymptotically optimal bandwidth for estimating my as Chln_” >, where Ci
minimizes AIMSE, . Let §,(x")= f,(x")/C}? and V;(x')=C,V;(x"). Then
1/5

j_ll w(x WV, (x")dx!
1

4.1  C,=101/4)
[ wehBh ad

The results for the plug-in method rely on the following two theorems. Theorem 4 shows

that the difference between the ISE and AIMSE is asymptotically negligible. Theorem 5 gives a

method for estimating the first and second derivatives of m Let G0 denote the ¢’th

j .

derivative of any / -times differentiable function G .

10



Theorem 4: Let A1-A6 hold. Then for a continuous weight function w(-) and as
n—eo, AIMSE, =ISE; +o0,(1). R

Theorem 5: Let A1-A6 hold. Let L be a twice differentiable probability density
function on [-1,1], and let {g,:n=12,...} be a sequence of strictly positive real numbers

satisfying g, — 0 and g,fn“/s(logn)_1 — o0 as n—>oo. For /=1,2 define

A - 1 A
ml(z) (xl) =g 1 (J_IL(()[(xl -v)/ g, lm(v)dv.

n
Then as n — o« and for ¢ =1,2

sup i (x") = m{" (x") I= 0, (1). W

x'I<1

A plug-in estimator of C,; can now be obtained by replacing unknown population
quantities on the right-hand side of (4.1) with consistent estimators. Theorem 5 provides
consistent estimators of the required derivatives of m;. Estimators of the conditional variance of
U and of fy can be obtained by using standard kernel methods.

We now describe the PLS method. This method simultaneously estimates the

bandwidths for second-stage estimation of all of the functions m; (j =1,...d). Let h; =C hjn_” >

be the bandwidth for 7%2;. Then the PLS method selects the Cj; s that minimize an estimate of

the average squared error
ASE(h)=n"") {FLa+m(X;)— Flu+m(X)])*
i=1
where h = (Chln_l/5,...,Chdn_”5) . Specifically, the PLS method selects the Cj; ’s to

(4.2) minimize: PLS(R)=n""Y (Y, — F[a+m(X)])?
CiireCra i=1

n d
+2K O Y (F [+ m(X)PV(X))Y [n*CuD; (X1,
i=1 j=1

where the Chj ’s are restricted to a compact, positive interval that excludes 0,
5 iy LN J o INET T XA
D;(x"y=—>"K, (X] =x ) F1a+m(X)F,

J =1

and

11



-1
n
V) =| Y K, (X —xD..K, (X[ —x7)
i=1

XY Ky (X[ =2 Ky, (X[ = xD)Y, = FLi+m(X,)).
i=1

The bandwidths used for V may be different from those used for m because V is a full
dimensional nonparametric estimator. We now argue that the difference

n

n"'> U} + ASE(h)— PLS(h)

i=1
is asymptotically negligible and, therefore, that the solution to (4.2) estimates the bandwidths that
minimize ASE . A proof of this result only requires additional smoothness conditions on F' and
more restrictive assumptions on k. The proof can be carried out by making arguments similar to
those used in the proof of Theorem 2 but with a higher-order stochastic expansion for m—m.
Here, we provide only a heuristic outline. For this purpose, note that

n™' U? +ASE(h) - PLS(h) =2n"" ) _{Fli+m(X,;)] - Flu+m(X)1)U,

i=1 i=1

n d
2K Y Flu+m(X)PV(X)Y [n*°CuD; (X1
i=1 j=1
We now approximate F[i+m(X;)]—F[u+m(X;)] by a linear expansion in m—m and replace
m—m with the stochastic approximation of Theorem 2(a). (A rigorous argument would require a
higher-order expansion of m—m.) Thus, F[i+m(X;)]-F[x¢+m(X;)] is approximated by a
linear form in U;. Dropping higher-order terms leads to an approximation of
2 n
=D AFLa+m(X)] = Flu+m(X)NU,
i=1
that is a U statistic in U;. The off-diagonal terms of the U statistic can be shown to be of higher

order and, therefore, asymptotically negligible. Thus, we get
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2 2,
ZZ{F[,u+m(X,-)]—F[,u+m(X,-)] W, z;ZF (1 +m(X;)*VarU; 1 X;)
i=1 i=1

d
XY [n*3CyDy (XK (0),
j=1

where

Dy;(x)) =2E{Fpt+m(X)F 1 X{ =x"}fy,(x))
and f,; is the probability density function of X 7. Now by standard kernel smoothing
arguments, Dy ; (xj )= D j (xj ). In addition, it is clear that V(X )=V (U,;1X;), which establishes

the desired result.

5. Monte Carlo Experiments
This section presents the results of a small set of Monte Carlo experiments that compare
the finite-sample performances of the two-stage estimator and the estimator of LH. Experiments

were carried out with d =2 and d =5. The sample size is n=500. The experiments with

d =2 consist of estimating f; and f, in the binary logit model

P =11X =x)=LIi(x)+ f,(x)],
where L is the cumulative logistic distribution function:
LOv)=e"/[1+e"]; —co<v<oo.

The experiments with d =5 consist of estimating f; and f, in the binary logit model

5
PY=11X =x)=LI:fl(xl)+f2(x2)+ij].

J=3
In all of the experiments, f;(x)=sin(zx) and f,(x)=®(3x), where & is the standard normal
distribution function. The components of X are independently distributed as U[-11].

Estimation is carried out under the assumption that the additive components have two (but not
necessarily more) continuous derivatives. Under this assumption, the two-stage estimator has the

/5 The LH estimator has this rate of convergence if d =2 but not if

rate of convergence n~
d=5.
B-splines were used for the first-stage of the two-stage estimator. The kernel used for the

second stage and for the LH estimator is

13



Kv)=(15/16)1-v*)*I(IvI< 1).

Experiments were carried out using both local-constant and local-linear estimators in the second
stage of the two-stage method. There were 1000 Monte Carlo replications per experiment with
the two-stage estimator but only 500 replications with the LH estimator because of the very long
computing times it entails. The experiments were carried out in GAUSS using GAUSS random
number generators.

The results of the experiments are summarized in Table 1, which shows the empirical
integrated mean-square errors (EIMSE’s) of the estimators at the values of the tuning parameters
that minimize the EIMSE’s. Lengthy computing times precluded using data-based methods for
selecting tuning parameters in the experiments. The EIMSE’s of the local-constant and local

linear two-stage estimates of f; are considerably smaller than the EIMSE’s of the LH estimator.
The EIMSE’s of the local-constant and LH estimators of f, are approximately equal same,

whereas the local-linear estimator of f, has a larger EIMSE.

6. Conclusions
This paper has described an estimator of the additive components of a nonparametric

additive model with a known link function. The estimator is asymptotically normally distributed

and has a pointwise rate of convergence in probability of n~2'> when the unknown functions are

twice continuously differentiable, regardless of the dimension of the explanatory variable X . In

contrast, achieving the rate of convergence n2/3

with the only other currently available
estimator for this model requires the additive components to have an increasing number of

derivatives as the dimension of X increases.

7. Appendix: Proofs of Theorems
Assumptions A1-A7 hold throughout this section.

a. Theorem 1
This section begins with lemmas that are used to prove Theorem 1.

Lemma 1: There are constants a >0 and C <o such that

P| sup IS, .(0)—ES,, (8)|>¢ |< Cexp(-nag®)
SCH

for any sufficiently small £ >0 and all sufficiently large n.

Proof: Write

14



Suc(@)=n"' Y V2 =25,,(6)+S,,(6),
i=1

where

S (@) =n""D Y F[P.(X,)6]
i=1

and

Su2 @) =n"" FP.(X,)6] .
i=1

It suffices to prove that

P| sup 1S,,,(0)~ES,;(0)1> ¢ |< Cexp(-nae®) (j=12)

6O,

nkj
for any £>0, some C <oo, and all sufficiently large n. The proof is given only for j=1.
Similar arguments apply when j=2.

Define S, (0)=S,.(0)—ES, . (8). Divide ®, into hypercubes of edge-length /.
Let ®5(1),...,®E(M ) denote the M =(2Cy/ 0)¥®) cubes thus created. Let 6,; be the point the
center of ®§(j). The maximum distance between 6,; and any other point in ®§(j) is

r=d(x)""*0/2, and M =exp{d(x)[log(C,/r)+(1/2)logd(x)]} . Now

M
sup 1S, (0)1>¢ || ]| sup 15,4@)1>¢].
00O, =160

Therefore,

M
P,=P| sup1S,,(0)>|<> P| sup I5,,(0)>¢]|.
0e0®, =1 |00

Now for #e O,

18,1 (O)1S1 8,1 (B )1 +18,1 (6) = 8,11 (6, )|

ISt G ) VHCE L+ S 1Y ]
i=1

<18, ()1 +2C S o™ D 1Y, |
i=1

15



for all sufficiently large x and, therefore, n. Therefore, for all sufficiently large n,

P[ sup 1S,,4(0)1> e} S P18, (6! >8/2]+P{2CF1§,(rn_IZI Y, |> e/z}.
60, i=1

Choose r={2. Then £/2-2C,{ rE(Y 1)>¢e/4 for all sufficiently large x . Moreover,

P|:2CF1§Krn_IZn:IYi |>g/2} sp{zcm;,(m‘li(m I-E 1Y) >e/4}
i=1 i=1
<2exp(-ane’l?)
for some constant a; >0 and all sufficiently large x by Bernstein’s inequality (Bosq 1998, p.
22). Also by Bernstein’s inequality, there is a constant a, >0 such that
P(1S,,1(6,,)1> £/2] < 2exp(-ane?)
for all n, x,and j. Therefore,

P, <2[M exp(—aznez) + exp(—alng2 )]
< 2exp{—a,ne’ L2 +2dC,n" [log(C,y /1) +(1/2)1og(2Cd) + (1/2)ylogn]}

+2 exp(—alné‘2 ),

where y=4/15+v. It follows that P, < 4exp(—an82) for a suitable @ >0 and all sufficiently

large n. Q.E.D.
Define S,.(6)=E[S,,(6)]

and
6, =arg min S,.(6).
x = arg gelgl x(6)
Lemma 2: For any 7>0, S,((én,() ~S,.(6,)<n almost surely for all sufficiently large
n.

Proof: For each x, let N c RY® be an open set containing éK. Let N, « denote the
complement of N, in ®,. Define T = N, NO,. Then T,. c RY™ s compact. Define

=minS. .(0)-S.(6.).
n g;lle,(() «(6)

Let A, be the event |S,,.(0)—S,.(0)I<n/2 forall O, . Then

A, =S8.0,)<S,.(0.)+n/2
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and
A, = S, (6)< S (6)+712.
But Sm((ém() < SnK(éK) by definition, so
A, = 8,(6,) <S8, (6)+1/2.
Therefore,
4,2 8 (0,) < S (B ) +11=> 8, (B) = S, (B) <1
So A, = énK € N,.. Since N is arbitrary, the result follows from Lemma 1 and Theorem 1.3.4

of Serfling (1980, p. 10). Q.E.D.
Define b, (x) = i+ m(x) — P.(x)'6, and

S.0(0) = E{Y — F[P.(X)0 +b,.(X)]}*.
Then

0, =arg aemgi Sko(6).

Lemma 3: Forany >0, S, (éK) = 8,0(0,0) <7 for all sufficiently large 7.

Proof: Observe that |S5,.(8)—S,,(@)|—0 as n— oo uniformly over € @, because
b (x) =0 for almost every xe X . Foreach «,let N c RY® be an open set containing O -
Define T, = N, «NO,. Then T, c RY™ s compact. Define

n= 2;1;: Sx0(6) = S0 (Bko) -
Choose n and, therefore, x large enough that |S§,.(0)—S,,(@)I<n/2 for all e ®. Now
proceed as in the proof of Lemma 2. Q.E.D.

Define Z; = Fu+m(X)IP(X;) and Qo =n"'Y"" Z,;Zy; . Then Q) =EQ,. Let
Z,];l- (k=1,...,d(x) ) denote the k ’th component of Z,;. Let Z, denote the nxd(k) matrix
whose (i,k) element is Z,/;l- .

Lemma 4: “QK - QKH2 = 01,,(1(2 /n).

Proof: Let Ql-j denote the (i, j) element of Q,.. Then

d(x) d(x)

2
n .
o-of -3 3 Eizzz —Qk,}

E
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d(x) d(x) n
- En™? Zk ZLZZ], -0
j i

d(x) d(x) d(x) d(x)

-3 LEry(a)(a) -0y Yo

k=

d(x)

k=l j=l1

<n'E rﬁ)(z,’; )2 (zl; )2] =0(x/n).

The lemma now follows from Markov’s inequality. Q.E.D.

Define ¥, = I(A pmin 2 ¢, /2), where [ is the indicator function. Let U=U,,..U,) .

Lemma 5: ¥, QA;IZ,;ﬁ/nH=0p(K”2/n”2) as n—oo,

Proof: For any xe X,

°E (n

QA;I/ZZ;U”Z |X - xj = n_27nE (U,ZKQA/;IZKUP( = x)

=n’E [Trace(ZKQA;IZ;UU') X =

< n_zynCVTrace(QA,;IZ,(Z,; )

=n"'Cyy,d(K)<Ck/n

for some constant C<oo.  Therefore, ¥, QA,zl/ZZ,;ﬁ/nH=0p(l(l/2/n”2) by Markov’s
inequality. Now

Vn

0720 1n| = 7, [0 2, I w05 205 052 2,0 1 .

Define §=QA;1/2Z,'((7/11. Let 7,..74) and  gqj,...,q4(c denote the eigenvalues and

eigenvectors of Q;l. Let 7pax =max(7,...,7x))- The spectral decomposition of Q;l gives

A-1 d(x)
Ok 22/ -1 14,4y » S0

18



d(Kx)

A— ’rr 2 ’ ’
e QK‘IZK‘U/nH = z S 998
=1
d(x)
< Vlnax D, €U S VillaanEE= 0, (/).
=1
QE.D.
Define

B,=0.'n" Y Flu+m(X)Zybe(X;) .
i=1

Lemma 6: ||Bn || =0(x?) with probability approaching 1 as n — oo .
Proof: Let & be the nx1 vector whose i "th component is F'[u+m(X;)1bo(X;). Then

B,=0.'7Z.&/n, and 7, ||Bn||2 =n2y,EZ.02Z.E. Therefore, by the same arguments used to

prove Lemma 5, %, ||Bn||2 SCn_I;/nf’g:;/nO(K_4). The lemma follows from the fact that

P(y,=1)>1las n—>e. QE.D.

Proof of Theorem 1: To prove Part (a), write

(7)) S.006,.)—S06,)=

[Sx0Gnic) = S @)1 +S4 B) = S (B +[S(B) = S0 (BN + S0 (B) = S0 (B,)1-
Given any h >0, it follows from Lemmas 2-3 and uniform convergence of §,. to S, that each

term on the right-hand side of (4.1) is less than 7/4 almost surely for all sufficiently large n.

Therefore SKO(éM)—SKO(OK)<77 almost surely for all sufficiently large n. It follows that

énK —QKH — 0 almost surely as n — o because 8. uniquely minimizes S,.. Part (a) follows

because uniqueness of the series representation of each function m; implies that ||9K —9K0|| -0

as n— oo,

A

To prove the remaining parts of the theorem, observe that &,,. satisfies the first-order
condition BSnK(éM)/ 00 =0 almost surely for all sufficiently large n. Define M; = u+m(X;)
and AM; = P.(X,) 6, —M; = P.(X,;) (6, —0c0) —byo(X;). Then a Taylor series expansion

yields

n Y 23U = (O + RO = O0) + 17 D F'(M)Zybeo (X)) + R,y =0,
i=1 i=l1
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almost surely for all sufficiently large n. R, is defined by

L= S FUF (M) A ULF (M)~ F (M) + 3/ 2D F (M) F (M)
i=1

R

n

F(L/2)F (M) F"(M;)AM, +(1/ 2)F"(M,)F"(M, )(AM,)*)JAM, —

[F"(M)F (M)~ 1/ 2F (M) F (M) + F"(M)F" (M by (X)Vbeo (X)) Pe(X)Pe(X,)

where M; and M ; are points between P.(X; )'ém( and M;. R,, is defined by

R

n

,=—n"" i{Ul.F”(AZ,.) +UF"(M,) - F"(M,)]
i=1
HE"(M)F' (M)~ (1 2)F" (M) F (M )by (X;) = U 2)F"(M)F (M )beo (X)) Yoo (X,).

Now let & be any d(k)x1 vector. Then

A _ AtoAa 2 A - 2
7|0 + R = 01048 =7, (O + R R

=Trace{y,[E'R, (QK +R, )7 R,S1}

<0, (KNEE)|R|*

=0, (K)(f’f)O{sup | Po(x) (0, —B0) — by (x) P +sup | b (x) P }
xeX xeX

’ A 2 _
=60, (K‘z HBK —0” +K 3).
N _ A ~ —_ 12
Setting &= Q,;IZ,'(U/n and applying Lemma 5 yields “[(ch + Rnl)_1 —Q,;l]Z,'(U/nH =

0{(1«3/;1)

63—49“21/2 Setti =0 n 'S F(M 2 P(X )b (X)) +R
e —Oxo|| +1/(n&?) |, Setting §=0.\ n™' YT F'(M)’ Pe(Xbey(X)+ R, |,

=0,(k7) yields

o,

applying Lemma 6, and using the result that ”Q,;lR 2

n

2
4

n

‘[(QAK' +R,) " - QAI;I]l:n_l ZF,(MII VZ iy (X)) + an}

i=1

K—GKO“Z/KH/KS)

It follows from these results that
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e =00 =1""0:" > Flu+ m(X)IP(X)U,

i=1

é

n

+n7 QD F T+ m(X )1 Pe(X)bo (X)) +R,.
i=1

where ||Rn || = OP(I(2 In+nV 2) . Part (d) of the theorem now follows from Lemma 4. Part (b)

follows by applying Lemmas 5 and 6 to Part (d). Part (c) follows from Part (b) and Assumption
AS5(ii). Q.E.D.

b. Theorem 2

This section begins with lemmas that are used to prove Theorem 2. For any
=2, xDe[-117, set m (D) =my(xP)+..+my(x?), and b (F)=pu+m_(X)—
P.(%)6, ,where

Pe(x) =[1,0,00,0, py (4 )svey e (6 )sees (D), p i (xDT
and

0o = (11,0,...,0,6,,....0cr....0,1....0,,.) .

In other words, P and 6, are obtained by replacing pl(xl),..., pK(xd) with zeros in P and
6(,....6,, with zeros in 8,,. Also define
15 N
S (D) =n""P (RO Fllu+m(X DIP(X U,
j=1
and
15 N 2
8,0(®) =n"' B (B Q' Y F 't +m(X )V Pe(X Dbyeo(X ;).
j=1
For x'€[-1,1] and j=0,1 define
n
H,i (X" = by ™2 F L+ my (2N +m_ (X)P (X = 2N Ky, (2 = X[)8,, (X)),
i=1

H,in (X" = (nh) ™2 F L+ my () +m_ (X)P (X] =) K (x' = X[)8,, (X))
i=1
and

H,3 (") = =)™ Flu+my (2 +m_ (X)P (X] = x') Ky (' = X Db (X)) .
i=1
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Let V(x)=Var(U | X =x) .
Lemma 7: For j=0,1 and k=1,2,3, Hnjk(x1)=0p(1) as n —co uniformly over
xe[-11].

Proof: The proof is given only for j=0. Similar arguments apply with j=1. First

consider HnOl(xl). We can write
o\ 1
H 1 (x ):Zaj(x W,
j=1
where

aj(x1)=

n PR F L my () +mo (X)P K (! = XD P (X)) O F L+ m(X )IP(X )
i=1

n
=n20712Y K (- X)) A ().
i=1

Using Lipschitz continuity of a;, the moment conditions A2(v) on U ;, and arguments similar to
those used to prove Lemma 1, the conclusion of the lemma for j=0, k=1 follows from
n
(72)  sup Y a;(x)’ =0,().
Ix'I<1 j=1

To prove (7.2), it suffices to show that

(1.3) sup lay(x)l=0,(n™?) (k=12),

Ix'1<1, 1< j<n
where

ay(x)=n""n"2K, (- XA (D
and

aj,(x")= n‘”h‘”zzn: Kp(x' =X A; ().

3
To prove (7.3), note first that by A3(iii), AS5(iii), and A6(i),
sup 14, I=0(x)=0n""").

Ix'1<1,1<i, j<n

This immediately implies (7.3) for k=1. To prove (7.3) for k=2, note that for some constant
Cc>0,
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sup |E[A;(xH1X[1I<C
Ix'I<1 '
I<i, j<n
i#]

and

sup |E[A;(x")* 1 X/ ]I<Ck.
Lx'I<1
1<i, j<n
i#j

For a proof of these bounds, note that the density of X is bounded from above and below so that
E{F'[,u+m(Xj)]PK(Xj) I Xl-l}:E{F'[,u+m(Xj)]PK(Xj)}
are the Fourier coefficients of a bounded function. Therefore, their sum of squares converges.

Thus, it remains to show that

n

(74)  sup w2y K (= XB (=0, (1),
IX'I<L 1€ j<n i=1
i#]

where B;(x')=A;(x')— E[A;(x")| X]]. To prove (7.4), note that for >0,

n
Pln'h 2y K, (' - X])B(x) > 8
-
i)

n
<Eexp|n"*h2> K, (' - X B, (x") |exp(—n'*8)
<
oy

<{1+n7 "2 EK} (x' = X)BE (X explO(n 7V 20310 [V exp(—n''46)
<explO(n~?n¥1%)exp(-n'"*8)

=0(l)exp(—n'’*6).
We now prove the lemma for j=0, k=2. We can write
n
Ho (X" =(nh) ™2 Fllu+my (<) +m_ (X)P K (x' =X P(X,)B, ,
i=l

where
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B, =n"'Q" Y Flu+m(X )F Pe(X beo(X ).
j=l

Arguments like those used to prove Lemma 6 show that E ||Bn ||2 =0(x™*). Therefore,

sup | H g5 (x') 1= sup(nh)™""? Y K, (x' = X})- 0, (%)

i<l x'I<1 il
_ OP(nl/2hl/2K,—3/2)

=0, ().
For the proof with j=0, k=3, note that
1 2% 1yl 2
sup | H,03(x") 1= sup(nh)™""? " K, (x' = X})-0,(x7)
Ix'I<1 Ix'I<1 i—1
=0,(1).
Q.E.D.

Let  P.(x", X)=[1py(x" ) pe (X, DU (X ) pe (X D)oo (X D), p (XD and
bo(x', X)) =pu+m(x")+m_ (X;)- P.(x',X,)8,,. Define

8,3 X)) =n"'P (X XY QY Flu+m(X DIP(X U,
j=l
and

8, (X X)) =n"" P (X X)) O F T+ m(X )1 Pe(X Dby (X ;) .
j=l
Also, for j=0,1 define

Ly (XYY =(mh)™ 2> U F T+ my () +m_ (X)IX] —x') Ky (x1 = X6, X)),
i=1

Ly (x") = (nh)™ 2> U F T+ my () +m_ (X)IX] —x') Ky (61 = XD, (6, X)),
i=1

L3 (x") ==(nh)y ™2 U F 4 my () +m_ (X)X = x) K, (! = X Db (6, X)),
i=1

Lyjg (') = (nh)™ 2> (F L+ my (X)) +m_ (X)) = Fl+my (x)) +m_ (X)])

i=1

Flu+m(x)+m_ (X)OIX] =Y K, (M= x6, (2, X)),
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Lys(x") = (ni) ™2 Y (F L+ my (X]) +m_y (X1 = FlLag+my (1) +m_y (X)]1)
i=1

Flu+m(x+m_ (X)X = x) K, (x' = X1, ,(x", X)),

and
Lyjo(x') =—=(nh)™"" > Y {FLu+m (X)) +m_ (X )] = Flu+m (x) +m_ (X)])
i=1
FLp+my(x)+m_ (X)IX] = XY K, (x' = Xboo (£, X).
Lemma 8: As n— oo, Lnjk(xl)zop(l) uniformly over xle[—l,l] for each j=0,1;
k=1,..,6.

Proof: The proof is given only for j=0. The arguments are similar for j=1. By
Theorem 1, 5n4(x1,)2i) is the asymptotic bias component of the stochastic expansion of
Po(x', X)(6,c —6cp) and is O,(x>'*) uniformly over (x',X;)e[-11]. This fact and

standard bounds on
n
sup ZI U; | Kh(x1 —X,-l)
Ix'I<1;5
and
C 1 1
sup ZKh(x -X;)
Ix'I<1;5
establish the conclusion of the lemma for j=0, k=2,5. For j=0, k=3,6, proceed similarly

using

sup | by (x) 1= 0(x™2) .

Ix'I<1
For j=0, k=5, one can use arguments similar to those made for HnOl(xl) in the proof of

Lemma 7. It remains to consider L (xl) =D (xl)B , Where
n01 n n

D, (=)™ Y U F [ +my (x) + m_ (XK, (x = X)) P (', X))
i=1

and

B,=n"'Q" Y Flu+m(X )P P(X U, .
j=1
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Now, E ||Bn||2 = O(K‘n_l) ,and D, (xl) contains elements of the form

(nh) ™" p, (D U F Tu+my () +m_ (X)IK), (x' = X )
i=1

and

(b2 Uip (XD F [+ my (2 +m_ (X)1K, (1 = X )
i=1

for 0<r<x, 2</<d. These expressions can be bounded uniformly over | x Il by terms that

are O [(logn)’? 1 p,(x")1] and O, [(logn)"?], respectively. This gives
»[(log , »[(log p y g

sup
Ix'1<1

D, (xl)“2 =0, (klogn).

Therefore,

D, B[ =0, 0.

sup | an(xl) < sup‘
Ix'I<1

Ix'1<1
Q.E.D.
Lemma 9: The following hold uniformly over | <l-h:
(nh)™' Sjo, (i) = Dy (x1) +0, (1)
(nh) ™" Sy (3 ) = Agh* Do (XM +0, (D],
and

(nh) ™" Sy (i) = A Dy (x)[1++0, (D]

Proof: This follows from the Theorem 1(c) and standard bounds on

n
sup Y U/ (X{ —x')" K, (x' = X})

Ix'I<1;5
for r=0,1; s=0,1,2. Q.E.D.
Lemma 10: The following hold uniformly over | K<l —h:
(a) (nh) 28701 (2 ) = (nh) ™2 S0, (' m) + (n)' 2 Dy (2 Amy (2 + 0, (1),
and
b (b Sy = ()T S (6 m) + 0, (1)
Proof: Only (a) is proved. The proof of (b) is similar. For each i=1,...,n, let

m*(xl,Xi) and m**(xl,)zl-) denote quantities that are between [t+rhl(xl)+ﬁ1_1()zl-) and
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p+m(x")+m_(X;). The values of m*(x',X;) and m**(x',X;) may be different in different

uses. A Taylor series expansion and Theorem 1(c) give

4
(nh) 2800, (i) = (nh) ™2 Sy (6 om) + D" T, () + (k)™ 20{ sup
(x"Hex

\Aml,aﬂ

J=1

4
=) Sp (6 m)+ Y T, (2 +0, (1)
j=1

uniformly over | x'1<1-h, where

T (=22 Flu+m (3 +m_y (X)P K, (= XDAm (1),
i=1

T (Y =20h) ™2 F L+ my (3 +m_ (X)P K, (x' = X)Am_ (X)),
i=1

Ja(xh) =
—2nh)™"2 Y Y = Flu+my (3 +m_ (XN F Tm*(x', X)) K, (x' = XHAm(x', X)),

i=1

Toa (=22 F L+ my (X)) +m_y (X)NF Tm*(x, X)) +2F Tm*(x', X)) }
i=1

K, (x' = XH[am(x', X )P
It follows from Theorem 1(d) and Lemma 7 that J,,(x') = zzzl H,o () +0,)=0,(1)

uniformly over | x<1-h. In addition, it follows from Theorem 1(c) that for some constant

C<oo

T, () <Cnny™ zil(h(xl —X}){ sup HAm(xl,fc)Hz}
i=1 YeX

1
(x,X

=0, | (nh)'"* sup
(" HeXx

‘Am(xl,)?)“z} =0,()

uniformly over | x' I<1-h. Now consider 3 (xl) . It follows from Assumption A3(v) that
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J5(xh=

= 2nh)™" 2y Y = Flu+my (3 +m_ (XN F [+ my (2D +m_ (X1 K (x4 = XD Am(x', X))
i=1

+0, {(nh)”2 sup | Am(x', %) IIH}
xeX

6
=> Lo (x)+0, {(nh)l/ 2 sup | Am(x', %) |1+S} +0,(1)
k=1 xeX

uniformly over | <1-h. Therefore, J,3 (xl) =0, (1) uniformly by Lemma 8 and Theorem
1(c), and

(nh) 28701 (i) = (nh) ™2 8]0 (x um) + T () + 0, (1)
uniformly over | <1-h.

Now consider Jnl(xl) . Set

T =20k 2" Fllu+my (3 +m_ (X)P K (x' = X ) .
i=1

It follows from Theorem 2.37 of Pollard (1984) that jnl(xl) —-E [] nl(xl )]=o0(logn) almost surely
as n—>oo. In addition, E[(nh) "% ] ,(x")]=D(x")+ O(h*). Therefore,

J ., (x) = k)2 D(x")Amy (x1) + Ollog nAm, (x")]

= (nh)""> D(x")Amy (x") + 0, (1)
uniformly over |x' 1<1—h. Q.ED.

Proof of Theorem 2: By the definition of 7y (xl) ,

87 (X i), oy (X ) = 87y (6 ) ST (x i)

Shor (xS (i) — Soy ()

43) () —my (6 =iy (') = my () -

Part (a) follows by applying Lemmas 9 and 10 to the right-hand side of (4.3). Define

w = [nhDy(x" )] {=S8" o (x',m) +[Dy(x")/ Dy (x")]S/, (x',m)} .
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Methods identical to those used to establish asymptotic normality of local linear estimators show
that  Em*’w)= B +o(l), Var(n* w)=V,(x"»+o), and n*’[#(x")—m ] s

asymptotically normal, which proves Part (b). Q.E.D.

Proof of Theorem 4: It follows from Theorem 2(a) that

4/5 Inpa o1 12 g1
" Il—hSIx‘lSlW(x my (x7) —my(x)]dx” =0,(1).
Now consider

't -[Ix'ISl—h W)y (x) =y (! N dx! .

By replacing the integrand with the expansion of Theorem 2(a), one obtains a U-statistic in U;
conditional on X,..., X, . This U statistic has vanishing conditional variance. Q.E.D.

Proof of Theorem 5: Use Theorem 2(a) to replace 7y with m; in the expression for

n%l(f) . The result now follows from standard methods for bounding kernel estimators. Q.E.D.
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TABLE 1: Results of Monte Carlo Experiments'

Empirical IMSE_

Estimator K K, hy hy h be
d=2
LH .9 .9 .116 .015
2-Stage with 2 2 .4 .9 .052 .015
Local Constant
Smoothing
2-Stage with 4 2 .5 1.4 .052 .023
Local Linear
Smoothing
d=5
LH 1.0 1.0 .145 .019
2-Stage with 2 2 .4 .9 .060 .018
Local Constant
Smoothing
2-Stage with 2 2 .6 1.3 .057 .029
Local Linear
Smoothing

! In the two-stage estimator, K; and hj (j=1,2) are the series

length and bandwidth used to estimate f}. In the LH estimator,
hj (j=1,2) 1is the bandwidth used to estimate f}. The values of

K ,Ky, b, and h, minimize the IMSE’s of the estimates.
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