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MOMENT MODELS WITH POSSIBLY NONSMOOTH
MOMENTS *

Xiaohong Chen fand Demian Pouzo *
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Abstract

This paper studies nonparametric estimation of conditional moment models in which the
residual functions could be nonsmooth with respect to the unknown functions of endogenous
variables. It is a problem of nonparametric nonlinear instrumental variables (IV) estimation,
and a difficult nonlinear ill-posed inverse problem with an unknown operator. We first propose
a penalized sieve minimum distance (SMD) estimator of the unknown functions that are iden-
tified via the conditional moment models. We then establish its consistency and convergence
rate (in strong metric), allowing for possibly non-compact function parameter spaces, possibly
non-compact finite or infinite dimensional sieves with flexible lower semicompact or convex
penalty, or finite dimensional linear sieves without penalty. Under relatively low-level sufficient
conditions, and for both mildly and severely ill-posed problems, we show that the convergence
rates for the nonlinear ill-posed inverse problems coincide with the known minimax optimal
rates for the nonparametric mean IV regression. We illustrate the theory by two important ap-
plications: root-n asymptotic normality of the plug-in penalized SMD estimator of a weighted
average derivative of a nonparametric nonlinear IV regression, and the convergence rate of a
nonparametric additive quantile IV regression. We also present a simulation study and an
empirical estimation of a system of nonparametric quantile IV Engel curves.
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1 Introduction

Many semi/nonparametric structural models are special cases of the following conditional moment

models containing unknown functions:
Elp(Y, X600, ho1(:), -, hog ()| X] = 0, (1.1)

in which Z = (Y’, X])", Y is a vector of endogenous (or dependent) variables, X, is a subset of the
conditioning (or instrumental) variables X, p() is a vector of generalized residual functions whose
functional forms are known up to the unknown vector of finite dimensional parameters (6y) and the
unknown functions (hg = (ho1(+), ..., hog(+))), where each real-valued function hoe(-), ¢ = 1, ..., ¢, may
depend on different arguments. The conditional distribution, Fy|x, of ¥ given X is not specified;
hence the functional form of the conditional expectation, E[p(Z, 0o, ho)|X], of p(Z, 0y, ho) given X
is unknown.

Assuming that the parameters of interest (0g,ho) are identified by the general conditional
moment models (1.1), Newey and Powell (hereafter NP, 2003) and Ai and Chen (hereafter AC,
2003) propose Sieve Minimum Distance (hereafter SMD) estimation of (6o, ). Under the as-
sumptions that the residual function p(Z, 0, h(-)) is pointwise Holder continuous in the parameters
(0,h) € © x 'H, the parameter space © x H is compact, and the sieve parameter space © x H,, is
finite dimensional compact, NP (2003) obtain consistency of the SMD estimator of (6, ko), and
AC (2003) establish root-n asymptotic normality and efficiency of the SMD estimator of the finite
dimensional parameters 6y. However, neither paper studies the optimal rates of convergence for the
SMD estimator of hg.

When hg(+) in the general framework (1.1) depends on the endogenous variables Y, it is difficult
to establish point identification of hg, consistency and convergence rate of any estimator of hg
under the so-called “strong metric” || - ||s, which is a metric that is not continuous with respect to
the quadratic form E [(E[p(Z, 0, h(-))|X]) (E[p(Z,0, h(-))|X])], and the problem becomes a nasty
nonlinear ill-posed inverse problem with an unknown operator.

There are some recent papers on identification and consistent estimation of a real-valued ho(Y)
for two important special cases of (1.1). The first case is the nonparametric mean instrumental

variables (NPIV) regression model:
E[Y: — ho(¥))|X] = 0. (1.2)

See NP (2003), Darolles, Florens and Renault (hereafter DFR, 2006), Blundell, Chen and Kris-
tensen (hereafter BCK, 2007), Carrasco, Florens and Renault (2007), Severini and Tripathi (2006)
and Florens, Johannes and van Bellegem (FJvB, 2007) for identification; NP (2003) for consis-
tency, Hall and Horowitz (hereafter HH, 2005), DFR (2006), BCK (2007), Chen and Reiss (2007)



and Gagliardini and Scaillet (GS, 2007) for convergence rates of their respective estimators of the
NPIV model (1.2). The second important case is the nonparametric quantile instrumental variables
(NPQIV) regression model:

E[{Y1 < ho(Y2)}|X] =~ € (0, 1), (1.3)

where 1{-} denotes the indicator function. See Chernozhukov and Hansen (2005) and Chernozhukov,
Imbens and Newey (hereafter CIN, 2007) for identification;’ CIN (2007) for consistency, and
Horowitz and Lee (hereafter HL, 2007) for consistency and convergence rate of their respective
estimators of the NPQIV model (1.3). Recently, Chernozhukov, Gagliardini and Scaillet (CGS,
2008) send us their unpublished manuscript about the convergence rate and pointwise limiting
distribution of their penalized estimator for the NPQIV model.

To the best of our knowledge, except for the NPIV and the NPQIV models, there is no published
work that establishes convergence rate of any estimator of hy = (ho1(:), ..., hoq(-)) for the general
conditional moment models (1.1) when some of the hoe(-),£ =1, ...,q depend on Y. Moreover, even
for the NPIV and the NPQIV models, the above mentioned papers establish convergence rates for
their respective estimators under different sets of regularity conditions that are very difficult to
compare.

In this paper, we first propose a general class of penalized SMD estimators for hg = (ho1(:), ..., hog(+))

satisfying the following nonparametric conditional moment models:?
E[p(KXz;h()l('),...,hoq('))|X] ZO, (14)

in which some of the hoe(-),£ =1, ..., ¢ depend on Y. Our penalized SMD procedure is very flexible.
It allows for (i) nonlinear and possibly nonsmooth residual function p(); (ii) mildly ill-posed or
severely ill-posed problems; (iii) possibly non-compact (under || -||) infinite dimensional parameter
space, (iv) possibly non-compact (under ||-||5) finite or infinite dimensional sieve spaces, and (v) any
“lower semicompact” (see Section 3 for its definition) or any convex penalization. Our penalized
SMD procedure using finite dimensional linear sieves and “lower semicompact” or convex penalty
is essentially the same as the original SMD procedure using finite dimensional compact sieves that
has been previously studied in NP (2003), AC (2003), BCK (2007), CIN (2007) and Ai and Chen
(2007), except that we establish consistency and convergence rates under the “strong metric” ||-|s
without assuming the || - ||s—compactness of the entire parameter space. This result is of great
interest to those who like to implement the original SMD procedure using finite dimensional sieves,

as they no longer need to worry about whether the entire parameter space is compact under || - |/s.

1See Chesher (2003) and Matzkin (2007) for additional identification results on nonsmooth nonseparable models.

2In Chen and Pouzo (2008), we obtain the semiparametric efficiency and the root-n asymptotic normality of the
penalized SMD estimator 6, of 0y for the general semiparametric conditional moment models (1.1) when p(Z,0,h(-))
is not pointwise smooth in (0, h). The results in Chen and Pouzo (2008) depend crucially on the consistency and
convergence rates of the penalized SMD estimator ;\Ln of ho, which are the main focuses of our this paper.



Our penalized SMD procedure using infinite dimensional linear sieves and “lower semicompact” or
convex penalty extends the current Tikhonov regularization procedures of DFR (2006), HH (2005),
GS (2007), FJvB (2007) and others for the NPIV model, and HL (2007) and CGS (2008) for
the NPQIV model to allow for any model belonging to the class (1.1), and more flexible penalty
functions (not restricted to Tikhonov regularization using square integrable norm of h or square
integrable norm of first or higher order derivatives of h).

Secondly and more importantly, we establish consistency and convergence rates (in “strong
metric” || - ||s) of the penalized SMD estimator for k() of the nonparametric conditional moment
models (1.4), allowing for the above (i) - (v). Our large sample results are derived under any
nonparametric consistent estimator of the conditional mean functions E[p(Y, X,;h)|X = -]. Some
of the results allow for possibly non-uniqueness of hg() satisfying the general model (1.4), although
we present sufficient conditions such that the model (1.4) and the penalty jointly identify hg().
We show that for both mildly and severely ill-posed problems, the convergence rates are closely
related to the notion of “modulus of continuity” (see Section 4 for its definition). More precisely,
for the penalized SMD estimator using infinite dimensional sieves, the convergence rate is given by
the “modulus of continuity”. For the penalized SMD estimator using finite dimensional sieves, the
convergence rate is determined by balancing the sieve approximation error rate of ho() and the “sieve
modulus of continuity”, which is a natural generalization of the “sieve measure of ill-posedness”
introduced in BCK (2007) for the NPIV model (1.2). We also provide low-level sufficient conditions
to bound the sieve modulus of continuity and the modulus of continuity. When we specialize our
convergence rate results to the NPIV model (1.2), our rates coincide with the known minimax
optimal rates derived in HH (2005) and Chen and Reiss (2007).® In addition, our rates for the
general problems of nonlinear and nonsmooth residual functions p also coincide with the optimal
ones for the linear ill-posed inverse problems.

Although we establish consistency and convergence rates for the penalized SMD estimator al-
lowing for both finite dimensional sieves and infinite dimensional sieves, our sufficient conditions
for the ones using finite dimensional sieves are slightly weaker than those for the penalized SMD
estimators using infinite dimensional sieves. In addition, based on our simulation studies and those
reported in BCK (2007) and Chen and Pouzo (2008), the penalized SMD estimator using a finite
dimensional linear sieve and a flexible penalty is not only easy to compute but also performing well
in finite samples. When h( enters the residual function p() linearly such as in the NPIV model
(1.2), the infinite dimensional Tikhonov regularized estimators can be computed in closed-forms,
and their asymptotic properties are relatively easy to analyze; see, e.g., DFR (2006) and HH (2005).

However, when hg enters the residual function p() nonlinearly and non-smoothly, such as in the

3The rates also coincide with those in Efromovich and Koltchinskii (2001) and Hoffmann and Reiss (2008) for
statistical linear ill-posed inverse problems with unknown operators.



NPQIV model (1.3), the infinite dimensional regularized estimators are impossible to compute. In
fact, in their simulation study of the NPQIV model (1.3), HL (2007) actually approximate the
unknown function hg(-) by a Fourier series with lots of terms; hence they could ignore the Fourier
series approximation error, and view their implemented procedure as the one of infinite dimen-
sional sieve Tikhonov regularization. Similarly, GS (2007) and CGS (2008) use finite many spline
and polynomial series terms to approximate unknown h in their simulation and empirical imple-
mentations of their Tikhonov first derivative regularized estimators for the NPIV and the NPQIV
models.

Finally, we illustrate the usefulness of the consistency and convergence rate (in strong metric
[|-]]|s) results by deriving the root-n asymptotic normality of the plug-in penalized SMD estimator of
a weighted average derivative of ho(Y") identified through the general model E[p(Y, X ., ho(Y))|X] =
0, in which p() could be nonlinear and non-pointwise smooth in hg. This result is very important
in its own right, as the weighted average derivatives are widely used in testing various economic
hypothesis of hy when ho(Y) may enter p() nonlinearly; see, e.g., Chen and Ludvigson (2004).
Previously, Ai and Chen (2007) establish root-n asymptotic normality of the plug-in SMD estimator
of a weighted average derivative of hg for the NPIV model (1.2): E[Y; — ho(Y2))|X] = 0. Thanks
to the linearity of the NPIV model in A(Y), they obtain the normality result without requiring
convergence rate of their SMD estimator A, under the strong norm (||h||s = VE[{h(Y2)}?] for
the NPIV model). Here we extend their results to allow for possibly nonlinear and non-pointwise
smooth p() in h(Y"), without imposing || - ||s—compactness of the entire function parameter space.
Unfortunately, when h(Y") enters p() nonlinearly such as in the NPQIV model (1.3), in order to
achieve root-n asymptotic normality of a plug-in estimate of a weighted average derivative of ho(Y'),
we now need certain convergence rate of our penalized SMD estimator ?Ln under the strong norm
I 1ls-

The rest of the paper is organized as follows. Section 2 presents the penalized SMD procedures,
a small Monte Carlo study of the NPQIV model (1.3), and an empirical illustration of the NPQIV
estimation of system of Engel curves using British Family Expenditure Survey (FES) data. Section 3
establishes consistency, and discusses the implications of regularity conditions for the original SMD
with finite dimensional sieve without explicit penalty, the penalized SMD with lower semicompact
penalty, and the penalized SMD with general convex penalty. Section 4 derives convergence rates
in terms of sieve modulus of continuity, and Section 5 presents sufficient conditions to bound
sieve modulus of continuity. Section 6 provides two important applications of the general results.
The first application obtains the consistency and convergence rate for the nonparametric additive
quantile IV model: E[1{Y3 < ho1 (Y1) + ho2(Y2)}|X] = v € (0,1) where hg = (ho1, hoz2). The second
application establishes the root-n asymptotic normality of the plug-in penalized SMD estimator of

a weighted average derivative of ho() for the general nonlinear model E[p(Y, X, ho(Y))|X] = 0.



Section 7 briefly concludes. Appendix A presents a brief review of some functional spaces and sieve
bases, and the rest of the appendices contain the proofs.

In this paper, we denote fap(a;b) (Fap(a;b)) as the conditional probability density (cdf)
of random variable A given B evaluated at a and b, and fap(a,b) (Fap(a,b)) the joint density
(cdf) of the random variables A and B. Denote LP(£,du) as the space of measurable functions
with ||f]|ze@.au = {Jq [f(8)|Pdu(t)}/P < oo, where Q is the support of the sigma-finite positive
measure dpu (sometimes LP(dpu) and || f||1»(q,) are used for simplicity). For any sequences {a,} and
{bn}, an = b, means that there exists two constants 0 < ¢; < ¢o < oo such that cia, < b, < coay;
an = Op(b,) means that Pr(a, /b, > M) — 0 as n and M go to infinity; and a,, = op(b,,) means
that for all € > 0, Pr(ay /b, > ¢) — 0 as n goes to infinity. For any vector-valued x, we use ||z||g
denote its Euclidean norm (i.e., ||z||z = v/2/z, although sometimes we also use |z| = ||z||z without

too much confusion).

2 Penalized SMD Estimators and Empirical Illustration

Suppose that the observations {(Y;, X;) : ¢ = 1,2,...,n} are drawn independently from the distri-
bution of (Y, X) with support ) x X, where ) is a subset of R% and X is a compact subset of R%=.
Denote Z = (Y, X]) € Z =Y x X, and X, C X. Suppose that the unknown distribution of (Y, X)
satisfies the conditional moment restriction given by (1.4), where p : Z x H — R% is a known
mapping, up to an unknown vector of parameters, hy € H. We assume that H = H' x --- x HY,
with each H7,j = 1, ..., ¢, being a space of real-valued measurable functions whose arguments vary
across different applications.

Denote m(x,h) = [ p(y,x-, h(-))dFy|x—.(y) as the conditional mean function of p(Y, X, h(-))

given X. Under the assumption that model (1.4) identifies hg, we have
ho = inf E[m(X,h)m(X,h)]. 2.1
o= arg inf B [m(X, h)m(X,h) (2.1)

Since the functional forms of Fy|x and m(X, h) are not specified, NP (2003) and AC (2003) propose
to estimate ho by the SMD procedure:

B = f - (X, h)' (X, h 2.2
=arg inf ~ Z m( ) (2:2)
where m(X, h) is any nonparametric consistent estimator of m(X, k), and H,, = H}L x - - - x H4 is

a finite dimensional sieve parameter space whose complexity grows with sample size and becomes
dense in the original functional space H = H! x --- x HY; see, e.g., Grenander (1981), Shen and
Wong (1994), Van de Geer (2000) and Chen (2007).

Let ||-||c denote a metric on H, which is a metric that may or may not be continuous with respect

to the quadratic form E [m(X,h)'m(X,h)] on H. To obtain consistency of the SMD estimator h,,



under the metric || - ||c, NP (2003), AC (2003), CIN (2007) and BCK (2007) assume that the
original space H and the sieve spaces H,, are compact under the metric || - ||.. Although the
compact function space H is a reasonable assumption for some applications (see BCK (2007) for
such an example), it would be nice to relax this assumption in other applications when the criterion

function E [m(X,h)'m(X, k)] is convex with respect to h € H.

2.1 Penalized SMD Estimators

In this paper we consider the following penalized SMD:

~ ) 1< . ~
fin = arg Il {g g (X, h) T(Xi, h) + AnPn<h>} , (2.3)

where the penalization parameter \,, > 0 and A\, — 0 as n — oo, the penalization function ﬁn(h) is
typically a non-negative convex function in h given the data. Here the sieve space H,, = H} x---xHY
could be finite-dimensional, infinite-dimensional, compact or non-compact. When the original space
‘H is infinite-dimensional compact (under || - ||.), and the sieve space H,, is finite-dimensional or
infinite-dimensional compact (under || - ||c), then one can set A, = 0 and (2.3) reduces to (2.2).
When the original space H is a closed (but not compact under ||-||.), infinite-dimensional subset of a
separable Banach space (under the metric ||-|.), if one chooses the sieve space H,, to be some finite-
dimensional compact sets, then one could still set \,, = 0; however, if one set the sieve space H,, to be
some infinite-dimensional non-compact sets, such as H,, = H, then one needs /\nﬁn(h) > 0. When
H, = H and P, (h) = ||h—h*||? with h* € H being an initial guess, this procedure (2.3) becomes the
minimum distance estimation with nonlinear Tikhonov regularization. For example, when H is the
space of square integrable functions against a sigma-finite measure dy, L?(du), we can let || - ||. be
the L2(dp)—norm, and P, (h) = ||h— h*(|32 (g, for a known measure dy, or P,(h) = ||h— P12 (apy
for an empirical measure dp when dy is unknown. When H is a mixed weighted Sobolev space
{h: ||h||%2(d#) + ||th||%2(leb) < 0o}, where V*h is the k-th derivative of h for some integer k > 1,
we can again let || - || be the L2(dy)—norm and P, (h) = ||h— R 72 + |[V*h — th*||2L2(leb). As
we shall illustrate later on, one could also take P, (h) = ||V¥h — th*||%2(leb) in some applications.

When n=! 3" m(X;, h)'m(X;, h)is convex in h € H and H is a closed convex (but not compact
under || - ||.) space, it is computationally attractive to choose the penalization function P,(h) as a
convex function, and to choose the sieve space H,, as a convex set, say HS, = {h € H : ﬁﬁ (h) < B,}

with B,, — oo slowly as n — co. Then the penalized SMD procedure (2.3) is equivalent to compute

inf n 'S (X, h) (X, h) + A\ Po(h). 2.4
W, ;m( )X, h) + Ao P (h) (2:4)
Let clsp(HS) denote the closed linear span of H¢, under the metric || - ||.. Then the optimization



problem (2.4) is equivalent to

inf m(X;, h)'m(X;, h AP (B )\njalh7 25
hecllsr;z(’}-{c g )+ ( )+ 1 n( ) ( )

where A1, is chosen such that ﬁ% (ﬁn) = B,; see Eggermont and LaRiccia (2001). For most

applications, it suffices to have either A, > 0 or Ay, > 0.

Remark 2.1. To compute the penalized SMD estimator En for hg, one could use any nonparametric
estimator m(X,h) for m(X,h) = E[p(X,h)|X], such as the series least squares (LS) estimator
m(X,h):

(X, h) = "(P'P)~ Z 7 (X)) p(Zi, h), (2.6)

where {pj()};il is a sequence of known basis functions that can approximate any square inte-
grable functions of X well, J, — oo slowly as n — oo, p’*(X) = (p1(X),...,ps, (X)), P =
(p7"(X1), ..., p"" (X)), and (P'P)~ is the generalized inverse of the matriz P'P. To simplify pre-
sentation, we let p’»(X) be a tensor-product linear sieve basis, which is the product of univariate
linear sieves. For example, let {gblj ci; =1,...,J;n} denote a B-spline (wavelet, Fourier series,
power series) basis for L*(X;,leb.), with X; a compact interval in R, 1 < j < d,. Then the tensor
product {H?zl ¢;,(Xj) 1ij =1, Jjn,j =1,....ds} is a B-spline (wavelet, Fourier series, power
series) basis for L*(X,leb.), with X = Xy X ... x X4,. Clearly the number of terms in the tensor-
product sieve p’n(X) is given by J, = H;l; Jjn. See Newey (1997) and Huang (1998) for more
details about tensor-product B-splines and other linear sieves.

Remark 2.2. The penalized SMD procedures introduced in this section can be trivially extended to
estimate all the parameters of interest ag = (6o, ho) of the general semi/nonparametric conditional
moment models (1.1). For instance, we can extend the procedure (2.3) to

Qp = arg inf { Zm X, o) [B(X)] ' ( Xy, a) + /\nﬁn(h)} , (2.7)

=(0,h)€EOXH,,

where o = (0,h) € © x H and © is a compact subset of R with fized dy < oo, m(X,a) is
any nonparametric estimator of m(X, o) = [ p(y, X., a)dFy x(y), and S(X) is any nonparametric
estimator of a positive definite weighting matriz X(X) that is used for the purpose of semiparametric
efficient estimation of 0y € ©. In Appendiz B, we provide a general consistency theorem (Lemma
B.1) that is also applicable to this penalized SMD estimator &, = (gn,ﬁn) In the main text of the
paper, however, we focus on nonparametric convergence rate of various penalized SMD estimators
of the unknown functions hg. To avoid tedious notations, we shall state properties of the penalized
SMD estimators hy given in (2.3) only. See Chen and Pouzo (2008) for root-n asymptotic normality
and semiparametric efficiency of smooth functionals of the penalized SMD estimator &, = (gn,ﬁn)

given in (2.7).



2.2 Monte Carlo Simulation

We report a small Monte Carlo (MC) study of penalized SMD estimation for the NPQIV model
(1.3):
Y1 =ho(Y2)+ U, Pr(U<0|X)=~e€{0.2505,0.75}.

The MC is designed to mimic the real data application in the next subsection as well as that in
BCK (2007). First, we simulate (Y2, X) according to a bivariate Gaussian density whose mean
and covariance are set to the ones estimated from the UK Family Expenditure Survey Engel curve
data set (see BCK (2007) for more details). Second, we let X = &1 ()};—51) and ho(y2) =
P (%) where @ denotes the standard normal cdf, and the means p,,, 15 and the variances o,
oy are the estimated ones. Third, we generate Y7 from Yy = ho(Y2) + U, where U = Cq[V —
o1 (y+ C1{Elho|X] = ho(Y2)} )], with V ~ N(0,1), C; = V0.075 and €y = 0.01. The number of
observation is set to n = 500. We have also tried to draw (Y3, X ) from the kernel density estimator
using the BCK data set, and to draw U from other distributions such as Pareto distribution. The
simulation results are very similar to the ones reported here.

In this MC study and for the sake of concreteness, we estimate ho() using the penalized SMD
estimator h,, given in (2.3), with m(X, h) being the series LS estimator (2.6) of m(X, h), and H,
being a finite dimensional (dim(H,) = k(n) < oo) linear sieve. An example of a typical finite
dimensional sieve of dimension k(n) is a polynomial spline sieve, denoted as P-spline(q,r) with g
being the order and r being the number of knots, then k(n) = ¢g(n) +r(n) + 1. See Appendix A for
other sieves such as wavelets and Hermite polynomials sieves.

There are three kinds of smoothing parameters in the penalized SMD procedure (2.3): one
(k(n)) for the sieve approximation of H by H,, one (A,) for the penalization, and one (say J,)
for the nonparametric estimation m(X, k). In the subsequent theoretical sections, we show that we
could obtain optimal rate in either the “sieve dominating case” (the case of choosing k(n) =< J,,
k(n) < J, properly and letting A,, = 0 or A, \, 0 fast), or the “sieve penalization balance case”
(the case of choosing k(n) =< J,,, k(n) < J, and \,, =< Jn—" properly), or the “penalization dominating
case” (the case of choosing A, > Z= properly and letting k(n) = oo or k(n) >> J, and k(n) /" oo
fast). In this MC study, we compare the finite sample performance of the “sieve dominating case”
and the “sieve penalization balance case”.

Figure 2.1 summarizes the results for three quantiles v € {0.25,0.5,0.75}, each with 500 Monte
Carlo repetitions. The first row corresponds to the “sieve dominating case” and the second row
the “sieve penalization balance case”. To compute the estimator ﬁ, we use P-Spline(2,5) (hence
k(n) = 8) for H, and A, = 0.003 in the “sieve dominating case”, and P-Spline(5,10) (hence
k(n) = 16) for H, and A\, = 0.006 in the “sieve penalization balance case”, and in both cases, we

use P-Spline(5,10) (hence J,, = 16) for /i and P, (h) = ||Vh||%2(leb). We have also tried other sieve



bases such as Hermite polynomials for /ﬂ, Fourier basis, B-spline basis and Hermite basis for m,
and L' norm (against leb. or against empirical measure dfi) of first or second derivative penalty
ﬁn (h). Aslong as the choice of k(n), A\, and J,, are similar to the ones reported here, the simulation
results are similar; hence we do not report them due to the lack of space. In Figure 2.1, each panel
shows the true function (solid thick line), the corresponding estimator (solid thin), the Monte Carlo
95% confidence bands, and a sample realization of Y7 (that is arbitrarily picked from the last MC
iteration). Both estimators perform very well for all the quantiles, with the “sieve dominating case”
estimator performing slightly better. Nevertheless, we note that it is much faster to compute the
“sieve dominating case” procedure. For example, using a AMD Athlon 64 processor with 2.41 GHz
and 384 MB of RAM, the MC experiment written in FORTRAN took (approximately) 105 minutes
to finish for the “sieve dominating case”, whereas it took (approximately) 390 minutes to finish for
the “sieve penalization balance or penalization dominating case”.

Table 2.1 shows the integrated square bias (I — BIAS?), the integrated variance (I —V AR) and
the integrated mean square error (I — M SE), which are computed using numerical integration over
a grid ranging from 2.5% and 97.5%. Figure 2.2 shows corresponding estimated curves and MC
confidence bands. Here for simplicity we have only reported the estimated quantile with v = 0.5
and 250 MC replications. The first three rows belong to the “sieve dominating case”; the rest of the
rows deal with “sieve penalization balance or penalization dominating cases”. For this MC study,
the “sieve dominating cases” (the first three rows) perform well in terms of [ — BIAS? and [ -V AR
(hence I — M SFE), and are much more economical in terms of computational time. Secondly, within

the latter two cases derivative-based penalization perform better than “level-based” penalization.

y=0.25
y=050
y=0.75

y=0.25
y=050
y=0.75

~

Figure 2.1:  hg (solid thick line), h,, (solid thin), MC 95% confidence bands (dashed), a sample of
Y1 (dots), sieve dominating (1st row), sieve penalization balance (2nd row)
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Table 2.1: MC simulation Results

(k(n),J,) I—BIAS* T-VAR I-MSE Pen An time (in min.)
(6,16) 0.00250  0.00349 _ 0.00609  [|-]%. _ 0.00001 23
(6,16) 0.00256  0.00423  0.00680 [|[V2-||,1  0.00001 25
(6,16) 0.00272  0.00401  0.00674 |[|V2-[[2, 0.00001 25
(3,16) 0.00108  0.02626  0.02731 __ [|-]%. _ 0.00010 13
(8,16) 0.00131  0.01820  0.01954  [|[V2-||,1  0.00010 48
(8,16) 0.00030  0.01853  0.01855 ||V2-[[2, 0.00010 40
(16,16)  0.00170  0.05464  0.05631  ||-]2. _ 0.00050 82
(16,16)  0.00015  0.03704  0.03714  [|[V2-][2, 0.00050 84
(16,31)  0.00011 _ 0.02801 _ 0.02813  |[V2-|?. 0.00100 235
L
o &, o
~<= LC O4 5 6 L=
o = . =
- .o T
~< 4 ~
=4 o =
: Z os g
=" L= % 5 6 =

Figure 2.2: Table 2.1 experiments. “Sieve dominating” (1st row), sieve penalization balance (2nd
row), “Penalization dominating” (3rd row).

Finally, we need to point out that our theoretical results in the subsequent sections allow for
k(n) = oo and/or k(n) >> J,, and P, (h) = ||h||%2(leb) or ||h||2L2(dﬁ) in the “penalization dominating

case”. However, at least in our MC study, the numerical implementations of such choices are too

unstable to report.

2.3 Empirical Illustration

We apply the penalized SMD to nonparametric quantile IV estimation of Engel curves (or consumer

demand functions) using the UK Family Expenditure Survey data. The model is
Ell{Y1u < ha(Yo)}Xi] =7 € (0,1), I=1,....7,

where Y7, is the budget share of household ¢ on good [ (in this application, 1 : food-out, 2 : food-in,

3 : alcohol, 4 : fares, 5 : fuel, 6 : leisure goods, and 7 : travel). Y; is the log-total expenditure
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of household ¢ that is endogenous, and X; is the gross earnings of the head of household, which is
the instrumental variable. We work with the no kids sample that consists of 628 observations. The
same data set has been studied in BCK (2007) for the NPTV model (1.2). See Koenker (2005) for
the linear quantile regression and nonparametric quantile regression (E[1{Y1; < hoi(X;)}HX:] =)
of Engel curves when the total expenditure is exogenous (i.e., Y2 = X).

As illustration, we apply the penalized SMD using a finite-dimensional polynomial spline sieve
to construct the sieve space H,, for h, with different types of penalty functions. We have tried
||vkh||L1(du) =n ' |VFR(Ye;)) for k = 1,2 and j = 1,2, and Hermite polynomial sieves,
cosine sieves and polynomial splines sieves for the series LS estimator 7. All combinations yielded
very similar results; hence we only present figures for one “sieve dominating case”. Due to the
lack of space, in Figure 2.3 we report the estimated Engel curves only for three different quantiles
~v =1{0.25,0.50,0.75} and for four selected goods, using P-Spline(2,5) as H,, and P-Spline(5,10) for
. Figure 2.3 presents the estimated Engel curves using P, (h) = |V2h]|2, 2(qpy With An = 0.001
and P, (h) = IVh|| 1 (apy with A, = 0.001 in the first and second rows; P,(h) = ||Vh||L2(d# with
Ap, = 0.001 (third row), and A, = 0.003 (fourth row); and P,(h) = ||Vh||L2(leb) with A, = 0.005
(fifth row). By inspection, we see that the overall estimated function shapes are not very sensitive to
the choices of A, and P, (h), which is again consistent with the theoretical results for the penalized

SMD estimator in the “sieve dominating case”.

3 Consistency

Lemma B.1 in Appendix B provides a general consistency lemma for an approximate penalized
sieve extremum estimator that applies to both well-posed and ill-posed problems. Here in the main
text we provide some concrete sufficient conditions for consistency of the penalized SMD estimators

(2.3).

AssumpTION 3.1. (i) {(Y;, X;)}7, is a random sample; (i) H C H, and H = H' x --- x HY
is a separable Banach space under the metric ||h|l, = >27_ |hell.p; (i5) Elp(Z, ho)|X] = 0, and
|ho — h||. =0 for any h € H with E[p(Z, h)|X] = 0.

ASSUMPTION 3.2. (i) {Hy : k > 1} are the sieve spaces satisfying Hr C Hi+1 € H, and there exists
I, ho € Hiny such that ||Tl,ho — holle = o(1); (i) E[m(X,I1,ho)'m(X, I ho)] = o(1).

Given m(X, hg) = 0 and assumption 3.2(i), assumption 3.2(ii) is implied by assumption 3.2(ii)’:
EIm(X,h)'m(X,h)] is continuous at ho under ||-||..

ASSUMPTION 3.3. (i) m(z,h) and P,(h) are measurable functions of the data {(Y;, X; VY for
almost all x € X and all h € Hy(y); (ii) En € Hpy(n) is well-defined with probability approaching

one.
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Figure 2.3: Engel curves for quantiles v = 0.25 (dash), 0.50 (solid), 0.75 (dot-dash). P, (h) =

IV2h][7.

VA2 4
(5th row).

(dp)

with \, = 0.001 (1st row); P, (h) = ||V2h|| 11y with A, = 0.001 (2nd row); B, (h)

with A, = 0.001 (3rd row), A, = 0.003 (4th row); P, (h) = ||Vh||2L2(leb) with A\, = 0.005
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See Remark B.1 in Appendix B for general sufficient conditions for assumption 3.3.

ASSUMPTION 3.4. either (a) or (b) holds: (a) A, = 0; (b) Ay > 0, Ay suppegy, |Pu(h) — P(h)| =
Op(\,) = op(1), with P(:) a non-negative real-valued measurable function of h € H, P(hg) < oo
and Ap|P(I1,ho) — P(ho)| = O(\,) = o(1).

3.1 Well-posed case

Although our main focus is on the ill-posed problems, for the sake of comparison, we first present a
consistency theorem for the well-posed cases (i.e., the ||h — hgl|. metric is continuous with respect
to the criterion E [m(X, h)'m(X, h)] near zero). Let N (8, Hy, || - ||c) denote the minimal number of

radius ¢ covering balls of H,, under the || - || metric.

ASSUMPTION 3.5. (i) There are a measurable function b(X) with E[b(X)] < co and a finite constant
k > 0 such that for all 6 > 0 we have
sup [Im(x, h) —m(z,h)||p < b(x)d";
{h,h €| |h—h! || <5}
(ii) either (a) suppea, ||m(X, B)||z < K < oo almost all X ; or (b) E[|b(X)|?] and E [supheHn m(X, h)||?3]
are bounded; (iii) supyeq, 00 [|M( X5, h) — m(X;, h)||2E =op(1); (iv)log (N (e, Hp, || - I|c)
o(n) for all e > 0.

We note that assumptions 3.1(i) and 3.5 imply condition (3.1.2) in the next theorem.

THEOREM 3.1. Let hy, be the penalized SMD estimator with A, > 0, A, = o(1), and m(X,h) any
consistent estimator of m(X,h). Let assumptions 3.1(ii)(ii), 3.2, 3.3 and 3./ hold. Suppose that
the following condition (3.1.1) and condition (3.1.2) (or assumptions 3.1(i) and 3.5) hold:

(5.1.1) for any sequence {hy € Hy} with liminfy_.o E [m(X, hg)' m(X, hg)] = 0, it holds ||hy —
holle — 0 as k — 007 (3.1.2) suppen, [0~ Sy I7(Xe, )3 — B [[lm(X, WIB]| = op(1).

Then: ||hy — holle = op(1).

3.1.1 Compact parameter space case

We now specialize Theorem 3.1 to the case when the original parameter space H is compact under
[| - |lc. We impose the following sufficient conditions for assumptions 3.3 and 3.5(iv), conditions

(3.1.1) and (3.1.2):
ASSUMPTION 3.6. (i) the sieve spaces H,, are compact under || - ||c; (i) Apsupyeqq, P(h) = o(1).

ASSUMPTION 3.7. (i) the parameter space H is compact under || - ||c; (it) Elm(X,h)'m(X,h)] is

lower semicontinuous on H under |-,
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COROLLARY 3.1. Let h,, be the penalized SMD estimator with A, > 0, A, = o(1), and m(X, h) any
consistent estimator of m(X,h). Let assumptions 3.1, 3.2, 3.4, 3.5(i)(ii) (i), 3.6 and 3.7 hold.
Then: ||hyn — holle = op(1).

Under assumptions 3.6(i) and 3.7(i), assumption 3.5(iii) is satisfied by commonly used nonpara-
metric regression estimators of m(X, h), such as the kernel estimator, the local linear regression,
and the series least square (LS) estimator m(X,h) defined in (2.6). See, e.g., Newey (1991), NP
(2003), AC (2003) and CIN (2007) for details.

3.2 Ill-posed case

We next present consistency results that allow for ill-posed problems (i.e., the ||h — hg||. metric is
not continuous with respect to the criterion E [m(X, h)'m(X, h)] near zero) and without assuming

| - ||]c—compactness of H. We first strengthen the speed of convergence of m(X,h) to m(X,h):

ASSUMPTION 3.8. (i) sup,ey,. E [||m(X, h) —m(X, h)||5| = 0,(62,.,.) = op(1); (ii) E [||m(X, h)||%] =
n= Y |Im(XG, h)||% uniformly over h € H,,.

Many commonly used nonparametric estimator of the conditional mean function m(X,h) can
be shown to satisfy assumption 3.8. For example, under the following two mild assumptions 3.9 and
3.10, the series LS estimator m(X, h) satisfies assumption 3.8 with 53,%" = max{%",bfan}, and

suppep, N Yoy |m(Xs, k) — m(X;, h)||2E = Op(éfn)n); see Lemmas B.2 and B.3 in the Appendix.

ASSUMPTION 3.9. (i) X is a compact connected subset of R% with Lipschitz continuous boundary,
and fx is bounded and bounded away from zero over X; (ii) The smallest and largest eigenvalues
of E[p’(X)p(X)'] are bounded and bounded away from zero for all J,; (iii) Denote &, =
supxey ||/ (X)| - Bither €20, = o(n) or J,log(J,) = o(n) for polynomial spline p’»(X) sieve.

If p’/»(X) is the spline or cosine/sine or wavelet sieves, then &, < T2 see e.g. Newey (1997)

or Huang (1998).

ASSUMPTION 3.10. (4) supyeqy, sup, Var(p(Z,h)|X = z] < K < oo; (i) for any g € {m(-,h) : h €
Hn'}, there is p’» (X)'m such that, uniformly over h € H,, either (a) or (b) holds: (a) sup, |g(z) —
p’m (@) 7] = O(bm,s,) = o(1); (b) E{[g(X) — p/(X)'7]*} = O(b}, ;) for p(X) sieve with &, =
O(J?).

Assumption 3.10(ii) is satisfied by typical smooth function classes of {m(-, h) : h € H,} and typi-
cal linear sieves p’ (X). For example, if {m(-, h) : h € H,} is a subset of AJ™ (X)) (or W37 (X, leb.))
with 7,,, > 0, then assumption 3.10(ii) (a) and (b) hold with b,, ;, = J,, "™ where r,,, = 7v,,/d, and

tensor product polynomial splines, wavelets or Fourier series sieves.
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Before we present consistency results for the ill-posed case, we state a general lemma about the
property of penalty function \,, P (?Ln) The following assumption is a stronger version of assumption

3.4(b):

ASSUMPTION 3.11. A, > 0, A\ suppespy, |Po(h) — P(h)| = op(An), with P(-) a non-negative real-
valued measurable function of h € H, P(ho) < oo and A\p|P(IL,ho) — P(ho)| = o(An).

Under assumption 3.2(i), A, > 0 and P(hy) < oo, a sufficient condition for A,|P(II,hg) —
P(ho)| = o(Ay) is that P(-) is continuous at hg under ||-||.. Note that assumptions 3.4(b) and 3.11
are trivially satisfied when H,, = H and ﬁn = P.

LEMMA 3.1. Let h,, be the penalized SMD estimator satisfy assumption 3.3 with \,, > 0, A, = op(1),
and m(X, h) any consistent estimator of m(X, h) satisfying assumption 3.8 at h = I, hg.
(1) Under assumption 3.4(b) and max{5ﬁ7n,E[||m(X, IL,ho)||%]} = O(\n) P(hy) = Op(1).
(2) Under assumption 3.11 and max{da, ., E[||m(X,I,ho)||%]} = o(\n) P(h,) < P(ho) +
op(1).

7
)

3.2.1 Finite dimensional sieve dominating case

ASSUMPTION 3.12. There are a positive non-increasing function B(k) and a non-decreasing lower

semicontinuous function gm() with gm(0) =0, gm(g) > 0 for £ > 0, such that
E[m(X,h)'m(X,h)] > B(k)gm(||h — hollc) for all h € Hy, all k > 1.

THEOREM 3.2. Let hy, be the penalized SMD estimator with A, > 0, A, = o(1), and m(X,h) any
consistent estimator of m(X, h) satisfying assumption 3.8 (or assumptions 3.9 - 3.10 for series LS

estimator m(X, h)). Suppose that assumptions 3.1, 3.2, 3.3, 3.4, and 3.12 hold. If
2 2
max {67, . E(Im(X, aho)[[3), An b = 0 (B(k(n)))
then, |[hn — holle = op(1), and if Ap > 0 then P(hy) = Op(1).

Theorem 3.2 allows for A\, = 0; hence it establishes consistency for the original SMD esti-
mator proposed in NP (2003) and AC (2003) without assuming || - ||.—compactness of H and
Hy(ny- This theorem also allows for any kinds of penalty function P(h) with A, > 0, A\, =
O(max{éfmn, E(]m(X, th0)||2E)}) = 0(B(k(n))) as long as it satisfies the mild assumption 3.4(b).

3.2.2 Lower semicompact penalty

In this subsection we present a consistency result when the original parameter space H is not
known a priori compact under || - || but the penalty function is lower semicompact (i.e., the set

{h € H: P(h) < M} is compact under || - || for all M < o0).
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ASSUMPTION 3.13. (i) The set {h € H : P(h) < M} is compact under || - ||c for all 0 < M < oo;

(i) the sieve spaces H, are closed under || - ||c.

The next consistency result indicates that the lower semicompact penalty converts an ill-posed
problem to a well-posed one.* It also demonstrates that one can replace assumption 3.12 by some
stronger condition on the penalty function. To present an easy-to-verify consistency result we also

replace assumption 3.3 by some simply sufficient conditions.

THEOREM 3.3. Let hy, be the penalized SMD estimator with A, > 0, A, = o(1), and (X, h) any
consistent estimator of m(X, h) satisfying assumption 3.8 (or assumptions 3.9 - 3.10 for series LS

estimator m(X, h)). Suppose that assumptions 3.1, 3.2, 3.4(b), 3.7(ii), and 3.13 hold. If
max {02, ., B{lm(X, ko) 5} } = O (An) = o(1),
then: |[hn — holle = op(1) and P(h,) = Op(1).

Remark 3.1. When P(h) is convex, under assumptions 3.1(ii) and 3.13, the penalized SMD
estimator hy, using a closed finite dimensional linear sieve Hy ) is equivalent to the original SMD
estimator using a finite dimensional compact sieve:
hn = arg inf ! ifl\’b(Xi, h)'m(X;, h), with M, — oo slowly.
h€H u(ny: Pn(h) <My, TV

Therefore, Theorem 3.3 also establishes the consistency of the original SMD estimator using fi-
nite dimensional compact sieves of the type {h € Hyp) : P,(h) < M,} without assuming the
[| - ||c—compactness of the original parameter space H. In particular, this immediately implies con-
sistency of the SMD estimators of the NPIV model (1.2) E[Y1—ho(Y2)|X] = 0 studied in NP (2003),
AC (2008) and BCK (2007), and the NPQIV model studied in CIN (2007), without requiring that

H is a compact subset of the space L?(fy,).
3.2.3 Penalization dominating case with general penalty

In this and the next two subsections we present consistency results for general penalty functions
that may not be lower semicompact, but they satisfy assumption 3.11 (which is a stronger version
of assumption 3.4(b)).

For a Banach space H we denote H* as the dual of H, and (-, -)g~ m as the inner product that

links the space H with its dual H*.

ASSUMPTION 3.14. There are a to € H* with (to, )u- m a bounded linear functional with respect to
[| - lle, and a non-decreasing lower semicontinuous function g() with g(0) = 0,g(e) > 0 for e > 0,

such that

P(h) — P(ho) — (to, h — ho)r=m > g(||h — hollc) for all h € Hy, all k > 1.

4We are grateful to Victor Chernozhukov for pointing out the nice property of lower semicompact penalty. See
Remark 3.3 for further discussion.
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When H is convex, Assumption 3.14 is satisfied if P(h) is strongly convezr at ho under || - ||,

that is, there exists a ¢’ > 0 such that
P(h) — P(ho) — (DP(hg),h — ho)u- 1 > c||h — ho||? for all h € H,

where DP(hy) € H* is the Gateaux derivative of P() at hg. We note that the strong convexity
is satisfied by commonly used penalization function P(h), and it obviously implies that P(h) is

strictly convex at ho; see, e.g., Eggermont and LaRiccia (2001).

ASSUMPTION 3.15. For all {hy € Hy} with iminfy_.oc E [m(X, hg)m(X, hi)] = 0, it holds that

lim infy_ o0 (to, Ak — ho)u= 1 = ¢ for some ¢ > 0.

THEOREM 3.4. Let hy, be the penalized SMD estimator with A, > 0, A, = o(1), and (X, k) any
consistent estimator of m(X, h) satisfying assumption 3.8 (or assumptions 3.9 - 3.10 for series LS
estimator m(X,h)). Let assumptions 3.1, 5.2, 3.3, 3.11, 3.1/ and 3.15 hold. Suppose that either
(a) or (b) holds:

(0) max {83, ., B(Im(X, o) |[5)} = 0 (An);

(b) assumption 3.12 holds with max{d>, ., E(|/m(X, th0)||2E)} = o(max{B(k(n)), \n}).

m,n>’

Then: ||hn — holle = 0p(1), and P(hy,) = P(ho) + op(1).
3.2.4 Closed, convex and bounded parameter space case

We now present some sufficient conditions for assumptions 3.3 and 3.15 without requiring that
the infinite dimensional parameter space H is compact under || - ||.. We first recall some standard
definitions. A sequence {h;} in a Banach space H converges weakly to h iff im; o (v, hj—ho)u+ u =
(v, h—hoym- m for allv € H*. A functional F': H C H — [—o00, +00] is said to be weak sequentially
lower semicontinuous at h € H iff F(h) < liminf; . F(h;) for each sequence {h;} in H that
converges weakly to h. A Banach space H is reflexive iff (H*)* = H. For example, the spaces LP
for 1 < p < oo, and the Sobolev spaces W) for 1 < p < oo are reflexive and separable Banach

spaces.

AssuMPTION 3.16. (i) (H,|| - ||c) is a reflexive Banach space; (ii) H is a closed and convex subset
in (H,||-||c); (i) H is bounded in || - ||c (i.e., suppen ||h]le < K < o0).

Assumption 3.16(iii) is implied by the so-called coercive condition, denoted as Assumption
3.16(i5)’: E[m(X,h)'m(X,h)] + AP(h) — 400 as ||h||c — 400 for h € H and X\ € (0,1].
AssuMPTION 3.17. E [m(X,h)'m(X,h)] is weak sequentially lower semicontinuous on H.
Remark 3.2. Under assumption 3.16, assumption 3.17 is implied by either 3.17 or 3.177:

Assumption 3.17: m(-,h) : H C H — L?(fx) is compact (i.e., continuous and maps bounded

sets in ‘H into relatively compact sets in L*(fx)).

Assumption 3.17”: E [m(X, h)'m(X,h)] is convex and lower semicontinuous on H (in ||-||,).
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ASSUMPTION 3.18. Either (a) or (b) holds: (a) Hy are compact under || - ||c, and P(h) is lower
semicontinuous on Hy (in ||-|.); (b) Hi are closed and convex subsets of H, and P(h) is convex

and lower semicontinuous on Hy, (in [-]|..)-

COROLLARY 3.2. Let h,, be the penalized SMD estimator with A, > 0, A, = o(1), and (X, h) any
consistent estimator of m(X, h) satisfying assumption 3.8 (or assumptions 3.9 - 3.10 for series LS
estimator m(X,h)). Let assumptions 3.1, 3.2, 3.11, 3.14, 3.16, 3.17 (or 3.17" or 3.17”) and 3.18
hold. Then the conclusion of Theorem 3.4 holds.

Remark 3.3. Comparing Theorem 3./ and Corollary 3.2 to Theorem 3.3, all consistency results
allow for non-compact (in ||-||c) parameter space H and without assumption 3.12. Nevertheless, the
condition max {5%17", E{|m(X, tho)H?E}} = 0 (A\n) imposed in Theorem 3.4 and Corollary 3.2 for
a general penalty can be improved to the condition max{5ﬁ7n,E{|\m(X, th0)||2E}} =0(\,) =
o(1) in Theorem 3.3 for a lower semicompact penalty. In addition, using a lower semicompact
penalty, Theorem 3.3 leads to consistency without imposing assumptions 3.14 and 3.16. This means

that by applying Theorem 3.3, one can obtain sup-norm consistency of the penalized SMD estimator

using a lower semicompact penalty.

3.2.5 Point identification induced by convex penalty

In this subsection we consider an important class of problems in which E [m(X,h)m(X,h)] is
convex. We shall replace the old uniqueness assumption 3.1(iii) by including a prior information of
P(h) < My for a known constant My < co. As already mentioned in Section 2, from the well-known
results on convex optimization (see, e.g., Eggermont and LaRiccia, 2001), when E [m(X, h)'m(X, h)]

and P(h) are convex, and H is closed and convex, the constraint optimization problem

ho € Mo = {h s arg heH‘liDr(l}flKM E[m(X,h)m(X, h)]} (3.1)

is equivalent to an unconstrained optimization problem
ho € My = {h s arg hHel;,-({E [m(X,h)m(X,h)] + /\OP(h)}} ,

with A9 > 0 such that A\g[P(ho) — Mp] = 0 (more precisely, \g > 0 for P(hg) = My and A9 = 0 for
P(ho) < MQ)

ASSUMPTION 3.19. (i) For all ho, b belonging to My defined in (5.1), it follows that ||ho—1||. = 0;

(ii) P(-) is convex and lower semicontinuous on H (in |-||.).

Assumption 3.19(i) implicitly assumes that the set M is not empty and explicitly imposes that

it is a singleton {ho} (up to an equivalent class in || - ||.).

19



Remark 3.4. If E[||m(X,h)||%] + XoP(h) is strictly convexr on H, then assumption 5.19(i) is
automatically satisfied. For instance, the condition that E[||m(X,h)||%] is conver and P(h) is
strictly convex, will suffice. For the class of problems that m(X, h) is linear in h € H = LP (such as
in the NPIV model), assumption 3.19 is trivially satisfied if P(h) = |||}, with p > 1. Although the
strict convezity of E[||lm(X,h)||%] alone does imply assumption 5.1(iii), it might be too strong. For
ezample, in the NPIV model (1.2) we have m(X, h) = E[Y1 — h(Y2)|X], and hence E[||m(X,h)||%]
is strictly conver in h € H = L*(fy,) iff the conditional density of Y2 given X is complete; see,
e.g., NP (2003), DFR (2006) and CFR (2007).

The next consistency result says that we can replace the original identification assumption
3.1(iii) by this new assumption 3.19(i), and that we can compute minimization over unconstraint,

closed and convex sieves Hy(y)-

THEOREM 3.5. Let h, be the penalized SMD estimator with A\, = Ao + 0o(1) > 0, Ao > 0, and
m(X, h) any consistent estimator of m(X,h) satisfying assumption 3.8 (or assumptions 3.9 - 3.10
for series LS estimator m(X, h)). Let assumptions 3.1(i)(ii), 3.2, 3.11, 3.14, 3.16(1)(ii), 3.16(iii)’,
3.177, 3.18(b) and 3.19 hold. Suppose that either (a) or (b) holds:

(a) max{07, ., B(|m(X, Muho)[3)} = 0 (An);

(b) assumption 3.12 holds with max{d> , , E(|/m(X, th0)||2E)} = o(max{B(k(n)), \n}).

Then: |[hn — holle = op(1) and P(hy) = P(ho) + op(1), where {ho} = M.

If there exists hg € H such that E[||m(X, ho)||%] = 0 but is not unique, then assumption 3.19(i)
and Theorem 3.5 imply that the penalized SMD estimator will converge to a hg = arginfren {P(h) :
E[||m(X, h)||%] = 0}. If P(h) is a norm such as [|h||3. then this becomes the so-called minimum
norm solution in the literature on ill-posed inverse problems; see, e.g., Engl, Hanke and Neubauer
(1996).

In Theorem 3.5, max {53,%", E{|m(X, tho)H?E}} = 0(An) and A, = Ao+0(1) > 0, with Ag > 0
for P(ho) = My and Ao = 0 for P(hg) < My. Thus, when the constraint is binding P(hg) = My, it

suffices that max {5,2%”, E{|m(X, th0)||2E}} = 0(1) and A, can be chosen such that P, (hy,) = M.

Remark 3.5. When E[||m(X,h)||%] and P(h) are convez, for the minimization problem (3.1),
the penalized SMD estimator h, = arginfpemn,,, {% S m( X, h)'m(X;, h) + )\nﬁn(h)} using
a closed finite dimensional linear sieve Hy(,) (hence compact) is equivalent to the original SMD

estimator using a finite dimensional compact sieve:
. i 1 ~ N
hn = arg inf - > (X, h) (X, h).

Therefore, Theorem 3.5 also establishes consistency of the original SMD estimator using finite
dimensional compact sieves of the type {h € My, : P.(h) < My} without assuming the || -

||c—compactness of the original parameter space H.
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3.3 Consistency of the weighted penalized SMD estimator

In Remark 2.2 we presented a semi/nonparametric weighted version of our penalized SMD estimator.
In this section we point out that all previous consistency results remain valid for the following

nonparametric weighted penalized SMD estimator:

o~

n = arg inf {% ; (X, h) [S(X0)] ' (X, h) + )\nﬁn(h)} . (3.2)

ASSUMPTION 3.20. (7) sup,cx ’f](x) - E(x)’ =op(1); (i1) X(X) is finite positive definite, and its

smallest and largest eigenvalues are positive and bounded uniformly over X .

The next theorem can be trivially established by following all the consistency proofs for the

penalized SMD estimator without f](x), hence we omit the proof due to the length of the paper.

THEOREM 3.6. Let h,, be the weighted penalized SMD estimator (3.2) with A, > 0, A\, = o(1),
and m(X, h) any consistent estimator of m(X,h). Let assumption 3.20 hold. Then: Theorem 3.1,
Corollary 3.1, Theorem 3.2, Theorem 3.3, Theorem 3.4, Corollary 3.2, and Theorem 3.5 remain

true.

Theorem 3.6 can also be trivially extended to establish consistency for the semi/nonparametric
weighted penalized SMD estimator &, = (/G\H,/f\zn) defined in (2.7). See Chen and Pouzo (2008) for
details.

4 Convergence Rates

In the rest of the paper, we let ||-||, denote another metric on the infinite-dimensional function
space H that is weaker than the norm || - || (i.e., ||h||s < ||h]|c for all h € H). In this section we
study convergence rate under the metric || - ||s. Given the consistency results stated in Section 2,
we can now restrict our attention to a shrinking || - ||.—neighborhood around ho. Let Hos = {h €
H 2 [[h = holle = o(1), [|hlle < ¢, P(h) < Mo} and Hosn = {h € Hy : [[h = Tnholle = o(1), [A]]e <
¢, P(h) < Mp}. Then, for the purpose of establishing a rate of convergence under the || - ||s metric,

we can treat H,s as the new parameter space and H,s, as its sieve space.

In order to establish the convergence rate under || - ||s we first establish the rate under a weaker
pseudo-metric || - ||. We define the first pathwise derivative at the direction [h — ho] evaluated at
ho as

dm(X, ho) dE[p(Z,(1 — T)ho + Th)| X]

[h— ho] =

a.s. X. (4.1)

dh dr Y
Following AC (2003), we define the pseudo-metric ||h1 — hz|| for any hi, he € Hos as

(M[hl - h2]>/ (M[hl - hﬂ)] . (4.2)

hi —hs||=,| FE
Ay — Bl - -
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ASSUMPTION 4.1. (i) Hos and Hesn are convex, m(X,h) is continuously pathwise differentiable
with respect to h € Hos. There is a finite constant C > 0 such that ||h — hol| < C||h — hol|s for all
h € Hos; (i) there are finite constants c1,ca > 0 such that ||h — ho||? < c1 E[m(X, h)'m(X, h)] hold
for all h € Hosn; and caEm(X, h)'m(X, h)] < ||h — ho||* holds for all h € H,s.

Assumption 4.1 implies that the weak metric ||h — ho|| is well-defined in H,s and is continuous

with respect to the criterion function E[m(X,h)'m(X,h)].

ASSUMPTION 4.2. There is a to € H* with (to, )u-m a bounded linear functional with respect to

[| - |ls such that N\, {P(h) — P(IL,ho) — (to, h — pho)u+ m} > 0 for all h € Hogn.

THEOREM 4.1. Let hy, be the penalized SMD estimator with A, > 0, A, = o(1), ﬁn(h) = P(h), and
m(X, h) any consistent estimator of m(X,h) satisfying assumption 3.8 (or assumptions 3.9 - 3.10
for series LS estimator m(X,h)). Let ho € Hos and B € Hosn with probability approaching one.
Suppose that assumptions 3.1(i)(ii), 3.2, 3.4 and 4.1 hold. Then:

(1) |y — Tuho|| = Op (max {5m,n, \/Anuﬂ(ﬁn) — P(Iuho)|, [T ho — h0||}> ;

= Op (max{8m.n, VA, |[Iho — hol|}) under assumption 3.4; = Op (max{8m,n, o(v/An), | Ilnho — hol|})
under assumption 3.11.

(2) If assumption 4.2 holds, then:

lhn —Thahol| = Op (max {5m,n, Valln — ool Mo — ho||})
= 0p (max {8mn,0(v/ X0, [Taho = holl})
According to Theorem 4.1, one can obtain the convergence rate under the weak metric || - || by

balancing the three parts: (1) 6y, (the estimation error rate of m(X, h), which is \/%—I— by, .1, for
the series LS estimator m(X, h)); (2) ||IL,ho — hol| (the sieve bias error rate under the weak metric
[|-11); (3) An (the penalization bias error rate).

Before we establish the convergence rate under the strong norm ||h, — hol|s, we introduce
two measures of ill-posedness in a shrinking neighborhood of hg: the sieve modulus of continuity,
wWn (8, Hosn), and the modulus of continuity, w(d, Hes), which are defined as

wn (0, Hosn) = sup 1A = yholls, w(d, Hos) = sup [1h = hols-
h€Hosn:||h—T1,hol| <8 h€Hos:|[h—hol| <0
The definition of modulus of continuity, w(d, Hos), does not depend on the choice of any estimation
method. Therefore, when % goes to infinity as d goes to zero, we say the problem of estimating
ho under || - ||s is ill-posed.

In the following we present two theorems of convergence rates under the strong metric || - ||5.

ASSUMPTION 4.3. wy, (|[TT,ho — holl, Hosn) < ¢|[Tlyho — holls-
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THEOREM 4.2. (Sieve dominating case) Let iln be the penalized SMD estimator with A\, > 0,
An = o(1). Suppose that assumption 4.3 and all the assumptions of Theorem 4.1(1) hold. If
ma'x{(sm,na V )\n} = 6m,n7 then: ||iLn - h0||s = OP (||h0 - thOHS + wn(ém,naHosn))-

Theorem 4.2 allows for finite dimensional sieves with or without penalization, although /A, — 0
faster than max{d, n, |[IInho — hol|} — 0 (“sieve dominating case”). It generalizes theorem 2 of
BCK (2007) on sieve nonparametric IV regression to allow for nonlinear ill-posed inverse problems
and possibly non-zero \,. In particular, when \,, = 0 and H is compact under || - ||s, Theorem
4.2 provides convergence rate in || - ||s for the original SMD estimators proposed in NP (2003) and
AC (2003) for general nonlinear semi/nonparametric conditional moment models. To apply this
theorem one, needs to compute the sieve modulus of continuity wy, (8, Hosn); see subsection 5.1 for

sufficient conditions to bound this term.

THEOREM 4.3. (Penalization dominating case) Let hy be the penalized SMD estimator with A, > 0,
An = o(1). Suppose that assumption 4.3 and all the assumptions of Theorem 4.1(1) hold. Let either
assumption 3.13(i) holds with max{§m n, VAn} = Omn = O An), or assumption 4.2 holds with
max {5m_,n, \//\n||ﬁn — th0||s} = 0m.n. Then:

||;Ln - h0||s = OP (||h0 - thOHS + wn(ém,naHosn)) .
If ||ho — Myuholls = 0 then ||hn — holls = Op (W(8mom, Hos)).

Theorem 4.3 allows for both finite and infinite dimensional sieves with penalization, although
now either max{&,, »,|[Il,ho — hol|} = O(v/A,) as in the case with a lower semicompact penalty,
or max{dm.n, |[Ilnho — hol|} = o(v/An) as in the case with a non-lower semicompact penalty. To
apply this theorem, one needs to compute either the sieve modulus of continuity w,,(J, Hesn) or the
modulus of continuity w(d,H,s); see subsection 5.2 for sufficient conditions to bound these terms.

The following corollary establishes the convergence rates for the penalized SMD estimator de-

fined with A, P, (h) instead of A, P(h).

COROLLARY 4.1. Let hy, be the penalized SMD estimator with A\, = o(1) and m(X, h) any consistent
estimator of m(X, h) satisfying assumption 3.8 (or assumptions 3.9 - 3.10 for series LS estimator
m(X,h)). If suppeq, %W = op (1) for A\, > 0, then Theorems 4.1, /.2 and 4.3

remain true.

5 Sieve Modulus of Continuity and Optimal Rates

In this section we shall present some sufficient conditions to bound the sieve modulus of continuity
and modulus of continuity. Throughout this section, we assume that H,s is a subset of a separable

Hilbert space H with an inner product (,-)s. Let {g;}$2; be a Riesz basis associated with the
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Hilbert space (H, || - ||s), that is, any h € H can be expressed as h = Zj (h,q;)sqj, and there
are two finite constants c1,c2 > 0 such that ci|[h[[2 < 37 [(h, q;)s|* < cal[R]|2 for all h € H. See
Appendix A for examples of commonly used function spaces and Riesz bases. For instance, if Hos

is a subset of a Besov space, then the wavelet basis is a Riesz basis {g;}32;.

5.1 Sufficient conditions

We first provide some sufficient conditions for the sieve modulus of continuity wy, (8, Hosn) and

assumption 4.3.

ASSUMPTION 5.1. (i) {q;}32, is a Riesz basis for a real-valued separable Hilbert space (H, || - |[5),
and Hos is a subset of H; (ii) ||ho — Z?L?(ho,qﬁsqj”s = O({Vk(n)} ") for a finite v, > 0 and

an increasing positive sequence {v;}52,.

Assumption 5.1 suggests that H, = clsp{qi, ..., qr(n)} is @ natural sieve for the estimation of hy.
For example, if hg € W5'"([0,1]¢,1eb)), then assumption 5.1(i) is satisfied with spline or wavelet or
power series or Fourier series bases with (H, || - [[s) = (L2([0,1]%,1eb), || - ||r2(iep)), and assumption

5.1(ii) is satisfied with vy, = {k(n)}/%.

ASSUMPTION 5.2. There are finite constants ¢, C > 0 and a non-increasing positive sequence
{b; < go(l/j_z) 521 such that: (i) [|h|> > ¢ 3272, bjl(h, qj)s|? for all h € Hosn; (i) C3; bjl{ho —
th'anj>s|2 > ||h0 - th0||2

Assumption 5.2(i) is a low-level sufficient condition that links the weak-norm [|h|| to its strong
norm in a sieve shrinking neighborhood H,sn (of hg). Assumption 5.2(ii) is so-called “stability
condition” that is only required to hold in terms of the sieve approximation error hy — II,,ho (of

ho).

LEMMA 5.1. Let H,, = clsp{qu, ..., qr(n)} and assumption 5.1(i) hold.
(1) If assumption 5.2(i) holds, then: wn (0, Hosn) < const. X 6/ /by(n).-
(2) If assumption 5.2(ii) holds, then: ||ho — IL,hol| < const./bym|lho — Iyholl s
(3) If assumption 5.2(i)(ii) holds, then: assumption 4.3 is satisfied.

In order to bound the modulus of continuity w(d,H,s) we need to strengthen both assumption
5.1 (on sieve approximation rate) and assumption 5.2(i) that links the weak metric ||h|| to its strong

metric ||A|s.

ASSUMPTION 5.3. There exist finite constants M > 0, 7, > 0 and an increasing positive sequence
k _
{v;}32q such that [|h =375 (P, q;)sq5lls < M(vi1) ™ for all h € Hos.

Remark 5.1. Under assumption 5.1(i), assumption 5.3 is satisfied if there are finite constants

M >0, v, > 0 and an increasing positive sequence {v;}32, such that either (a) or (b) holds: (a)
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(ellipsoid) Zj’;l V?’Yh|<h, qj)s|? < M? for all h € Hos; or (b) (hyperrectangle) [(h,q;)s| < I/;’Yh and

S22 v < 0o for all h € Hos.
ASSUMPTION 5.4. There are finite constants ¢, C > 0 and a non-increasing positive sequence {b; =<
P %)}y such that: (i) ||h]|> = e 3272, bjl{h, aj)s]? for allh € Hog; (@) [[h]]* < C 327 byl(h, 45)s)?
for all h € Hys.

It is obvious that assumption 5.4(i) and (ii) implies assumption 5.2(i) and (ii) respectively.

LEMMA 5.2. Let assumptions 5.1, 5.4 (i) and 5.3 hold. Then: there is an integer k* € (1,00) such
that 52/bk*,1 < M?*(vp-)~2" and 52/bk* > M?(vp+) "0 hence w(8, Hos) < const. X 6//by-.

(1) If b; < (p(l/j_2) = yj_2“ then w(8, Hos) < const.(57/ @+,

(2) If b; < <p(1/j_2) = exp{—v}} then w(8, Hos) < const. ([— In(8)]=7=/2).

Assumptions 5.4(i) and 5.3 also yield the following better bound on the sieve modulus of conti-

nuity wy, (6, Hosn)-

LEMMA 5.3. Let Hy, = clsp{qi, ..., qu(n)} and assumptions 5.1(i), 5.4(i) and 5.8 hold. Let k* be
given in Lemma 5.2. Then:

(1) wn (8, Hosn) < const. x §/+/bg, where k = min{k(n), k*} € (1,00).

(2) If k(n) > k*, then ||h — I hl|s < 8/v/bi= for all h € Hos.

5.2 Optimal convergence rates

Theorem 4.2, Theorem 4.3 and Lemma 5.1 together imply the following corollary for the convergence

rate for the penalized SMD estimator using a finite-dimensional sieve:

COROLLARY 5.1. (Sieve dominating case) Let ﬁn be the penalized SMD estimator with A\, > 0, A, =

o(1), and all the assumptions of Theorem 4.1(1) hold with m(X,h) being the series LS estimator.

Let assumptions 5.1 and 5.2 hold, with H, = clsp{qi, ..., qxn)} and b; < <p(y;2) for a continuous
In

non-decreasing function . If max {Z=, b2, 5 A} =22 — 0 and lim, oo {Jn/k(n)} = c € (1,00),

then:

i — holls = Op ({Vk(n)}'m n %) ,

n X gp(ylz(i))
(1) Mildly ill-posed case: if o(t) = 7% for some a > 0 and vi, =< k"7, then: ||h, — hol|s =
Op (nfm) provided k(n) = O (nm) .
(2) Severely ill-posed case: if o(7) = exp{—7"%2} for some a > 0 and vy =< k'/?, then:
[hn — holls = Op ([In(n)]=7»/*) provided k(n) = O ([In(n)]%/*).

Corollary 5.1 allows for A,, = 0. The next corollary allows for all the three smoothing parameters

(Jn, k(n), A\p) to balance one another.
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COROLLARY 5.2. (Sieve penalization balance case) Under all the conditions of Corollary 5.1, if ei-

ther assumption 3.13(i) holds with A, = O(2~), or assumption 4.2 holds with \,, = O <\ /Lo /<p(1/k(2n))) ,

then: all the conclusions of Corollary 5.1 remain true.

Theorem 4.3, Lemma 5.2 and Lemma 5.3 immediately imply the following corollary for the
convergence rate for the penalized SMD estimator using either a finite dimensional sieve with lots

of sieve terms or an infinite dimensional sieve.

COROLLARY 5.3. (Penalization dominating case) Let hn be the penalized SMD estimator with A\, >
0, A\, = op(1), and all the assumptions of Theorem 4.1(1) hold with m(X,h) being the series LS
estimator. Let assumptions 5.1(i), 5.2(ii), 5.4(i) and 5.3 hold. Let H, = clsp{qu, ..., qr(n)} with
k(n) > k* given in Lemma 5.2, and b; < ga(l/j_2) for a continuous non-decreasing function . Let

In b2, 5. = O(J,%"™) for some rp, > 0. If either assumption 3.13(i) holds with A, = O(Z~), or

n

assumption 4.2 holds with \, = O (, / J#\/@(V,:*z)) , then:

. —rm/(2rm+1)
. = holl = Op | F———
pvgs)

(1) Mildly ill-posed case: if o(t) = 7% for some a > 0 and vy = k', then: (1.i) ||hn —
holls = Op (n—%ﬁ) (1.ii) if 5.4(ii) holds, then rm > (v, + a)/d and ||hn — holls =
Op (n~ 7 twi1 ).

(2) Severely ill-posed case: if o(1) = exp{—7"%2} for some a > 0, then: |[hn — holls =
Op ([ln(n)]~7/?).

(8) Further, if H, = H (or k(n) = o), then assumption 5.2(ii) holds, and all the above

conclusions remain true.

We note that for the mildly ill-posed case (i.e., when b; =< QD(I/;2) = V;2a for a finite a > 0),
assumptions 4.1, 5.4(i)(ii) and 5.3 imply the restriction r,, > (v, + a)/d. See Yang and Barron
(1999). In the following we denote W[a] as Th,la], where T, : Hos € H — L?(fx) and T,
as its adjoint (under the inner product, (-,-) associated with the weak metric || - ||). Then for all

h € H,s, we have ||h||? = ||Th0h||%2( = ||(T;0Th0)1/2h||§ by assumption 4.1.

Ix)

Remark 5.2. Under assumptions 5.1, 5.4 (i) and 5.3, Chen and Reiss (2007) establish the min-
imazx lower bound for estimation of the NPIV model (1.2): E[Y1 — ho(Y2)|X] = 0. When we
specialize Corollaries 5.1, 5.2 and 5.3 to the NPIV model (1.2), our rates coincide with their min-
imaz lower bound under the metric ||h||s = |[h||L2(sy,)- In particular, our assumptions 5.1 and 5.3
correspond to their approximation condition. Let B be a self-adjoint unbounded operator defined as:
Bh = 22 vy{h. ) 2,005 with Dom(B) = {h € L2(fra) : T2, 13 (h,q;)3ajy,y < 00} Then

our assumption 5.5 implies Hos € Dom(B7n) = {h € L*(fy,) : BYnh = Py Vi (hy 45) L2(fv,) 05 €
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L?(fy,)}. Our assumption 5./ (ii) becomes their link condition: ||Th0h||%2(fx) < C’Z?il b;|{h, qj>L2(fY2)|2
with bj < <p(u;2) for a continuous increasing function . Then the rates obtained in Corollaries 5.1,

5.2 and 5.3 reach the minimax lower bound for the NPIV model (1.2) in Chen and Reiss (2007).

5.3 Relation to source condition

Under assumption 4.1, we have ||h|[* < [[(T} Th,)"/?h||? for all h € H,s; hence assumption 5.4
can be restated in terms of the operator T} T,. Assuming that T}, is a compact operator (this
is a mild condition, for example, Tj, is compact if m(-,h) : H € H — L?(fx) is compact and is
Frechet differentiable at hg € Hos; see Zeidler (1985, proposition 7.33)). Then T}, has a singular
value decomposition {fy; 14, Por t oy, Where {u;,}72, are the singular numbers arranged in non-
increasing order (1, > fi1 \ 0), {#1, ()} 52, and {¢gr(2)}72, are eigenfunctions of the operators
(T,fOThO)l/ 2 and (ThOT,’;O)l/ 2 respectively. It is obvious that {¢, ()}, is an orthonormal basis for
H hence a Riesz basis, and |[(T}, Tho)"/?h? = Y5y pi](h, ¢13)s|? for all h € H. In the numerical
analysis literature on ill-posed inverse problems with known operators, it is common to measure
the smoothness of the function class H,s in terms of the spectral representation of T,foTho. The
so-called “general source condition” assumes that there is a continuous function v with ¢ (0) = 0

and A~'/2¢(\) non-decreasing such that

Hsource = {h = ’(/J(T;OT}LO)U . v eH, ||’U||§ < M} (51)
oo 0o h, - g

= qh=) (ho)sdy; 27< 2¢1J2> <My, (5.2)
=1 =1 (G (Mj)

for a finite constant M, and the original “source condition” corresponds to the choice (\) =
AL/2 (see Engl, Hanke and Neubauer (1996)). Therefore the general source condition implies our
assumptions 5.1(i), 5.4 and 5.3 by setting q; = ¢y;, b; = ©(v;?) = p2 and (u?) = v; " for all
j > 1. Then o(7) = 7 is equivalent to ¥(X) = A7/ and A~/24()\) non-decreasing iff v, > a;
o(T) = exp{—7"%?} is equivalent to ¥(\) = [—log(\)]~7»/* We gather these simple results into

the next lemma:

LEMMA 5.4. Let Ty, be a compact operator with a singular value decomposition {fu,; d15, Pox } oy -
Then: (1) assumptions 5.1(i) and 5.4 hold with q; = ¢;; and b; < <p(1/j_2) = 3 for all j. In
addition, if Hos € Hsource, then assumption 5.3 holds with Vj_% > 1/’(.“3) for all j.

6 Applications

In this section we present two important applications to illustrate the general results obtained in
the previous sections. We first provide sufficient conditions for consistency and convergence rate of

the penalized SMD estimators for a nonparametric additive quantile IV regression model. We then
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obtain root-n asymptotic normality of a plug-in penalized SMD estimator of a weighted average
derivative of ho(Y2) satisfying the conditional moment model E[p(Y, X.;ho(Y2))|X] = 0, in which

the residual function p() could be non-pointwise smooth with respect to h(Y3).

6.1 Nonparametric Additive Quantile IV Regression Model

The model is:
Y3 = ho1 (Y1) + ho2(Y2) + U, Pr(U <0|X) =1, (6.1)

where hg1, hos are the unknown functions of interest, the conditional distribution of the error term
U given X is unspecified, except that Fyx(0) = v for a known fixed v € (0,1). The support of
Y = (Y],Y4,Y3) is Y = [0,1]? x R? x V3 with J3 C R, and the support of X is X = [0,1]¢
with d, > d > 1. To map into the general model (1.4), we let Z = (Y, X")', h = (h1, ha),
p(Z,h) = 1{Ys < ha(Y1) + ha(Y2)} — v and m(X, h) = E[Fy, )y, v, x (ha (Y1) 4 h2(Y2))[X] — 7.

For the sake of concreteness and illustration, we estimate hg() using the penalized SMD estimator
iy given in (2.3), with m(X, ) being the series LS estimator of m(X, k), H, = H! x H2 being
either a finite dimensional (dim(H,) = k(n) = ki(n) + k2(n) < oo) or an infinite dimensional
(k(n) = 00) linear sieve, and P, (h) = P(hs) > 0.

We present three propositions on consistency. The first one assumes that the function space H?
is compact under a weighted sup norm ||hz||w,co = sup,era [h2 (y) w (y)| for a positive continuous
weight w. The second and the third do not assume compactness of H?; while the second one
considers a lower semicompact penalty and the third uses a convex (but not lower semicompact)

penalty. For all three results we assume:

ConprtioN 6.1. (9) {(Y/, X{)}ey isdid.; (i) fyy v, va,x (Yslyr, y2, @) is continuous in (y3, y1,y2, ),
and sup,,; fy,|v,,vs,x (y3) < const. < oo for almost all Y1,Y, X; (idi) E[(1+ Y2))?] < oo for a finite

0> 0; (1) fy, vo|x=21,y2) is continuous in (yi,ys,x)

CONDITION 6.2. hg = (ho1,ho2) € H = H! x H?, (i) H' = {h1 € A]*([0,1]%) : ha(y;) = 0} for
7 > 07 (i) B(1{Ys < ha(V2) + ha(¥2)}|X] = 7 for h = (1, ha) € H implics ha(¥:) + ha(¥a) =
ho1 (Y1) + hoo(Yz) almost surely; (i) H? C L?(R%, fy,).

Condition 6.2(i)(ii) is a global identification condition. Instead of condition 6.2(i), one could
assume condition 6.2(i): H* = A ([0,1]%) for v, > 0, and the conditional expectation operator,
E[ha(Y2)|Y1], mapping from H? to L*([0,1])%, fy,) is compact. Without unknown hg;, condition
6.2(i1) is the global identification condition for hgz in the NPQIV model (1.3) that is imposed in
CIN (2007) and HL (2007). See CIN (2007) and Chernozhukov and Hansen (2005) for further

discussion and sufficient conditions for identification of NPQIV model (1.3).
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CONDITION 6.3. (i) assumption 3.9 holds with p’»(X) being a tensor product P-spline or B-spline
or wavelet or cosine linear sieves; (ii) H, = H} x HZ, where H,, is a tensor product P-spline or
B-spline or wavelet or cosine or power series closed linear subspace of H', and H? is a tensor
product wavelet closed linear subspace of H2.

In the following we denote @ (y2) = (1 + |y2|2)ﬂ9/2 for some 9 > 0 and w (y2) = (1 + |yg|2)70/2

for some 6 > 0. We let || - ||z, denote the norm of a Banach space 7,7, (R, leb), which is either a
Besov space B ,(R?, leb) for p,q € [1,00] or a F-space F] (R, leb) for p € [1,00),q € [1,00]; see
Appendix A for their definitions and properties.

PROPOSITION 6.1. For the model (6.1), let h,, be the penalized SMD estimator with A, > 0, A\, =
o(1) and m(X,h) be the series LS estimator. Let conditions 6.1, 6.2 and 6.3 hold. Let H? = {hy €
L2(RY, fy,) : llwha||zy2 < Mo} for v, > 0,p,q € [1,00] (and p < oo for T2 = F%), a known
constant My < co. Let A, P(hs) = )\n||whg||7ps2;q2 for s € 0,75 —d(p~ —p3 1)), p2 € [1,00) and
q < g2 <o00. Let J,/n=o0(1) and Jp, k1(n), ka(n) — 0o as n — oo.

(1) If vo > d/p and 6 > 9 > 0, then:

o~

w (y2) [hon (Y2) — ho2 (y2)]| = op(1);

sup /ﬁl,n(yl)_h(ﬂ(yl)‘—i_ sup
y1€[0,1]¢ y2ER4

hence if B(1+[Y2])*') < 0o then: |[h1m — hollr2(sy,) + A2 — ho2llz2(sy,) = op(1).
(2) If vg +d/2 > d/p, p~' + (0 — 9)/d > 1/2, and E[(1 + |Y2])*’] < oo, then:

sup | han(y1) — hot(y1)| + [[wlho,n — hoo]ll2(ra teby = 0p(1);
y1€[0,1]¢

hence ||h11n — h’01||L2(fy1) + ||h21n — h’02||L2(fy2) = Op(l).

We now present a second consistency result in which the parameter space H? is not compact

but the penalty is lower semicompact. We assume:

CONDITION 6.4. E[Fy,)y, v, x (h1 (Y1) + ha(Y2))|X = -] € W) ([0,1]%,leb) with ~,, > 0 for all
he™H,.

In the following we denote 1, = ,,,/dsz, 11 = 7, /d and 74 = 7, /d.

PROPOSITION 6.2. For the model (6.1), let ﬁn be the penalized SMD estimator with A\, > 0, A\, =
o(1) and m(X,h) be the series LS estimator. Let conditions 6.1, 6.2, 6.3 and 6.4 hold. Let H* =
{hy € L2(RY, fy,) : ||whal| 72 < oo} for vy > 0,p,q € [1,00] (and p < oo for 1,2 = F)%). Let
P(h2) = ||wha|| 72 Let max {[k1(n)] =21, [k2(n)] =22} = O (\,) and 2=+ J 7% = O (\,). Then:
(1) Results (1) and (2) of Proposition 6.1 remain true; (2) P(ﬁgyn) =0Op(1).

We next present a third consistency result in which the parameter space H? is not compact but

the penalty is convex. We assume:
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CONDITION 6.5. The conditional expectation operators, Elh1(Y1)|X = -] : HY — L2([0,1]%, fx)
and Elha(Y2)|X =] : H? — L%([0,1)%, fx), are compact.

PROPOSITION 6.3. For the model (6.1), let }Aln be the penalized SMD estimator with A, > 0, A\, =
o(1) and m(X,h) be the series LS estimator. Let conditions 6.1, 6.2, 6.3, 6.4, and 6.5 hold (or
assumption 6.4 hold for all h € H). Let H* = {why € W,?(R%,leb) : |[wha||r2ery < M} for
Y2 > 0, P(R) = [[(ha) B sepy> and BI(1+ [V3)?] < oo. Let max {[f ()] 2", [ba(m)] 22} =
O (\y) and L= + J 2™ = 0(\,). Then:

sup  |hin(y1) — hot(y1)| + [[wlham — hoalll 2 (ra by = 0p(1),
y1€[0,1]¢

and |[h1n = hotllz2(sy,) + [1h2n — ho2llL2(gy,) = 0p(1).

Without unknown hy, Proposition 6.1 is essentially the same as theorem 4.1 of CIN (2007) for
the SMD estimator (2.2) of the NPQIV model (1.3); while Proposition 6.3 is very similar to that
of HL (2007) except that we allow for sieve approximation and unbounded support of Y3.

For the model (6.1), we have ||hllc = [[P1[L2(py,) + |[h2llL2(sy,). Let [[B]]2 = E{[ha (Y1) +
ha(Y2)]?}, then ||h]|s < ||h|| for all h € H. Recall that Hos = {h € H : ||h — hol|c = o(1),||R]|. <
¢, P(h) < c¢}. We assume

Fya vy, ve, x (h1(Y1)+h2(Y2))
CONDITION 6.6. C' > Fr vy va x ot (V1) F oz (V2)

3 >c¢>0 for all h € Hyos and almost all Y1,Y5, X.

CONDITION 6.7. If E{st\YhYz,X(hOl(}/l) + hog(}é))[Al(Yl) + AQ(}/Q)”X} = 0 then Al(}/l) +
Ao(Ys) =0 for all A1(Y7), Ao(Ya) such that A + ho € Hos.

Define the integral operator Ty, [g1 + g2] = E{ fyyvy,vs,x (ho1 (Y1) +ho2(Y2))[91 (Y1) + g2(Y2)]| X}
that maps from Dom(Th,) C L*(fy,) ® L*(fv,) — L*([0,1]%, fx).

CONDITION 6.8. (i) Y1 and Ya are independent; (ii) there is a non-negative, continuous increasing

function ¢ such that ||Th,[g1 + gg]||%2(fx) = E;’;l gp(y;2)|<gl + 92, q15 + q2.4)s|? for all g1 + go €
Dom(Th,) N Hos.

In the following we denote vy, = min{~,,v,}. We first present a convergence rate result for the

finite dimensional sieve dominating case.

PROPOSITION 6.4. (Sieve dominating case) For the model (6.1), suppose that conditions 6.6 - 6.8
hold. Let either conditions of Proposition 6.2 hold with max{']#, J2rm /\n} = Jn—", or conditions
of Proposition 6.3 hold with max {22 J 2" o(X\,)} = Z=. Let lim,_oo{Jn/k(n)} = c € [1,00),
k(n) = ki(n) + ka(n) — oo, ki(n) < ka(n) < k(n) and vy, = {k(n)}'/4. Then:

|hn — holls = Op ({yk(n)}—vh n %) '

n X go(l/,:(i) )
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(1) If p(7) = 7 for some a > 0, then: ||hn — holls = Op (nim) provided k(n) =
O( 2(wh+a)+d)

(2) If o(7) = exp{—7"%2} for some a > 0, then: ||hn — hol|s = Op (In(n)]=7/*) provided
k(n) = O ([In(n)]*/*).

Next we provide convergence rate for the penalization dominating case.

PROPOSITION 6.5. (Penalization dominating case) For the model (6.1), suppose that conditions 6.6
- 6.8 hold. Let either conditions of Proposition 6.2 hold with X\, < {l—", or conditions of Proposition
6.3 hold with \,, = O (\/IW/ o(v;7) ) and H2, = {why € W,? (R, leb) : llwhallwyz (ra ey < M}
for 0 >19>0. Let Jn—" = J 2" min{ki(n), ke(n)} > J, and v; = gi/a,

(1) If o(7) = 7@ for some a > 0, then: ||hn — hol|s = Op (n_w)

(2) If o(7) = exp{—7"2} for some a > 0, then: |[hn — hol|s = Op ([In(n)]~7n/).

When Y7 and Y, are measurable with respect to X, we have a = 0 in Propositions 6.4(1) and
6.5(1). The resulting convergence rates ||h, — hol|s = Op (nfﬁ) coincide with the known rates
for the additive quantile regression model: Y3 = ho1(X1) + ho2(X2) + U, Pr(U < 0|X1, X2) = 7;
see, e.g., Horowitz and Mammen (2007).

6.2 Plug-in Penalized SMD of Weighted Average Derivatives of hy(Y').

The model is:
Elp(Y, X=; ho(Y2))|X] = 0 and By = Ela(Y2)V*ho(Y2)], (6.2)

where Yo C Y, k > 1 is a known integer, and a(Y2) is a known positive weight function. For
simplicity we assume that h() and p,() are scalar valued, and Ys has support R. Results presented
in this subsection can be directly extended to vector valued h() and py() as well as multivariate
Y2; see, e.g., Chen and Pouzo (2007). Let /f\zn() be a penalized SMD estimator of ho() based on
the conditional moment restriction E[p(Y, X,;ho(Y2))|X] = 0. Then the plug-in penalized SMD
estimator of 3 is simply defined as

n

/ﬁ\n =n! Z a(Y%)vkﬁn(Y%)

i=1
When p(Y, X,; h(Y2)) is pointwise Holder continuous with respect to h, this model (6.2) fits
into the general setup of Ai and Chen (2007). In fact, Ai and Chen (2007) already present suffi-
cient conditions to ensure root-n asymptotic normality of their plug-in SMD estimator of 3, when
p(Y, X, ho(Y2)) = Y1 — ho(Y2) (i.e., the NPTV model). However, the general results in Ai and Chen
(2007) rule out the cases when p(Y, X; h(Y2)) is not pointwise Hélder continuous in h. In this sub-
section, we obtain a theorem that allows for nonlinear and non-pointwise smooth p(Y, X; h(Y2))

in h, as well as non || - ||s—compactness of the function space H for hy.
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For the sake of concreteness we will only consider the penalized SMD estimator ?Ln using a finite
dimensional linear sieves (dim(H,,) = k(n) < o), P(h) = ||VE(Wh)||%2(R,leb) for some k > k, and
the series LS estimator m(X,h) of m(X,h) = E[p(Y, X.;h(Y3))|X]. We shall only present some
relatively low level sufficient conditions for the consistency and asymptotic normality of Bn, and refer
readers to Chen and Pouzo (2007, 2008) for more general conditions. Given the results presented
in previous sections, we can assume that we already established consistency and convergence rate
for hy, under || - ||s = || - || L2(fy,)- In this subsection we focus on the consistency and asymptotic

normality of Bn

CONDITION 6.9. (i) hg € H C {h € L*(R, fy;) : [[@hllyyn 1epy < o0}, P(h) = ||VE(Wh)||%2(R,leb)
for some v, >k > k;: (i) E[(1+ |Y2])*’] < 0o for some 6 > 9 > 0. (iii) Hy is a wavelet linear

sieve of H; () E{m(X,h)*} is continuous at ho under the norm || - [lc = || - ||L2(fy,)-

ConDITION 6.10. (i) By € B, where B is a closed bounded interval of R; (ii) sup,, |a(y2)| <

const. < 00.

PROPOSITION 6.6. For the model (6.2), let }Aln be the penalized SMD estimator with A, > 0, A\, =
o(1) and m(X,h) be the series LS estimator. Suppose that assumptions 3.9 - 3.10, 3.1(i)(iii),
3.7(ii), and condition 6.9 hold. Let max {2 + b2, ;. E{m(X,I,h)?}} = O (\,) = o(1). Then:
(1) (i) |[wlhn — holllL2(racty = 0p(1), [[hn — hollr2(py,) = op(1), P(hy) = Op(1); and (i)
V¥ (wlhn = hoDllz2 R tery = 0P (1), [IV*[h = holl[32(5,, ) = 0p(1).
(2) If condition 6.10 holds, then |3, — Bol = op(1).

We need some extra notations before we state normality result. Define H,s = {h € H :

[|h — holls = o(1),]|V*[h — holllL2(fy,) = o(1),[|h[ls < ¢, P(h) < c}. Then hg € Hos and Hos C
2 9 _ dm(X,ho) 2 dm(X,ho)

H C L*(R, fv,), and ||h — hol|* = F (T[h_ h0]> . Denote ==727%[g] as T, [g], where

o i Hos € L*(R, fy,) — L*([0,1], fx) and T} as its adjoint. Then for all h € Ho,, we have

[lh — hol|? = ||Tholh — ]||L2 tx)- U Th, is a compact operator, then it has a singular value

decomposition {113 ¢y;(y2), ¢g;(2)}72, (see section 5.3 for details).

CONDITION 6.11. (i) [a(y2) fy,(y2)] is k—times continuously differentiable, and V*[afy,] goes to

zero continuously as |yz| — oo; (ii) E[(1%)(Y3))?] < co where [*) = ﬂ ; (11) By € int(B).
2 (k) _
CONDITION 6.12. (i) ’(TﬁoTho)*% [10)] ’ gy < (or Th, is compact and Y37 | w
Yo J

2
. N _ 2 . o B[P (Ya) gy, (Y-
00); (ii) ||(Ty Tho) =t [1™] HLQ(fYQ) < 00; (or T, is compact and 3.~ (W) < 00).

) <

Condition 6.12(i) is necessary (but not sufficient) for 8, = E[a(Y2)V*ho(Y2)] = (=1)*E[I™®) (Y2)ho(Y2)]

to be estimable at a \/n—rate. It ensures the existence of a Riesz representor v* for E{1%) (Y3)(h(Yz)—

2
no(¥2)} s it ensures |[0*|2 = |[Thuo g, = (@5, D)~ 19N,
2

< oo. Condition
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6.12(ii) is stronger than condition 6.12(i), and ensures that we can solve the Riesz representor v*

in a closed form: v* = (Tj; Th,) "' [IM] € L2(fy,).
CONDITION 6.13. there is a v}, € H,, such that |[v} — v*|] X ||Bn — hol| = OP(”_1/2)'

CONDITION 6.14. (i) |[hy — hol|| = Op(6%), with 6 = Op(max{\/Z=, by 1. }) = op(n=24); (ii)

n’

hn = holls = Op(8%.,); (id0) Aa{P(hn £ £0v3) — P(h)} = op(n™1) with 0 < &, = o(n~1/?).
Denote N, = {h € Hos : ||h — hol| = O(6},), ||k — hol|s = O(5%.,,) } and Ny, = {h € No N Hy, b

CONDITION 6.15. (i) There are constants k € (0,1], r > 1, and a measurable function b(X) with

E[|b(X)]] < oo such that for all § > 0 and all h,h' € Ny,

sup /szJw—wxahvrdeX:Ay>Sb@w6M;
[[h=h'||s<6

(i) suppen, |p(Z, h)| < C(Z) and E[C(Z)?|X] < const. < oo; (iii) {1—"(5;”)2“ =o(n71).

Condition 6.15 (iii) is satisfied in both “severely” and “mildly” ill-posed case provided that v,

is big enough. In the following we denote g*(X) as the LS projection of W [v*] onto the linear

sieve basis p’* (X).

<

CONDITION 6.16. (i) {m(-,h) : h € Ny, } is a Donsker class in L*([0,1], fx); (ii) SUP,c(0,1] ‘%[v*]

const. < oo; (i) [|§*(-) = TGP 0" | 2(p) X OF) = o(n™1/?).

2
o7, 7]

n»-n

2
CONDITION 6.17. m(X, h) is twice continuously differentiable in h € Noy, (i) E [supheNm } <

dm(X,h)
ah [vn

5] — dmihho) (]

2
oo; (i) E [SuPheNM E] = o(n=Y2); (iii) for all h € N,, and all

heN,,

E dh dh dh

(A (4R ) A )] oty

Condition 6.17(i)(ii)(iii) are imposed to control the second order remainder term of m(X, h) =
E[p(Y, X.;h(Y3))|X] in the shrinking neighborhood of hg. These conditions are automatically
satisfied when m(X, h) is linear in h, such as when m(X, h) = E[Y; — h(Y2)|X] in the NPTV model.
However, when m(X, h) is nonlinear in A, such as when m(X,h) = E[1{Y; < h(Y2)} — v|X] in
the NPQIV model, condition 6.17(ii)(iii) may be difficult to verify when the problem is “severely”
ill-posed. See Chen and Pouzo (2008) for further discussions.

PROPOSITION 6.7. For the model (6.2), suppose that all the conditions of Proposition 6.6 hold. Let
assumption /.1 and conditions 6.11 - 6.17 hold and k& > k~+0.5. Then: /n(3, —Bo) = N(0, V1),
with

V= =Var {(8 — a(e)V*ho(¥2)) + (=1)* (Tu [v"]) p(Zi. ho) |
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Remark 6.1. (1) The semiparametric efficiency bound for (3, identified through the model (6.2)
can be derived by applying the results of Ai and Chen (2005). When Ya is endogenous, the plug-
in penalized SMD estimator 371 fails to reach this efficiency bound. Nevertheless, by combining
the rate results of our this paper and the semiparametric efficient estimation procedures proposed
in Ai and Chen (2005) and Chen and Pouzo (2008), one can obtain efficient estimation of (.
(2) When we specialize Proposition 6.7 to the NPQIV model (1.3) with p(Y, X.; ho(Y2)) = 1{¥1 <
ho(Y2)} —, we immediate obtain v/n— asymptotic normality of the plug-in penalized SMD estimator
of the weighted average derivative of the quantile IV function B, = Ela(Y2)V*ho(Y2)]. See Chen
and Pouzo (2007) for semiparametric efficient estimation of the weighted average derivative of the

quantile IV function.

7 Conclusion

In this paper, we propose penalized SMD estimation of conditional moment models containing
unknown functions of endogenous variables. The estimation problem is a difficult nonlinear ill-
posed inverse problem with an unknown operator. We establish consistency and convergence rate
of the penalized SMD estimator, allowing for (i) possibly non-compact original parameter space; (ii)
possibly non-compact finite or infinite dimensional sieve spaces with flexible penalty; (iii) possibly
nonsmooth generalized residual functions; (iv) any lower semicompact or convex penalty, or SMD
with finite dimensional linear sieves without penalty; and (v) mildly or severely ill-posed inverse
problems. Under relatively low-level sufficient conditions, we show that the convergence rates
coincide with the known minimax optimal rates for the NPTV model (1.2). We illustrate the general
theory by two important applications: the consistency and convergence rate of a nonparametric
additive quantile IV regression, and the root-n asymptotic normality of the plug-in penalized SMD
estimator of a weighted average derivative of ho(Y") in the nonlinear model E[p(Y, X ., ho(Y))|X] =
0. We also present a simulation study and an estimation of a system of nonparametric quantile IV
Engel curves using the UK Family Expenditure Survey.

In Chen and Pouzo (2008), for the general conditional moment models (1.1), we show that the
semiparametric efficiency bounds and the root-n asymptotic normality of #y are still valid even
when p(Y, X,,0,h(-)) is not pointwise smooth in (6, h). We establish that a weighted bootstrap
procedure consistently estimate the confidence region of the penalized SMD estimator gn We also
derive that the scaled and centered profiled optimally weighted penalized SMD criterion function
is asymptotically Chi-square distributed.
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A Some Function Spaces and Sieves

Let S(R?) be the Schwartz space of all complex-valued, rapidly decreasing, infinitely differen-
tiable functions on R?. Let S*(RY) be the space of all tempered distributions on R, which
is the topological dual of S(R%). For h € S(R%) we let h denote the Fourier transform of h
(ie., h(€) = (2m)~4/2 Jra exp{—iy'€}h(y)dy), and (g)" the inverse Fourier transform of g (i.e.,
(9)" (y) = (2m)~ %/ Jraexp{iy'€1g(€)de). Let gy € S(R?) be such that ¢y(z) =1 if |z] < 1 and
©o(®) = 0 if [z] > 3/2. Let ¢, (x) = o(2/2) — ¢y (x) and ¢, (z) = ¢, (2% 1z) for all integer k > 1.
Then the sequence {¢, : k > 0} forms a dyadic resolution of unity (i.e., 1 = > 77 ¢, (z) for all
z € RY). Let v € R and p,q € (0,0¢], the Besov space By, (R?) is the collection of all functions
h € 8*(R?) such that ||h||Bqu is finite:

1/q

q
~\ Vv
CON I NS
Lr(leb)

(with the usual modification if ¢ = c0). Let v € R and p € (0,00),¢ € (0,00}, the F-space F, (R)
is the collection of all functions h € S*(R?) such that ||k -, is finite:
P,q

Inlls,, = D2 {2”

=0

1/q

G olf) | <=

Lr(leb)

Il =S {2”

Jj=0

(with the usual modification if ¢ = o). For v > 0, p, ¢ > 1, it is known that 7", (R (B, (RY))
is the dual space of 7/, (R%) (By, (R?)) with 1/p'+1/p=1and 1/¢'+1/q=1.

Let 7, (Rd) denote either By (Rd) or Fy, (Rd). If p,¢ > 1 then 77, (Rd) is a Banach
space. Moreover, 7,7, (Rd) gets larger with increasing ¢ ('Z;’fql (Rd) ST (Rd) for 1 < ¢2), gets
larger with decreasing p (7, , (RY) C A (R?) for p1 > p2), and gets larger with decreasing
v (7;’{11 (Rd) - 'Z;’f; (Rd) for v1 > vs). The spaces ’Z;’fq (Rd) include many well-known function
spaces as special cases. For example, LP(R%,leb) = ]—"3_’2 (Rd) for p € (1,00); the Holder space
A"(RY) = By, o, (R?) for any real-valued r > 0; the Hilbert-Sobolev space Wy (R%) = BS , (R?)
for integer k& > 0; and the (fractional) Sobolev space W;(Rd) = Fpo (R?) for any v € R and

(@+1-22R0)

for v > 0, the norm [|A||};,-» is a shrinkage in the Fourier domain).
P

< oo (note that
Lr(leb)

p € (1,00), which has the equivalent norm ||h[|lw, =

We can also define “weighted” versions of the afore-mentioned spaces as follows. Let w(-) =
(14 ]-1?)%?, ¢ € R be the weight function and define Allzy (Rew)y = |lwhl|Ty (ra), that is,
T/ (R w) = {h: lwhl|7y (ra)y < oo}. See Edmunds and Triebel (1996) for additional properties
of the general Besov spaces and the F-spaces, especially the properties of continuous embeddings

and compact embeddings between any two spaces 77!, (R, w1) and T2, (R4, ws).

If H € H with is a Besov space then a wavelet basis {¢;} is a natural choice of {g;}; to satisfy
agsumption 5.1 in Section 4. A real-valued function ¢ is called a “mother wavelet” of degree 7 if it

satisfies: (a) fR y*(y)dy = 0 for 0 < k < 7; (b) ¢ and all its derivatives up to order  decrease
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rapidly as |y| — oo; (c) {2F/24(2%y — j) : k,j € Z} forms a Riesz basis of L2(leb), that is, the linear
span of {2¥/24(2Fy — j) : k,j € Z} is dense in L?(leb) and
o) o) 2 o) oo
Do a2k — ) = > > Jal
k=—00 j=—00 [2(r) Kk=ood=—oo
for all doubly bi-infinite square-summable sequence {ax; : k,j € Z}. A scaling function ¢ is called
a “father wavelet” of degree ~ if it satisfies: (a’) [ @(y)dy = 1; (b’) @ and all its derivatives up
to order 7 decrease rapidly as |y| — oo; (¢’) {¢(y — j) : j € Z} forms a Riesz basis for a closed
subspace of L?(leb).
Some examples:
Orthogonal wavelets. Given an integer v > 0, there exist a father wavelet ¢ of degree v and
a mother wavelet ¥ of degree v, both compactly supported, such that for any integer ky > 0, any

function h in L?(leb) has the following wavelet y— regular multiresolution expansion:

h(y) =Y arjer,; W)+ Y. D bty (), yeER,

j=—o00 k=ko j=—00
where
akj = /73 W) W)y, o (y) = 252025 —j), yeR,
brj = /Rg(y)1/)kj W)y, Vuly) =2"202% - j), yeR,

and {¢y, ;,7 € Z;py;, k > ko, j € Z} is an orthonormal basis of L?(leb); see Meyer (1992, theorem
3.3). For an integer K, > ko, we consider the finite-dimensional linear space spanned by this

wavelet basis of order ~:
2Kn _q
ho(y) =™ ()T = Y hi, o, ;). kn) =25
j=0
Cardinal B-spline wavelets of order ~:
Kn
hn(y) = U)kn (y)/H = Z Z 7Tkj2k/2B'Y(2ky - ])7 k(n) = 2K" + 15 (Al)

k=0 jek,

where B, (-) is the cardinal B-spline of order v,

B0 = iy L (] ) a0y,

which is 7 — 1 times differentiable and has support on [0,7]. For any fixed integer k = 0,1, ..., K,
KC,, is the set consisting of those j’s such that the support of z — B, (2%z — j) overlaps with the
empirical support of the data, j = £1,+2,.... The compact support of B,(-) ensures that #K,, is
finite for any fixed k.
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In the empirical illustration and simulation study in Section 2, we also applied polynomial spines
(P-splines) and Hermite polynomial sieves:

Polynomial splines of order g,,:

dn

ho(y) = 0" ()T =Y w5 + > Fgusn (y—ve)i", k() =go+rn+1,  (A2)
j=0 k=1

where (y — v)% = max{(y — v)?,0} and {vi}r1,..r, are the knots. In the empirical application,

.....

for any given number of knots value 7, the knots {vj }x=1,..r, are simply chosen as the empirical

n

quantiles of the data.

Hermite polynomials of order k(n) — 1:

kp—1 2
) = 6 T = 3wty =y e { L2 (A3
j=0 2

where v1 and v3 can be chosen as the sample mean and variance of the data.

B Consistency

We first present a general consistency lemma that is applicable to any approximate penalized sieve

extremum estimation problems, be them well-posed or ill-posed.

LEMMA B.1. Let @, be such that Qn () < infaeca,, Qn(e) + Op(n,,) with n, = o(1). Suppose
there are real-valued functions Q(a), @, () such that the following conditions (B.1.1) - (B.1.4)
hold:

(B.1.1) (i) Q(av) < Q,,(ap) < 00, and Q,, (o) — Q) = o(1); (ii) there is a positive function
go (n, k,€) such that:

inf Q,(a) —Q(ag) > go (n,k,e) >0 for eachn > 1,k>1,e >0,
a€A:|la—agl|c.>e

and uniformly in € > 0

inf o, illa—aoll>e @nla) = Qp(a0)
go (n, k(n),e)
(B.1.2) (i) A C A and (A,||-||c) is a metric space; (1) Ax C Axy1 C A for all k > 1, and
there exists a sequence I, € Ay such that |11, a0 — agllc — 0 as n — oo.
(B.1.3) (i) Qu(c) is a measurable function of the data {(Y5, X3) iy for all oo € Ayry; (i) Qi
is well-defined and measurable.

(314) Let éQ (k (TL)) = SupaEAk(n)

liminf go (n, k(n),e) > 0, lim > 0.

n—oo

Qnla) — Qn(a)’ =op(1). Uniformly over e > 0,

max {éQ (k (n)) » Mns |@n(Hna0) - Qn (O[())‘}
go (n, k(n),e)

=o(1).

Then: ||a, — aolle = op(1).
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PROOF OF LEMMA B.1: Under condition (B.1.3)(ii) @, is well-defined and measurable. It
follows that for any ¢ > 0,

Pr ([jan — ool > €)

< (ae gy 5, Q0 (@) < Qn (Taao) + O(nn))

< (aeAk(n) ol {Qn (@) = ’@n (@)= Q, (a)’} < Qp () + O(nn))

= (%Ak(n) nf | Qn (@) < 22%(k(n) + Qu(Ilnao) + O(nn))

< (QGAM L >5@n (@) — @, (o) < 2¢%(k(n)) + Q, (M) — Q,, (ao)+0(nn)>
<

go (n,k(n),s) - go (n,k(n),s

which goes to 0 by conditions (B.1.1)(ii) and (B.1.4). Q.E.D.

- (mfaEAk(n):a—aoCzE Qn (@) =@y (a0) _ 269(k(n)) + [@,(TTncro) — @, (a0)| + 0(%))
)

Remark B.1. (1) Let (A,T) be a topological space. Condition (B.1.3) is satisfied if one of the
following two conditions holds: (a) for each k > 1, Ay, is a compact subset of (A, T), and for any
data {Z;}7 4, Qn () is lower semicontinuous (in the topology T ) on Ay. (b) for any data {Zi}r .
the sets {a € Ay : Qu(a) <1} is compact in (A, T) for all r € (—o0, +00).

(2) Let (A,]| - ||lc) be a Banach space. Condition (B.1.3) is satisfied if one of the following
three conditions holds: (a) Ay is compact under || - ||c, and for any data {Z;}7,, Qn(@) is lower
semicontinuous (in || -||c) on Apmy. (b) A is a bounded, and weak sequentially closed (i.e., for
each weakly convergent sequence in Ay, its limit belongs to Ay ) subset of a reflexive Banach space
(A || - |le), and for any data {Z;}",, Qn() is weak sequentially lower semicontinuous on Akn) -
(¢) Ay is a bounded, closed and convex subset of a reflexive Banach space (A,||-1|.), and for any
data {Z;}7_,, Qn(e) is conver and lower semicontinuous on Ap(n)- Moreover, (c) implies (b). See

Zeidler (1985, proposition 38.7, theorem 38.A, corollary 38.8 and theorem 38.B).

PrOOF OF THEOREM 3.1: We verify that all the conditions of Lemma B.1 are satisfied with
a=hand n, = 0. Let Qu(h) = n~" 1 (X, h)'(Xi, h) + Au Pu(h), @, (h) = Q(h) + A\, P(h)
and Q(h) = E [m(X, h)'m(X,h)]. Then = arg infyez, Qn(h) and conditions (B.1.2) and (B.1.3)
are directly assumed. Condition (B.1.1) is satisfied given assumptions 3.1(iii), 3.4, as Q(hg) = 0 <
Q,,(ho) = M\ P(hg) < o0, and for each € > 0, k > 1, \,, > 0, we have

her:Hif?ffhoHCZs Em(X,h)m(X,h)] + M\ P(h)} > — Hh thll .. {E[m(X,h)'m(X,h)]} = go (n,k,e) > 0.

Condition (3.1.1) implies that uniformly over & > 0,
liminf g (n,k (n),g) > 0.

This and assumption 3.4 and A, > 0, \,, = o(1) then imply uniformly over ¢ > 0,

Wcr iz (B D6 MO R) £ 0P~ AuPe)
n go (nv k(n)a E) '
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Also, assumptions 3.2 and 3.4 and A, = o(1) imply Q, ( 0) — Q,(I,hg) = o(1). It remains to

check condition (B.1.4) by establishing supj, <y, 1Qn(h) — Q,,(h)| = op(1), which is satisfied given
condition (3.1.2) and assumption 3.4, as
Qu() Q.0
1 . ~ /A / D
< |= Zm Xy, h)'m(X;, h) — E[m(X, h)'m(X,h)]| + AP (h) — A\, P(h)
n

= 0p(1) uniformly over H,,.

Finally, we show that assumptions 3.1(i) and 3.5 imply condition (3.1.2). Notice that

iim (X5, hY (X, h) — B [m(X, h)'m(X, h)]
< %Zn: (X, h) (X, h) — m(X;, h)' m(X;, h)]| + %imX“h) m(X;,h) — B [m(X;, h)'m(X;, h)]| .
% Z [M( X, h) ( Xy, h) — m(X;, h)'m(Xi, h)]
= % > (X h) = m(Xi, b)) (X, h) = m(Xi, h))| + % > m(Xi, h) (M(Xi, h) — m(X;, h))‘
i=1 =1

= op(1l) uniformly over H,,

where the last equality is due to assumption 3.5(ii)(iii) and Cauchy-Schwarz inequality. Finally,
applying the Glivenko-Cantelli theorem, assumptions 3.1(i) and 3.5(1)(ii) (iv) imply

1 n
— Z m(X;, h)'m(X;, h) — E [m(X;, h)'m(X;, h)] = op(1) uniformly over H,,.

n-
i=1

Thus condition (3.1.2) is satisfied, and the result follows from Lemma B.1. Q.E.D.

PrROOF OF COROLLARY 3.1: This can be trivially obtained by applying Lemma B.1 with
Qu(@) = E[m(X,h)'m(X,h)] = Q(a) and Qu(a) = £ 31, M(X, h)'W(X;,h) + Op(n,,), where
Op(n,) = M{P.(h) — P(h)} + A P(h); hence Op(n,) = op(1) uniformly over h € H, by as-
sumptions 3.1(i), 3.4 and 3.6(ii). Assumptions 3.1(iii) and 3.7 imply condition (B.1.1) holds with
liminf,, go (n,k (n),€) > 0 uniformly in € > 0. Assumptions 3.1(i)(ii), 3.4, 3.5, 3.6(i) and 3.7, and
Remark B.1 imply assumption 3.3 (i.e., condition (B.1.3)). Condition (B.1.2) is directly assumed.
Finally condition (B.1.4) follows from condition (3.1.2), which is implied by assumptions 3.1(i) and
3.5 (see the proof of Theorem 3.1), while assumption 3.5(iv) is implied by assumption 3.6(i). Q.E.D.

In the following we denote |[g||% = E[¢*(X)], ||g||iX = %E?:l ¢*(X;) and (9, 9)nx =
5 i1 9(X)7(Xa).

LEMMA B.2. Let assumptions 3.9 and 3.10(i) hold with an i.i.d. sample {(Y;, X;)}1,. Let G, =
{g:9(z) = Zi;1<gh,pk>npk(:v); h € Hy,sup, |g(x)| < oo} where g5, is a square integrable function
of X indexed by h € H,,, and {pk},‘cjgl is some linear sieve basis functions (e.g., B-Splines). Then

|lgnll7 x
llgnll%

— = Op(l).
he€H
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Consequently, there are finite constants K, K' > 0 such that, except on an event whose probability

goes to zero as n — oo,
K'[lm(-, )5 < [l W% x < Kllm(-, k)5  uniformly on H,.

Proor oF LEMMA B.2: Note that for functions in G,, we have that

JIn

> (ghs Dk)npr

k=1

= sup |[[g]|n.x-
n.X g€Gn

sup |[|gnlln,x = sup
heH heH,

Define A;, = supgcq, SMI)FT‘I{EM' Then under assumption 3.9 and the definition of G,,, we have
Ap =< &, . Thus, by assumption 3.9(iii), the result follows from Lemma 4 of Huang (1998) for

general linear sieves {pk}ill and Corollary 3 of Huang (2003) for polynomial spline sieves. Q.FE.D.
Let m (X, h) = p’ (X) (P'P)"" P'm (h) and m (h) = (m (X1,h),...,m (X, h)).
LEMMA B.3. (1) Let assumptions 3.9 and 3.10(i) hold with an i.i.d. sample {(Y;, X;)}'_,. Then:
~ ~ 2 ~ ~ 2 In
sup (1,1 = (e ) = sup (17 k) = il = Op (22
heHn heH,
(2) If, further, assumption 3.10(ii) holds, then:
Py In
sup [ 1) = m I = Op (2442, ).
heH, n
PROOF OF LEMMA B.3: For result (1), by Lemma B.2 and definitions of m (X, h), we have:

sup nflzﬂﬁz(Xi,h) —’I’AfL(Xi,h)H2E = sup F

_ ~ ~ 2
n 1Z|m<Xi,h>—m<Xi,h>|E] :
he€Hn i—1 h€Hn

i=1

En=" Y 1w (Xiyh) —m (X, h)||iﬂ]
i=1

< £ Tr{n—lszn (X)) (P'P)”" Pl (h)e () P(P'P) " p” <X»H

IN

E :nflTr {P(P’P)*1 Ple (h)s(h)’H <E [nflTr {P (P'P)' P'E [z (h)e (h) |X] H
< KE {n_lTT{P(P'P)_lP'H < KJo/n

where € (k) = ((Z1,h),...,e(Zn,h)), €(Z,h) = p(Z,h) — m(X,h) and K is a finite constant
independent of h € H,,, the fourth inequality follows from assumption 3.10(i), and the last inequality
follows from assumption 3.9(ii).

For Result (2), given Result (1), assumption 3.10(ii) and the following inequality
1 (- h) —m(, W)l x < [[m(, h) —m(, h)|[x + |lm(-; h) —m(, bl x,

Result (2) follows trivially. Q.E.D.
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LEMMA B.4. Let h, be the penalized SMD estimator with A, > 0, A\, = op(1), and m(X,h) any
consistent estimator of m(X, h) satisfying assumption 3.8 (or assumptions 3.9 - 3.10 for series LS
estimator m(X, h)). Let assumptions 3.1(i)(i), 3.2(i) and 3.3 hold. Then: (1) under assumption
3.4, for all e >0,

Pr (||ﬁn — holl. > 5)

Pr( Infpery il lh—holl.>= {E [m(X, h)'m(X, h)] + Ao P(h)} ) ,
= < K {B[m(X, ko) m(X,,ho)] 4+ Op (62,.,,) + A P(ho) + Op(An)} )7

(2) under assumption 3.11, for all e > 0,

Pr (I[fn = holle > )

Pr( Infpery il ih—holl.>= {E [m(X, h)'m(X, h)] + Ao P(h)} >
= < K A{E[m(X,,ho)'m(X, Muho)] + Op (87, ,,) + AnP(ho) +0p(A)} )

PROOF OF LEMMA B.4: By definition of h, and I,k and assumptions 3.1(1)(ii), 3.2(i) and
3.3, we have: for any € > 0,

Pr (Il — holle > )
< Pr< infher(n) [lh—holle >5{7’L71 Z:l 1 (X, h)'m( X )( P;(h)} ) |

~

<n 'Y m(Xs, ko) m(Xs, Oy ho) + A P(IT

By the i.i.d. sample, and assumption 3.8(ii) for any consistent estimator m, (or assumptions 3.9 -
3.10(i) and Lemma B.2 for the series LS estimator m), there are finite positive constants K and K’
such that for all h € H,,, we have:

K'E[m(X, h)'m(X, h)] > Zn: (X, h)'m(X;, h) > KE [M(X, h)m(X,h)].

Moreover, using the fact that (a —b)? +b? > 1a® we have:

E[m(X, h)'m(X, k)] + E [(M(X, h) — m(X, h)) (@(X, k) —m(X,h))] > =E [m(X,h)'m(X, h)],

N —

thus
YA A 2 K G Em (X m )] - B (170 - m(X )]

Again by the i.i.d. sample and assumption 3.8(ii), and using the fact that (a +b)? < 2a? + 2b?, we

have:

1 n
— Zm X, oho) (X, Iy ho) < 2K {||m(-, uho) — m(-, Iuho)||% + E[m(X, uho) m(X, I, ko) } -
n

By assumption 3.8(i) for any consistent estimator m, (or assumptions 3.9 - 3.10 and Lemma B.3

for the series LS estimator m with (53,17,1 =In 4 bz, 7.), we have:

ymf {=llm(h) - m(-,h)llgf}:—hseup 1, 1) = m(, B[ = Op (67, 1)

n
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and
|7 (-, Mpho) — m(-, Inho)[|x = Op (85,.,,) -

By assumption 3.4, we have: A, sup,cqy, |P(h) — P(h)| = Op(An) and Ay|P(Il,ho) — P(ho)| =
O(Ap). Thus, for all € > 0,

Pr (||ﬁn — holle > g)

< Pr infherty ilin—holl.>= {E [m(X, h)'m(X, h)] + An P(R)}
= < K {E[m(X, W,ho)'m(X, TLho)] + Op (8%,,.) + A P(Iyhg) + Op (A

) +0p(An)}
< Pr Infherty i lh—hol|.>= {E [m(X, h)'m(X, h)] + An P(R)}
= < K {E[m(X,,ho) m(X,I,ho)] + Op (62, ,) + A P(ho) + Op(An)} )
By assumption 3.11, we have: A\, sup,cqy, |P(h) — P(h)| = op(\,) and A, |P(Il,ho) — P(hg)| =
o(An). Thus, for all € > 0,

Pr (I — holle > )

- Pr< Infpers i yilih—holl.>e {E [m(X, h)'m(X, h)] + An P(h)} )
= < K {E[m(X,,he)'m(X, I, ho)] + Op (62, ,,) + A P(I1, ho )+ op(\n)}

Pr< If ety )l |h—hol[.>e 1B [M(X, h)'m(X, k)] + A P(h
< K {E[m(X,I,ho)'m(X,L,ho)] + Op (52, n) + A P(ho) —|—0p )}

Thus we obtain results (1) and (2). Q.E.D.

PROOF OF LEMMA 3.1: By definition of ﬁn, we have for any A,, > 0,

%Zn: (X, T [ + AP (B %an (X, uho)||% + A P (I ho),
and
A P(hn) = P(ho)} + Au{ P () — P(h)}
< % z": |7 Xs, ko) |5 + A { P (Tl ho) — P(Iuho)} + An{P(IL,ho) — P(ho)}.
1=1
Thus

An {P(A hn) — P(ho)}

< —ZHm X;, 11, h0)||E—|—2)\n sup
i—1 heH,

Pu(h) = P(h)| + An |PILho) = P(o)|

< Op (97 + Elllm(X, Maho) [}]) + 27 sup
EHn

B.(h) — P(h)‘ + An |P(Tyho) — P(ho)|

where the last inequality is due to assumption 3.8 holds for h = I, hy.
Therefore, for all M > 0,

Pr (P(ﬁn) — P(ho) > M)

Pr ()\n{P(ﬁn) — P(ho)} > )\nM)

IN
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(1) Under assumption 3.4, A, supy,eqq,

Pa(h) = P(1)|+An |P(ILuho) = P(ho)| = Op(An), there-
fore
O+ Elllm(X, Tho )13

An

Pr (P(ﬁn) — Plho) > M) < Pr ( +0p(1) > M)

which, under max{émn, [[|m(X, 11 h0)]|%]} = O(An), goes to zero as M — oo. Thus P(hy) —
P(hg) = Op(1). Since 0 < P(hg) < oo we have P(hy) = Op(1).
(2) ( ) — P(h)|+A, |P(I1,ho) — P(ho)| = op(An), there-

fore

Pr (P(ﬁn) — P(ho) > M) < Pr (5’”’" hi E[”W;(X’ ufo)llE] op(1) > M)

which, under max{&m s Ellm(X, I1,k0)[|%]} = o(An), goes to zero for all M > 0. Thus P(hy) —
P(ho) <op(1). Q.E.D.

PROOF OF THEOREM 3.2: By Lemma B.4(1), assumption 3.12 and A\, P(h) > 0, we have: for
all e > 0,

Pr (I[fn — holle > )

< Pr< Infrert, i h—hol|c>e {BE(1))gm (|| — hollc) + AnP(R)} >
- < K {E[m(X, Tlho) m(X, Tuho)] + Op (87, ) + AnP(ho) + Op(An)}
" <gm(a> < K AP Taho) (X, e ) + 2 Pllo) + 0P<An>}>

<

which goes to zero under max{&m s E([[m(X, tho)H%), An} =o0(B(k(n))). Q.E.D.

PROOF OF THEOREM 3.3: By Lemma B.4(1), for all € > 0,

> nfpere, s in—nol|.>e {E [m(X, h)'m(X, h)] + An P(h)}
Pr (”h”_h"”c >E) = Pr( < K{E[m )h(?ﬁ %h I(IX I, ho)] + Op (6,.,,) + AnP(ho) + Op(N) } ) '

Under assumptions 3.13 and 3.7(ii) (recall that E[m(X,h)'m(X,h)] is lower semicontinuous in
[| - ||c on H iff the set {h € H : E[m(X,h)'m(X,h)] < M} is closed in || - ||. relatively to H for all
—00 < M < o0). Given assumption 3.13, the set {h € H,, : ||h — hollc > €, Elm(X,h)m(X,h)] <

M, P(h) < M} is compact under || - ||. for all M, M < oco. Theorem 38.B of Zeidler (1985) now

implies that the minimum problem,

heﬁn:lﬁ@honczg {E[m(X,h)m(X,h)] + A P(h)}

has a solution, h,,, which belongs to the set:

h € Hy,:|lh = holle > €,
{ Em(X,h)m(X,h)]+ M\ P(h) <K {E[m(X, I, ho)'m(X, I, ho )] + 5,2,%” + A\ P(ho) + O()\n)} } ‘

Since H,, € H, we have that the sequence {h,} belongs to the set

heH:||h—hollc > ¢,
{ E[m(X,h)'m(X,h)] + A P(h) < K {E[m(X,11,ho)'m(X, ,ho)] + 5,2,%” + A P(ho) + O(A\n)} } ’
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by the fact that £ [m(X,h)'m(X,h)] > 0 and A, > 0, this set is in turn included in

{h € H: |lh— hollo > &, P(h) < K (E[m(x’ H"hO)/mA(X’ LA L 0(1)) } ,

which is compact under || - ||. by assumption 3.13(i), the fact that {h € H : [|h— ho||. > &} is closed,
and that max{émn, (lm(X, H"hO)H2E)} = O (Mn). Therefore, the sequence {h,} must have a
further subsequence, denoted as {h,, }, that converges to a limit hs in || - || and heo € {h € H :
[|h — hol|e > &, P(h) < M} for some M € [0,+00). Moreover, by assumption 3.7(ii) and P(h) > 0,

we have:

0 < E[m(X, heo)m(X, hoo)] < liminf E [m(X, hy,) m(X, hy))
<liminf K { E[m(X, ko) m(X, I, ho)] + 62, . + O(An) + AuP(ho)} = 0.

This and assumption 3.1(iii) together imply that ||heo — hol|c = 0, which contradicts to he € {h €
H :||h— holle > e, P(h) < M}. Thus |[hn — holle = 0p(1). Lemma 3.1 (1) implies P(hy) = Op(1).
Q.E.D.

PROOF OF THEOREM 3.4: By Lemma B.4(2) and assumption 3.14, we have: for all € > 0,

Pr (||ﬁn — holle > g)

< pr ( Ifp ety )l |h—hol[o>e 1B [M(X, h)'m(X, k)] + A P(h) } )
= < K {E[m(X,,ho)' m(X,I,ho)] + Op (62,,,) + AP (ho) +0p(Mn)} )

Case 1: If iminfyep, , jh—no||.>e {£ [m(X, h)'m(X, h)]} > const. > 0, then since A\, P(h) > 0,

lim inf Em(X,h)m(X,h)] + X\, P(h)} > const. >0
hem(n)zuhfhduzs{ [m(X, h)'m(X, h)] (h)} =
s B(Im(X, Tho)|[5)} = 0 (1) and A, = o(1).
Case 2: If iminfpes, )| h—hol|.>c {E [m(X, h)'m(X, h)]} = 0, by assumption 3.15, for all the
sequences {hn, € Hy(n) t ||hn — hollc > e} with Iminfres, ) jn—no||.>c {E [m(X, h)'m(X, h)]} =0,
we have liminf,, (to, by, — ho)m+m > 0. This and assumption 3.14 imply:

we have Pr (||h — holle > 5) — 0 as long as max{4>

hem(gﬁ}iﬂo“cZE {E[m(X,h)'m(X,h)] + A (P(h) — P(hg))}

lim inf {E[m(X,h)m(X,h)] + M (to, h — ho)m 1 + Mg(||h — holle)}
h€H i (ny:llh—hol[c>e

> lim inf E [m(X, h)'m(X, k)] + Ag(l|h — hole)} -
> hem(nﬁl@?houczs{ [m (X, h)'m(X, h)] + Ang(|[h = hollc) }

Y

Thus, for all € > 0, for result (a), since E [m(X,h)'m(X,h)] >0,

Pr (I[fn = holl > )

- Pr( infpere, sjn—hol.>e {E [m(X, h)'m(X, h)] + An(P(h) — P(ho))} >
= < K {E[m(X,T,he)' m(X,I,ho)] + Op (62,,,) +0p(An) }
< Pr(Mg(e) < K {E[m(X,,ho)'m(X, 1L, ho)] +Op( )+0p An)})

— 0 if max {E[m(X,IL,ho)'m(X, 1I,ho)],d n}*o
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For result (b), under the additional assumption 3.12,

Pr (||ﬁn — holle > g)
< Pr(B(k(n))gm(e) + Ang(e) < K {E[m(X, ko) m(X, I, ho)] 4+ Op (62,.,) +op(An)})
— 0 if max {E[m(X, ko) m(X, k)], 62, } = o(max{B(k(n)), A }).

Thus ||[hn — hollc = op(1). This and assumption 3.14 imply P(h,) — P(ho) > op(1). But Lemma
3.1 (2) also implies P(h,) — P(ho) < op(1). Thus P(hyn) — P(ho) = op(1). Q.E.D.

PROOF OF COROLLARY 3.2: It suffices to show that assumptions 3.16, 3.17 and 3.18 imply that
assumptions 3.15 and 3.3 of Theorem 3.4 hold. First, assumptions 3.2(i) and 3.16(i)(iii) imply that
every sequence {hj, € Hj} has a weakly convergent sub-sequence in H, denoting its limit as heo,
then hoo € H by assumption 3.16(ii) and Zeidler (1985, corollary 38.8). By assumption 3.17 and
liminfy, oo E [m(X, hi)'m(X, hy)] = 0, we have E [m(X, hoo)'m(X, hoo)] = 0. This and assumption
3.1(iii) imply heo = ho; hence assumption 3.15 holds with ¢ = 0. Next, under assumptions 3.1(i),
3.2(i) and 3.8, by theorem 38.A and corollary 38.8 of Zeidler (1985), we have that assumptions
3.16, 3.17 and 3.18 imply assumption 3.3. Finally, we need to establish the claim in Remark
3.2(2). Under assumptions 3.16 and 3.17’, any weakly convergent sequence {hj, : k} to hoo in H has
an associated convergent sub-sequence {m(-, hx) : k} to m(-, heo) in L?(fx), since the functional
E[m(X,h)m(X,h)] : m € L?(fx) — [0,+00] is convex and continuous in m € L?(fx), it follows
that E [m(X, hg)'m(X, hg)] — E[m(X, heo)'m(X, hoo)] as k — oo; hence assumption 3.17 holds.
By Remark B.1(2)(c), assumptions 3.16 and 3.17” imply that assumption 3.17 holds. Q.E.D.

PROOF OF THEOREM 3.5: By Lemma B.4(2), we have: for all € > 0,

Pr (||ﬁn — holle > g)

Pr ( If ety 0yl |h—hol[o>e 1B [M(X, h)'m(X, h)] + A P(h) } > _

= < K {E[m(X, I, ho)'m(X, IL,ho)] + Op (82,.,) + A P(ho) + 0p(An)}

Under assumptions 3.2(i), 3.11, 3.16(1)(ii)(iii)’, 3.17” and 3.18(b)’, the infimum,

i /
nert P e VB (X )M R+ An P(R)}

exists. If the set {E [m(X, h)m(X, h)|+ . P(h) < K {E[m(X, I, ho) m(X, I, ho)] + A\ P(ho) + 53,%" + 0p(/\n)}}
is empty for all n big enough the desired result will trivially follow. Thus we assume that this set is
not empty infinitely often, i.e., it exists a subsequence (hy,),, that belongs to the aforementioned set
and to {h € H,, : ||h—ho||c > €}. By assumptions 3.1(ii), 3.16, 3.18(b)’ and Remark 3.2(1), it follows
that there exists a weak convergence subsequence, denoted as {hy, } with weak limit ho, € H. By
assumptions 3.16 and 3.17” and Remark 3.2, we have: E[||m(X, heo)||%] < liminf E[||m(X, hn, )| %],

and

0 < E[|[m(X, hoo)[[E] + Ao P(hoo) < lim (E[|[m(X, hp )[|E] + Any P(hn,))
<limK (E[||m(X, anh0)||2E] + Ay, P(In ho) + 5727'Lnk)
< K (E[||m(X, ho)||E] + Ao P(ho)) ,
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where the first inequality follows from assumptions 3.17” and 3.19(ii) and the last follows from
the fact that A\, = A\gp + o(1) and assumptions 3.2(ii) and 3.11. Assumption 3.19(i) then implies
[|hoo —hollc = 0. Moreover, all of such weak convergence subsequences having their limits satisfying
|[hoo —hollc = 0. Thus we have liminfy,  e3,,:(|jh—ho||. > {{to, bn — ho)u-H} = (to, hoo —ho)r+H = 0

for ¢y defined in assumption 3.14. Hence, for all € > 0,

Pr (||ﬁn — holle > g)

Pr( Hminfp, e3,|n—hol|.>e An {(to, in — ho)n= 11 + g(|[hn — hol|c) } )
< K {Em(X, ko) m(X, Muho)] + Op (82,.,) + 0p(An) }

< Pr(Ag(e) < K {Em(X,T,he)m(X,Muho)] + Op (32,.,) +0p(An)})
— 0 if max {E[m(X, ko) m(X,Muho)], 07, } = 0o(An),

IN

where the last inequality is due to assumption 3.14, and the result now follows. For case (b) the
proof is completely analogous to the one in theorem 3.4.

Finally, |[hn — holle = op(1) and assumption 3.14 (or P(h) is lower semicontinuous at hq)
imply P(hn) — P(ho) > op(1) But Lemma 3.1 (2) also implies P(hy) — P(ho) < op(1). Thus
P(hy) — P(ho) = op(1). Q.E.D.

C Convergence Rate

PROOF OF THEOREM 4.1: (1) Let 72 = max{é>, o [Mnho — holl?, A | P(IL, ko) — P(ﬁn)|} =op(1).
Since /f;n € Hosn with probability approaching one, we have: for all M > 1,

T — b
Pr(n ol 2M>
Tn

< Pr
{h€H pan: Hh ho||>Mrn}

{1, W2 x + A P(R)} < ([, Taho)|[2 x + AnP(IT,, ho>)
By assumption 3.8, we have:
(1= op()Im(, Bn)ll% + AnP(hn) < Op(87, ) + (14 0p(1)|lm(-, ko)1 + A P(Iuho). (C.1)
which implies
(1= op(W)Im( ha)llk < Op(53,.,) + (1+ op(V)|[m(- Thuho) |k + An| P(Tuho) — P(ha)].

This, ||?Ln — holls = op(1) and assumption 4.1 imply that
By — I -
Pr <7” oll 5 M) < Pr (M2 < 0p {87, .. Tuho = ol Aal P(ho) = P(h)1} )
Tn

which, given our choice of r,, goes to zero as M — oo; hence ||?Ln — hol| = Op(ry) and Theorem
4.1(1) follows.

(2) Using the same argument as that for result (1), we still have inequality (C.1) holds. By
assumption 4.2, A, (P(ﬁn) - P(tho)) > An(to, Ton — Moho)m- 1 and thus

(1 — op(W)|Im(, ha)Ik + A (to, b — Hpho)ie 1 < Op(82,,,) + (1 + 0p(1))]m(-, ko) %,
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thus
(1= op(W)[Im(, hn)llk < Op(52,,,) + (1 + 0p(1))][m(-, Iuho)|[% + const.An| [y — ko]

By assumption 4.1, theorem 4.1(2) follows by choosing 72 = max{62, ., ||, ho — hol2, A e —
I holls} = op(1). Q.E.D.

PROOF OF THEOREM 4.2: It directly follows from theorem 4.1(1), assumption 4.3 and the
definition of wy, (8, Hosn). Q.E.D.

2
Jm,n

PRrROOF OF THEOREM 4.3: By setting A\, = O (m
n—no||s
theorem 4.1(2), assumption 4.3 and the definitions of w,, (8, Hosn) and w(d, Hes). Q.E.D.

) the result directly follows from

PROOF OF COROLLARY 4.1: Under the stated condition, we can replace A, Py (h) by An P(h)(1+
op(1)) uniformly over h € Hysy,. It is then easy to check that all the theorems still hold under their

respective assumptions. @.E.D.

PROOF OF LEMMA 5.1: Result (1) follows directly from the definition of wy, (8, Hosn ), as well
as the fact that for any h € H,s,, under assumption 5.1,
CTRIE = Y gl < (s 67) 3 byl{hg)al? < P,

C
. J
i<k J<k(n) J<h(n) k(n)

where the last inequality is due to assumption 5.2(i) and {b;} non-increasing. Similarly, assumption

5.2(ii) implies Result (2) since

1ho = Tahol 7 = ¢ > |(ho = Maho, ;)
§>k(n)
. _ C
> ( min b; H Z bj|(ho — I ho, qj)s|* > ||ho — My hol|?.
3>k(n) i) bk(n)

Result (3) directly follows from results (1) and (2). Q.E.D.

PROOF OF LEMMA 5.2: For any h € H,s with ||2||> < O(6?), and for any k > 1, assumptions
5.1, 5.4(i) and 5.3 imply that

Z<h7 Qj>§ + Z<h7 Qj>§

J<k >k

_ _ 1 _ _
(r;?lg,}bj 1)ij<h,qj>§ + M (V)2 < Ebk162 + MP (V1) 20
J

CHIRILS

IN

Given that M > 0 is a fixed finite number and § goes to zero as n increases, we can assume
M2(vy)=20n > %52/b1, which will be satisfied for big enough n. Since {b;} is non-increasing and

{vj}32, is non-decreasing in j > 1, we have: there is a &* > 1 such that

2 2
b < eM?(vg+)"*n and > cM? (g )2 > eMP (vge 1) 270,
k*—1 Ko+
and 5
w(5, Hos) = sup ||h||s < const.

hEHos:||h]|<6 - Ve
The result follows. Q.E.D
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D Applications

PROOF OF PROPOSITION 6.1: For the nonparametric additive quantile IV model (6.1), we apply
Corollary 3.1 by verifying all its assumptions are satisfied. First, for both Results (1) and (2),
Assumptions 3.1(i)(iii) are directly assumed. Assumptions 3.4 and 3.6(ii) are trivially satisfied with
An =0, or with Ay > 0, Ay = o(1), Po(h) = P(h) = ||@hs||zz2, and H2 = {hy € L*(RY, fy,) :
||whal| 72 < Mo} for v, > 0 and a known constant My < co. This is because the embedding of H?
into the set {ha € L*(R%, fy,) : ||wh2||T;22,q2 < oo} is continuous as long as sy € [0,7,—d(p~ ' —py )]
and ¢ < g2 (see Edmunds and Triebel, 1996, chapter 4). Thus, P(h) = ||whs|
uniformly in ho € H? and H% C H2.

For Result (1): Assumption 3.1(ii) is automatically satisfied with the choice of the spaces H =
ATH(0,1]%) x H? and H = L>([0,1]%) x {ho : sup,, |h2 (y2) w (y2)| < co} with the norm [|h||. =
sup,, [h(y1)| + sup,, |h (y2) w (y2)|. Moreover, the embedding of H into H is compact under the

w (1+|y2|)79
Lo 1220 - () as — 00; see
w (1+]y2|) 9 |y2| )

Edmunds and Triebel, 1996, chapter 4). Given the choice of the sieve space H,, and the definition of

s < const.
TP22vQZ -

norm || - || with v; > 0, v, > d/p, 8 > ¥ > 0 (which implies

|- ||e; we have supj,cq¢ [|h — I, k||, = o(1), which implies assumption 3.2(i). For assumption 3.2(ii),
notice that
m(X,h) —m(X, hg)
= ElFyv,vi,ve,x (h1(Y1) + h2(Y2)) — Fyyvy,ve,x (ho1 (Y1) + ho2(Y2))| X]
= B{fyvyvivax (h1(Y1) + ha(¥2))[h1 (Y1) — ho1 (Y1) + ha(Y2) — ho2(Y2)]| X},

thus
|m(X, h) — m(X, ho)|

< Elfvavi,ve,x (hai(Y1) + ha(Y2))| X] x Sup |h1(y1) — ho(y1)]

+E[fyvaivi,va,x (1 (Y1) + ha(Y2)) | X x sup [z (y2) — ho2 (y2)]w (y2)] -

b
w (Y2)
Since m(X, ho) = 0 and |m(X, h)| = |E[Fy,|y,,y;,x (h1(Y1) 4+ ha(Y2))| X]| < 1 for all i for almost all

X, we have

Bllm(X, h)]?] < E[lm(X, h) = m(X, ho)|] < E[S;lpfysm,yz,x(ys){l + ﬁYz)}] X [lh = hol|.-

Thus condition 6.1(ii)(iii) and [|II,ho — ho||. = o(1) imply

1
E[m(X, th0)|2] < E[S;p fY3|Y1,Y2,X(y3){1 + m}] X |y ho — hoHc =o(1)

hence assumption 3.2(ii) holds. Assumptions 3.6(i) and 3.7(i) follow directly from our choices of H,
H,, and ||-||.. For assumptions 3.7(ii) and 3.5(i)(ii), notice that for all h,h’ € H,

|m(X7 h) —m(X, h/)l
< Elfvava,ve,x (B (Y1) 4 ha(Y2)) | X] x sup [k (y1) — b (y1)]

FE iy x (i (Y1) + ﬁm»@m < sup [ (1) = B ()l 4]
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condition 6.1(ii)(iii) imply assumption 3.5(i) holds with b(X) = E[sup,, fys‘yhyz’)((yg){l—FmHX]
and k = 1. Since |m(X,h)| <1 for all h for almost all X, assumption 3.5(ii.a) and 3.7(ii) are sat-
isfied. To establish assumptions 3.5(iii), it suffices to show that

n Jn

. -1 ~ oy (X 2 _ )=
@ g n ™3 A ) 0r (%) = orl)

and
n

(ii) Sup n! ; (m(Xi, h) — m(X;,h))* = op(1).

For claim (i), assumption 3.9 and the fact that |p(Z, h)| < 1 imply that all the conditions of Lemma
B.3(1) are satisfied; hence claim (i) follows from Lemma B.3(1). Regarding claim (ii), for each
h € Hp, nt Y0 (m(X;, h) — m(Xi, h))* = op(1) follows directly from conditions 6.1(i)(ii)(iv)
and 6.3(i), and the LS projection approximation property of the sieve space p’»(X) as J, —
oo. From the verification of assumption 3.5(i)(ii.a), compactness of H, and H, we have that
n~tY L (m(X,h) — m(X;,h))? is stochastic equicontinous in H,; hence we obtain claim (ii).
Thus all the assumptions of Corollary 3.1 are satisfied and Result (1) follows.

For Result (2): The verifications for Result (2) are essentially the same as those for Result (1).
Here we only highlight the parts that are slightly different due to the different choice of H and
||h]|c. Assumption 3.1(ii) is satisfied with the choice of the spaces H = A" ([0, 1]%) x H?, and H =
L2210, %) x {ha ¢ | hatwl] g sepy < 00} with the norm |5l = sup,, ()| + | 1hatol] 2 e o
The embedding of H into H is compact under the norm ||-||. with v, > 0, v, +d/2 > d/p, p~*+ (0 —
¥)/d > 1/2 (see Edmunds and Triebel, 1996, chapter 4). Thus we have sup;,cy( [|h — IL,h]|, = o(1)

which implies assumption 3.2(i). For assumption 3.2(ii), notice that

Im(X, h) —m(X, ho)|
|E[Fyy vy, ve,x (h1(Y1) + ha(Y2)) — Fyy vy, ve,x (o1 (Y1) + ho2(Y2))| X
Bl fyyya,va,x (h1(Y1) +Ra(Y2)) x [h1 (Y1) — hoi (Y1) X]

+E{fxe|Y1,Y2,X(El(Y1) + ha(Y2))

IN

> (73 X {|h2(Y2)—h02(Yz)|w(Y2)}|X}

and that |m (X, h)| < 1, we have, under condition 6.1(ii) and E[wé,z)]2 < 00,
E{[m(X,h)|*} < E{Im(X,h) —m(X, ho)|}
< sup fY3\Y1,Y2,X(3/3) X ||h1 - h01||Loo([o,1]d,leb)
Y3

1

+S;13pr3\Y1,Y2,X(yS) X E[m]z x |[w[he — h02]||L2(Rd,leb) ’

thus assumption 3.2(ii) is satisfied. For assumptions 3.7(ii) and 3.5(i)(ii), notice that for all h,h' €
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Im(X, h) —m(X, )]

< Blfvavi,ve,x (i (Y1) + ha(Y2))|X] % sup [ha(y1) — 7 (y1)]

E { fygyl,YQ,X(z1((Y3;1)) + ha(Y2)) % {|ha(Ya) — By(Ya)|w (}/2)}|X} ,

condition 6.1(ii) and E[w(§,2)]2 < oo imply assumption 3.5(i) holds with b(X) = E[sup,, fv,|v;,va,x (¥3){1+

[w(Y2)]72}|X] and x = 1. Since |m(X,h)| <1 for all h for almost all X, assumption 3.5(ii.a) and
3.7(ii) are satisfied. The rest of the verifications are the same as those for Result (1). Q.E.D.

PROOF OF PROPOSITION 6.2: For (1) We obtain the results by verifying that all the assump-
tions of Theorem 3.3 (lower semicompact penalty) are satisfied. First, assumption 3.9 is directly
imposed. Assumption 3.10(ii) holds by the choice of the sieve basis for p’»(X) and by condition
6.4 with b?n.,,]n = J,?"m. Next, following the proofs for Results (1) and (2) of Proposition 6.1, we
have that for any M < oo, the embedding of the set {h € H : P(h) = [[wha||;2: < M} into H is
compact under the norm || - ||.; hence assumption 3.13 is satisfied. Given the choice of the sieve

space H,, and the definition of || - ||., we have for hy € H,
lho = kol < efki(n)}~71/% + ¢, {ka(n)} —72/% = o(1),

thus assumption 3.2(i) holds. Assumptions 3.2(ii), 3.7(ii) and 3.4(b) are already verified in the proof
of Proposition 6.1. Now the results follow from Theorem 3.3 provided that max{éi%n, Em(X,11,,h)?]} =
O(A\n). We already have 6,2,“I =Zn 4 J 2 = O(\,). By conditions 6.1(ii)(iii) (iv), we also have
2
E{|lm(X, Tnho) |5}
- 2
E{’E [ fyava,va,x (R(Y1, Y2)) {I ho1 (Y1) — hot (Y1) + IL, ho2 (Y2) — hoz(Yz)HX” }

< CE{E[M,ho1(Y1) — hot(Y1)| 4+ [Tuho2(Ya) — hoa (Y2)|| X1}
< 2CE{[E{|[ho1 (Y1) — hor (Y1)|| X }]?} + 2CE{[E{| T, ho2(Y2) — hoz(Y2)||X }]%}
< const. ||ho — th0||§ =0 (max {{kl(n)}_%l/d, {kz(n)}_%?/dD =0(\n),

the result now follows. For (2), it directly follows from Lemma 3.1 (1). Q.E.D.

PROOF OF PROPOSITION 6.3: We obtain the results by verifying that all the assumptions of
Corollary 3.2 (convex penalty) are satisfied. Again assumptions 3.9 and 3.10 hold with bfm 5, =
J2rm . Assumptions 3.1(i)(iii) are already assumed, and assumption 3.1(ii) holds trivially given the
choice of the norm |[[h||c = sup,, |h(y1)| + [ |h2w]] 2 (ga 1ep) for the spaces H = A7 ([0,1]%) x H? C
H = L>([0,1]%) x {hy : | |how|[ 2 (ga 15y < 00} By the choice of the spaces H,, and H, we have:

[Tkt —houllze(py,) < sup [Tha—hallzap,) < sup sup Mk (yn) = ha(yn)] < efka(n)} 7/,
hieH?! hi€HY Y1

fra(y2)
w?(y2)

[Mnhox = hozllz2(sy,) < 4 [sup x |lw(ILuhoz — ho2)|| 12 (ra tery < € {ka(n)} 724,
Y2
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thus assumption 3.2(i) holds. Assumption 3.2(ii) is already verified in the proof of Result (2) of
Proposition 6.1. Assumption 3.11 follows from the fact that P(h) = P(h) = ||(wh2)||%2(Rd ey and

P(I1,ho) — P(ho) = ||w(IL,ho2 — h02)||%2(7zd,leb) + (whoz, w(Il, hoz — ho2)) 2 (R4 16y = 0(1).
Assumption 3.14 follows from
P(h) — P(ho) = [|w(h — h02)||2L2(Rd,leb) + (whoz, w(h — ho2)) L2(R4,1eb)

with g(e) = 2 and tg = whoe. Assumption 3.16 follows by our choice of norm and space. As-
sumption 3.17” is implied by condition 6.5 (or by condition 6.4 if it holds for all h € H). Finally
assumption 3.18(b) follows from the fact that P(h) = ||wh2||2L2(Rd)leb) is convex and continuous.
Finally, by conditions 6.1(ii)(iii)(iv) and 6.5, we have

E{[[m(X, Ty ho) [}

2CE{[E{Tahor (Vi) — hor (V)| X }2} + 2CE{[E{ T hoa(Y2) — hoa (Va) | X 1}

o ({ka(m)} =21/} + o ({ka(m)}~22/1),

the result now follows from Corollary 3.2. Q.E.D.

IN

PROOF OF PROPOSITION 6.4: We obtain the results by verifying that all the assumptions
of Corollary 5.1 are satisfied. As assumptions 3.1, 3.2, 3.9 and 3.10 are already verified in the
proofs of Propositions 6.1, 6.2 and 6.3, assumption 5.1 is automatically satisfied. Condition 6.8
implies assumption 5.4 (hence 5.2). It remains to verify assumptions 4.1. For assumption 4.1(i), by
condition 6.1(ii) we have

%};ho)[h — ho] = E{fv,v1,va,x (ho1 (Y1) + ho2(Y2))[h1 (Y1) — ho1 (Y1) + ha(Y2) — hoa(Y2)][ X },

Ih — hol®

dm(X, h ’
E (WTWVL - h0]> < const.||h — ho|?,

where [h—=hol} = B{(h1(Y1) = hot (V1) + ha(¥2) = hoa(Y2))*}

hence assumption 4.1(i) holds. Next, by condition 6.6 we have for all h € H,s,

E [(m(X,h) —m(X, ho))?]
= E[E{fv,vi.va,x (h1 (Y1) + ha(Y2))[h1 (Y1) — ho1 (Y1) + ha(Y2) — ho2(Y2)]| X }]?
Ih = holl* (1 + o(1))

X

where h is a convex combination of k and hg in H,s. Thus assumption 4.1(ii) holds. The conclusions

now follow directly from Corollary 5.1. Q.E.D.

PROOF OF PROPOSITION 6.5: We obtain the results by verifying that all the assumptions
of Corollary 5.3 are satisfied. First, if the conditions of Proposition 6.2 holds, then we are in the
“lower semi-compact case”, and most of the verifications follow directly from those for Proposition
6.4. Given our choices of space, sieve and condition 6.8(ii), we only need to verify assumption 5.3,

which directly follows from our choice of H2,.
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If the conditions of Proposition 6.3 holds, then it suffices to verify that assumption 4.2 is satisfied
with the penalty P(hg) = ||(wh2)||%2(Rd 1epy- We have for all h € Hosn,

P(hs) — P(I,ho2) — (wilyhoz, w(he — nhoo)) L2 (ra teb) = [[w(ha — Wnhoo)l| 72 (ra ey = 0.
Let tg = wll, hgs then

[(to, h — Mpho)u- | = [(wlnhoo, w(he — Inhoo)) 12 (R en) |

l[(wIlho2)l| L2 (ra teny X [Jw(h2 — Wyho2)|| 2R 1eb)

IN

thus assumption 4.2 is satisfied. Q.E.D.

PROOF OF PROPOSITION 6.6:  Result (1)(i) directly follows from Theorem 3.3 (lower semicom-

pact penalty). Result (1)(ii) follows from Result (1)(i) and the Sobolev interpolation inequalities:
||Vk(w[ﬁ — ho))l|z2 (R 1eb) < C % (||w[ﬁ — hol||z2(Rten)) ' T X (||Vk(w[ﬁ — ho))llz2 (R 1eb))°

IV* (7 = holll2(sv,) < C X (I[h = hollz2(sy,)' ™ % (IV*[h = holl2(sy,))*

for some ¢ € (0,1) depends on k > k. Result (2) can be easily obtained by applying Theorem
1 of Chen, Linton and van Keilegom (2003). Using their notation, we define M(8,h) = E[3 —
a(Y2)VFh(Yz)] and M,,(8,h) = n~ ' 320" (8 — a(Ya;)V*h(Y2;)). Then their conditions (1.1) - (1.4)
are trivially satisfied with the pseudo-metric ||h||x = ||th||L2(fY2) (since ||V*[h, — holllL2(fy,) =
op(1) by result (1)(ii)). Their condition (1.5) is satisfied provided that the class {3—a(Y2)V*h(Yz) :
B € B,h € Hospn} satisfies Glinvenko-Cantelli. Since the data is i.i.d., the class is Glinvenko-
Cantelli provided that its L!(fy,)—covering number with bracketing is finite, which is true as for
any (3,h),(8',h') € B x Hosn,

(8= B) = a(Ya) V¥ (Ya:) = ' (Yas)]| < 8= 0] + supla(yz)| x [V*h(Yei) — B (¥ai)]

and Hosn C {h € H : [|h = hol|L2(sy,) = o(1), ||[V¥[h — holllL2(fy,) = o(1), P(h) < const.}, condition
6.10 and result (1) imply that B x H,s, has a finite cover. Q.E.D.

PROOF OF PROPOSITION 6.7:  We apply Theorem 4.1 of Chen (2007), which is a slight
refinement of Theorem 2 of Chen, Linton and van Keilegom (2003). Given Proposition 6.6, it
suffices to restrict our attention to A,s = {a = (8,h) € B x Hos : |8 — Byl = o(1)} and
Aosn = {a = (B,h) € B X Heosn : |8 — Byl = o(1)}. Following their notations, M(G,h) =
E[B—a(Y2)V*h(Yz2)] = E[8 — (—1)¥1%) (Y2)h(Y3)] (the second equation is due to condition 6.11(i)),
and M,(8,h) = n~' 31 (B — a(Y2;)VFh(Ya;)), conditions (4.1.1) - (4.1.4) of Chen (2007) are
trivially satisfied with I'y = I'1 (8, ho) = 1, W =1 and

T2(Bo, ho)[h — ho] = Ta(B,ho)[h — ho] = —E{a(Y2)V*[h(Y2) — ho(Y2)]}
= (D" E{® (Ya)[h(Ya) — ho(Y2)]}-
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Chen’s condition (4.1.5) is satisfied given i.i.d. data and the class {(8 — a(Ya;)V*h(Y2;)) : (8,h) €
Aosn} is a Donsker class. For any (3, h), (8',h') € Apsn, under condition 6.10, we have

1/2
2
E sup (8= 8") = a(Yai) V¥ [(Yai) — B (¥a)
B3 <894 =Wl ) <5
1/2
2
< 26+ 2supla(yz)| | E sup ‘Vk[h(Ygi) — 1 (V)] < const.é.
Y2 IV =] 2y, <0

Let N(g,Hosn, ||Vk[.]||L2(fY2)) denote the covering number of the class Hosp, C {h € H : ||h —
h0||L2(fy2) = 0(1), ||Vk[h - h0]||L2(fy2) = 0(1), ||Vk(wh)||[‘2(7gyleb) < CO?’LSt.}. Then

N (e, Hosns IVl 22(fyy))
S N(E, {h S H . ||vk(’LUh)||L2(R’leb) + ||Vk(wh)||Lz(Rﬁleb) S COTLSt.}, ||vk[]||L2(jY2))

1 1/(k—k)
< const. (—> .
€

Thus [, \/1ogN(a,Hosn, ||Vk[.]||L2(fY2))dE < 0o provided k — k > 0.5; hence the class {(8 —
a(Yai)VPh(Ya;)) : (B,h) € Aven} is a Donsker by Theorem 3 of Chen, Linton and van Keilegom
(2003).

To verify Chen’s condition (4.1.6), we need to establish that v/nl'2(8y, ho)[h — ko] = Op(1) and

it has an asymptotic linear expansion:

V(8,0 — o] = (-1 7= 3 (G0 ) izt + o), (D)

TL
1=1

and thus
Va{M,,(By, ho) + T2(By, ho) [l — hol}
dm(X;, ho)

= 7 2 {0 = a0 ¥ o) + (-0 (FE ) 2 )} 00t

and by theorem 4.1 of Chen or theorem 2 Chen, Linton and van Keilegom (2003), we obtain:
NG (B - 50) = N(0,V~1) with

vt =Var { (8 - (V) VFho(Yai)) + (= )* (Tho[v']) p(Zis o) }

To finish the proof, it remains to establish (D.1). Denote 6y = E{I®(Y2)ho(Y2)} and 0 =
E{l(k)(Yg)ﬁ(Yg)}. It suffices to show that \/ﬁ(b\ — 6p) = Op(1) and is asymptotically linearly
distributed, where h(Y2) is the penalized SMD estimator of hg :

h = arg min { lem Xi, Wl + AnllV (wh)HLz(zeb)}
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Following AC (2003) or Chen and Pouzo (2008), we first compute the Riesz representor v* for 6 —6:

(0 —00)? (B{I™ (¥2)[A(Y2) — ho(Y2)]})?

sup _— = sup

h:0<|lh—hol|<co B = holl®  nio<|ihmnoll<co  E {(Tho[h(Yé) _ ho(Yz)]ﬂ

2
s (W)’ " h0>L2<fv2>)
= up "
no<(ih—holl<oo {Tis, Tho [l = o, h = ho)

- <l(k),(TﬁoTho)*1l(’“)>

[calls

fvy)
= ez 4]

< 00

L2(fv,) L2(fvy)

and
E{I™ (Y2)[h(Y2) = ho(Y2)I} = 0 — 80 = (", h — ho) = E{(Ti, [v"]) (Thy [h — ho])}
by condition 6.12(i). Moreover, condition 6.12(ii) implies that we can solve v* in a closed form:
= (T35, Tne) 1M € L2(fyy).
Denote ||| - |2 =n"' Y1 || - ||% and m as the LS projection of m(X, h) onto the linear sieve

basis p/7(X). By lemma B.3 (for which both assumptions 3.9 and 3.10(i) hold), i.i.d. data and

condition 6.15 we obtain:

sup |||f(, h) — (- h) — @, ho)|||?
heNon

= sup n~ 'Y (M(Xi, h) — m(X;, h) — (X, o))

heNon i1
< Sup E [p”(X;)(P'P)~" P'(Ae(h))(Ae(h)) P(P'P)~'p’"(X;)']
< h?ﬁp E [p/(X;)(P'P)"'P'E [(Ae(h))(Ae(h) | X1, ..., X, P(P'P) " 'p/"(X;)']
< stjl\? E[A x Tr {n 1 J”(Xi)'pJ"(Xi)(P’P/n)_l}]

heNon
< K swp E[B[(o(Zuh) - p(Zi o)) [X]] x 22

heNon n

< K s 2 holl < 0p (22 (02,)™) = opln )

where A, = E[(p(Z,h) — p(Z, ho))? | X], e(Z,h) = p(Z,h)—m(X, h) (i.e., a populational projection
error), Ae(h) = e(Z,h) — e(Z, ho) and Tr is the trace operator. With this, we can now follow the
arguments in Chen and Pouzo (2008) and obtain

i lm(, mI* =C sup [[|m(,h) +@(, ho)ll|* +op(n™)

on ENon

for a constant C' > 0. By definition of A, we have: |[|(-, in)|[|124 A P(hn) < |||, B)|||2+ A P(R)
for all h € Ny, we have: for all h € Ny,

I, h) + A ho)l[* + A P(n) < Cl[7(-, ) + (-, ho)lll” + AaP(R) + 0p(n ™).
Denote £(-,h) = m(-,h) + m(-, ho). Then, by condition 6.17(i), |[|¢(-,h)|||* + CT N\, P(h) is a

smooth criterion function with %, as its approximate minimizer. Let u) = Fwv;, then, with 0 <
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en = 0o(1/y/n), we have:
NECRIIZ < G R+ enuf)]]2 + CT NP (o + €nusy) — P(hn)} +o0p(n™h)
11 B + £nuy) + (-, ho)[|? + op(n™1),

where the op(n™!) in the above equation is due to condition 6.14(iii). After the second order Taylor

expansion to the term |||+, 2n)||[2 = [||€(-, hin + £nu)|||2, we have:
!/
En ~= [ d(Xi hn) . IO -1
< — )
9D ( = n]> (X2 B) + (X, o)) 4 I (h(s) + LLa(h(s) + 0p(n ™),

with h(s) = hy, + sepu’, € Ny for some s € (0,1), and

o) =228 Y (EEEMED 2 ) G, () + 7 )

n S)) = n < dhdh Uy y Uy m 79 S m i3100))

" dh

n

I1,(h(s)) = 2% Zn: (M[u*]>/ (w[ *])

Applying Cauchy-Schwarz and condition 6.16(iii), we have:

I~ - _ In
sup |I,,(h)| < const.e? | sup — Z [|lm(X;, h) + m(X;, h0)|\2E =2 x Op(65 +1/72),
heNOn he-/\/()n n i=1 n
where the second equality is due to assumption 4.1, conditions 6.14(i) and 6.15 (ii), and the definition

of m(X;,h). (Lemma A.1(C) of AC (2003) and condition 6.15 (i) imply X" Hfl\’L(Xi,ho)”2E =
Op(2=). Lemma B.2 and the definition of m (X, k) imply

—1 ~ 2 ~ 2 2
sup n m (X, h = sup E[mX,h }S sup E[mX,h }
S T 3R Xkl < sup B I (X, W] < sup B {lm (0GR
sup |[h = hol|* = O(57?)
heNon

by assumption 3.8(i) and condition 6.14(i).)
Next, by condition 6.17(i)(ii) and i.i.d. data, we have:

X

1 || dim (X5, h) din( X, ho) 21 & dm( X, ho) 2
sup |II,(h)] < conste’{ sup — uy] — urlll + = —
heNon | ( )| heNon n i=1 dh [ ] dh [ ] E n ; dh [ ] E
= 5‘721 X 0p(ﬂ71/2)+0p(8721).

Therefore, we have

o< %n > (dm(il(h hn)[um> (A

holds for w;, = £v}; and hence

1 (din(Xh) - L\
ﬁz<¥[v ]> (

; dh
1=1



Since both m and m are the LS projections onto the linear sieve basis p/(X), we have:

1 (M[U;]> (m(Xi,ho)+m(Xi,ﬁn))

n 4 dh
1
li
1 <~ [ din(X;, hy) 1
= — * X,“h X»“h/ — = I}
n1_1< — m) (X, ho) + (X, o) ) = 0p(—=)
Note that
o~ /
L [ dm(Xi hn): o dm(Xi, ho) . . .
nZ< L ] = TR ] | (X ho) + (X))
1 & |d dm(X;, ho) ’ 1 & 2
m ’L; m ’i; A~
< const. E; v;;]— o % o] i x\lﬁ;Hm(Xz,ho)—l—m(X“hn) .

where the first term is of order op(n~1/*) by condition 6.17(ii) and Markov inequality. Thus, we

obtain:

%Zn: (%ﬁ’ho)[v;])l (ﬁ%(Xi, ho) + ffL(Xi,ﬁn)) - OP(%),

i=1
Notice that

%i (dm Xi, ho) [ :;_U*]>/ (T/fL(Xi,hO) +fﬁ(X“?Ln))‘

i=1

" |l dm(X;, h 2 LT 2
< Jnlg %[v;—v*] i X \lnlgHm(Xi,ho)—l—m(Xi,hn) .
* * ']ﬂ * —-1/2
< Op(llon = v™l)) x Op(y/ —= + 03) = op(n™%),

where the second inequality follows from the Markov inequality, i.i.d. data and the definition of

[|vi — v*||, and the least equality is due to conditions 6.13 and 6.14(i). Therefore,

1 " dm(XZ,ho) « ! e e ~ - 1
22 (TG (RO ) T) = or(5)
Denote ¢g*(X) = W[ *], then g*() € L?(fx). Let g* denote the LS projection of g* onto

the linear sieve basis p”/»(X). Then by exchanging summation to the left hand side of the above

equation, we obtain

1 & 1 & ~ 1

- (Zi h X, T ) - *Xi’(A X, h NXi,hn): ).

IO ' (p(Zis ho) + (X, o) 229" (MXiho) + 7(Xi o)) = 0p ()
By Markov inequality, i.i.d. data, E[p(Z;, ho)| X1, ..., Xn] = 0, and condition 6.15 (ii), we have for
all € > 0,

Pr (|- 3 (37(X0) - 0" (X)) p(Zinho) >
T — g i) — g 4 pP\4i,No)| =
\/ﬁ 1=1

< e PE (|G (X0) — g* (X)) p(Zi, ho)[?) < const.e™?E (|g*(X;) — g7 (X3)[?) = o(1).
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Also, by Markov inequality, m(X;, ho) = 0, assumption 4.1, conditions 6.14(i) and 6.16(iii), we have

for all € > 0,
Pr < Ln Z (G (X:) — g% (X2)) m(Xi, hn)| > 5)
< e RE (|7 06) - g (X)) {m(Xi, ) = m(Xi o)} )
< eV x VE(7(X0) — g*(X)]?) x Op(5;) = op(1).
Thus
- Zg P(Zisho) + Zg (X;.Bn) = oP(%).

By condition 6.16(i)(ii), {g*(X;)'m(Xi, h) : h € Ny, } is a Donsker class, and since E[(g*(X;)'[m(X;, h)—
m(X;,ho)])?] = o(1) for all h € N,,, applying Lemma 1 of Chen et al (2003), we obtain that
{g*(X3)'m(X;, h) : h € Noy,} satisfies stochastic equicontinuity; hence, uniformly in h € N,

%i m(X;, h)
= F (dm Xz,ho *]) (m(X,h)—m(X,ho)) +Op(n—1/2)
- (dm e *]> (W[h_ho]) +0P(n_1/2)
= (" h—ho) +op(n~/?),

for some h € N, in the second equality (applying the mean value theorem to m (X, h) — m(X, ho)),
!
and the last equality is due to (v*,h—hg) = FE [(W [v*]) (W[h - ho])} and condition

6.17(iii). Therefore,

n

% Zg*(Xi)IP(Zia ho) + (v*, by — ho) = OP(%),

i=1
that is
VA0~ 00) = VAl T~ o) =~ > (WH) o(Ze, ho) + op (1)
Val2(Bo, ho)lh—hol = Vi(=1)""" (8~ 6y)
B 1"d(Xl,h)*"
= (-1 )k%;<TO[ ]) p(Zi, ho) +op(1).
Hence we obtain result (D.1). Q.E.D.
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