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Abstract

The conceptof integratedstochastiqrocessess widely usedin empiricalmacro-
economicsand cointegrationanalysisis an importantframewnork to analyzeeco-
nomic time seriesbothin singleequationandin systemapproachesThis frame-
work is not only suitedto studythe relationshipshetweernvariablesthat areinte-
gratedof orderone,denotedy I(1), but alsoto analyzevariableghatareintegrated
of higherorder However, in theliteraturetheanalysisof 1(1) modelsis muchmore
popularthanthe analysisof [(2) modelsalthoughthereis someevidencethatrel-
evant economictimes serieslike nominal monegy andthe price level in the euro
areaareintegratedof ordertwo. Thisis confirmedby applyingtestson doubleunit
roots.

Thepurposeof this paperis to illustratetheanalysisof 1(2) variablesandto shav
how this techniquecanbe appliedto explore the relationshipbetweenmone/ and
prices. The leadingindicatorpropertyof money for prices,money demandanaly-
sisandthe role of money in the transmissiormechanisnmare addressedlt turns
out thatthe I(2) analysisprovidesa considerableempiricalmethodfor extracting
informationfrom monetaryaggrgyatesor monetarypolicy purposes.

Keywords: Doubleunit roots,|(2) model,cointegration,euroareamoney demand.
JEL classification:C22,C32,E41.

* This paperis a modifiedversionof a chapterof my dissertatioron “StructuralVectorAutoregressve Analysis
andMonetaryPolicy” (Aachen:Shaler, forthcoming).Partsof this paperhave beenwritten while | wasparti-
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acknavledged.



L Hriavuucoilivli

Since the concept of cointggration was introduced into the economic literature by

Engleand Granger(1987),therehasbeena fastgrowing numberof publicationsconcerning
the analysisof integratedand cointegratedvariables. A variableis calledto be integratedof

orderd, denotedby I(d), if it hasto bedifferenced! timesto becomestationary Two or more
I(d) variablesarecointegratedif alinearcombinationof thesevariablesexiststhatis integrated
of alowerorder! Most of thestudiesin this context have coveredtheanalysisof 1(1) variables
giventhe finding that relevanteconomicvariablesare(1).> However, the conceptof integra-
tion and cointegrationis more generaland alsowell suitedfor the analysisof 1(2) variables.
Moreover, somestatisticalevidenceindicatesthat nominalvariableslike nominalmoney and
thepricelevel in the euroareamay be integratedof ordertwo. This paperaimsat contributing

to the statisticalanalysisandeconomidnterpretatiorof modelswith 1(2) variables.Its purpose
is to provide someevidencefor thel(2)nessof relevantmacroeconomitime seriesandto illus-

tratetheapplicationof 1(2) modelsn monetaryeconomicsTheapplicationshavn hereshould
beinterpretedasillustrationsof the kind of problemsandquestionghatcanbeaddresseth an

I(2) framework. All applicationgdiscussedherearerelatedto therole of mongy in themonetary
policy stratgy of the EuropearCentralBank (ECB).

Thestatisticalanalysisof 1(2) modelshasbeendevelopedto alarge extentby Johansei1995b)
who providestheestimatiortechniqueandasymptotidistributionsof estimatorsandteststatis-
tics, Paruolo(1996)andRahbek KongstedandJggensern(1999)discussinghe determination
of the cointegrationindicesandby ParuoloandRahbek(1999)definingweakexogeneityin the
[(2) model.Haldrup(1998)givesanoverview of theeconometri@analysisof I(2) variables Ex-
amplesfor recentapplicationsarean|(2) cointegrationanalysisof the purchasingpower parity
betweenAustraliaandthe United Statesby Johanser§1992),the developmentof a structured
VAR for Denmarkunderchangingmonetaryregimesby Juseliug1998),a studyaboutcorver
genceof price indicesby Juseliug(1999)andan I(2) cointegrationanalysisof small-country
import price determinatiorby Kongsted1998).

The structureof this paperis asfollows. In section2, the formal analysisof 1(2) variablesis

presentedlt is shavn how the orderof integrationcanbe determinedandempiricalevidence
for thel(2)nessof money andpricesin theeuroareais presentedAfterwards,cointegrationand

error correctionin modelswith 1(2) variablesare explained,andestimationandtestingin this

framawvork are summarized.It is demonstrate¢how the cointegrationindicesthat correspond
to the cointegrationrank in the I(1) framewvork can be determined,and causalityand weak
exogeneityare discussedshortly. In section3, the I(2) framework is appliedto analyzethe

relationshippetweermoney andpricesin the euroarea.Finally, sectiord concludes.

1 A moreformal discussiorof integrationandcointegrationfollows in section2.

2 An earlyandinfluential contribution to the analysisof non-stationarynacroeconomitime seriess Nelsonand
Plosser(1982). A standardeferenceor the statisticalanalysisof (co)integratedvectorautorgressve models
is Johansel(1995a). The numberof applicationsof the (1) modelis huge.An overvien cannotbe givenhere.
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2.1 The Determinatiorof the Orderof Integration

2.1.1 Definition of IntegratedProcesses

A stochastiqrocess{y; }1_, is calledintegratedof orderd if the differencef orderd of the
process Ay, = (1 — L)%,, where Ly, = y;_1, are stationarywhile the processtself and
differenceof lower orderarenot stationary? A well known procesghatis integratedof order
oneis therandomwalk:

¢
Y1t = Zﬁj for t=1,.,T or yyu=yip1+e for t=2,..T, (2.1)
j=1

where{e;}]_, is a stationary independentindidentically distributed error process. The first
differencesof the randomwalk Ay, = y1; — y1,.-1 = &, arestationary A processthatis
integratedof ordertwois adoublesumof errors:

t k
yu=3_ 3 & for t=1,.T or yy=ypy1+yy for t=2_7 (22
k=1 j=1

Becausd(2) processesre doublesums,they arein generalmore smoothand more slowly
changingthan I(1) processesnd a time seriesplot may give a first indication of the order
of integration. The shapeof the plotted processhowever, dependscrucially on the chosen
parametersspeciallyincludeddeterministidermsandthevarianceof theerrorprocessFigure
1 shavs anexampleof anl(1) processandanl(2) processThedatageneratingorocesseare:

In Y1t = In Y1,t—1 + 0.017 + E1t

Inyyy = 21Inys 1 —Inyas o+ e9

With €14, g9; ~ N(0,0.0062), y10 = y20 = "%, yo; = "0, Thevarianceis approximately
thevarianceof the secondlifferenceof thelogarithmicmoney stockM3 in theeuroareafrom
1980to 1999 andthe startingvaluesarethe logarithmicvaluesof M3 in the first andsecond
quarter1980. The processesannotbe distinguishedwith respecto their smoothnes$ut the
behaior of thefirst differencesndicatesthedifferentintegrationordersof the processes.

Thefigure shovs alsoM3 in the EuropearMonetaryUnion (EMU) from 1980to 2000, which
is obviously not stationary The mong/ stockM3 is trendingrelatively smoothly andit may
be arguedthatit is integratedof ordertwo for thefollowing reasonsFirst, the(2) hypothesis
is supportedby the inspectionof the graph of the growth ratesof the money stock, which
arenot stableandpossiblynot 1(0) but I(1). This canalsobe obsered for pricesin the euro
area. The correspondinggraphsandthe datadescriptioncan be found in the appendix. The
seconddifferencesof the logarithmsof M3, that are the differencesof the growth rates,are
stable.Secondapplyingformaltestson doubleunit rootsprovidesfurtherevidencefor thel(2)
hypothesis.

3 A processis weakly stationaryif neitherits meannor its autocovariancesdependon the datet, for further
informationon stationarityseefor exampleHamilton(1994),p. 45f.



Figurel: euroAreaivs anasimulationsor I(1) andl(Z) Processeg; anays
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2.1.2 Testsfor DoubleUnit Roots

Threedifferentunit root testsare considerechere? the Hasza/Fullejoint F-test(Haszaand
Fuller,1979),theDickey/Pantulasequentiait- Test(Dickey andPantula,1987)andtheSen/Dicley
symmetricF'-test(SenandDickey, 1987). Thefirst differenceof anl(2) processs

t k t—1 k t t—1
Ayor = Yot — Yot-1 = ZZ&?]' - ZZQ’ = Zé?j = ZEj +er=Ayg 1 +&. (2.3)
k=1 j=1 k=1 j=1 j=1 j=1
This canalsobewritten as
Yor = Yo—1 + AyYos1 + &1 (2.4)

andleadsto thegeneralizedickey-Fuller regression
Tt = d1$t_1 + @2A$t_1 + ’llt. (25)

Subtractinge;_; andAz;_; from bothsidesof (2.5)andaugmentingheregressiornwith lagged
seconddifferencedo reducethe autocorrelatiorof the residualssuchthat they becomewhite

4 The following descriptionof parametrictestsfor doubleunit roots benefitsfrom Haldrup (1998), who also
describesionparametritests.
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k—2
A2.l‘t = (dfl — 1)$t_1 -+ (dQ — 1)A$t_1 -+ Z (ﬁjAQJZ't_j -+ ét, (26)

j=1
wherek > 2 is the order(lag length) of the autorgressve processr; = Zle QT + &
in its finite orderlevel representation.The Hasza/Fullefjoint testfor doubleunit rootsis an

F-testof the hypothesisH,: a; = oy = 1. The F-statisti® is calculatedfrom the sum of
squaredesidualskS S, = ZtT:k +1 ¢? from theregressior(2.6)andthesumof squaredesiduals

RSSy = Zfzkﬂ é§°)2 from therestrictedregression2.7),wherea; = ay = 1 isimposed,

k—2

A%z, =" @A, + &, (2.7)
7j=1
in thefollowing way:
HEF — (RSSy — RSS,) /2

RSS /(T —m) ’

wherem = 2+ (k—2) = k isthenumberof regressorsn theunrestrictedegressionUnderthe
null hypothesighatz; is integratedof order2, the F'-teststatistichasa non-standardimiting
distribution. The empirical critical valuesare tatulatedin Haszaand Fuller (1979) and are
reproducedh table8, casg(d), in theappendix If thetruedatageneratingprocesss astochastic
processroundalinearand/orquadratidimetrend,thentheprobabilityof notrejectingawrong
null hypothesigendsto one,if theteststatisticis constructedrom thetestregression2.6). To
obtainareliabletest,it is necessarto addtherelevantdeterministidermsto thetestregressions.
If the time seriesplot shaws that the processhaspossiblya deterministicquadratictrend, a
quadratid¢rendpolynomial

pie = po + pt + pot? (2.8)

hasto be addedto thetestregressiong2.6) and(2.7),in this casem = k + 3. Equwvalently; if
the processxhibits possiblyalineartrendlike M3 in figure 1, thenthelineartrendpolynomial

pe = po + pt (2.9)

hasto beaddedto thetestregressiong2.6)and(2.7),andnow m = k + 2. Thecorresponding
empiricalcritical valuesarealsoreproducedn table8 in theappendix.

TheDickey/Pantulasequentiateston doubleunit rootsconsistf two stagesin thefirst stage,
the usualaugmentedickey-Fuller test(ADF) is usedto testwhetherthe first differencesare
[(1). In this stageit is assumedhatthe processs atleastl(1), thereforeit is a conditionaltest.
The ADF testregressiorfor thefirst differencess

k—2
AZQIt = (dg - ].)A.Tt,l + Z g?)jAzxt,j + ét (210)

j=1

andthe Dickey/PantulastatisticDP-¢ is theusualt-statisticfor the coeficientin front of Ax; ;.
DP-t follows theDickey-Fuller limiting distribution. Thecritical valuesaretalulatedin Hamil-
ton (1994), for example. The power of this testandthe critical valuesdependagainon the
includeddeterministicerms.If thealternatve to the unit rootin thefirst differencess alinear
time trend, thena trend hasto be includedin the testregression. Otherwise the testhasno

5 SeeHamilton (1994),p. 206f., for example.



lablel: Unit roottestsior M3, GDPPandHICP

In M3 In GDPP In HICP
lagsl..4 lagsl..4 lags1..2
@ G © @ G @© @ b (
HF-F | 422 412 6.75] 400 4.26 9.88] 3.37 6.52 13.28
SD-F| 045 3.04 1352 0.34 1.28 13.17] 139 1.88 9.89
DP< || —-2.11 —2.66 —1—1.29 —2.42 -1 —2.15 -1.50 -

Notes: The teststatisticsreportedare asdescribedn the text, lagsrefersto the numberof laggeddifferences
includedin the auxiliary regression. (a), (b) and (c) indicatethat a constant,a constantand a linear trend or
a constant,a linear trend and a quadratictrend are included. Seasonatummieshave beenincludedin all test
regressions’* refersto significancethatis rejectionof the null hypothesisf a doubleunit root, on a 10%level.
Thedatais describedn theappendix.

asymptoticpower at all. If the null hypothesiof a unit rootin thefirst differencess rejected,
thenthesecondstageof thetest,theusualADF testfor theprocessn levelsis performedo test
whetherthe processtselfis I(1).

The Sen/Dicley symmetricjoint testfor doubleunit rootsis basedon the estimationof the
following two-equationsystem:

k—2
A’zy = (G — V)wpq + (G — 1)Azyq + z @jAZl"t—j + €14
7j=1

k—2
A2,’Et = (dl — ]_).fEt_l — (dg — 1)Aa:t + Z@jAQ.TH_j + éQt (211)

Jj=1

Becaus®f thecross-equatiorestrictiongn (2.11),thedependentariablesandtheindependent
variablesof the two equationsare staclked togethersuchthatan extendedHasza/Fulleregres-
sionhasto beestimatedThe F-teststatisticfor Hy: a; = o = 1 isthesymmetricSen/Dicley
teststatisticSD-F'. Becausedhe estimationis moreefficient, the Sen/Dicley testhasa higher
power thanthe Hasza/Fulletest. Lik e the previous tests,the Sen/Dicley regressiorhasto be
augmentedby the appropriatedeterministiderms.Thecritical valuesarereproducedn table9
in theappendix.

The previously describedunit root testsare appliedto the logarithmsof M3, GDP deflator
(GDPP) and the harmonizedindex of consumerprices (HICP) in the EMU; the resultsare
reportedin table1.® Thetablecanbeinterpretedasfollows. It cannotbe rejectedthatM3, the
GDP deflatorandthe HICP in the euroareaareintegratedof ordertwo. The non-rejections
independenodf the includeddeterministicterms. The mostrealisticassumptions thata linear
trendis in the dataimplying that column (b) is relevantfor HF-F' and SD-F' andthatcolumn
(a)is relevantfor DP-.

2.2 RepresentatioandIinterpretatiorof I1(2) Models

Becausef the strongevidencefor 1(2)nessof money andpricesin the EMU, it is suggestedio
modelthe relationshipbetweernthesevariablesin anl(2) framewvork. As it is not necessaryn

6 The calculationshave beendonewith Mathematicat.O.
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arel(2) Cointegrationin thel(2) framework is arestrlctlonllke comtegjratlonln thel(1) model
andthis restrictioncanbetested.In thefollowing, the representatioandinterpretatiorof 1(2)
modelsis discussed.

Considerthe following vectorautorgressve modelwith two lags,VAR(2):
Ty = Al.iEt_l + AQ:I;t_Q + Uy, t= 3, veey T, (212)

wherex; is a p x 1 vectorof endogenouwvariables,A; arep x p coeficient matricesand
ug ~ Ny(0,%,) isap x 1 vectorof multivariatenormally distributederrors. Subtractingr;_;
givesthecorrespondingectorerrorcorrectionmodel(VECM):

Azy = (A1 — Ip)xi1 + Aoy o — Aoy 1 + AoTy1 + (2.13)
=(A1+A—L)re 1 — As(xp1 — 22) + 1wy
=Ilz;_y + T Az g + uy,

with I,, asp-dimensionaldentity matrix. FurthersubtractingAz;_; givesthefollowing repre-
sentation:

A’z =Tz, 1+ (T1 — L) Az 1 + (2.14)
= th—l + FA.It_l + Uyg.

The processs calledintegratedof orderd, x; ~ 1(d), if the highestorderof integrationoc-
curring in the setof variablesin z; is d. The processis called cointggratedof order (d, 7),
x; ~ Cl(d, 1), if the processtself is integratedof orderd > 0, andthereexistsalinearcombi-
nation 3'z; thatis integratedof alower order: 8'z; ~ I(d — 1), i > 0.” Thenumberof linear
independentointgyrationvectorsequalsr = rk(II) and$ is ap x r matrix of cointegration
vector(s).Cointgygrationimplies a setof testablerestrictionson the coeficientsin the VECM.
Theprocesscanbedescribedyy anl(1) cointegrationmodel,z; ~ CI(1, 1), if

O0<rk(l)=r<p and rk(a/ TB)=p—r, (2.15)

wherea andg arep x r matricessuchthatll = a5’ and~y, denotesanp x (p — r) orthogonal
matrix to the p x r matrix v suchthat+'y, = 0.8 The systemis drivenby p — » common
stochastid(1) trends 3", ;.

If
0<rk(Il)=r<p and rk(a/\I'8)=s<p-r, (2.16)

theprocesss I(2) andis drivenby p—r — s commonstochastid(2) trends.Thematrix (o/, I'5, )
canbedecomposeihto thetwo (p—r) x s matricest andn suchthat(o/, '8, ) = £n'. Thebasis
of thel(0), I(1) andl(2) relationscanbe estimatedasthematricess, 3, = B.n andB, = 8.1,
wherethe barsymbolizeghe operationy = (v'y)~! implying o'y = I. A linearcombination
of thecommonp — r — s 1(2) trendsis 3,z;.° The numberof the(1) relations,3,z;, is s, and
therearer 1(0) relations.In generaltheserelationscontainthe levels andthefirst differences
of z;:

B'zy — 685Azy ~ 1(0), (2.17)

” Theconcepiof cointegrationwasintroducedby EngleandGranger(1987).

8If r = p, theny, = 0 andif r = 0, thenvy, = I, is chosen.

9 In equivalenceto thel(1) model,wherethecommonl(1) trendshave thebasis3, , the basisof thecommonl(2)
trendsin the(2) modelcanalsobewrittenasfs = (3, 1) . For detailsseeHaldrup(1998).
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thereforeﬁlvvaysl(l) andnotcointggrated.If » > (p—r — s), thel(0) relationscanbeseparated
into two groups.First, therearer — (p — r — s) relationsthatdo not needthefirst differences
to becomestationary:°

8" B'zy ~ 1(0), (2.18)
whered, is of dimensionr x (r — (p — r — s)). Secondtherearep — r — s polynomially
cointgyrating relationscontainingalsofirst differencef the [(2) variables:

§' Bz, — 868, Ay ~ 1(0). (2.19)

Notice thatthe cointggrationparametersf interests, g; andé arenot uniquesuchthatidenti-
fying restrictionshave to beimposed.

Now, the VECM canalsobewrittenin thefollowing way:
A’y = a(f'wi-1 — 0ByAwe—1) — (G, G) (B, 1) Az + uy (2.20)

with ¢; = T'8 and{, = I'3;, seeParuoloandRahbek(1999).

The VAR model(2.12) canbe expandedto higherlag lengthand deterministictermscanbe
included:

k
Ty = [t + Z Ay + uy (2.21)
=1
or writtenasVECM
k—2
A’xy = pp 4 My + TAzy + Z U A Ty + uy, (2.22)
=1
WMH:—I+ZkAM?——Z“HA@: 2. k=1, =L, +Y¥'T
and¥; = — Z] i1 IiGE=12,...,k=2).If thecoeﬂuentsof therepresentatiom second

differencesare given, the correspondindevel coeficients can be calculatedin the following
way:

Ay, = Uy

Ak—l = \II]C_3 - 2\Ijk—2

Aps = Uy s 92Uy s+ Ty (2.23)
A2 = —Ip—F_2‘I’1+\I}2

Ay = 2L, +T+ 1+ V.

Likein thel(1) framework, therearedifferentpossibilitiesto includedeterministidermsin the
model. The choiceof the trendpolynomialdependon the trendingbehaior of the variables.
An unrestrictedconstant,u; = g, for example,generates quadratictime trendin the lev-

els. Detailsaboutthe inclusionof deterministiccermsandits implicationscanbe foundin the
appendix.

2.3 Estimation,Testingandthe Determinatiorof the Cointegrationindices

2.3.1 TheHierarchyof the Hypothesesboutthe Cointegrationindicesin thel(2) Model

The hypothesesiboutthe cointegrationindicesr ands in the l(2) modelhave a certainhierar
chicalorderingcomparabldo the orderingof hypothesegboutthe cointeggrationrankr in the

10 A specialcaseis #'z; ~ 1(0), implying thatd = 0, 8, = I andtherefored’, 8'z; = 'z ~ 1(0).



lapleZ: Oraeringor the Modelsin thel(Z) Framevork (Jonansenl99sb,p. 27)

p—r T
p 0 Hyp C Hoy C --- C Hop—1 C Hop = H8 C Hy
N
p—1 1 Hl’() cC --- C Hl’pfg C Hl,p,1 = H? C H,
N
N
1 p-1 Hy_1o0 C Hy1y = Hy , C H,
p—r—3S§ p p—1 1 0

I(1) framewvork. As hasbeendiscussedn the previous section,the numberof 1(0), 1(1) and
[(2) relationsin thesystemis r, s, andp — r — s, respectiely. To startwith, considerthe case
in which s = p — r suchthatthe numberof I(2) trendsis zeroandthe modelreducedo an
[(1) model. In this case the traceteston the cointegrationrankis performedin the following
order: The modelwith a cointggrationrank of at mostr is denotedH,. The model,wherethe
cointeggrationrankis exactly r (andnotatmostr) is called H?. It follows that H is a subsebf
H, whichis asubsebf H, andsoon: Hy, C H; C --- C H,. Testingfor thecointegrationrank
followstheso-calledPantulaprinciplesayingthatthetestis consistentvhenthemostrestrictve
modelis testedfirst andtherestrictionsarerelaxed subsequentlyntil the unrestrictednodelis
considered?! Accordingto this procedurethe hypothesighatthe cointegrationrankis at most
zerois testedirst. If thisis rejectedthenext stepis to testthe hypothesighatthe cointegration
rankis at mostl. If thisis not rejected the cointegrationrankis not at mostzeroandit is at
mostone,therefore asalogical consequencey is exactly one.If H; is rejectedthealgorithm
continuesin ananalogousvay until H,. is not rejected ,which indicatesthatthe cointegration
rankis exactly r. In thel(2) framework this extendsto a two-dimensionabrderof hypotheses,
seeJohansefi1995b p. 261.), andthemodelwith cointegrationindicesof exactly » andatmost
s is calledH, ;. In equivalenceto thel(1) casethe modelwith cointegrationindicesof exactly
r andexactly s is denotedH? ;, andthe orderingis H,, € H,, C --- C H,, , = H? C H,.

7,87

For anoverview of the orderingof modelsseetable?2.

2.3.2 Estimationof the CointegrationParametersind TestingHypothesesboutthe
Cointegrationindices

The dominatingestimationtechniquefor 1(2) modelsis the two-stepestimatordevelopedby
Johanser{1995b). Thefirst stepis to apply the reducedrank regressiontechniqueto the I(1)
model H? for eachpossiblecointegrationrankr = 0, .., p — 1 andcalculatethe corresponding
estimatorf theadjustmentoeficientsa andthelong-runrelationss. The secondstagecon-
sistsof a secondreducedrank regressionconditionalon the respectie valuesfor (r, «, 3) for
eachpossiblevalueof s, thatis estimationof the modelsH,,. Now, for all possiblecombina-
tionsof r ands, ateststatisticcanbe calculated.This teststatisticS, ; is the sumof the (1)
traceteststatistic(), anda correspondingraceteststatisticfor the hypothesighatthe number
of 1(1) relationsis at mosts, conditionalon the cointegrationrankr, @, ;. The orderof testing
follows the Pantulaprinciple,thatis the mostrestrictve hypothesis = s = 0 is testedfirst. If

1 This is alsothe underlyingprinciple of the Dickey/Pantulasequentiateston doubleunit roots describedn
section2.1.2.
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blnatlonsof r=0ands = 0,...,(p — ) have beenrejected the testcontinueswith » = 1
ands = 0 andsoon. Thefirst comblnationof r ands thatis notrejected thatis thetracetest
statisticS, ; is smallerthanthecorrespondingritical value,is accepte@scointegrationindices
of the model. The asymptoticdistribution of S, ; is nonstandardut tatulateddependingon
includeddeterministicerms.

Paruolo(1996)shawvs thatit is alsopossibleto testfor cointeggrationindicesanddeterministic
termssequentiallywithout size distortion. This joint testfollows againthe Pantulaprinciple:
the mostrestrictve hypothesess testedfirst. Thetestis conductedn the following way. The
orderingof hypothesisn Table2 is augmenteduchthatthefirst line comprisegshe hypotheses
Hy, - -+ HY) for the mostrestrictve assumptioraboutthe deterministicterms. The next rows
containthesamehypothesebut with lessrestrictve assumptionaboutthedeterministiderms,
respectrely. Then,thetableis continuedwith the secondrow of table 2, thatis with the hy-
pothesedH, - - - HY. This row is againfollowed by rows with the samehypotheseut with
lessrestrictve assumptionsboutthe deterministicterms,andso on. Whenthetableis com-
plete,the teststatisticsarecomparedo the correspondlng:rltlcal values.Let H?, denotethe
hypothesisH, ; with deterministicspecificationz, and H; ; the samehypothe5|sw|th theless
restrictve deterministicassumptiorb. First theteststatlstlcfor Hg, is comparedo thecorre-
spondingeritical value. If thecritical valueis lower, thenthe hypothesiss rejectedandthetest
statisticfor H{ , is consideredThenthetestproceedssbefore thatis theteststatisticfor H
is inspectedfollowedby Hg,l, andsoon. Theprocedurestopsif ateststatisticis lowerthanthe
critical value.Notice,thatthis proceduras only valid for themodels2 to 3.2in table7 onp. 22.
Model 4.1 doesnotfit into the orderingof deterministiomodelswith respecto restrictveness.
Details of this procedure a treatmentof the properinclusionof deterministicterms,andthe
critical valuescanbefoundin Johansel(1995b),Paruolo(1996),andRahbeket al. (1999);the
computationalmplementatiorandthecritical valuesaresummarizedn theappendix.

The estimatorsof the adjustmentcoeficients and the long-run relationscan be taken from
the two reducedrank regressionscorrespondingo the chosenpair of cointegrationindices.
Theseestimatorsaareasymptoticallyefficient, and,if identified,(super)consistenseeJohansen
(1995b)andParuolo(2000). Hypothesesboutthe long-runrelationscanbe testedik e in the
I(1) framavork by imposingthe restrictionsandcomputingthe lik elihoodratio statisticwhich
is x2-distributed. Hypothesistestingin the 1(2) modelis for examplediscussedy Haldrup
(1998). Two computerprogramsthat can be usedto estimatel(2) modelsandto testfor the
cointegrationindicesare CATS in RATS with anextensionfor 1(2) modelsby ClaraJggensen
andthe RATS applicationMalcolm by RoccoMosconi. Theresultsprovidedin this paperhave
beencomputedvith Mathematicat.0 usinga cointegrationpackagenritten by the author

2.4 CausalityandWeakExogeneityin thel(2) Framevork

A possibleapplicationof vector autorgressve modelsis the analysisof structuralrelation-
shipsbetweerthevariables.The usualtoolsfor this kind of analysisareamongothersGranger
causalitytests,impulseresponsdunctionsand forecasterror variancedecomposition.These
methodsarefor examplediscussedh L iitkepohl(1993)for the caseof 1(0) andI(1) variablest?
Further it is ofteninterestingf someof thevariablesn asystemareweakly exogenousmply-
ing thatthemodelcanbe estimatedconditionalonthesevariableso reducecomplexity without
loosing efficiency. In a cointgygratedl(1) VAR, weakly exogenousvariablesdo not adjustto

12 Further referencedor Grangercausalitytestsin integratedvector autorgressve modelsare Giannini and
Mosconi(1992)andTodaandPhillips (1993).
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cations. Weak exogeneityin the conte<t of cointgyratedI(1) VARs is for exampletreatedin
Ericssoretal. (1998).In thefollowing, testingfor Grangemon-causalityandweakexogeneity
in the 1(2) modelis briefly reviewed.

Theconcepbf Grangercausalitycanbedescribedsfollows. A variable(or vectorof variables)
z; Grangercausesnothervariable(or vectorof variables)z;, if theinclusionof the history of
x, (T4_1, T4 9, ..., T4_k), iImprovesforecastof z, (Z;11, 2112, ---). In the framework of vector
autorgressve models,Grangercausalitycanbe formalizedasfollows:*? In a partitionedVAR

of orderk
o 2t | Mt A11,1 A12,1 2t—1
o= [ Ty ] [ Hat ] N [ Ag1n Agzn ] [ Ty-1 ] *

All,k A12,k Zt—k U1t

* [ Agr g Asap ] [ Tt—k ] T [ U2t ] (2.24)
2z 1s not Grangefcauseddy z; if andonly if A;5; = 0for: = 1,..., k. This restrictioncan
be testedwith a usualWald testin the caseof a stationaryVAR. But if someor all of the
variablesn thevectory; areintegratedof orderd > 0, theWald teststatistichasa nonstandard
limiting distribution. This problemis consideredy Todaand Yamamoto(1995)and Dolado
and Lutkepohl (1996), for example. They show thatit is possibleto modify the Wald test
suchthat the teststatistichasagaina y2-distribution. First, the lag-lengthk of the VAR has
to be specified.Whenthis hasbeendone,a VAR of orderk + d is estimatedandit is testedif
Agi1 = --- = Agqg = 0. Thiscanbetestedwvith aWaldtestbecaus@aotall coeficientmatrices
areinvolved. Therehave to be atleastd unrestricteccoeficient matricesto guaranteghatthe
Wald teststatisticis x2-distributed,seeTodaand Yamamoto(1995),section4. Therefore the
Wald testfor Ay,; = --- = Agyq = Oisvalidif £ > d. Theteston Grangemon-causality
usesonly thefirst k£ coeficient matricesbecauset canbe supposedhatthe othercoeficients
arezero. The Wald teststatisticin this framevork hasa y2-distribution becausehereremains
againa sufficient numberof unrestricteccoeficient matrices: Ay 1, . .., Ax.q. Deterministic
termscanalsobe addedseeDoladoandL uitkepohl(1996,p. 374).

Weak exogeneityis a wealer conceptthan Grangernon-causalityin the sensethat weak ex-

ogeneityis a necessaryut not sufficient conditionfor Grangernon-causalitywhile Granger
non-causalitys not necessaryor weakexogeneity Weakexogeneityof avariablex; in anl(1)

VAR representedy the VECM (2.13)is given,if all adjustmentoeficientso;;, j =1, ..., 7,

in the equationfor that variableare zero. Grangemon-causalityrequiresin additionto weak
exogeneitythat all coeficients of the first differencesof the non-causingvariables,storedin

a submatrixof 'y, arezero. Paruoloand Rahbek(1999) have extendedthe conceptof weak
exogeneityin the I(1) modelto the I1(2) modelin thefollowing way. Supposehatthe number
of possiblyweakly exogenousvariablesis p — m. A necessargonditionis thatthe number
of possiblyweakly exogenousvariablesis lower than or equalto the numberof 1(2) trends:
p—m < p—r —s. Supposdurtherthatthelastp — m variablesn thesystemxz,, 1, ..., z,)’

arethe candidategor weak exogeneity Theselastp — m variablescanbe selectedwith the
selectiormatrixb = (0, I,_,)". Fromtheorem3.3in ParuoloandRahbek(1999)followsthata
necessarandsufiicient conditionfor weakexogeneityof o'z, is

YII = T = 0. (2.25)

This conditionrefersto the representatior2.14). Equivalentformulationsof this condition
canalsobe foundin otherrepresentationef the I1(2) model. Paruoloand Rahbek(1999)also

13 This follows L iitkepohl(1993),section2.3.1.
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correspondingestin the (1) model, thedetallsof thlstestarenotdlscussedhere

3 1(2) Analysisof Money andPricesin the EuroArea

3.1 LeadingindicatorPropertieof Money

3.1.1 TheLeadingindicatorPropertyandthe MonetaryPolicy Stratgy

To achieve the overriding objective of price stability, the ECB hasadopteda monetarypolicy
stratgy basedn two pillars* Thesetwo pillars are”a prominentrole for money, assignalled
by the announcementf a referencevaluefor the growth of a broadmonetaryaggreate;and
a broadlybasedassessmenmtf the outlook for future price developmentsandtherisksto price
stability in the euro areaas a whole” (ECB, 1999b, p. 46) The following macroeconomic
criteriafor the selectionof a suitablemonetaryaggreatein the first pillar have beenapplied
(ECB, 1999a,p. 321.): (1) the empiricalstability of the monegy demandfunction suchthata
stablerelationshipbetweemmone/ andpricesexists; (2) theselectednonetaryaggreateshould
beagoodleadingindicatorfor futurepricedevelopments(3) thecontrollability of themonetary
aggreyateby the centralbankhasto be takeninto account.In the following section,3.1.2,the
seconctriterion,theleadingindicatorpropertyof money for prices,is analyzed.

3.1.2 MethodologyandEmpirical Results

In the context of time seriesanalysis,one variablez; is a leadingindicator for anothervari-
able z;, if forecastsof z;,,, h > 0, canbe improved by including the history of z, thatis
(x4, 41, 749, -..) in theforecastalgorithm. This is exactly the definition of Grangercausality
seesection2.4. To exploretheleadingindicatorpropertiesof the monetaryaggregatesM1 and
M3 for prices,the causalitytestdescribedn section2.4is appliedto bivariateandmultivariate
systems? In themultivariateframevork, ashort-terminterestrates,, along-terminterestrate,
¢;, andreal GDR, y,, areincludedasexogenousrariablesn the VAR estimation.

Thetrue orderof integration,d, of the analyzedvariablesis not known. In borderlinecasesor
if differentunit root testsyield differentresults,the supposednaximumorder of integration
shouldbe usedfor the describedorocedure As shown in section2.1.2,the maximumorderof
integrationof M3 andpricesin the euroareais two. Thereforejt is supposedn the following
that the maximumorder of integrationis d = 2, andthe causalitytestis performedin the
framavork of a VAR with £ + 2 lags. Additionally, a constantseasonatlummiesanda time
trendareincluded. Thelag lengthis chosermaccordingto the following stratgy: First, thelag
length k& suggestedby the Hannan-Quinrcriterion (HQ) is taken. Thenit is testedif Ay, =
Ario = 0. If thisis rejected)agsareaddedthatis & is increaseduntil thetestdoesnot reject
this hypothesisTable3 shavs the Wald teststatisticsandthe corresponding-values.Thenull
hypothesiof Grangemoncausalitys rejectedf thep-valueis smallerthanthedesirechominal
significancdevel. While thereis only poorsupportof thehypothesishatM3 is Grangeicausing
pricesin bivariatesystemgthenull hypothesighatM3 is not Grangercausinghe GDP deflator

14 The monetarypolicy stratgy of the ECB s discussedor examplein Holtembller (2002).

15 The leadingindicatorpropertiesof money have alsobeeninvestigatedn a recentstudyby Trecrociand Vega
(2000) using a broadrangeof techniques.They considerbivariateand mulivariate systems real and nomi-
nal monetaryaggregyatesanddifferentassumptiongboutthe integration order of the variables. Their datais
seasonallyadjustedwvhile hereseasonallyot adjustedlataandseasonatiummiesareused.

11



lables: Causalitylestsior Mioney andPrices(1960:1-1999.:4)

(2, ) (21, %1, 81, £y) (26, T4, Y, 51, 4t)

k zharhra kb arrocrtu b zhanfz
z=HICP| 4 1.99 231 3 3.19 4.68 3 2.68 5.06
r; =M3 |[[0.31] [0.11] [0.07] [[0.07] [0.03] [0.01] |[0.07] [0.06] [0.00]
z=HICP| 4 3.28 1.93 2 0.85 2.82 2 0.68 2.58
r; =M1 |[0.32] [0.02] [0.12] ([0.17] [0.43] [0.07] |[0.16] [0.51] [0.08]
z=GDPH 6 151 2.00 6 143 0.80 5 1.35 0.92
r; =M3 |[0.75] [0.19] [0.08] [[0.56] [0.23] [0.58] |[0.21] [0.26] [0.48]
z=GDPR 5 288 133 | 6 040 049 | 7 0.29 0.30
;=M1 |[0.71] [0.02] [0.26] ([0.07] [0.87] [0.81] |[0.21] [0.95] [0.95]

Notes: ThereportedstatisticsaaretheWald teststatisticor the null hypothesi®of Grangemon-causalitydescribed
in thetext; z; 4 x; hasto bereadasthehypothesisz; is not Grangercausedy z;. Thenull hypothesiss rejected
if the p-value (reportedin braclets)is smallerthanthe desirednominalsignificancelevel. The p-valuebelow &
is the p-valuefor the Wald teststatisticfor Ax; = Axy2 = 0. A constantseasonatiummiesanda lineartime
trendareincluded. HICP is the harmonizedndex of consumeiprices,GDPPis the GDP deflator s, is a short-
terminterestrate, /; is along-terminterestrate,andy; is real GDP. All variablesexceptfor theinterestratesare
measuredh logarithms.The datais describedn the appendix.

(GDPP)/ the harmonizedndex of consumeprices(HICP) is not rejectedon the 5%-level but

only on the 10%-level), thereis strongevidencethatthe broadmonetaryaggreateis Granger
causalfor the harmonizedndex of consumepricesif interestratesandreal GDP areincluded
in theVAR. Giventhatthe HICP is thetargetvariableof ECB policy andconfirmingtheresults
of Trecrociand Vega (2000), M3 can be interpretedas a leadingindicator for future price

developmentsA furtherresultis thatprices(both GDPPandHICP) areGrangercausafor the

narrav monetaryaggre@ateM1 in a bivariatesystem.This confirmsthe assumptiorihatM1 is

heldmainly for transactiorpurposesuchthatit hasto beadjustedf priceschange.

3.2 Money Demand

The analysisof money demandandits stability playsa prominentrole in empiricalmonetary
economicg® This sectionaimsto illustrate the 1(2) analysisof a nominal money demand
system.First, in section3.2.1the orderof integrationof logarithmicreal balancesasa linear

combinatiorof thelogarithmsof money andpricesis explored.In section3.2.2,arepresentadie

exampleof anl(1) realmonegy demandanalysisis discusseandit is shavn how the inherent
assumptiorof long-run price homogeneitycan be testedwithin an 1(2) approach.In section
3.2.3,it is shortlyexplainedhow money/ canplay anactive or apassve role in thetransmission
processwhile in section3.2.4thesepossiblerolesof money areinvestigatecempirically.

16 Seel iitkepohl and Wolters (1999) for methodological single country, and multi-country studiesof money
demand,and Coenenand Vega (1999), Muller and Hahn (2000), and Brand and Cassola(2000) for money
demandanalysisn theeuroarea.
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labie4: Unit roottestsior HICP anaGDpPPderlatedvis

In (M3/GDPP) In (M3/HICP)
lags (a) (b) (c) | lags (a) (b) (o)
HF-F|| 1 1480 16.08* 1651*| 3 279 6.40 6.22
SD-F| 1 16.26* 23.1F* 23.86™| 3 229 6.87 6.68
DP+ || 1 —5.47% —542* | 3 -237 —225 -

Notes: Theteststatisticsreportedareasdescribedn section2.1.2,lagsrefersto thenumberof laggeddifferences
includedin the auxiliary regression. (a), (b) and (c) indicatethat a constant,a constantand a linear trend or
a constant,a linear trend and a quadratictrend are included. Seasonatummieshave beenincludedin all test
regressions¥, **, and*** referto significancethatis rejectionof the null hypothesiof adoubleunit root,on 10,
5,and1%levels.

3.2.1 TheOrderof Integrationof RealBalances

Most studiesof money demandrelationsfocus on the logarithm of real money usingan I(1)
model. This proceduramplies a cointegrationrelationshipbetweernthe logarithmsof nominal
money andprices,(my, p;) ~ CI(2,1),with cointggratingvector; = (1, —1), giventhatnom-
inal money and pricesarefoundto be I(2). This cointgyrationrelationcanbe interpretedas
long-runpricehomogeneity Thesuitability of this restrictionis testedn thefollowing. Table4
shownstheresultsof the unit root testsdescribedn section2.1.2for two differentdefinitionsof
realmongy. First, M3 hasbeendeflatedvith the GDPdeflator(GDPP),andsecondvi3 hasbeen
deflatedwith the harmonizedndex of consumeiprices(HICP). While GDPPdeflatedmoney
is 1(1), HICP deflatedmoney is 1(2). Thereforethe cointeggrationrestrictionseemgseasonable
if GDPPdeflatedmoney is usedin money demandstudiesasit is almostalwaysthe case.The
factthatHICP deflatedmoney is not1(1) doesnot excludea cointggrationrelationshipbetween
M3 andHICP, but it rejectsthe hypothesighatthe cointegrationvectoris 5, = (1,—1).

3.2.2 Money andPricesin a Money DemandSystem

In an actualstudy Brandand Cassola2000) estimatean I(1) moneg/ demandsystemfor the
euroarea. This studyis taken asan examplefor the discussion.The extensionfrom an (1)
modelto an I(2) modelcould be demonstrate@quialently with anotherreal monegy demand
study but this studyis the mostrecentone for the euroarea. The dataset consistsof log-
arithmic real balancegM3 in the euro areadeflatedwith the GDP deflator), inflation (first
differenceof logarithmicGDP deflator),logarithmicreal GDP, a short-terminterestrateanda
long-terminterestrate:z} = (m:—p;, Apy, yt, St, £1). In @avectorerrorcorrectionframenork for
I(1) variablesBrandandCassolaareableto identify threecointegrationrelationsby imposing
(over)identifyingrestrictionson the cointggratingvectors. Theserestrictionsare motivatedby
an economicmodel. The main featuresof this modelare a constantreturnsto scaleproduc-
tion functionin labor and capital stock, the Fisherinflation parity and a demandfunction for
real balances.The identifiedcointegrationvectorsof the modelarethe Fisherinflation parity,
an equationfor the term structureof interestrates(expectationshypothesisyandthe demand
functionfor realbalances.

As mentionedn the previoussection,if realbalancesremodeledasendogenouf1) variable,
long-runpricehomogeneitys imposed It is notin questiorthatthisis areasonablandwidely
acceptecassumptionn economictheory but it is anempiricalquestionif thisis a notrejected
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lapleds: Tracetestior the brana/Cassolaioney Demandsystem

r Srs Qr
0 350.52 256.81 207.65 175.24 157.59 148.85
1 218.97 146.53 97.47 74.84 67.61
2 121.26 74.20 42.82 36.00
3 63.99 2222 14.05
4 28.74 577
p—r—3s 5 4 3 2 1 0

Notes: Teststatistic.S, ; for testinghypothesesiboutthe cointegrationindicesas describedn section2.3.2.
The deterministictrend polynomialfollows model3.1in table7. Critical valuescanbe foundin table11in the
appendixthelaglengthis two, andthe samples 1980:1-1999:4Seasonatlummieshave beenadded.

restrictionin theempiricalmodel. Thevalidity of this restrictioncanbetestedn anl(2) frame-
work. Giventhatmoney andpricesarel(2) variablesandthatreal GDP andthe interestrates
arel(1) variables,the teston long-run price homogeneitycan be performedin the following
vectorautorgressve setup: the endogenousariablesare logarithmicnominal M3, the loga-
ritmic GDP deflator logarithmicreal GDR, a short-terminterestrate,anda long-terminterest
rate:z), = (my, pr, Ut, St, £1). Thedatausedhereis anupdatedversionof thedatain Brandand
Cassolg2000). The optimallag lengthof the VAR, suggestedby the Hannan-Quinreriterion,
is two andthe deterministictrend polynomialis chosensuchthatthereis a non-zeromeanin
thel(0) componentandalineartrendin thel(1) andI(2) componentgmodel3.1in table7 in
theappendix).The cointegrationindicesaredeterminedasr = 3 ands = 1, seetable5.

Juseliug1998)describeshefollowing economicscenaridor this combinatiorof cointegration
indices:With r = 3ands = 1, thenumberof stochastid(2) trendsin thesystemisp —r — s =

5— 3 - 1=1. Thisimpliesthatthetwo I(2) variablesn; andp, have the samel(2) trendand
arecointggrated,(my, p;) ~ CI(2,1). Long-runprice homogeneityis givenif m; — p; ~ (1),

suchthatthecointegratingvectoris (1,—1). Additionally, therearer — (p — r — s) = 2 relations
that cointgyratedirectly to 1(0) andp — r — s = 1 polynomially cointegrating relation that
compriseslsofirst differenceof anl(2) variable.Thedirectly cointegratingrelationscouldbe
amoneg/ demandunctionor inversevelocity (m; — p; — y;) andtheterm structureof interest
rates(¢; — s;). Candidategor the polynomially cointegratingrelationarea shortrun Phillips

cune (y: — Byt — BypApe, implying anothertrend polynomial that allows for trendsin the
1(0) relations)or the Fisherinflation parity (¢,—4Ap;). Thelasttwo relationsarepolynomially
cointgygratingbecausea differenced(2) variable,Ap,, is neededo getanl(0) relation.

Thelong-runpricehomogeneitycanbetestedoy imposingtherestriction(1, —1, -, -, -) onthe
r = 3 cointegrationvectorsandtestingthisrestrictionwithin thetwo-stepestimatiorframenork
by comparingthe maximizedlik elihoodfunctionsof the restrictedandthe unrestrictednodel
(likelihoodratio test). The restrictionshave to be imposedin the first andin the secondstep
of the estimationprocedure suchthattwo LR teststatisticshave to be calculated.’” The LR
teststatisticin the first stepis x2(3)-districutedandhasa valueof Q,; = 30.28with p-value
0.00.TheLR teststatisticin the secondstephasa valueof Qy, = 1.26andis x?2(1)-distributed
(p-value: 0.26). Thefirst steprestrictionis rejectedat all usualsignificanceevels. This sug-
geststhatthe underlyingdatasetor the model specificationis not appropriateto estimatean

17 Thedetailsof this testaredescribedn the appendix.

14



T\ Wi i e R el IR I el i el AT Y Sy el e R R R e A

theimposedrestrictionin the long-runprice homogeneityestis differentfrom theimposedre-
strictionsin therealmoney demandsystem.Nominalmong/ andthe pricelevel do not appear
in eachlong-runrelationin the mongy demandsystem. But the testof restrictionson single
cointegrationvectorscanonly be appliedif all cointegrationvectorsareidentified. Theidenti-
ficationof all cointegrationvectorsin thel(2) money demandsetupis notclearsofarandis left
for futureresearch.

In the economicmodelusedby Brandand Cassolamoney is completelydemanddetermined
and passve. As a passvely endogenouwariable,the quantity of money doesnot play ary
role in the transmissiommechanisnof monetarypolicy. Especially the money stockis not a
determinanbf thepricelevel. Money is only anindicatorfor the stanceof monetarypolicy con-
ductedvia theinterestrateandis thereforecorrelatedwith futureinflation but it doesnot cause
futureinflationandinflationis in this sensenota monetaryphenomenonAccordingto this eco-
nomicsetup thereis no explicit long-runrelationbetweemmoney andpricesin theeconometric
model;but besidedong-runprice homogeneitythereis anindirectrelationbetweemmoney and
inflation via thelong-terminterestratethatis includedin the money demandelationandin the
Fisherinflation parity relation.

A relationbetweermoney andpricesthatallowsfor amoreactive role of thequantityof money

in the transmissiorprocessandthat considerscausalityfrom money to pricesin the long-run
couldbe establishedn anl(2) analysis.The analysisof the error correctionmechanisnof the
ClI(2,1) relationbetweenmong and pricescanbe usefulfor investigatingthe leadingindica-
tor propertyof money for prices. Moreover, from (my, p;) ~ CI(2,1) follows (Amy, Ap;) ~

Cl(1,1)® The cointegrationrelationbetweerthe growth ratesis calleda medium-runsteady-
staterelationby Juseliug1999).

3.2.3 TheRole of Money in the TransmissiorProcess

Following Laidler (1999),therole of endogenoubut active money in thetransmissiorprocess
of monetaryimpulsescouldbeasfollows: Consideradecreasingnterestrate,for exampleasa
resultof a monetarypolicy action. Supposedhatthe interestrateelasticitiesof money demand
andloandemandaredifferent. This is arealisticassumptiorbecausgeopledo not borrow to
hold moremoney but to spendt. If consumptiorfollowsthe permanenincomehypothesisfor
example,then consumptiorwill increasejf the interestrate decreasesinvestmentdecisions
of firms dependon the interestrateon loans. If borroning from the bankis cheaperdueto a
decreasingnterestrate,theninvestmentexpendituresgncrease.ln practice,the additionallig-
uidity achiezedby borrawing from thebankappearsasa liability of thebankin the depositsof
the borrowing consumerandfirms. Therefore asa consequencef the balancesheetrestric-
tion, the quantity of money increasesvithout the demandfor money increasingby the same
quantity Money supplyis higherthanmoney demandandthe resultis a money overhang(or
excessmoney supply).Onepossibilityis thatthis monegy overhangs spentsuchthataggreate
demandincreases.The additionalaggregatedemandaffects outputand prices,implying that
money is active, thatis, helpsto causeinflation. Outputandpricesare agumentsof nominal
moneg/ demandsuchthatthe money overhangvanishsor is reduced Anotherpossibilityis that
peopleusetheir excessmong holdingsto lower their indebtednessanplying thatthe quantity
of loansandthe nominalmoney stockadjustuntil nominalmoney supplyanddesiredmoney
holdingsarein equilibrium. In this casenominalmoney decreaseandmoney is passve. The
empirical question,whetherthe adjustmentn the holding of real balanceds doneby price

18 |f ﬁil’t ~ |(1), thenA(ﬂiiL’t) = ﬂiA.’L’t ~ |(O)
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or by bothvariablegintermediatecase)s now addresseth anl(2) framework.

3.2.4 Money andPricesin anl(2) Model

Thebestmethodto exploretherelationshipbetweermonegy andpriceswouldbeafully specified
[(2) model. Unfortunatelythisis muchmorecomplicatedhanthe specificatiorandestimation
of anl(1) model. Therefore,a simplerapproachs usedhereto demonstratéhe usefulnesof
thel(2) framework for the discussiorof theimpactof money on prices.

Cointegrationtestsin thel(2) modelcanalsobe conductedn asingleequationframenork. The
proceduras equialentto thel(1) caseandtestsif theresidualdrom aregressiorareintegrated
or stationary Cointggrationis given,if theintegrationorderof the residualss lower thanthe
maximumorderof integrationof the variablesin the regressionequation.If 1(2) variablesare
involved in the regression the residualscan be 1(0), 1(1) or I(2). For mone/ and priceswe
canassumedhatthey cointegrateat leastto anl(1) relation,seesection3.2.1. In aregression
from money on prices,thelinearcombination(1,—1) is notimposedandthe variablegpossibly
cointegrateto anl(0) relation. To testthehypothesigm;, p;) ~ Cl(2,0)thefollowing regression
hasbeenestimated-?®

my = py + Bppr + Uy, (3.1)

wherey; includesa constantandseasonatlummies. The augmentedickey-Fuller (ADF) ¢-

statisticfor theresidualsu, is —1.77 (with 4 laggeddifferences¥° This valueis not significant
at arny usualsignificancelevel. Therefore,the null hypothesisof a unit root in the residuals
cannotbe rejected andmoneg/ andpricesdo not directly cointegrateto an(0) relation. In the

sameway it canbe testedif mone/ and pricescointegratepolynomially to an [(0) relationby

addingAp and/orAm to (3.1). Withoutreportingthedetailshere noindicationsfor polynomial
cointggrationof money andpriceshave beenfound.

The (my, p;)-systemis now extendedby addingthe I(1) variablelogarithmicreal GDP y,. As
in theI(1) model,the single equationapproacthis only valid, if thereis only onecointegration
relation. In the caseanalyzednere,it canbe excludedthatthe cointegrationrank r is larger
thanone. The numberof variablesis p = 3. It hasalreadybeenconfirmedthat (m;, p;) ~
CI(2,1), suchthatthe numberof 1(2) trendsin the systemis p — r — s = 1, andthe number
of I(1) relationsis at leastone,s > 1 It followsthatp — 1 — s = r < 1. If thereis a single
cointggrationrelationimplying » = 1 ands = 1, it is a polynomially cointegration relation
(the numberof polynomially cointegrating relationsis p — r — s = 1, the numberof direct
cointegrationrelationsis r — (p — r — s) = 0). The polynomially cointegrationrelationshipis
assumedo be?*

my = iy + Bppr + ByYr + BapAps + v (3.2)

This relation can be interpretedas a nominal mongy demandfunction. Interestratesor an
interestratespreaccouldalsobe addedto the system pbut the analysiss keptassimpleaspos-
sible here. Moreover, this specifications equivalentto a specificationwith along run interest
rateinsteadof the inflation rateif the long run interestrate andthe inflation rate cointegrate

19 EViews hasbeenusedto conductthe calculationsn this section.

20 Thecritical valuesfor this cointegrationtestarenot the usualones they dependbn the deterministicerms,the
numberof 1(1) regressorsandthe numberof 1(2) regressorsn the cointeggrationregression. Single equation
cointggrationtestswith I(2) variablesarediscussedn Haldrup(1994a). The critical valuescanalsobe found
there.

21 statistically onecouldalsoincludethefirst differencesf the othervariablethatis integratedof ordertwo, that
is the money stock.But from aneconomigpoint of view, it is moremeaningfulto considertheinflation rate.
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Figurez: Money Overnangn I(<) Model (5.4),uq:, andin I(1) Model (3.6),u1;

0.04

0.02

0.00

-0.02

—-0.04

(thisis calledFisherinflation parity above) like in the Brand/Cassolanodel. The residualsof
the mongy demandunction arethe empiricalcounterparbf the money overhangdescribedn
section3.2.32?

Ugt—1 = my—1 - S/Bppt—l + Byyi—1 + /BApApt—l)J — (3.3)
nominalmoney stock money‘aemand

errorcorrectionterr‘nror monegy/ overhang
The OLS estimationresultsfor (3.2) are

my = Ut + 115pt + 116% - 0244Apt + U9t

(3.4)
(0.04) (0.06) (0.50)

with OLS standarderrorsin parenthesesy; includesagaina constantand seasonatlummies.
The ADF t-statisticfor the hypothesishat uy; is integratedof orderoneis —4.07 (with the
fourth laggeddifferenceincluded),suchthat this hypothesigs rejectedat the 10%-level (5%
CV: —4.25,10% CV: —3.93),andit canbeassumedhat(3.4) is a polynomially cointegrating
relation. Now, the money overhangis uq;. The error correctiontermsof the 1(2) model(3.2)
andthel(1) model

(m —p)y = e + Byys + Bely + uy (3.5)

with OLS estimates

(m—p)t = Mt + 138yt - 030&5 + U
(0.03) (0.14)

(3.6)

arecomparedn figure2. It canbe seerthatthe mone overhangs very similarin bothmodels
over long periods. At the actualend of the graph, however, it is obsered that the money
overhangestimatedn the I(2) framawork is larger thanthe money overhangestimatedn the
I(1) frameawork. This largermoney overhangseemdo be compatiblewith the obsenationthat
thegrowth rateof M3 hasbeenclearlyabove its referencevaluein 1999.

22 |In theterminologyof the ECB, this is the monetaryoverhang/shortfall The ECB usesalsothe nominalmoney
gap, calculatedon the basisof nominalmoney growth above/belav the referencevalue, andthe real money
gap, thatis the deviation of the obsened real mongy stock from estimatedreal money demand. The ECB
terminologyis explainedin ECB (2001).
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lableb: Summarystatisticsor the Regressiongs. /)and(s.o)

Sample:1981:2- 1999:4(T=75)
(3.7) (3.8)
m —0.1758 (0.0493)] a, 0.0613 (0.0349)
R 0.8343 R 0.9782
SE 0.0040 SE 0.0028
JB 1.7372 [0.4195]| JB 3.4153 [0.1813]
LM(L) 2.2268 [0.1356]| LM(1) 3.1429 [0.0763]
LM(4) 6.8002 [0.1468]| LM(4) 8.3207 [0.0805]
ARCH(1) 0.0353 [0.8509]| ARCH(1) 1.1138 [0.2913]
ARCH(4) 1.9025 [0.7537]| ARCH(4) 16.0451 [0.0030]

Notes: A constantandseasonatlummieshave beenaddedaswell aslaggeddifferencesaccordingto equations
(3.7)and(3.8), but only the estimatorgstandarcerrorsin parentheses)f a,,, anda,, arereported. SE denotes
the standarderror of the regression,JB the Jarque-Berdestfor normality, LM(%) the Lagrangemultiplier test
for serialcorrelationof theresidualgk laggedresidualsncluded)andARCH(k) the Lagrangemultiplier testfor
autorgressie conditionalheteroskdasticity p-valuesin braclets.

The errorcorrectionmechanisnin thel(2) modelcanbe capturedoy estimatingthe following
two singleequations:

A’y = fmt + QunUag_1 (3.7)

3 3 4
+ Z 1, A%y + Z 10 A%py; + Z CigiAy—i + Uy

A®py = iy + Oz (3.8)

3 3 4
+ ) P APy + Y PoiApy i+ Y TasiAyp i + gy
=1 =1 =1
Theinclusionof threelaggedsecondlifferencef monegy andpricesandfour laggedfirst dif-
ferencesof real incomecorrespondso a lag length of five in the level specification this lag
lengthis suggestedby the Hannan-Quinrcriterion. The system(3.7/3.8)is of coursenot an
equialentspecificationto the representatiorf2.14) of the 1(2) model. The error correction
mechanisnfor the CI(2,1) relationshipbetweemnmoney andpricesandthe third equationwith
the seconddifferencesf the GDP asdependentariableare omitted. But the two equations
have stationaryresidualsandthe summarystatisticsin table 6 do notindicatedeparturegrom
theusualassumptionsiboutthe residualgexceptfor the ARCH(4) LM testfor the priceequa-
tion). The adjustmenparametersy,,, = — 0.18(0.049)and«, = 0.06(0.035)have correct
signsandgive a first impressionof the adjustmenprocesqOLS standarderrorsin parenthe-
ses).It canbe seenthatthe nominalmoney stockis adjustingto a larger extentthanthe price
level. Thisresultshouldbeinterpretedcarefully becauséheasymptotiadistribution of the esti-
matorsin thiskind of two-stepprocedures notknown. Theintermediateeasementionedabore
with nominalmoney and pricesasadjustingvariablesseemdo be the onethatis in line with
thedatain the euroarea.The positive impactof the money overhangon futureinflationis also
foundin TrecrociandVega (2000)and Gerlachand Svenson(2000) usingdifferentspecifica-
tions. The adjustmenbf nominalmoney canin principle be calculatedn anl(1) modelwith
real balancesaasendogenousariable,too. But theinformationis moreclearly revealedin the
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economlcresultsof the I(2) analysisare compatiblewith the resultsof othermoney demand
studiesfor the Euro area,for exampleCoenerandVega (1999),Muller andHahn (2000),and
Brandand Cassola2000). In all thesestudies,a stablemongy demandfunctionis found for

the Euroarea.This resultseemgo be very robust, giventhatit holdsfor differenttime spans,
differentaggrgationmethodsanddifferentstatisticalframenorks. Therefore the existenceof

a stablemoney demandfunction, thatis oneof the criteriausedby the ECB to chosea mon-

etaryaggreatein thefirst pillar (seesection3.1.1),canbe confirmedfor the broadmonetary
aggregateMa3.

4 Conclusions

This paperinvestigateghe I(2) methodologyasan extensionof the widely usedi(1) method-
ology. It hasbeenshownn thatthereis empirical evidencethat relevant macroeconomidime
serieslike nominalmone stockand price level in the euro areaare integratedof ordertwo.

Theconceptof causality exogeneity cointegrationanderrorcorrectionhave beendiscussedh

the 1(2) framenvork. Theseconceptdave beenappliedto testthe leadingindicatorpropertyof

money for pricesin the euroareaandto illustratethe basicoutline of an1(2) modelof money

demand.

Theadwantage®f thel(2) approacttcomparedo thel(1) approachn thepresente@pplications
are the following: First, relevant monetaryvariablesin the euro areacan be assumedo be

integratedof ordertwo. Thereforeanl(2) modelis the appropriatestatisticalspecification As

thereis alossof informationif thefirst difference®f variablesthatareintegratedof orderone
areanalyzedn anl(0) model,thereis alsoalossof informationif differenced(2) variablesare
modeledin an (1) model,for exampleinflation insteadof prices. Secondjn the [(2) model,

long-run relationsbetweenthe first differencescan be specified. In mary applications,the

logarithmsof the endogenousariablesare consideredsuchthat the first differencesare the

growth rates. Thereis someevidencefrom economictheory thata long-runrelationbetween
the growth rate of money andthe growth rate of prices(inflation) exists. This relation could

be properly specifiedin an I(2) model. Anotheradwantageof the 1(2) modelis that money

andpricescanbeincludedasseparatevariablesinsteadof real balancesThe usualrestriction
of price homogeneityunderlyingthe useof real balancesanbetestedin the I(2) framework.

Additionally, theadjustmenbf nominalmoney to thelong-runequilibriumcanbe seendirectly

from thel(2) specificatiorwithout constructingt from realbalancesndprices.

The advantage®f the [(2) modelareaccompaniedby the following disadwantage.The instru-

mentsfor the I(2) analysisare not asfar developedasfor the analysisof 1(1) models. While

the focus herehasbeento investigatethe long-runrelationshipsand the adjustmenfprocess,
structuralanalysis especiallythe calculationandinterpretatiorof impulseresponsdunctions,
is not discussedhere. However, an exampleof impulseresponseanalysisin anl(2) modelcan
befoundin Holtemoller (2002).

In summarythe 1(2) modelprovidesa considerablempiricalmethodfor extractinginforma-
tion from monetaryaggregatesfor monetarypolicy purposes.Theresultof the decomposition
of changesn realbalancess thatnominalmoney reactsto a largerextentthanpricesto devia-
tionsfrom thelong run equilibriumof money supplyandmoney demand.This impliesthatan
excessmong/ supplydoesnot necessarilycausehigherinflation in the future becausehis ex-
cessmong supplywill partly bereducedoy adecreasingiominalmoney stock.An interesting
guestionthathasto be addresseth furtherresearchs whetherit canbe identifiedunderwhat
conditionsnominalmoneg/ adjustsandunderwhatconditionspricesadjust.
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The Euro areadatausedin this paperwas provided by Nuno Cassola. Furthernoteson the
constructiorof theeuroareaaggregateq11 countries)eforetheintroductionof theeuro(back
to 1980)canbefoundin BrandandCassolg2000). Thedefinitionof thevariabless asfollows
(adjustedstocksareconstructedvith flow statistics):

M1: Adjustedstockof theeuroareamonetaryaggrgateML1 in billions of euro. Thequarterly
dataareaveragef monthly data. Theindex of stocks(Decemberl998= 100)is multi-
plied by the Decembed 998stockof M1. The percentagehangebetweerary two dates
(after October1997) correspondso the changen the aggreateexcluding the effect of
reclassificationgtc. M1 includescurreng in circulationandovernightdeposits.

M3: Adjustedstockof theeuroareamonetaryaggrgateMa3 in billions of euro. Thequarterly
dataareaveragef monthly data. Theindex of stocks(Decemberl998= 100)is multi-
plied by the Decembe998stockof M3. The percentagehangebetweerary two dates
(after October1997) correspondso the changein the aggregateexcluding the effect of
reclassificationgtc. M3 comprisesM1 andin addition, depositswith agreedmaturity
up to two years,depositsedeemablat notice up to threemonths(M2) andmarketable
instrumentsssuedby the MFI sector(repurchasagreementsnong/ marketfundshares,
money market paperanddebtsecuritieaup to two years).

Real GDP (Y7): Nationalserieson real grossdomesticproductat market pricesare added
afterthey have beenrebasedo acommonbaseyear(1995)andcorvertedto eurovia the
irrevocablefixed corversionratesof 31 Decemberl998. Adjustedfor Germanunifica-
tion. Billions of euro.

NominalGDP (Y™): Nationalserieson nominalgrossdomesticproductat market pricesare
addedafterthey have beencorvertedto eurovia theirrevocablefixed corversionratesof
31 December998. Adjustedfor Germanunification. Billions of euro. ESA95datato
thewidestextentpossible.

GDP Deflator(GDPP) Nominal GDPdividedby real GDP.

HICP: Index for euro-11areaHarmonizedindex of ConsumerPrices. The nationalHICP
serieshave beenextendedbackwards using growth ratesof CPI (national definition).
Weights:consumespendingveightsat purchasingpower parity exchangeatesin 1995.
Quarterlydataareaverageof monthlydata.

Short-termnterestrate Weightedaverageof euro-1lannuakhort-termnterestates.Weights:
GDPweightsat purchasingpower parity exchangeaatesin 1995.Nationalseriesarefrom
the Bank for InternationalSettlements3-monthmoneg/ market interestrateslinked to
EURIBORfrom 1999onwards.Fractions.

Long-terminterestrate Weightedaverageof euro-1lannualong-terminterestates.Weights:
GDP weightsat purchasingpower parity exchangeratesin 1995. National seriesare
from the Bank for InternationalSettlements10-yeargovernmentbondyield or closest
substitute Fractions.
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labile 7. Deterministictermsin thel(z) vMioael

1stStep| 2nd Step

Model U RIU R Features Critical Values

non-zeraneanin boththe | table 10 and Paruolo
2 c I(0) andl(1) components, (1996),table5

linear trend in the 1(2)
components

non-zeromeanin thel(0) | table 11 and Paruolo
31 | ¢ c | componentslinear trend| (1996),table6

in the I(1) and(2) com-
ponents

non-zeromeanin thel(0) | table 12 and Paruolo
componentslinear trend| (1996),table13

32 |¢ ¢ in the 1(1) components|,

quadraticrendin thel(2)

components

linear trend in the 1(0), | table 13 and Rahbek
41 |c t c

I(1) andl(2) components| etal. (1999),tablel

Notes: The numberingof the modelscorrespondso the numberingin Mosconi(1998,p. 27). U(nrestrictedand
R(esricted)ndicatehow deterministidermsareincludedin thefirst andsecondstepof the two-stepestimatorfor
1(2) models(c denotesa constaneindt alineartrend).

AppendixB. 1(2) Analysis

B.1 Implementatiorof the Two-StepEstimationof I(2) Models

In this sectionthe implementatiorof the two-stepestimationprocedureor 1(2) modelsdevel-
opedby Johanserf1995b)andextendedin orderto includefurther specification®f determin-
istic termsby Paruolo (1996) and Rahbeket al. (1999)is summarized. For this purpose,a
consistennotationcoveringall casesonsideredn the cited studiess used.

B.1.1 First Stepof the Two-StepEstimation

In the first step,the adjustmenparameters: andthe cointegrationvectorsg areestimatedy
reducedrank regression. At this stage,the restrictionon the rank of o/, '3, is ignored. The
representatiothatis consideredereis

k—2
A’z = e+ ey + DAz + Z U A%7y ;4 uy, t=1,...,T, (2.1)

=1
wherell = af', iy = uo + 1t andu, ~ N,(0,%,). Four differentspecificationsof the
deterministidermsy; aretakeninto accounthere,seetable?.

Thefirst stepcanbestructuredn thefollowing way (anasteriskndicateshatthecorresponding
matricesdiffer for differentspecification®f the deterministicerms):
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Zy= (A%:;—l’ R AQx:f—k-f—Z),a Z; = (Zéa Dgll)la

whereD®! containgheunrestrictedleterministicermsin thefirst step.For model2, D¢
is emptyandin the caseof model3.1,3.2,and4.1anunrestrictecconstanis includedin
thefirst step,thatis D¥! = 1. Further define

Lot = A%t; i = Az

and
1/
Lot = Ty_1, Z;t = (Zét’ D;—l)l’

whereD!! containsthe deterministictermsthatarerestrictedto the cointegrationspace
in thefirst step,thatis D7* = 1 in model2, Di* = ¢ in model4.1 and D7 is empty
otherwise.

. Computeresiduals:

Ry::  Residualof amultivariateOLS regressiorof Zy, on Z;
Ry;:  Residualof amultivariateOLS regressiorof Z;, on Z}
Ry Residualof amultivariateOLS regressiorof Z3, on Z;

andresidualproductmomentmatrices
T
Miy; =T 'Y  RuyRy,  4,j=0,1,2,
t=1
M;j1 = M;j — My M{;' My, 1,7 =0,2
. Solve theeigervalueproblem
| AMag.1 — Mooy Mogh Moz, |[= 0

for eigervaluesl > Xl > e > X,, > 0 andeigervectorsf/ = (v1,...,0,) suchthat
VIM22_1V = I

. Computethe estimatordor 5*, o andX, givenr:
5* = (,771, <. ;@); a= M02.15*a iu = Moyo.1 — aa’'
andorthogonakcomplements:

5i = Myy, (/77r+1; .. a/ﬁp)a a, = M&flMOQJ (/77r+1; .. aap)

Thematrix 5* is of dimensiornp x r for models2, 3.1and3.2: 5* = 5 andof dimensions
(p+1) x r in thecaseof model4.1: 3* = (5", 5)'.

. Computethelik elihoodratio tracestatisticfor hypotheseaboutthe cointeggrationrankr:

P
QT:—TZln(l—/)\\,-), r=0,...,p—1

1=r+1
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In the secondstep, the matrix o/, I'8* = ¢&n* is estimatedby reducedrank regressionand
imposingtherestrictionrk(o/, '8} ) = s.

1. Define
Z = (2, DY,

where D¥? containsthe unrestricteddeterministictermsin the secondstep. For model
3.1, Dy = 1, otherwiseD}? is empty Further define

1 2
ZaJ_t = OZJ_A Ty,
* * *

whereAz;_; = Az, for models2, 3.1and3.2andAz; ; = (Az}_;,1)" in the caseof
model4.1. Define

Z,BLt = Bj_ A‘,'Ct_l’ Z;Lt = (Z,IHLU D;El),’

where D}? containsthe deterministictermsthatarerestrictedin the secondstep,thatis
DI? = 1in model3.1and4.1and D:? is emptyotherwise.
2. Computeresiduals:

R, .. Residualof amultivariateOLS regressiorof Z, , on Z;
Rg;:  Residualof amultivariateOLS regressiorof 73, on 7}
Rg ¢+ Residualof amultivariateOLS regressiorof 73 , on Z;

andresidualproductmomentmatrices

T
My =T > RuRjy,  i,j=ou,f, 0L

t=1
Mijp = Mij — MigMgg Myg;, i, = a1, 01
3. Solvetheeigervalueproblem

| pMg, 5, 5 — Mg o, sM, !, sMy g, 5]=0

ajal.fp
for eigervaluesl > py > --- > pp_p > 0 andeigewectorsﬁ/\ = (wy,..., Wy—_,) SUCh
thathM/gL/jJ__/gW =1.

4. Computetheestimatordor n*, £ ando’, ¥, givens:

T’A* = (@1, ] @S)’ 5 = MaJ_,BJ_.IBﬁ*’ alj_zuaJ_ = MaJ_O{J_.ﬁ - 551’

orthogonakomplements:

77/\*J_ = MIBJ_ﬁJ_-ﬂ({ﬁS‘Fl’ R {Epfr)a

§L= M;jaL.BMaLBL-ﬂ(@Hh SRR @p—r)
andadditionally B
Bl = Bﬂ?a 32 = B\J_ﬁJ_
Thematrixn* is of dimension(p — ) x s for models2 and3.2: »* = n andof dimensions
(p —r+1) x s for models3.1and4.1: n* = (1, no)".
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s givenr:
p—r
QT,S:—TZln(l—ﬁi), s=0,....,p—1r—1
s+1
andthejoint likelihoodratio tracestatisticfor hypothesesboutthe pair of cointegration
indices(r, s):

Sr,s = Qr + Qr,s

B.1.3 TestingRestrictionson the CointegrationParameters

Thefollowing descriptionof thelik elihoodratio testof restrictionson the cointegrationparam-
etersfollows Kongsted1998,Chapter3.2). Thenull hypothesiss thatall cointegrationvectors
aresubjectto the samesetof linearrestrictionson the coeficients.Likein thel(1) modelthese
restrictionscanbe summarizedn ap x ¢ matrix B suchthat3 = By and B’ 3 = 0, where
@ is of dimensiong x r andgq is the numberof freely estimatecdcoeficientsper cointegration
vector?® To calculatethe likelihood ratio test statistic, the first stepis estimatedunrestrict-
edly asdescribedn the previous section,andthen,thefirst stepis repeatedvith imposingthe
restriction.Thatis doneby solvingthe eigervalueproblem

| AB'Myy1B — B' My 1 Myg', Mg 1 B |=0

for eigevaluesl > A} > --- > A7 > 0 andeigervectorsV* = (vf,...,v;). Therestricted
estimatorsarecalculatedasfollows

o= (v],...,v), B =Bp

andthelik elihoodratio teststatisticis

Qu :Ti:ln(l_i;k).

i1 1—X\

Qu is x?-distributedwith (p — ¢)r degreesof freedomandthe null hypothesiss rejectedf the
p-valueof @, is lowerthanthedesirednominalsignificancdevel.

The samerestrictionshave alsoto beimposedon 5;, the basisof the Cl(2,1) relation(s).It can
beshowvn that _

= B

n=B6 = (Bei, BL)S = ( (Bou ) )
" B
suchthatthe restrictionsthat have to be imposedon n in the secondstepcanbe summarized
by n = Hk with H' = (I,_,,0)’, wherex containsthe freely estimatedcoeficientsandis of
dimension(q — r) x s. Thematrix H hasto be correctedf arestrictedconstanioccursin the
secondstep(models3.1and4.1):
. (H O
w=(07)

otherwiseH* = H. Now, theeigervalueproblem

| pH* Mg, 5, gH* — H" Mg o0, M, Mo, g, sH* |=0

aja).p

23 The constructionof the restrictionmatrix and the testalgorithmin the I(1) modelis describedn Johansen
(1995a,Chapters5.3and7.2).
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Thelik elihoodratio teststatisticis
S 1 . p*
=TY 1 ).
Qu=T3 I (1 - p)

Qw2 is x2-distributedwith (p — ¢)s degreesof freedomandthe null hypothesiss rejectedf the
p-valueof @, is lowerthanthe desirednominalsignificancdevel.

The restrictionson the cointegrationvectorsare not acceptedf one of the two hypothesesn
the first and secondstepis rejected. If the nominalsignificancelevel for both testsis v/2,
respectrely, the sizeof thejoint testis betweernv/2 andv.
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Table8: Critical valuesfor the Hasza/Fulletestfor doubleunit roots(HF-F')

(d) (a) (b) (©)

10% 5% 1% [10% 5% 1% [10% 5% 1% | 10% 5% 1%

2.89 3.78 6.01|5.78 7.17 10.55/9.54 11.41 15.88|17.21 20.49 28.62
2.82 3.60 5.52|5.47 6.61 9.22|8.75 10.17 13.43/13.16 15.13 19.43
2.78 3.53 5.31/5.33 6.36 8.65|8.36 9.58 12.31|11.77 13.27 16.50
2.76 3.49 5.20/5.25 6.23 8.36|8.13 9.25 11.70|11.07 12.40 13.25
2.76 3.48 5.17|5.22 6.19 8.28|8.05 9.15 11.52/10.84 12.13 14.84
2.75 3.47 5.14/5.21 6.16 8.22|7.98 9.05 11.37

T

25
50
100
250
500
o0

Notes: Critical valuesfor the Hasza/Fullejoint testfor doubleunit rootsdescribedn thetext. (d), (a), (b) and
(c) indicatethatno deterministiderms,a constanta constantaindalineartrend,or a constantalineartrendanda
quadratictrendhave beenaddedto thetestregressionyespectiely. The critical valuesaretakenfrom Haszaand
Fuller (1979)for (a), (b) and(d) andfrom Haldrup(1994b)for (c).

Table9: Critical valuesfor the Sen/Dicley testfor doubleunit roots(SD-F')

(b)
10% 5% 1%

(©)
10% 5% 1%

@)
10% 5% 1%

25
50
100
250
500
00

7.68 9.87 15.29
7.53 9.44 13.95
7.46 9.22 13.28
7.42 9.09 12.88

7.39 9.01 12.61

15.62 19.12 27.72
13.69 16.42 22.79
12.73 15.08 20.33
12.15 14.27 18.86

11.76 13.73 17.87

25.94 30.9 35.97
21.20 24.51 27.75
19.32 22.13 24.80
18.29 20.81 23.17
18.02 20.47 22.8

Notes: Critical valuesfor the Sen/Dicley symmetrictestfor doubleunit rootsdescribedn the text. (a), (b) and
(c) indicatethata constanta constantanda lineartrend,or a constanta lineartrendanda quadratictrend have
beenaddedto the testregressionyespectiely. The critical valuesaretakenfrom SenandDickey (1987)for (a)
and(b) andfrom Kim andShin (1999)for (c).

Table10: Critical valuesfor testinghypotheseaboutcointegrationindices(Model 2)

p—r r 95%quantiles
7 0 317.57 280.23 245.54 215.50 188.46 166.18 147.45 131.70
6 1 240.35 206.83 179.00 154.08 132.85 115.47 102.14
5 2 171.89 145.66 122.05 102.73 86.94 76.07
4 3 116.31 94.75 76.81 63.15 53.12
3 4 70.87 54.53 42.96 34.91
2 5 36.12 26.00 19.96
1 6 12.93 9.24

p—r—s 7 6 5 4 3 2 1 0

Notes: Critical values(95% percentilesfor testinghypothesegboutthe cointegrationindicesin thel(2) model2
(seetable7). Thecritical valuesaretakenform table5 in Paruolo(1996).
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Table11: Critical valuesfor testinghypotheseaboutcointegrationindices(Model 3.1)

p—r r 95%quantiles
7 0 317.57 276.86 240.72 210.71 182.30 158.63 140.14 124.24
6 1 240.35 203.12 174.83 148.54 126.69 109.21 94.15
5 2 171.89 142.57 117.63 97.97 81.93 68.52
4 3 116.31 91.41 72.99 57.95 47.21
3 4 70.87 51.35 38.82 29.68
2 5 36.12 22.60 15.41
1 6 1293 3.84

p—r—s 7 6 5 4 3 2 1 0

Notes: Critical values(95% percentiles¥or testinghypothesesboutthe cointegrationindicesin the I(2) model
3.1(seetable7). Thecritical valuesaretakenform table6 in Paruolo(1996).

Table12: Critical valuesfor testinghypotheseaboutcointegrationindices(Model 3.2)

p—r r 95%quantiles
7 0 307.23 269.70 234.30 205.22 178.25 155.82 136.40 124.24
6 1 231.43 197.46 169.09 144.12 123.30 105.98 94.15
5 2 163.82 139.92 113.58 94.05 78.62 68.52
4 3 108.65 87.04 69.23 55.27 47.21
3 4 63.78 47.85 36.28 29.68
2 5 30.25 19.79 1541
1 6 599 3.84

p—r—=5 7 6 5 4 3 2 1 0

Notes: Critical values(95% percentilesfor testinghypothesesboutthe cointggrationindicesin the I(2) model
3.2(seetable7). Thecritical valuesaretakenform table13in Paruolo(1996).

Table13: Critical valuesfor testinghypotheseaboutcointegrationindices(Model 4.1)

p—r r 95%quantiles
7 0 351.57 311.22 273.99 241.23 211.55 186.08 164.64 146.77,
6 1 269.24 233.77 202.76 174.94 151.27 130.93 115.35
5 2 198.22 167.91 142.15 119.83 101.47 87.15
4 3 136.98 113.04 92.24 75.30 62.76
3 4 86.66 68.23 53.19 42.66
2 5 47.60 34.36 25.43
1 6 19.87 12.49

p—r—s 7 6 5 4 3 2 1 0

Notes: Critical values(95% percentilesfor testinghypothesesboutthe cointggrationindicesin the I(2) model
4.1 (seetable7). Thecritical valuesaretakenform table4 in Rahbeketal. (1999).
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