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Abstract

This paper develops asymptotic theory for estimated parameters in differentiated product
demand systems with a fixed number of products, as the number of markets T increases,
taking into account that the market shares are approximated by Monte Carlo integration. It
is shown that the estimated parameters are v/T consistent and asymptotically normal as long
as the number of simulations R grows fast enough relative to T. Monte Carlo integration
induces both additional variance as well additional bias terms in the asymptotic expansion
of the estimator. If R does not increase as fast as T, the leading bias term dominates the
leading variance term and the asymptotic distribution might not be centered at 0. This
paper suggests methods to eliminate the leading bias term from the asymptotic expansion.
Furthermore, an adjustment to the asymptotic variance is proposed that takes the leading
variance term into account. Monte Carlo results show that these adjustments, which are
easy to compute, should be used in applications to avoid severe undercoverage caused by the

simulation error.
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1 Introduction

Discrete choice models have been widely used in the empirical industrial economics litera-
ture to estimate demand for differentiated products. In these models consumers in market
t can typically choose one of J; products or an outside option. The market share of good
7 in market t is calculated as the probability that a consumer chooses good j given prices
and product characteristics. In models with heterogeneous consumers, such as the model
of Berry, Levinsohn, and Pakes (1995) (often referred to as the BLP model), the market
shares involve integrals over the distribution of random coefficients. When estimating the
parameters of the model these integrals cannot be calculated analytically. Therefore, they
are usually approximated by Monte Carlo integration with R random draws from the known
distribution of the random coefficients.! The limiting distribution of the estimated param-
eters can be obtained by either letting the number of products, the number of markets, or
both approach infinity. Since the asymptotic distribution of the estimator serves as an ap-
proximation of its unknown finite sample distribution, it depends on the particular data set
which approximation is most suitable. While in some cases using an approximation where
the number of products approaches infinity is appropriate (as in Berry, Levinsohn, and Pakes
(1995)), in other cases the number of markets is a lot larger than the number of products
(e.g. Nevo (2001)). As shown in this paper the asymptotic properties of the estimator differ
a lot depending on which approximation is used. Therefore, it is important that both ap-

proximations are well understood.

Berry, Linton, and Pakes (2004) provide asymptotic theory for estimating the parameters of
differentiated product demand systems for a large number of products in one market. They
allow for three sources of errors: The sampling error in estimating the market shares, the
simulation error in approximating the shares predicted by the model, and the underlying
sampling error. In their paper all market shares go to 0 at the rate 1/J and a necessary
condition for asymptotic normality is that J2/R is bounded. In this case, without a sampling

error in estimating the market shares, their estimator 0 of the parameter vector 0, satisfies
A d
\/7 <0 — 00) — N (0, VGMM + /\1ch)

where A\ = limjp_. J? /R. Here Vg denotes the variance of the estimator when the

integral is calculated exactly and V)¢ is an additional variance term due to the simulation

! Although the focus lies on the effect of using Monte Carlo integration to approximate integrals, non-

stochastic approximations such as quadrature rules are also discussed.



error. Hence, if J?/R is bounded away from 0, the asymptotic distribution is centered at 0

but the use of Monte Carlo integration leads to a larger variance.

This paper is concerned with the asymptotic theory for a fized number of products, J, in a
growing number of markets T'. Since a market can be defined as a geographic region but also
as different time periods, in many data sets used in applications the number of markets is a
lot larger than the number of products (see for example Nevo (2001), Kim (2004), and Villas-
Boas (2007)). In the study of Nevo (2001), for example, the number of markets is 1124 while
the number of products is 24. For these cases, using an asymptotic approximation where the
number of markets approaches infinity and the number of products is fixed is the natural
choice. However, this setup has not been investigated in the literature so far. Furthermore, in
a similar (but more general) class of models, Berry and Haile (2010) provide non-parametric
identification results for a large number of markets and a fixed number of products. These
identification results can serve as a basis for non-parametric or semi-parametric estimation
of the model. Before such a flexible estimation procedure is developed, it is interesting to
know how the commonly used fully parametric estimators behave in this setup. I prove
consistency and asymptotic normality in a general setup for these cases where T" approaches
infinity and J is fixed. I use Nevo’s widely used parameterization of the BLP model as an
example throughout the paper. For this model, I also provide intuitive conditions for local

identification and show under which circumstances point identification fails.

I find that the estimated parameters are v/T consistent and asymptotically normal as long
as VT/R is bounded. In this case, 0 satisfies

VT (é _ 90) LN (Aapt, Vanrar)

where Ay = limyp g VT /R, again Vg is the variance of the estimator without integra-
tion error, and p # 0. Hence, if VT /R is bounded away from 0, Monte Carlo integration (as
opposed to evaluating the integral) leads to an asymptotic normal distribution of the esti-
mated parameters which is not centered at 0. The reason for this result is that Monte Carlo
integration yields both additional bias as well as additional variance terms in the asymp-
totic expansion. If one uses different draws to evaluate the integral in different markets, the
leading bias term may dominate the leading variance term. The leading additional variance
term is of order O,(1/v/R) and does not enter the first order asymptotic distribution as
long as R — co. These results rely on using different draws to approximate the integral in

different markets. 1f the same R draws are used in all markets one needs 7'/ R to be bounded
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to obtain /T consistency which means that more draws are needed to approximate each

integral relative to the number of markets.

In a similar way one can introduce sampling error in the observed markets shares. Similar to
Berry, Linton, and Pakes (2004), one could assume that one does not observe the true mar-
kets shares but an approximation from n random consumers. Observing only approximated
market shares leads to additional bias and variance terms in the asymptotic expansion. The
rate at which n has grow to relative to 7" in order to obtain /7' consistency is identical to

the rate requirement for R.

From these two asymptotic distributions it is apparent that there are important differences
between letting the number of products or the number of markets approach infinity. With a
large number of products, it is important to correct the variance for the use of Monte Carlo
integration. With a large number of markets and different draws in each market, the asymp-
totic distribution might not be centered at 0 and hence, a bias corrected estimator is needed.
In both cases if R is too small, confidence intervals based on the usual asymptotic GMM
distribution have the wrong size even asymptotically. Also notice that with J approaching
infinity one needs that J?/R goes to 0 for an asymptotic distribution that is not affected by
Monte Carlo integration. Contrary, if 7' goes to infinity one only needs that v/7'/R goes to
0 to obtain this result. Hence, a lot fewer draws to evaluate each integral are needed relative

to the sample size.

The finite sample properties of the estimator depend on the number of draws R due to both
the additional bias and the additional variance induced by simulations. I suggest two differ-
ent methods that allow eliminating the leading bias term from the asymptotic distribution.
One method is an analytical bias adjustment. The other method is a jackknife bias adjust-
ment. [ also show how one can easily incorporate the leading variance term when calculating
standard errors. These two corrections greatly improve finite sample results. In particular,
Monte Carlo simulations demonstrate that using a small number of draws in comparison to
the number of markets and using the usual GMM asymptotic distribution can yield distorted
inference while the use of bias correction and adapted standard errors leads to a considerably

better performance.

The focus of this paper is on understanding the asymptotic theory when Monte Carlo inte-



gration is employed because this is the method which has almost exclusively been used in
applications. Furthermore, an advantage of Monte Carlo integration is that it can easily be
used to integrate over complicated distributions such as the joint distribution of demographic
characteristics as in Nevo (2001). For these distributions there is no closed form expression
for the density function. An interesting alternative is to use non-stochastic approximations,
such as quadrature rules recently advocated by Judd and Skrainka (2011). These approxima-
tions are shown to perform well in simulations when integrating over a normal distribution.
However, it is not clear how a distribution of demographic characteristics, which does not
have a closed form expression, can be handled with quadrature rules. Although the focus lies
on Monte Carlo integration, the asymptotic expansions derived in this paper also provide

insights into finite sample bias from non-stochastic approximations.

These results might suggest that practitioners can simply use a very large number of draws
and ignore Monte Carlo integration issues. Although this might be feasible depending on the
model and computing resources available, in applications this is often not possible for several
reasons. First, one does not know in advance how many draws suffice to obtain satisfactory
results. As discussed in Section 4, the number of draws needed depends, among others, on
the sample size, the number of random coefficients as well as unknown parameters, such
as the variance of the random coefficients. Second, taking a very large number of draws
is computationally very demanding because one needs to solve a complicated nonlinear op-
timization problem to estimate the parameters. The Monte Carlo results of the random
coefficients logit model presented in Section 4 are based on a small number of products
(J = 4) and five random coefficients to make the problem tractable. However, in the same
setup as in Section 4 but with a sample size of J = 24 and T' = 1,124 (as in Nevo (2001))
it takes around 24 hours to minimize the objective function when R = 2,000 and the the
starting values of the parameters are close to the true values.? Since we are dealing with a
nonlinear optimization problem one needs to use several different starting values in appli-
cations. With an even larger number of draws or with a larger sample size estimating the
model can take more than one week. Taking a smaller number of draws considerably speeds
up calculations. Third, even when taking the same draws for each product and each random
coefficient, the number of draws needed is T' x R. In the previous example this means that

2,248,000 draws are used to calculate the shares and the draws have to be stored before

2Computational details are presented in the Monte Carlo section. The programs are run on the North-

western Social Sciences Computing Cluster which use 260 AMD Opteron CPU cores, running at 2.8Ghz.



optimizing the function. As a consequence, more than 10 GB of memory is needed to run
the program which is used to do the simulations in this paper. Finally, in case one wants
to integrate over empirical distributions of demographic characteristics, R is constrained by

the number of people in the database for a certain market.

The implication for empirical work that makes use of Monte Carlo integration is that in
practice one should always use bias corrections and standard errors that correct for the sim-
ulation error. If the number of simulations is sufficiently large, the bias correction is close
to 0 and the corrected standard errors will be very close to the usual GMM standard errors.
If the number of simulations is small, the simulation error will affect the finite sample per-
formance of the estimator, the usual GMM standard errors underestimate the true variance,
and the estimates might be severely biased. In this case the proposed corrections, which can
be computed easily, considerably improve the finite sample performance. Nevertheless, the
number of draws should be as large as possible, subject to computational constraints and
data availability, in order to improve the precision of the initial estimate which is used to

calculate the bias correction.

The results in this paper are related to similar findings of Lee (1995) in simulated maximum
likelihood estimation of discrete choice models. Lee (1995) also finds that the asymptotic
distribution might not be centered at 0 if the number of draws is small relative to the sam-
ple size. Furthermore, similar bias corrections have been proposed by Arellano and Hahn
(2007) in nonlinear fixed effects panel data models and by Kristensen and Salanie (2010) for
a general class of approximate estimators. The results in the aforementioned papers do not
directly apply to the setup presented here because there is no closed form analytic expression
for the objective function which is constructed by solving a system of equations. The results
are also in line with simulation results in a recent study by Judd and Skrainka (2011) who
find among others finite sample bias and excessively tight standard errors when using Monte
Carlo integration. Other recent contributions to literature on estimation of discrete choice
demand models include Gandhi and Kim (2011) and Armstrong (2012). In both papers
J — o0o. Gandhi and Kim (2011) allow for interactions between the unobserved demand
error and product characteristics which affects both the identification arguments and esti-
mation method. Armstrong (2012) discusses the validity of commonly used instruments in
models with a large number of products (i.e. J — 0o0) under conditions on economic primi-

tives. He shows that in several models using product characteristics as instruments for price



yields inconsistent estimates and he shows how consistent estimates can be obtained.

The remainder of this paper is organized as follows. The next section introduces the mod-
els of Berry, Levinsohn, and Pakes (1995) and Nevo (2001) in detail. I provide intuitive
conditions for local identification and show under which circumstances point identification
fails. Then I prove consistency and asymptotic normality in a general setup. I argue that
the assumptions are satisfied in the model of Nevo (2001). Finally, I discuss Monte Carlo
results to demonstrate that the proposed corrections considerably improve the finite sample

performance.

2 A motivating example

The following widely used model of Berry, Levinsohn, and Pakes (1995), and in particular
the parameterization of Nevo (2001), is used as a motivating example throughout the paper.
The asymptotic theory provided in the section holds more generally. Since identification
is one of the main assumption in the next sections, I provide intuitive conditions for local

identification for this model and show under which circumstances point identification fails.

2.1 Model

In this model, the utility of consumer i from product j in market ¢ is assumed to be
Wit = T1ju0ietT2 0200 —ipjt &+ A +eie, 1=1,....0, 5=1,....J,t=1,...,T.

Here x4 ;; is a K; dimensional vector of product characteristics that differ across markets and
T is a Ky dimensional vector of product characteristics that are identical in all markets.
The price of product j in market ¢ is denoted by p;,. Unobserved product characteristics
which are identical in each market for product j are called §;, while A&, are the unobserved
characteristics that vary across markets (deviations from the mean &;). Finally, ¢, is a
mean zero stochastic term. The utility of an outside option, j = 0, is standardized to 0.
Nevo (2001) assumes that

ai,t [0
Bric | = | B | +1ID; + Xy, v; ~ N(0, Ix11)
Ba.it B2

where K = K; + K,. Here, D;; is a draw from the known distribution of demographics,

with dimension B x 1 which may vary across markets. The matrix > is assumed to be



diagonal. Next define 8; = (8], 35;)" and 0 = (0},0,)" where 6; = (o, ,&1,...,&)" and

0y = (vec(I1),vec(X)"). Using the previous specifications the utility can be rewritten as

Uije = O(T1jt Tag, Pins &is A& 01) + (16, T2, Djsy Vi Dis Oa) + €3 1,
where
x4, T2 gy Pits 5y D3 01) = @111 + X202 — apje + & + A4,
M(JJLj,t, T2.j, Pjts Vi, Di; 6y) = [pj,t, T1jt 362,j]/(HDz’,t + ;).

Also define
V(@155 2,5, Pits §j5 At Viy Dis 0) = 0155 X255 Pjts §y A& 01) +10(21,5.0, T2, Pjes Vi, D 02).
Furthermore, there are instruments z, € R7*% such that

E(z,A&) = 0.

Assuming that ¢, is independent extreme value distributed, it can be shown that the

market share of product j in market ¢ is given by

- / exp(’)/(xl,j,h X255 Pjts fja Agj,tv v, D7 0))
g 1+ exp(Y(T1mt Toms Prnts Ems Démss v, D3 6))

The distribution functions of demographics and v in market ¢ are denoted by @); and F',

dQ,(D)dF(v).

respectively, where the latter is market invariant.

For each market ¢, given data on market shares, prices, and product characteristics, as well
as a value of 0y, Berry (1994) showed that there is a unique value of (014, ...,d,,) that sets
the observed market shares equal to the market shares generated by the model. That is for

each market t,

s _ / eXp<5j,t + M(xl,j,ta To.j, Pjts U, D; 6>))
. =
! 1+ Eiﬂ exp(5m,t + M(l’l,m,t, T2.msPm,t, U, D; 92))

dQy(D)dF (v) (1)

with j = 1,...,J constitutes a system of J equations and J unknowns (dy4,...,d,¢) which
can be solved uniquely. Nevo (2001) denotes this solution by d,(s:, 214, o, py; 02) for j =
1,...,J. The model is commonly estimated by taking R random draws from the known
distributions of v and D, approximating the integral by an average, and solving the above

system of equations numerically for 0, ,(s¢, 14, X2, pi; 62). Now define
wji(0) = 854(86, 016, T2, Pr; O02) — T 02 — & — 15,401 + apjs

7



which can then be used to estimate the parameters by a nonlinear instrumental variables

estimator. The identification condition is that there is a unique value 6, such that
E(/A&) = E(zjun(00)) = 0.

This identification condition cannot hold if ; # 0 and K; > 0 due to collinearity of the

regressors. Thus, Nevo defines product dummies d; = x5 ;32 + §; and uses instead

wit(0) = 6j4(St, X140, T2, pr; 02) — dj — 1451 + apjs

where now 0 = («, 1, dy, .. .,dy). Notice that one can assume without loss of generality that
E(AE;+) = 0 because &; captures the mean of each product, but not that E(&; + AE;;) = 0.
Using this parameterization, all price elasticities can be identified. I discuss identification in

more detail below.

The model is estimated using instrumental variables and not simply by a minimum distance
procedure because it is usually assumed that prices are endogenous in the sense that they
are correlated with A¢,. The reason is that firms take all product characteristics into ac-
count when setting prices. The analysis remains the same if some of the observed product
characteristics, x,, are treated as endogenous as well. If x;, is not correlated with A¢&,,

then z; includes x4 ;.

2.2 Identification

The consistency arguments below require that the model is point identified. Nonparamet-
ric identification in a setup that nests the one in this paper is shown in Berry and Haile
(2010). This, however, does not imply that any parameterization of the model yields point
identification. In order to provide insight on identification of the model of Nevo (2001), I
mainly focus on local identification conditions and discuss under which circumstances point

identification fails.

First define ¢ = diag(X). As already mentioned, (> cannot be identified. Furthermore, if
there are more product characteristics that do not change over markets than products, the

model is not identified. To see this, notice that (x4, 22, pjs, v, D; 02) contains

K K ,
Z x§7jgkvk ~ N (O, Z (:cgngk) ) .

k=Ki+1 k=Ki1+1



Now define
K

= >0 (@)’ d=1.d

k=Ki1+1

where ¢¥ is the true value of ¢. But if Ky > J, then

K
= Y (b)), d=1..d

k=Ki1+1

is a system of more unknowns (K3) than equations (J). Hence, ¢° is not the unique solution.
It follows that the model is not identified without normalizations because several parameter
values predict the same market shares given the product characteristics.®> Notice that this
argument relies on the facts that the normal distribution is just determined by the mean
and variance and that a sum of normals is normal. So if v had a different distribution, one

might get identification from higher order moments. In case Ky > J one can normalize

SKi4J+1 = ... =g = 0.

Similarly observe that p(xy 4, a5, pjt, v, D; 02) contains

B K
ZD[) Z $’2€7jﬁkb jzl,,J

r=1 k=Ki1+1

Again, if Ky > J, for each b =1,..., B different values of 7y, yield the same value

K
k .
g Ty i Tp 7=1...,J
k=Ki+1

Thus, one has to normalize similar as before.

Sufficient conditions for local identification in GMM estimation include that the matrix

o .,
%E(Wt(@)) -

has full rank (see Rothenberg (1971)). This is convenient here because there is a closed
form expression for the derivative of the moment condition although there is no closed form
expression for the objective function. For simplicity assume that there is only one inside

and one outside good. Then the index 5 can be dropped. Moreover, assume that there are

3This result is similar to non-identification in a linear IV model if the matrix of regressors does not have
full rank. For any vector of parameter values there is a different parameter vector that predicts the same

distribution of the dependent variable given the regressors.



two product characteristics with random coefficients, one that changes over markets and one

that does not. Furthermore, assume that B = 1. Then
Wt(e) = 5t(3t; L1, L2, Pt;S1,62, T1, 7T2) —d— m1,tﬁ1 + apy,

where &, = 04(s¢, 214, T, Py; S1, G2, T1, T2) solves

o — / exp(d; + I1,t§1?11 +x1m D + T96v? + womy D)
.=

dQ(D)dF(v).
L+ exp(ét + xl,tglvl + xl,tﬂ-lD —+ x2€2v2 + 33'27T2D) Qt( ) ( )

Here s; is the market share of the inside good in market ¢. By the Implicit Function Theorem

b (ny
o Og \ 06
o 0w (o)
aﬂ'k N 87Tk aét
Therefore,
D pGme)| = —E()
od a 0—0, “
a / /
6_61E(tht(9>> o0, = —E(zz14)
a ! !
%E(thtw)) o0, = E(%p)
0 )
8_§1E<tht(9)) Y —-F (zt:vlt/fv :U2,5t,§0)v dQ:(D )dF(v))
0 )
s BG®)| = 8 (s [ £ b6 tauD)ar ()
2 =bo
0 )
Bl - E( st [ F0,02,60) DAy (D)F( v))
0 )
8_7r2E<tht(9>) A —-F (thg/f v, Tg, 045 60) DAQ(D)dF (v )
where

exp(St+x1 ts1v +a1 ¢ D+zasev+aoma D)
(14exp(Se+a1,es1v +x1,¢m1 D+w2cov2+x2m2D))?
exp(8t+x1 ts1v+a1 w1 D4wagv?+xama D)
J ; ; >dQi(D)dF (v)
(1+exp(di+a1 ts1v 431, ¢m1 D+w25203+x2m2 D))

f(’U,D,.fQ,LELt,‘TQ,pt,e) =

can be seen as a weighting function.

If there are L instrument, the gradient is the L x 7 matrix containing the derivatives. Since
for identification the gradient needs to have rank 7, one needs at least 7 instruments (in-

cluding a constant term or x5 and x1,). In applications it is often mentioned that one needs

10



an instrument for the price because the price is endogenous. However, z; also has to be
correlated with the interactions of product characteristics (including price) and weighted
averages of distributions. In case one assumes that z; is mean independent of A¢; and that
z; is chosen based on its correlation with the product characteristics, it makes sense to use
nonlinear functions of z; as instruments as well. Similarly, it also may make sense to take
the mean of the distribution of demographics in each market as an instrument if the mean

varies over markets.*

Full rank means that the rows are linearly independent. This fails for example if 7 =
T =a = =¢ =0 (or « =0, no product characteristics change over markets, and the
distribution of demographics is the same in all markets). Then f(v, D, za, 21+, T2, py, 0) only
varies over markets because of A& which usually is assumed to be mean independent of z;.
However, one would of course assume that @ > 0. Nevertheless, it may happen that no
product characteristic changes over markets (as in Nevo (2001)) and that the distributions
of the random coefficients are the same in all markets. If in such cases « is close to 0, one is
in the setup of Andrews and Cheng (2010) and the normal approximation is poor in finite
samples. With more products, the expressions become more complicated, but the previous

intuition remains the same.

3 Asymptotic theory

The setup in this section is more general than the motivating example presented in the last

section.

3.1 Notation and definitions

1/2

I denote the norm of any m xn matrix A by ||A|| = tr(A’A)Y“. For any two vectors a,b € R,

I define

n

pla,b) =na—b|P =n"Y (a; — b))

=1

Furthermore, I define the neighborhoods

Nag(0:6) = {AE € R 1 p(AE, AL(0, ) < e},

4Using mean demographics as instruments has been suggested by Romeo (2010) to improve the numerical
performance in the BLP model. See also Abito (2011).

11



Noy(e) =1{0 € R?: p(0,00) < €},

and

Np,(e) = {P € P :sup |Py(v) — P(v)| < e} .

veRC
I follow the approach of Berry, Linton, and Pakes (2004) but I neglect the sampling error in
the observed market shares. I comment below on how this additional source of error can be
incorporated without affecting the main results. I prove consistency and asymptotic normal-
ity in a general setup. Let x; = (214, 72) € R7*X be the observed product characteristics,
A&, € R’ the unobserved product characteristics that differ across markets, and p; € R” the
price vector in market t. Define the map ¥ : R? x © x R? — R’ where p is the dimension of
the vector of stacked elements of (z, p, A&;), the parameter space © is a compact subset of
R? where ¢ is the dimension of the parameter vector of interest #, and d is the dimension of
a random variable in market ¢t with known distribution P;. I assume that P, € P where P is
a space of probability distributions which is restricted in the assumptions that follow. The

J x 1 vector of market shares generated by the model is assumed to have the form
U(xtapb Aft, 97 Pt) = /79(3%,2% A&b 97 U)dpt(v)> Vit = 17 s 7T

where o : R x © x P — R’. For notational convenience, I refer to 9(x;, p;, A&, 0,v) as
V(A&, 0,v) and to o(xy, pr, A&, 0, Pr) as 0y(A&, 0, P;). The jth element of o,(A&, 0, P;) is
denoted by (A&, 8, P,). The J x 1 vector of observed market shares in market ¢ is denoted

by s;. Hence, I assume that
St:/ﬂ(xhpt?Agtaeav)d-Pt(v)J Vit = 17"‘7T

for some 6 which is analogous to the discussion in the previous section but without specific
functional form or distributional assumptions. Notice that A&, € R/ and that the distribu-

tion function P, can differ in each market.

Given the assumptions made in this paper, Berry, Levinsohn, and Pakes (1995) proved that

for any pair (P, #), there is a unique solution A¢ to
St — Ut(A€79a P) =0

where s; are the true observed market shares. This solution is denoted by A&(0, P, sy, py, ©¢)
and usually abbreviated by A& (6, P).
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Now define the function
G0, P) = E(5AL0, By, se,pr,24))
where s;, p;, A& € R7 and z, € R7*F. The moment condition of the model is
E(2,A&(0o, Poy, St,p1,71)) =0

where 0y and Fy; denote the true value of 6 and the true probability distribution, respectively.

The market shares generated by the model can be approximated by using the empirical
probability measure Pgr; of an i.i.d. sample vy4,...,vg; from P,. These estimated shares

are given by

R
1
Ut<A£t797PR,t) = /ﬁt(Aftaeav)dPR,t(v) = E E 19t(A£t70>Ur,t)-
r=1

Throughout this paper I assume that the number of draws, R, is a function of T" and all
limits are taken as T'— oo. For any function h(v, z) denote by E;(h(v,x)), the expectation

with respect to Fy; given the data. Next define the sample moment

T
1
GT(@, PR) = T ;Z£A£(07PR,t78tuptazt)‘
Finally, define the estimator

- : 1/2
0= arg%élélHWT Gr(0, PR)H

where Wr is a L x L symmetric positive definite weighting matrix such that Wy = W for
some positive definite nonstochastic matrix W € R¥*L. The estimator 0 is the one used in

practice and its asymptotic properties are analyzed in this paper.

3.2 Consistency

I first make high level assumptions which provide sufficient conditions for consistency. After
stating the consistency theorem, I discuss the role of each assumption. I also provide sufficient

primitive conditions for the most abstract assumptions.

Assumption Al. (i) For any fixed (A, 0) and Vt =1,...,T,
| R
O-t(Aga 07 PR,t) - Ut(Aé-a 07 PO,t) - E ; E'r,t<A§7 0)

13



where, conditional on the data, €, (A&, ) is independent across r and ¢ and has mean
0. Each element of the vector ¢,,(A¢, ) is bounded, continuous, and differentiable in
A€ and 6.

(ii) Forall j=1,...,J,

sup max |0 (0) — 0;,(0)| = 0, as T — o0

peo 1<t<T ' It

where O'R (9) = JM(A&(@, PO,t>> 9, PpL’t) and O'j,t<8) = Jj,t(A&(H, P07t), 9, PO,t)-

jt
Assumption A2. (i) Foreveryj=1,...,Jandt=1,...,T, forall § € O, and for all P,

in a neighborhood of Py, %maj,t(A&, 0, P;) exists, and is continuously differentiable

in both A& and 6, with

0
aA—Sj’tO'jﬂg(Agt, 0, Pt) > 0,

and

0
— i (A P) <
aAé.k’to—],t( ftaea t)_o
for all k # j where k,j =1,...,J.

(ii) The matrix %g,at(Aﬁt, 6, ;) is invertible for all P, in a neighborhood of Fy,, for all
e and forallt=1,...,T.

(iii) There exists an € > 0 such that for every j =0,...,Jand t=1,...,T,
g S Sjt S 1—e.

Assumption A3. Define the JT x L matrix of instruments Z. The instruments are such
that the matrix Z’Z/T has full rank and is stochastically bounded, i.e. for all ¢ > 0 there
exists an M, such that Pr(||Z'Z/T|| > M.) < e.

Assumption A4. For all 6 > 0, there exists C'(J) > 0 such that for all t =1,...T,

lim Pr (inf { inf {p(Ut(Aé,Q,PR,t),Ut(Aﬁt(Q, Pryt),0, Pry)) }} > C@)) = 1.

T—o00 0cO A€¢NAft(97PR,t>(6;6)

Assumption A5. For all 6 > 0, there exists C'(§) > 0 such that

lim Pr (0¢/'1\}1f(5) [|G7(0, Fo) — Gr (0o, Po)|| > 0(5)) =1

T—o0 90

I now provide the main theorem of this section.

14



Theorem 1. Suppose that Assumptions A1-A5 hold. Then 620 asT — .

The proof can be found in the appendix.

Assumptions Al and A4 are needed because in the proof its is required that

T

L3 (60 Pa) A& P

t=1

sup ||Gr(0, Pr) — Gr(0, Py)|| = sup
9co 0co

| = 0,(1).

A sufficient condition for this to hold is that A&(0, Pry) —A&(6, Py ) converges to 0 in prob-
ability uniformly over # and ¢. Since there is no expression for A¢;, I assume instead that
the market shares generated by the model, with the true and the approximated distribu-
tion, are uniformly close (Assumption Al) and that this would be violated if A&(6, Fp.)
was not close to A&(0, Pr:) (Assumption A4). For the fourth assumption notice that
01(A&, 0, Pry) = s; and that Berry, Levinsohn, and Pakes (1995) prove that in their model
for each 6 and each ¢, the vector A& (6, Pr;) is the unique solution to o;(A&;, 6, Pry) = St
So if A& & Nae,0,pg.)(050), then

p(0e(A&, 0, Pry), 01 (A& (0, Pry), 0, Pry)) > C(6)

for some C(0) > 0. The assumption says that C'(J) does not depend on t or T, but the
statement only has to hold in the limit with probability 1. The assumption ensures that, at
least asymptotically, the A that sets the models predictions for shares equal to the actual

shares can be distinguished from other values of A&.

Assumption A1l implies that R(T) — oo as T" — oo. In this case foreach t =1,..., T,

sup |07%(6) — 04(0)] > 0
€0

by a standard uniform law of large numbers (see for example Amemiya (1985)). Assumption
1 is more difficult to verify due to the maximum over all markets. The following lemma
provides sufficient conditions for Assumption 1 to hold in the model discussed in Section 2

without the normality assumption on the distribution of random coefficients.

Lemma 1. Let v; ~ P, and let P = {P' ..., P™} be finite set of distributions. Assumption
A1 holds in the random coefficients logit model if

1. In(T)/R — 0,
2. my = (ps, v1) € M where M is a compact set,
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3. the lth element of vy, namely v, satisfies (a) v = g(ais, wy) where w;; ~ Pl’t and
1557,5 € P, g is continuously differentiable in both arguments, and a; € T C R4 where

T is a compact set or (b) the support of U4 1S compact.

The proof is in the appendix. It follows from similar arguments as the proof of Jennrich’s
uniform law of large numbers (see Jennrich (1969)). Other sufficient conditions that do not
require boundedness of the data are, for example, that In(T')/R — 0 and that |0, (0) —0;+(6)]
converge to 0 in probability uniformly in # at an exponential rate. This holds under conti-
nuity conditions given in Xu (2010) that might be hard to verify in practice. All of these
conditions require that R(T) — oo because as opposed to the setup of Pakes and Pollard
(1989), the integral over Pg; enters the objective function non-linearly. Assuming compact-
ness is not a very desirable assumption but this assumption is basically implied by assuming
that all market shares are bounded away from 0 or by Condition S in Berry, Linton, and
Pakes (2004). The last condition holds if the random coefficients have the same distribution
in all markets but the distribution is also allowed to change across markets. For example one
could have a log-normal distribution with a different mean and a different variance in each
market. The assumption does not allow for an arbitrary distribution in each market. Similar
to the assumptions on the data, the family of distribution has to be restricted in some way
to obtain consistency. Assumption A1l holds in other models under the same conditions as
in the previous lemma as long as A& (6, Fy,) is an element from a compact set. I conjecture
that Assumption A4 is also satisfied in the models of Berry, Levinsohn, and Pakes (1995)
and Nevo (2001) under the conditions of Lemma 1 but the verification of this conjecture is

beyond the scope of this paper.

Assumption A2(i) is easily verifiable in practice and holds in the models of Berry, Levin-
sohn, and Pakes (1995) and Nevo (2001) in particular due to the parametric assumptions.
Assumption A2(ii) also holds in these models (see for example Dubé, Fox, and Su (2009)).
Assumption A2(iii) is similar to Condition S in Berry, Linton, and Pakes (2004). Assump-
tion A2 guarantees among others that the demand system is invertible. Assumption A3 is
mild and depends on the data. Assumption A5 is an identification condition and depends

on the particular model under consideration.

3.3 Asymptotic normality

Next I present additional assumptions which are sufficient for asymptotic normality. Then

I provide the main theorem which states the asymptotic expansion of the estimator. A
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corollary to this theorem establishes asymptotic normality. In order to provide some intuition
on the results I outline the proof for the case where J = 1. The details for the more general

case are in the appendix.
Assumption B1. Assume that 6, is an interior point of ©.

Assumption B2. For all P € P, the function Gr(0, P) is differentiable at #y. Define the

BG(Q(],PO’t

derivative matrix I'; = 5 ) and assume that % Zthl I'; converges to a matrix, I", of full

rank.
Assumption B3. (i) For any fixed (A{,0) and Vi =1,..., T and Vj =1,...,J,

D0 (AE,0, Pry)  oi(AE,0, Poy) 1 &
AG oot PILEE

where, conditional on the data, de, ; (A&, #) is independent across r and ¢ and has mean

0. Each element of the vector de, ;,(A¢,0) is bounded, continuous, and differentiable
in A¢ and 6.

(ii) For any fixed (A, 0) and Vt=1,..., T and Vj,k=1,...,J,

820,5(A£,9,PR¢) 820t(A§,9, PO,t) 1 R ,
ZANSTZANSE N OAEONE, R ;d Er et (AL, 0)

where, conditional on the data, d?c, ;1 .(A&,0) is independent across r and ¢ and has
mean 0. Each element of the vector d?c, ;; (A&, 0) is bounded, continuous, and differ-
entiable in A¢ and 6.

Assumption B4. Let v; ~ P, and let P = {P',..., P™} be finite set of distributions.

Assume that
(i) In(T)/R(T) — 0 as T — o0,
(ii) v, isii.d. across r and independent of z; and z;, and

(iii) the Ith element of v, namely vy, satisfies (a) v,y = g(ays, w;+) where wy; ~ PM and
pu e P, g is continuously differentiable in both arguments, and a; € T C R4 where

T is a compact set or (b) the support of U4 18 compact.

Assumption B5. The random variables z;, and p; have bounded support and for all [ =
1,....,L,t=1,....,Tand j=1,...,J

E(|z4") < M

for some constant M.
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Assumption B6. The absolute value of each element of

Do (AE(D, Poy), 0, Pog)\ "
( DAE )

is bounded above by some constant M in a neighborhood of 6, for all t =1,...,T.

Assumption B7. All partial derivatives up to order 3 of the function o;,(A&, 6y, Py+) with
respect to A¢ are bounded in absolute value by some constant M for all t = 1,...,T and

j=1,...,J.

Assumption B8. There exists a J x K matrix H(v) such that each element has 4 bounded

absolute moments with respect to I, and

019t(A£t, 9, U)
THINESH Y P H
’ 0 < H(v)
and forall y=1,...,J
2
8 ﬁt(Agt, 9, U) é H(U)
000AE;

where the inequalities are understood element by element.

Assumption B9. Define

H., = doy (Agt(e(b Po,t), 0o, Po,t)
0t = 8A£ .

Assume that

T
. 1
Tlgfolo E (f Z 2000, Pojgs St P ) A (0o, Posgs S, D 1‘1:)’%) =&

t=1
and that

T
.1 _
Tlg{)lo T ; Var (zéﬂo,gar,t(A&(Qo, Pot), 00)) = P,

for positive definite matrices ®; and ®,. Furthermore, assume that A&(6y, Poy, St, pr, 2¢) 18
uncorrelated across ¢ conditional on z; and that all conditions of the Lindeberg-Feller central
limit theorem hold for the random variables 2; A& (0o, Fot, S¢, pr, ) and ziH, L (A (0o, Pot),60).°

5These conditions limit the dependence structure of the data as well the degree to which the distribution
can differ over markets. These conditions are probably implied by more primitive conditions on the data

which are simply assumed here.
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Assumption B10. Assume that the following limit exists

po=Jims)
t=1 j=1
]' *
—§Et (&,t(Aft(Qo, Po,t), 90>/[0,t,j5r,t(A€t(607 Po,t), 90))))
where
J
IO,t,j = Z HoithO,t,kHOjtleje;gHoitl

k=1

and

0%0, (A&(00, Poy), 6o, Poy)
INEINE,, '

The vector e; denotes the jth column of the J x J identity matrix.

KO,t,k =

Notice that €, (A& Gy, Poy) is J x 1 and de, (A& (0o, Poy) as well as Hy, and Iy, ; are J x J

matrices.

Assumptions B1 and B2 are very common. Differentiability holds in the BLP model in partic-
ular. Assumption B4 places additional restrictions on the distribution of random coefficients.
Assumption B5 is common in the simulation based estimation literature (for example Mc-
Fadden (1989), Lee (1995), and Berry, Linton, and Pakes (2004)). Assumptions B3, B7, and

B8 hold in the BLP model in particular. For example it is easy to verify that each element

929:(A&,0,0) 094 (A&,0,v
of DOONE; ; and 20

C' is some constant. The remaining assumptions place restrictions on the data generating

) is dominated by C >4, |va| where ¢ is the dimension of v and

process and are immediate if Fy; is the same in all markets and the data is i.i.d. across

markets.

These assumptions lead to the main theorem of this section.

Theorem 2. Assume that Assumptions A1-A5 and B1-B10 hold. Then
X _ 1 VT vT
vT (9 - 90) = <(F/WF) W+ Op(1)> (Ql,T + EQQ,T,R + ?Qs,T,R +0p (?))

where
Qur % N(0,8),

Q21.R 4N (0, ®,),
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and
P _
Q&T,R — M.

Furthermore, Q11 and Qa1 r are asymptotically independent.

The proof is in the appendix. An immediate consequence of Theorem 2 is the following

result.

Corollary 1. Assume that Assumptions A1-A5 and B1-B10 hold. If A = limp_ o, ‘/TT < 00,
then

VT (é - 90) 4N ()\ WD) W, vl)
where

Vi= WD) 'r'we,wr@wr) L

Theorem 2 shows that the use of Monte Carlo integration (as opposed to evaluating the
integral exactly) leads to additional variance and additional bias terms. The leading vari-
ance term is of order 1/v/R while the leading bias term is of order v/T/R. Hence, if R
grows slower than 7', the leading bias term dominates the leading variance term which may
lead to an asymptotic distribution that is not centered at 0. As a consequence, if A > 0,
confidence intervals based on the usual GMM asymptotic distribution have the wrong size
asymptotically. If R grows faster than 7', the leading variance term becomes dominating
but the first order asymptotic distribution is not affected by Monte Carlo integration. It
can also be shown that, under slightly different assumptions, if the distribution of random
coefficients is the same in all markets and if one uses the same draws from Fy; in all markets

then

VT (é - 90> - ((F'Wr)‘l W + op(1)> (QLT + \/_\/ZQ;’T’R + \g@gm +o, (g))

where Q3 1 p converges to a normally distributed random variable with mean 0 as well. In
this case one needs T'/ R to be bounded to obtain asymptotic normality (which is a stronger
condition than the rate in Corollary 1) and the additional variance term dominates the

additional bias term. This means that if A = limp_, % < 00, then
ﬁ(é—%) 4, N(O,V1+5\2V2>

where

Vi= WD) 'r'we,wrarwr)!
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and

Vo = (T'WD) "W e, WT(T'WT) ™.

This result is very similar to the one of Berry, Linton, and Pakes (2004).

The expansions are very similar if one uses non-stochastic approximations such as quadra-
ture rules. However, the nodes are not random in these cases and hence, one cannot use
laws of large numbers or a central limit theorems to deal with the terms Q27 r and Q37 r.
Since none of these terms has a mean of 0 with non-stochastic approximations, quadrature
rules lead to an additional bias only and one obtains asymptotic normality if R grows fast

enough relative to T

To get a better sense of where the terms Q21 r and Q37 r come from I now present an
intuitive outline of the asymptotic normality proof with J = 1. The intuition for the general

case is very similar. The objective is to minimize G (0, Pr)'WrGr (60, Pr) where

T
1
GT(Q, PR) = ? ; Z;A&(Q, PRJg).
The first order condition is

o ., .

Now define
0

Dy (6, Pr) = %GT<QA7 Pp).
Using a first order expansion of G7(0, Pg) around 6 = 6, yields
Dr(0, Pr) Wr (Gr(60, Pr) + Dr(0, Pr) (0~ 65) ) = 0
where 6 is between 0y and 0. Thus
VT (8~ 00) = (De(0. Py WrDr (0. Pa)) " Dr(d. e Wi'TGo (6. Pr).
It is shown in the appendix
(DT(é, Pr)WrDr (0, PR)> ' Dy(6, PR Wy B (WD) T
Now consider VT Gr(0o, Pr), write

Gr(0o, Pr) = Gr(00, Po) + Gr(00, Pr) — Gr(0y, Fp),
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and notice that /7' Gr(6o, Py) converges to a normally distributed random variable by As-

sumption B9. Next write

!

1
GT(907PR> GT 907P0 = ZZ Aﬁt QOuPRt) Aét(eoapo,t)).

t=1

Also notice that for all ¢, A& (6, P) solves
s = oy (A, 0, P)
where s; are the observed market shares. This implies that we can write
A&(0o, P) = o, (54,00, P).
It follows that

sy = 0y (A&(Oo, Pot), 00, Pot) = o1 (A& (6o, Pryt), 00, Pryt)

and
o; ! (00 (A& (00, Poy), 00, Pry) , 00, Pri) = A& (60, Poy).
Thus,
1 T
Gr (6o, Pr)—Gr(0, Py) = Zz ! (84,00, Pry) — 07t (00 (A&(00, Poy), 00, Pry) 00, Prt)) -

Next consider only
o, (51,00, Pry) — o7t (01 (A& (00, Pot), 00, Pry) , 60, Prit)
and the function f; : R — R where
fi(s) = 07" (5,00, Pryt) -

By a third order Taylor expansion

ft(St) = Ji (Ut (Aft(eoa PO,t)> o, PR,t))
+ft/ (Ut (A&(@o, Po,t)> 0o, PR,t)) (St — Ot (A&(Qo, Po,t)7 0o, PR,t))
551 (00 (N&(B, Por), O, Pr) (50— o0 (A&(00, Po). b, Prr))°

+= f’" (1) (¢ — 00 (A& (0o, Pos), 0o, Pryt))’
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where §; is between s; and oy (A& (6o, Fot), 00, Prt). For any s,

1
afi(s) _ do; ! (5,60, Pry) _ oy (AL, 00, Pry)
88 5$=80 83 5$=8p 8A£ A§:U;1<807907PR¢)

and

ofl'(s) _ 0%a; (s, 0y, Pr.)

0s s—so 0?%s s—so
-3
90y (AE, 0o, Pry) 9oy (AL, 0o, Pryt)
aZAf Afzafl(so,GO,PRﬂt) aAg Aé:a;l(so,HO,P&t)

In the expansion above, the derivatives are evaluated at sy = oy (A& (0o, Po+), 6o, Prt) which

implies that
o; " (s0,00, Pry) = 0y ' (01 (A& (00, Pos), 0o, Pry) , 00, Pri) = A& (6o, Poy)-
Combining these results yields

A&(0o, Pry) = A&(bo, Por)

o (900 (A&(00, Pos). b0, Prs) -
9JANG
X (o1 (A& (0o, Pot), 00, Pot) — 01 (A&(Oy, Pot), 6o, Pryt))
_|_1 _62(% (Aft(‘%, PO,t)v 6o, PR,t) doy (A&(QOa Po,t), o, PR,t) -
2 OLVANG OAE
x (00 (A& (o, Poy), 6o, Pos) — 01 (A&(00, Poy), 0o, Pry))’

+= fm( ¢) (00 (A& (0o, Pot), 0o, Pox) — 0¢ (A& (0o, Poyt), Oo, PR,t))3 .

Now define

. = (aat (A& (0o, Poy), 907PRt))
ot = OAE

H _ (aat Aft ‘90,P0t) 90,P0t))
o= OAE

I = 0%, (A&(00, Pos), 0o, Pre)\ (001 (A&(00, Poy), 0o, Pre)\
Rt = DPAE IY:

I = 020y (A&(0, Pos). b0, Pos)\ (01 (A& (60, Pos), 00, Por)\ ™
0t = DEAE AL

Notice that Hg; and Ip; are smooth functions of the sample averages

- R
! 1
= ; der i (A& (6o, Poy), 6o) and = Z e, (Ao, Pos), 0)

r=1
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while Hy; and Iy; are smooth functions of the corresponding conditional expectations. It

now follows that

Agt(e(b PR,t) = Aft(007 PO,t)
+H(;,7t1 (Ut (Agt(em PO,t>7 907 PO,t) — Ot (Aé-t(em PO,t)7 607 PR,t))
+ (Hzy — Hgy) (00 (A&(Oo, Poy), b0, Pog) — 01 (A&(0o, Poy), 0o, Pry))

1
—§Io,t (Ut (A&((%, PO,t); 90, Po,t) — 0y (Agt(e()v PO,t)a ‘907 PR,t))2

1

+§ (Lot — Iryt) (00 (A&(Bo, Pot), 6o, Pot) — o (A& (6o, Pot), b, PR,t))2

]‘ "~
+6ft (St) (Ut (A&(QO, Po,t), 907 Po,t) — Ot (A€t<007 PO,t)7 907 PR,t))S .

We can also write

Hﬁ; . H&g _ (aUt (Aftwo,Po,t),eo,Po,t)>_2

OAE
% aUt (Aft(goy PO,t); 907 PRJ) . 8Ut (Aft(eo, Po,t), 90, PO,t)
ONE 2JANS
+ (@)73 9oy (A& (0o, Pos), 0o, Prt) . 9oy (A&(6o, Pot), 0o, Foyt) ?
OAE OAE

9ot (A&(00,Po,0) 00, Pr,t) 9ot (A& (00, Po,0),00,Po.t)
IAE and OAE . Now define

where 7, is between

R
1
ERt = (Ut (Aft(90> Po,t), o, PR,t) — Oy (Aftwo, Po,t)7 to, Po,t)) = E E 5r,t<A£t(907 PO,t)7 90)
r=1

and
degy _ (Do (A& (6o, Poy), 6o, Pry) _ Doy (A& (o, Poy), 00, Poi)\ 1 &
8A§ = ( 8A£ 8A§ R ngr,t(Aft(em PO,t>7 90)-

r=1

Moreover, define €,9: = £,.:(A& (0o, Pot),00) and de, o = de, (A& (6o, Pot),00) Both eg,

and a;fg are averages of R terms with conditional expectation of 0. It follows that
A& (0o, Pry) = A&(0o, Poy) — Ho_,tleR,t
1 o [ Oe
5o (€R,t)2 + Hof <8TR£> €R,t
+errorg
where
1 -
ErTOrRy = 6 ! (8t) (00 (A&:(0o, Pot), o, Fot) — o1 (A& (0o, FPot), Oo, PR,t))3
+ (Igy — Ioy) (ere)® + (61)° Oen Qe
Rt — dot) (ERyt t DAL Ryt

24



Plugging this expansion back into the objective function gives
VIGr(bo, Pr) = VTGr(bo, o) + VT (Gr (0o, Pr) — Gr (6o, Fy))

T
1 _
= \/TGT(H(), P()) — ﬁ g Z£H0736R7t

Oert 1
4 (52 - )

ZerTOrR ;-

T

M’ﬂ IIM’%

+

3= 3

t

1

We now have four terms. The first term, vTGr(6y, Py), is Op(1) and belongs to the GMM
objective function without simulation error. Therefore, by Assumption B9 it converges to

a normally distributed random variable. The second term, \/if Zthl 2 Hy, lery, is O, (ﬁ)

and converges to a normally distributed random variable as well when multiplied by v/R by

Assumption B9. These two normal terms are asymptotically independent.

The third term does not have a mean of zero because
T
1 8eRt
E|l— ! H — —[
(ﬁz( (fmé) o2 (ons) )
VT 1 1
=% TZE (zt <H0tcovt (Ero0tsderos) — §[gtE G rOt))) :

By Assumption B10

1
lim — Z E (zt (H&fcov;f (€ro: deroe) — §ontEt* (gfm))) = ji.

T—oo T

Furthermore, by the weak law of large numbers

e () )

which implies that the third term is O, (‘%T) and converges in probability to a constant
when multiplied by %

It follows from the proof of Theorem 2 that
T
1 \/T
ﬁ t:E 1 Z;eTTO’f‘Rﬂg = 0Op <?> .
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and therefore
e - 0vo, () o () o ()

Furthermore, under the assumptions of Theorem 2 it also holds that
(DT(é, Pr)'WirDr (8, PR)) Dy, Pay W B (WD) T
Hence, v/T consistency is only achieved if \/T? does not diverge. If \/TT — A, then
VT (é - 90) 4N ()\ W) W, vl)
where V] is the usual GMM variance given by
Vi=TWD) ''we,wrTwr)

This implies that if R converges to 0 at a smaller rate than 7', the additional bias (second
order term in the Taylor expansion) dominates the additional variance (first order). Fur-
thermore, the additional bias term yields a rate restriction on R relative to T" whereas the
first order term converges to 0 as R — oo at any rate. In the following section it will be
shown how the leading bias term can be removed and how and the additional variance can

be taken into account when calculating standard errors.

3.4 Bias and variance correction

This section shows how the leading bias term, namely the O, (‘g) term in the expansion
above, can be eliminated by using either an analytic bias correction or a jackknife method.
Similar methods have been suggested by Lee (1995), Arellano and Hahn (2007) and Kris-
tensen and Salanie (2010) in related setups. Furthermore, the leading additional variance
term, in particular the O, (%) term can easily be taken into account when calculating stan-

dard errors.

Let R be large relative to R. Estimators for the bias and the variance can be obtained by
replacing P, with P, and 6 with 9. Moreover, moments are replaced by the corresponding
sample analogs. I use Pp, instead of Pr; in order to obtain a better estimate Fp; and to
make the corrections less dependent on the number of draws. Notice that the computational
costs are quite low because one has to solve for A& (é, Py, st,pt,a:t> only once and not

repeatedly as during the optimization procedure.®

6For the the Monte Carlo simulations in this paper, I use R between 50 and 800 and set R = 20, 000.
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3.4.1 Analytic bias correction

Define the bias adjusted estimator as

éA = é — % (F,WTf) o F/WT/_L
where
. 0 N 0
I' = %GT (9, PR) 86’71’ ZztA£ (6 PRt, st,pt,xt>
and
L1 , 1
p= TZZZN <6JCRt - QSR]t)
t=1 j=1
where

>
3
<
|
avl e
)=
—~
S
—~
>
FAL
—
SN
Z_
:Qb>
S
4ﬁ
N
|
N
—
>
AN
—
SN
:;U
N
SN
:;U
N
~
m >

V]
r=1
* (7915 (Aft (é, PR,t) >é>UT,t> — Ot (Aft (éa P~,t> 7é7P~,t))
and
C'R’t B %TZ: A;%; 094 (Aft (iajgzt) 7é7vr,t> doy (Aft (981:1:) 0 , P t) I:[f
e (00 (86 (0.P,) 0.0ed) — o0 (86 (6.Pr,) 0. Pr,))
with
. do, (Aft (é> PR,t) >é7 PR,t)
HR,t = ONE
and R .
J 0o, (A& (0, Py, ), 0, P . .
DLy d ftagsazz 2 Hraeseiy
k=1

Again e; denotes the jth column of the J x J identity matrix.

Subtracting an estimate of & (I” W)™ I'W i from 6 eliminates the leading bias term from

the asymptotic expansion which is established by the following theorem.

Using R=R performs worse in terms of nominal coverage rates, especially if R is small, but the this would

not change the result in Theorem 3.
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Theorem 3. Assume that Assumptions A1-A5 and B1-B10 hold. Then

VT (éA — «90) = ((F’Wr)—l I'W + op(l)) (QLT + %QZT,R + 0, (g)) .

As opposed to the results of Theorem 2, it follows that as long as \/TT is bounded, it holds
that T (éA - 90) < N0, V7).

3.4.2 Jackknife bias correction

A second possibility to eliminate the leading term of the bias is to use a Jackknife style
bias correction. Let QAR/QW, n=1,..., N be estimators of § using R/2 independent draws to

approximate the integral. Define

| X
01 = 20 — N ; Or/2,n-

It is easily verified that this procedure eliminates the leading term of the bias as well.
However, this estimator is computationally costly. If N = 2, the optimization problem has
to be solved two additional times. Furthermore, this procedure increases the additional
variance due to the simulations by a factor of 4 + 2/N. Therefore, in the Monte Carlo
study below only the analytic bias correction is pursued. Similarly, the panel jackknife
bias correction suggested by Hahn and Newey (2004) is not very appealing in this setting
because it requires to estimate the parameter vector R + 1 times which is computationally

too demanding.

3.4.3 Variance correction

The variance of the estimator can be estimated by

R P Nt BN R N N e |
V= (r’wr) nan (<I>1 i %@z) Wi (F’WP)

where
. 1 <& R A /
(bl = T Z ZéAg (07 P]'%’ty 5t7pt7 It) Ag <07 Pé,t’ Stapta xt) Zt
t=1
and
. 11 R T A o
0y = }_{f Z Z ZéH}%;éﬁté;,tHE}t Zt
r=1 t=1
and



In this way the variance of the O, (}%) term is taken into account as well. In case a bias

adjustment is used, 6 can be replaced by 64 or 05.

4 Monte Carlo simulation

In this section, I illustrate that the simulation error will affect the finite sample performance
of the estimator because the usual GMM standard errors underestimate the true variance
and the estimates are biased. I use the model described in Section 2. The setup for the
Monte Carlo simulation is adapted from Dubé, Fox, and Su (2009) with very few changes
to accommodate the asymptotics in the number of markets. This setup is also used by
Judd and Skrainka (2011). The number of products is set to 4 and I vary the number of
markets, 7', and draws, R. I use a constant term and three product characteristics next to
the price. Two of these three product characteristics vary across markets and one product

characteristic does not. The product characteristics are distributed as

Tt | ™ TN 0],]-08 1 0.3 , t=1,...,T
3,5t 0 03 03 1

where T'N denotes the standard normal distribution truncated at —4 and 4. There is also

a constant term, xo; = 1 for all j. The unobserved product characteristics are &;; =
(& + Ag;4) where
& ~TN(0,1), j=1...,4

and
A&, ~TN(0,1), j=1,...,4, t=1,...,T

The price is generated by
1
pj,t = 5‘0.5&}# —+ ej,t + 1.1 (xl,j + l‘27j7t + IL‘37j’t) ‘

where e;; ~ T'N(0,1). There is a random coefficient on all product characteristics including

price and the constant term. The random coefficient are distributed as follows

3 -1\ {05 0 0 0 0
Bl 1.5 0 05 0 0 0
Fl~N|[|15], [0 0 05 o], t=1....T
33 0.5 0 0 0 05 0
o 3 0 0 0 0 02



For each product j in market ¢, I generate 6 instruments (b =1,...,6) as
Zbjt = Abjt + 0.25 (eﬁ + 1.1 (1317]' + T2 jt + ZL’3’j’t>> s ] = 17 c.. ,4, t= 1, . ,T.

Here a; ;¢ ~ U(0,1). For reasons explained in Section 2.2, next to 2 ;+, T2+ and 3, I also

: 6
use product dummies, z;;, and 2, for all b, a3 ;,, 23, ©3;,, 23, as well as [[,_; 24,

’j’t’
T2, tX3 .ty T25t2bjt and T3412b,5,¢ as Instruments.

I make use of a nested fixed point approach. The code is written in Matlab and C++.
The latter program is used to calculate the market shares and their derivative. Using C++
for these calculations yields a large time improvement compared to Matlab which reduces
the time advantage of the MPEC approach of Dubé, Fox, and Su (2009).” As mentioned
in the introduction estimating the model is computationally demanding, especially if R is
large. The nested fixed point approach solves the non-linear system of equations given in (1)
using a contraction mapping when evaluating the objective function for a certain parameter
value. In each step of the contraction mapping the integrals have to be calculated. With
the MPEC approach the moments are treated as additional parameters which adds J x T
parameters. The system of equations in (1) is then enforced as constraints and for each of

these constraints the integrals have to be calculated. For further computational details see
Nevo (2001) and Dubé, Fox, and Su (2009).

Below I investigate the actual coverage rate of a 95% nominal confidence interval for o =
E(«a;) = 3 using bias correction methods as well as standard errors with and without cor-

recting for the simulation error. The usual GMM standard errors are estimated using
. R I N |
V= (DWT)  DWé i (TWr)
and the adjusted standard errors are calculated using
. I 1. |
V= (twr) o (@1 + E%) W (W)

In both cases, as well as for estimating the bias, R = 20,000. I also compare the median
length of the confidence intervals obtained from different simulations. I make use of 50 — 800

draws from the normal distribution as well as 100 — 800 markets. I use different draws to

T am very grateful to Ketan Patel for sharing his code. The CPU time using the NFP approach is in fact
lower than the one reported by Judd and Skrainka (2011) in their Tables 4 and 5 with the MPEC approach

when I use the same setup.
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approximate the integral in different markets. Hence, with 100 markets and 800 draws I
sample in total 80,000 times from the normal distribution. The computational costs only
depend on the number draws that are used to evaluate each integral which is 800 in this

case. All coverage rates are based on 1000 Monte Carlo iterations.

Table 1 shows that the number of simulations affects the actual coverage rate of a nominal
95% confidence interval if the usual GMM asymptotic distribution is employed. For example
with 800 markets the actual coverage rate is only 68.8% with 50 draws while it increases
to 90.8% with 800 draws. It is also striking that the coverage rate tends to decrease if R
is fixed but T increases which is intuitive because the relation between 7" and R matters
for the asymptotic results. Using the bias corrected estimator leads to an improvement in
these coverage rates. However, in general there is still a large difference between using a
small number and large number of draws. For instance, with 800 marktes and 50 draws one
obtains a coverage rate of 85.6% while 800 draws yield a coverage rate of 91.3%. The same
holds when simulation adjusted standard errors but no bias adjustment is used. In case one
uses both the analytical bias adjustement and the standard error adjustement, the coverage
rate is very close to 95% even with a small number of draws. For example with 800 markets

and 50 draws one obtains a coverage rate of 93.4%.

The cost of the improved coverage rate is a wider confidence interval. Table 2 shows that
with the usual GMM asymptotic distribution, using a large number of draws has almost no
effect on the median length of the confidence intervals. This is not the case for the adjusted
standard errors. For example with 100 markets, the median length is 1.059 with 50 draws
and 0.748 with 800 draws. It is also striking that the lengths are very similar with 800 draws
for both types of standard errors. Thus, corrected standard errors only affect the coverage
rate and the median length when the number of simulations is small compared to the num-
ber of markets. This was expected since the variance of the second term of the asymptotic

expansion decreases with the number of draws.

Table 3 shows the finite sample bias with and without bias correction. It can be seen that
the finite sample bias decreases as R increases. Nevertheless, especially if T is small, the
finite sample bias is still substantial even if R is large. The reason is that we are dealing with
a nonlinear estimator which is biased in finite samples even if R = oo. The bias correction

reduces the finite sample bias. The bias correction works particularly well if 7" is large. The
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Table 1: Coverage rates of 95% confidence intervals for «
50 draws 100 draws 200 draws 400 draws 800 draws
GMM point estimates and GMM standard errors

100 markets 0.788 0.863 0.902 0.910 0.911
200 markets 0.720 0.790 0.848 0.887 0.899
400 markets 0.638 0.755 0.840 0.896 0.914
800 markets 0.688 0.802 0.846 0.899 0.886
Bias corrected point estimates and GMM standard errors
100 markets 0.866 0.912 0.920 0.936 0.932
200 markets 0.826 0.854 0.894 0.912 0.917
400 markets 0.809 0.827 0.894 0.921 0.931
800 markets 0.858 0.877 0.872 0.903 0.898
GMM point estimates and adjusted standard errors
100 markets 0.872 0.901 0.919 0.927 0.923
200 markets 0.842 0.863 0.884 0.906 0.910
400 markets 0.801 0.846 0.902 0.919 0.931
800 markets 0.846 0.885 0.890 0.938 0.906
Bias corrected point estimates and adjusted standard errors
100 markets 0.920 0.940 0.941 0.946 0.942
200 markets 0.907 0.917 0.922 0.931 0.925
400 markets 0.902 0.898 0.930 0.936 0.942
800 markets 0.935 0.933 0.917 0.939 0.920

The nominal coverage rate is 0.95 and the number of Monte Carlo simulations
is 1000. The true value of « is 3. If the actual coverage rate is 95%, the
standard error with 1000 simulations is around 0.0069. If the actual coverage

rate is 80%, the standard error increases to 0.0126.

reason is that estimation of the bias relies on an initial estimate of 6y which is more precise
if T is large. With 800 markets the finite sample bias of the bias adjusted estimator is very

close to 0 even if only a small number of draws is used.

Many parameter choices drive the results in this Monte Carlo study. First, there is the ratio
of the variance of the error term and the variance of the products characteristics. Second,
there is the strengths of the instruments. A low variance ratio or strong instruments imply

that one gets more precise estimates for a given number of markets. Furthermore, the effect
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Table 2: Median length of confidence intervals for o

50 draws 100 draws 200 draws 400 draws 800 draws
GMM point estimates and GMM standard errors

100 markets 0.772 0.769 0.757 0.758 0.748
200 markets 0.603 0.602 0.603 0.596 0.604
400 markets 0.478 0.475 0.453 0.474 0.480
800 markets 0.375 0.369 0.368 0.365 0.371

Bias corrected point estimates and adjusted standard errors
100 markets 1.059 0.945 0.859 0.818 0.786
200 markets 0.868 0.772 0.701 0.667 0.642
400 markets 0.796 0.648 0.573 0.531 0.512
800 markets 0.732 0.541 0.464 0.420 0.399

Table 3: Finite sample bias of «
50 draws 100 draws 200 draws 400 draws 800 draws
GMM point estimates

100 markets | -0.229 -0.185 -0.153 -0.128 -0.115
200 markets | -0.188 -0.159 -0.130 -0.108 -0.091
400 markets | -0.158 -0.125 -0.092 -0.071 -0.064
800 markets | -0.097 -0.065 -0.054 -0.041 -0.041
Bias corrected point estimates
100 markets | -0.198 -0.160 -0.130 -0.112 -0.108
200 markets | -0.161 -0.134 -0.104 -0.080 -0.081
400 markets | -0.087 -0.080 -0.056 -0.046 -0.053
800 markets | -0.004 0.006 0.001 -0.008 -0.017

of the number of draws depends on the variance of the random coefficients relative to the
variance of the product characteristics. A high variance of the random coefficient implies
that a lot of draws are needed to eliminate the effect of the second term of the asymptotic

expansion.

This highlights that one cannot give a general guideline of how many draws (or how many
markets) suffice to obtain satisfactory results. These Monte Carlo results, however, demon-

strate that one should always use bias corrections and standard errors that correct for the
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simulation error when making use of Monte Carlo integration in this setup. If the number
of simulations is sufficiently large, the corrected estimates and standard errors will be very
close to the GMM standard errors. If the number of simulations is small, the simulation
error will affect the finite sample performance of the estimator and using the usual GMM
asymptotic distributions yields biased estimates and underestimation of the true variance.®
As mentioned before, there might be computational constraints that do not allow taking a
very large number of draws with a larger sample size or with a larger number of random
coefficients. In other cases, i.e. when using empirical distributions of demographic charac-
teristics, R might be fixed. Nevertheless, the number of draws should be as large as possible,
subject to computational constraints and data availability. The reason is that a large number
of draws improves the precision of the initial estimator which is in turn used to calculate the

bias correction.

5 Conclusion

One could easily introduce errors in the observed markets shares. Similar to Berry, Linton,
and Pakes (2004), one could assume in this setup that one does not observe the true markets
shares but an approximation from n random consumers. Also in this case, observing only
approximated market shares lead to additional bias and variance terms in the asymptotic
expansion. The rate at which n has to go to infinity relative to 7 in order to obtain v/T con-
sistency is identical to the rate requirement for R. This is simple to incorporate because the
error in the market shares can be assumed to be independent of the other errors. Moreover,
this error does not even depend on the parameter 6. Hence, uniform convergence in any of
the additional assumptions employed is not required. It is not treated in this paper because
in applications n is usually a lot larger than 7" in which case this additional error is negligible.
Furthermore, the results in this paper are also likely to hold if one observes an unbalanced
panel where, asymptotically, all products are observed in infinitely many markets and the

total number of products is bounded.

8] obtain the same conclusions in various simulation setups.
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A Useful lemmas

Lemma A1l. Let f(z,0,v) : X x © x R? — [-M;, Ms] be a continuously differentiable function in
all arguments where X is a compact subset of R? and © is a compact subset of R%. Let Uity .., URt

be i.i.d. draws from P, € P. Let x; € X denotes the (random) data. Assume that
(i) In(T)/R(T) - 0as T — oo,
(ii) vyt and x; are independent, and

(iii) The lth element of v,;, namely v, ., satisfies (a) vy1; = g(e1, wre) Where wy g ~ P, e
{PL, ..., P™} with m finite, ¢ is continuously differentiable in both arguments, and v;; € T

where T is a compact subset of R¥ or (b) the support of Uyt is compact.

Then

R

1
= Z fxt,0,v08) — /f(xh 0,v)dF(v)

r=1

P
sup max -0 as T'— oo.

9eo 1<t<T

Proof. Denote the expectation with respect to the distribution v,.; and conditional on z; as Ef.
Then we have to show that
1 R

= > (Fl@,0,v00) — By (f (i, 9#@)))‘ 20

r=1
E, | Prj | max sup >e| | —0asT — o0
1<t<T geco

where Pr} denotes the probability with respect to the distribution v and conditional on .

sup max
9co 1<t<T

or that for any ¢ > 0,

1 R
— > (f(@e, 0,vr0) — By (f(1,0,vn0)))

r=1

Notice that
R

%Z (F(x0,0,0r0) — B (f (0,0, 0r4)))
r=1

sup 2o

0cO

simply follows from Jennrich’s uniform law of large numbers. The proof now follows from arguments
similar to the proof of the uniform law of large numbers of Jennrich. First define A = (z,0) and
A = X x O. Furthermore, denote f(\,v) = f(z,6,v). Now partition A in AT,..., Al such that the

difference between any two elements in A} goes to 0 as n — oo for all ¢. Let A} be an arbitrary
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element from A7 for all 7. Then

R
o (328 2 %Z (f (20,0, 0r0) = B (f(@0,0,0r0)))| > )
o r=1
T 1 R
=2 <228§‘£§ 7 2 (76, 0n) = B (120, 0r))| > g>
T 1 R
"2 (i‘éﬁ 72 O tna) = B Oun))| > >
T n ) R
= ;Pﬁ <U1 AeAr R;(f (A vrg) = Bf (F (N vrp)))| > 5>
T n 1 R
22 (félfn 7 2o FQon) = B (F O vn)| > )

T n R
* 1 n * n
< Z ZPrt ( R Z (fA vre) = EL(FA vre))) | > 5/2>

t=1 i=1 r=1
T n 1 R

+ Z Z PI‘: E Z sup f()‘a Ur,t) - f(A?) Ur,t)
t=1 i=1 r=1 AEAY

+E(fAN vre)) — B¢ (F (A vre))| > 6/2>
The first term converges to 0 if % — 0 because by the Bernstein inequality for bounded random

variables, there exists a constant C' such that for each fixed A and ¢

Pry (

For the second term first assume that for all » and ¢, v,; € V where V is compact. Then, since f is

R

D (FOvore) = BE(F (N vre)

r=1

> Rs) < 2exp < 525:) =0 (exp(—R)) .

a continuous function on a compact set, f is by the Heine Cantor theorem uniformly continuous.
Hence, for n large enough (so large that supycan [|AF — A|| < § for some small d, but n is finite),

sup sup |f(A,v) = FAT, 0)| < /4.
vEV AEAT

Hence, also for all ¢,

sup [E7 (f(A,ore)) — B (f (A vre))| < €/4
AEAT

which implies that

R
- (;Z sup [F(A vrg) — FO vne) + EF (FON, 000)) — EF(FON vne))| > 5/2) =0.

r=

Alternatively assume that for all [, v,¢; = g(V4,1, wyt1) Where wy;; ~ P, € {P',..., P™} where m

is finite and 7;; € I' where I' is a compact subset of R*. Denote the vector of stacked elements
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Urt1 by Urp = g(ye, wry). With abuse of notation now define A\ = (z,60,7) and A = X x © x I.
Furthermore, denote f(\,w) = f(z,0,v) = f(z,0,9(7,w)). Now partition A in AT,... A}

v such

that the difference between any two elements in A} goes to 0 as n — oo for all ¢. Let A be an

1

R
E Z (f(xtv 07 g(%, wﬁt)) - E:(f(xtv 979(/715’ wr,t))))

r=1

arbitrary element from A} for all . Then

1 R
7 Z (f(ze,0,0r1) — B (f(24,0,004)))

Pr} | sup max
t p

pee 1<t<T 1

r—=

= Pr} [ sup max
pco 1<t<T

>5>

R
=3 (2, 0,900w0)) = B (F (2,0, (3, 10,))

r=1

T
< Z Prj ( sup sup sup
—1 0€O zcX vel

T LB
= ;Pr?{ (ilelg R 72—21 (fONwrg) — Ef(f(N we)))| > 6)
T n 1 R
< Z ZPY? < R Z (f(/\zn,wr,t) - E:(f(/\?7wr,t))) > 8/2)
=li= r=1
t K 1n o
" ; i—1 Pr: <R ; )\SGU.IE):L f()\’ wrvt) - f()"zna wr,t)
+E; (f(AN ) — B (F(A wrg)) | > 5/2>
In(T)

Again, the first term converges to 0 if =5~ — 0 by the Bernstein inequality for bounded random

variables. For the second term define

ht(A7 wr,t) = f(/\7 wr,t) - Et*(f()‘u wr,t))

where the expected value is with respect to w;; which can only be drawn from a finite number of

distributions for each ¢. Then for all ¢,

lim sup [(h¢(X, wrt) — he(A wpe))| =0

n00 Ne AT

for all £. Thus, by Lebesgue’s dominated convergence theorem,

lim E; sup [(ht(\, wrt) — he( A}, wry))| =0

uniformly over ¢. This function depends on t since the distribution might differ. However, since

only a finite number of distributions are allowed, there exists an n such that for all ¢

E} sup [(h(A, wyt) — h(A], wry))| < /4.
AEA?
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Then

T n R
1
Pr* sup |(he(A, wy he( A} w, >¢e/2
>y (R;AEAPJ ) = O = 1)
T n 1
< ZZPr* Z sup [(he(A, wrt) — he( A}, wpy))|
t=1 i=1 R r=1 AEAT

—E;/k sup \(ht()\,wnt) — ht()\?,wr,t)ﬂ > €/4>
AEAT

This probability converges to 0 using the Bernstein inequality as in the first part.

One can combine these results to show that

R
1
Sgg max |- ;f(xt,e,vrt, t) /f 1,0, v, v2)dPL(v1)dP? (vs)| £ 0 as T — oo
where v; satisfies condition (iii — a) and vy satisfies condition (iii — b).
O

The following lemma is Lemma A in Serfling (1980, p. 304).
Lemma A2. Let Y7,Y5,... be independent random variables with mean 0. Let v be an even
integer. Then

R v R

£([on] ) < a3 m )

r=1 r=1
where A, is a universal constant depending only on v.
Proof. See Serfling (1980). O
Lemma A3. Suppose that (vgt), e vg),xt) with t =1,...,T are random vectors such that vfot) is

i.i.d. across r and independent of x;. Let

1ZR: (M 95)
Rr:lp ro

where m, and mo are nonnegative integers and s, p and ¢ are measurable functions such that

E (p (vff),xt) |xt) =F (q (v,(,t),a:t> ]:ct) =0

for all ¢. Also assume that if m1 > 0 and mo > 0 for some a and b satisfying % + % = 1 it holds

that for some finite M
9 D) 2am1
B (Is@)fp (o) ) <M

YRt 1 ;ZC](vﬁt),fﬂt)] 2

r=1
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and

2bmo
B (Isteofa (o0.)™") <

If m; > 0 and mo = 0 assume instead that

2m
E <|s($t)|2p (vﬁt),xt) 1> < M.

T
LS ol = 0, ().
t=1

Proof. The proof is very similar to the proof of Lemma A.2 in Lee (1995). By Holder’s inequality

Sa(n)]

r=1

Then

1/a

R 2amq
% >op (v, xt)] E | [s(z)*

r=1

1/b
E (yhe) < | B | Is(z)]*

=] R

Lemma A2 implies that for some constant c,

R 2am1
1 c 2am1
= (t) (t)
E R ;p (UT 7xt)] Tt S leaE (p (U,,, 7mt) xt)
and _— .,
1 m
E E ; q <UTt)7xt)] Ty = RﬂC’LQbE (q (vrt)vxt> i ZEt) .

It follows that

2 c 2 (@ o2\ ) w (o 2\
E(Wre) < Zonrm <E (!S(S'Jt)| P(Ur ,xt> >) <E (|S($t)| p(vr ,ﬂft) >>

< cM
- Rmitma’

By Markov’s inequality it now follows that

. T
1 R<m1+m2 )21
P <R(m1+m2)/2T Z |yR,t‘ 2 E) S T ZE ‘th’
t=1 t=1
R(ml—i-mz /21 L 1/2
< . 7 ‘yR |
t:l
Rimtm2)/2 1 L /oap \ Y2
< S 2} <Rm1+m2>
t=
B (CM)1/2
- €

which means that R(m1+m2)/21 ST R is Op(1).
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Lemma A4. Suppose F': R/ — Ris a k+ 1 times continuously differentiable function on an open
convex set S C R’. For a € R, let |a| = a; +... +ay and a! = ;! * ... x as!. Furthermore, for

z e R let

el = et wy? - xG)
and
ol F(x) B ol F(x)
oxlel 0zt ox5? - 9z

Ifae Sand a+ h € S, then

ol (1
Fla+h)= Y ;(83568)

acR o<k

1 [ olF(x)
|| A o)
B h > + Z a!l ( Oxlal

a€Ry:|aj=k+1

) pled,
r=a+ch

Proof. This is a standard result. O

for some ¢ € (0,1).

B Proof of Lemma 1

I will first prove that the assumptions imply that A&(0, Py, s¢, pe, x¢) is an element of a bounded
subset of R7. Let Q; denote the distribution with compact support. Assume for simplicity that
for the random coefficients with non-compact support, v,;; = g(a¢;, wy ;) where w,;; has a distri-
bution function F' and a; € T. The more general case can easily be dealt with. Now assume that
AE(O, Pot, st,pt, ) is not an element of a bounded subset of R”. Then, there exist, a sequence
{s",p", ™, 0"}, n=1,2,... with e < si<1l-¢,j=0,....J,0 €0 and (2",p") € M such that

for some j, ALY = AE;(0™, Pog,,s™,p",a") — oo or Ag} — —oo. I assume that AL} — oo. The

other case is similar. Note that for all k = 1,...,J, s} satisfies
I I n? A n? ) D; ) Hn
SZ — / ixp(’Y(:Bk?pk’gk é'k v G, )) thn (D)dF(’U)
L+ 301 exp(Y (@, P, §s AT, v, Ds ay,,, 0™))

Let @ be a distribution with compact support and let F' be a distribution that is identical in all
markets. Define

exp(’)/(l‘kvpku 5]{)7 Aé-]?, v, -Da a, 0))
1+ Z;]nzl GXP(W(CE‘maPm» gﬂ’h Ag&a v, D;a, 0))

Let K € R be arbitrary and assume that Ay < K for some k£ # j and all n. Since ©, M, and

sp(AE™) =sup  sup sup sup/ F(v).

0€0 (x,p)eM Desupp(Q,) a€Y

supp(Q¢) are compact sets,

sp < sp(ALM)
A& v, D a, 6
< sup sup sup sup / eXp(V(xkvplm gka fk 7:7 ; @y )) dF(’U)
0€0® (z,5)eM Desupp(Qt) acY 1+ exp(’y(xj,pj, 677 Agj 0, D5 a, 0))
— 0
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as n — 00 because A&? — oo. Hence, for some N € N, s < ¢ for all n > N which contradicts
Assumption 2. The previous argument also implies that if A{g* < K for some n* > N, sZ* < g,
which is again a contradiction. Thus A¢; > K for all n > N. Since K was arbitrary, this implies

that sj — 0 which is a contraction.

The proof now follows from Lemma Al.

C Proof of Theorem 1

I use a simplified version of the proof of Berry, Linton, and Pakes (2004). The proof consists of two

steps. I first show that an estimator defined as any sequence that satisfies
1G7(6, Po)|| = Inf |G (9, Po)ll + 0p(1)

is a consistent estimator for #. To prove this, first notice the law of large numbers implies that
||Gr(00, Po)|| = Op(1/V/T). Thus, by Theorem 1 of Pakes and Pollard (1989), It is sufficient to
prove that

sup ||Gr(0, Po)||”! = O,(1)  for all § > 0.
[16—60]|>0

This is implied by proving that for any (¢,d) > (0,0) there exists C*(§) > 0 and T'(¢, ) such that

for all T'> T'(e,9),
P inf Gr0,R)|| >C*(6) | >1—=e.
r (9@1\20(5)” (0, Po)l| ( )> &

Now fix (g,d) > (0,0). Take C() such that

lim P inf ||Gr(0, Py) — Gr (6o, Po)|| > C(6) | =1.
im f(@? 1670 Fo) — Gr (6o, )| 2 <>)

T—o0 0o

Now let £* = min{e, C(0)}, such that 0 < £* < e. Then by the triangle inequality

Pr inf Gr(0,Py)l| > C(6) — ||Gr (8, P
<0¢N00(5)\ 7(0, Po)l| (6) = [IGT(6o 0)\)

>P inf ||Gr(0, Py) — Gr(60, Po)|| > C(9) | .
> 1“<9¢J1\20(6)H (0, Po) — Gr(bo, Po)|| = C( ))
Now by Assumption 5, there exists T7(¢*) such that for all T' > T (g*, 9)

P inf ||Gr(0, Py) — Gr(6y, P)|| > C(6) | >1—¢e%/2.
r(egyl\}l(&)H 7(6, Po) (0o, Po)[| > ())— e/

&)
Since ||Gr (6o, Po)|| = 0p(1), there exists a Th(e*) such that for all T' > Ty(e*)

Pr(||Gr (0, Po)|| > €*/2) <&*/2.
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It follows that for all T > Th(e*),

. - .
Pr <9¢/1\?f(5) [|GT(0, Po)|| < C(0) — ¢ /2>

)

< i < — */2.
<Pr (9 jl\}lf((s)l\GT(&Po)H < C(9) |GT(907P0)|> +€%/2

)

Thus for all 7' > max{T1(e*,9), To(¢*)}

Pr( in ||GT<9,P0>||20<5>/2>

0¢Np, (6)

>Pr| inf ||Gr(6, Py)|| > C(5) —&*/2
> <9¢N90(5)| (0, Po)l| > C(9) /)

>Pr( inf [|Gr(8, Ry)|| > C(8) — ||Gr (8o, Po)|| | —€*/2.
> r(g/l\}l(é)| (0, Po)l| = C(6) — [|Gr (b, 0)|> e’/

9o
> Pr inf Gr(0,Py) — Gr(6y, Py)|| > C(0) | —e*/2.
> (9¢NGO(5)| 7(6, 7o) — G (6, )| <>) /
>1—e"/2—-¢%/2

>1—e.

Defining C*(8) = C(6)/2 > 0 completes the proof.

In the second part I show that supgeg ||G1 (6, Pr) — G1(6, Po)|| converges to 0 in probability. This

implies by the triangle inequality that for any sequence 7 € © we have

IGO0, Pr)l| — |G (07, Po)l|| < ||Gr (07, Pr) — Gr (07, Po)|| = 0p(1)

Denote
j_— inf Pyl
0 arggg@l!GT(& 0)ll

Then we get that the actual estimator 8 satisfies
1G7(0, Po)|| = inf ||Gr (0, Po)l| + op(1)
0O
because

OS\IGT(é,Po)H—GiggHGT(@,Po)H = |Gz (8, Po)ll — |G (8, P)|
P

= ||G7(0, Pr)|| — ||Gr(0, Po)|| + 0p(1)
< ||Gr(0, Pr)|| — |Gr(6, Po)l| + 0p(1)

= op(1)
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Hence, by the first step, proving that

sup ||Gr (0, Pr) — Gr(6, Po)|| = op(1)
0c6

is sufficient for consistency. Now by the Cauchy Schwarz inequality,

1670, P) — G, )P = 1|7/ (A6(0, Pr) — A0, R))IP

1 1
< 1221 < ZIIAL(0, Pr) — ALO, Ro)II

Since £||Z'Z|| = Op(1) by Assumption 3, it suffices to prove that
L I
sup —I!Af(e Pr) = A&(0, Po)|* = sup > |A&(0, Pry) — A&(0, Pos)l* = 0p(1).
oco T oc0 T =

By Assumption 1 we have

;uglglax ||O’t(Aft(0 PRt) 9 PRt) —at(Agt(H P()t) 9 PRt)H

= sup max Hat(Aﬁt(O POt) 0 P()t) —Ut(Aft(e P()t) 0 PRt)”
gco 1<t

= op(1).
This then implies that

sup max [|AG(0, Pry) — AG(0, Po,)|[> = 0p(1)
pco 1<t<

because by Assumption 4, if instead

sup Inax HA&(Q Pry) — A{t(H,Po,t)HQ > 0,
peo 1<t

then

Sug 1121ax ||Ut(A€t(9 PRt) 9 PRt) —at(A&(O P()t) 0 PRt)H > €

with probability approaching 1 which is a contradiction.

D Proof of Theorem 2
The objective is to minimize G (6, Pr)WrGr (0, Pr) where
1 I
Gr(0,Pr) = = ;nggt(e,pR,t).

The first order condition is

< 669 Gr(0, Pg) ) WrGr(0, Pr) = 0.
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Define

A o A
DT(Qa PR) = %GT<97 PR)

Using a first order expansion of GT(é, Pg) around 6 = 6 yields
Dr(0, Pr)Wr (Gr (6, Pr) + Dr(6, Pr) (960 ) ) =0

where 6 is between 0y and 6. Thus

VT (é - 00) - (DT(é, Pr)WrDr(, PR)) " D, P Wi/TGr(6o, Pr).

The proof now consists of two parts. First I show that

VTGr(00,Pr) = VTGr(6o, Po)+ O, <¢1§> Lo, (\E) o, (\f)

and I derive an expression for the third term. Next I prove that for any consistent estimator 6 of @
it holds that ﬁT(é, Ppg) converges to I' in probability. Combining these results yields the conclusion

of the theorem.

Let F : R/ — R’ be a three times continuously invertible function. The inverse function is defined

by F~1:R7 — R/. Then by Lemma A4 for any s, sy € R’ there exists a ¢ € (0,1) such that

HF1(s) 1 OF; ' (s)
ijl(sl) = Ejil(SO) + 3673 (51 — 80) + 5 (51 — 50)/ W (31 — SO)
s$=50 s$=50
1 8‘0‘|Fj_1(3)
ll — go)lel
AP DR~ hw (51— 50)
a€Ry:|a]=3 s=so0+c(s1—s0)

where Fj_1 denotes the jth element of vector F~1.

Next we derive an expression for the first and second derivative of the inverse function. First note
that
FYF(z)) = .

It follows that

OF '(F(z)) _ N OF~1(F(x)) 0F ()

Ox OF (x) or !

and hence with s = F(z)

8F(;;(s) B <agix)>1.

oF; !
The jth row of this matrix is Jas(s) which implies that

OF;'(s) <3F(m)>1

Os — G Ox
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and

an;;(s) _ (31;“ i@)_lej

where e; is a J x 1 vector of zero with a 1 at the jth element. Next notice that

OF; M (F(z))  OF;\(F()) 0F(x)
OF (x)0x;  OF(x)0F (x) Ox;

which implies that
OF; M (F(z))  OF;\(F(z)) oF(x)
OF(x)0x  OF(x)0F(x) Ox

. OF; N (F(x))  OF;'(F(x)) (0F(z)\ "
OF (z)0F (z) 8F(a:)’8x ( Ox ) ’
Finally
OF (F(x) O (% e 2\ ! (0P (z 2\
r - U (o) () ()

It now follows that

ox’ ox’ ox’ ox'dx ox’

R () e (52)

The previous expansion implies that there exists ¢; € (0,1) such that

8F]._1(F($)) o <(8F(z)>_1 5 F@) (8F(z)>_1€j (ap($)>—1 9?F(2) <8F(x)>—1ej> <3F(x)

OF (z)0F (z) 9270,

A& (0o, Prt) = AE&(60, Pog)

! rr—1
—ejHRyteRt

J
1 %0 (A&(00, Pot),00, Pre) i1 1 ¢t
— Hp H e H
2 eM( ; < NGNS, R ) O
i |a|0. S GOaPRt) elal
al Oslel Rt
a€R+ |OL‘ 3 Szctst-‘r(l—ct)at(Af(eo,Po’t)ﬂo,PR,t)
= A6, Poy)
—ejHo_t eR,t
_10e
+€;H01516§£H0t161%t
J
1 / —1 820t (Agt(QOaPO t)a007P0t) -1 / -1
—— H, : : H e H
QGR,t <; 0,t < 8A§8A§k 0,t €jCk 0,t Rt
+error;:
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where

.7 v

J
9%0y (A&(00, Poy), 00, Pry) Y 5, _
—*eRt (Z ( < 8A£8A£k ) HR;eje%HR;

1
1 (PP (A& (00, Pot), 0, Pot)\ - _
_I{O,t1 < FINTING > HO,tleje?cHO,g)) €Rt

error;; = ¢ (ngt Hyt) (g — Hog) Hyten

by L (2 P
a! Oslal

a€Ry:|a]=3

Sl
Rt

s=crst+(1—ct)or (AE(60, Po,t),00,Pr,t )

Now define )
i = [P0t (A&, Por), bo, Por)
Otk = OAEONE,
and
J
Togj =Y Hy/KoupHy ejel Hy
k=1
Then

A& (0o, Pri) = AE&i(0o, Poy)
—e;-H[itleRt
Oe 1
—1YCR¢ 171
+ejHy, oAae o €Rt — f’R,tIo,t,jeR,t

+error;,
It now follows that
VTGr (0o, Pr) = VTGr(0o, Po)+VT <GT<90, Pr) — Gr(bo, P))

= VTGr(bo, Po) + Zzt A&(6o, Pr.t) — A& (00, Por))

\F
= \FGT(QQ,PQ Zzt OteRt

+1§TJZJ:’ e Hy, laeRtH ‘e 16’ In: e
T Zjit 0, ONE 0,t CRt 9 CRt 0,t,j€R,E

Now we have four terms. The first term is O, (1) and belongs to the GMM objective function with-
out simulation error. Therefore, by Assumption B9 it converges to a normally distributed random
variable. The second term is O, (ﬁ) and converges to a normally distributed random variable

as well when multiplied by 'R by Assumption B9. These two normal terms are asymptotically
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independent.

The third term does not have means 0 because

1 _ 863 _ 1
E JT Z Z Zé‘,t (egﬂo,tl <8Ag) Ho,tleR,t - 2€}z,tfo,t,j€R,t)

t=1 j=1
1 & 1 11

=T D E <Z§',t <R€3Ho,t1 Ey (d*fr,o,tH&tl&,o,t) ~ 5 b (62,o,tfo,t,j€r,o,t)>)

t=1 j=1
\/T 1 T J 1 B 1,
" RT > D.E <z§}t <69‘H0,t1Et (dgr»ﬂtho,t%r,O,t) — 5k (5;"70,t10,t,j57’,0,t)>> :

T J
.1 1 _ 1 _
TILH;O T ZZE (Z},t <6;'H0,t EY (d€T70,tH0,t1€7“707t> - iEf (Elr,o,tIO,tJ@r,O,t))) =K

R 1 41 [ Oe _ 1 _
ﬁﬁ Z Z Z},t <€~/7‘Ho,t1 (aARg> Ho,tleR,t - 2€IR,tI0,t7jeR7t> = H

which implies that the third term is O, <§> and converges in probability to a constant term when
. . i
multiplied by N

Finally I need to prove that

Recall that

g

_1 (00 (A& (00, Pot), 00, Pry)\ ,— _
<HR£ < aAgaAgk ) HR,%feJ'e;vHR,}f

_1 [ 0%0: (A&(60, Pot), 00, Por)\ ,,— _
~Hod ( OAEDNE, ) Hoies e;“HOvtl)) Crt

Ll ZT: , 1 [ 0o} (5,00, Pra)
T 2™t al dslol

ool
Rt"
s=crst+(1—ct)ot (AE(00,Po,t),00,Pr,+ )
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Furthermore, by Lemma A1l and Assumption B6
H}Ei = H(;,tl + Op(l)

where the J x J o0,(1) term does not depend on ¢. Similarly

J
%01 (A& (00, Pot), 00, Prt) _
1 t t\Y0,140,t 0, L' Rt 1 1
ZlHRt( 6A€6A§k >HRt eje HR,t

J
0204 (A& (00, Pot), 00, Pot)
Zlﬂm < IAEDAE, )H“ejekH“ ot

where the J x J 0p(1) term does not depend on t. It now follows from Assumptions B5 and B6 as

well as Lemma A3 that
T

_ _ _ vT
>t (s - ) et fens o (5

and

T J
11 I -1 820t (Agt(e()vPOt)?eOaPRt) -1 1 rr—1
2VT e (k:l ( fut ( OALIAL, RETHRE R
%01 (A& (00, Pot), 00, Pot) VT
Moy ( ~oncong, >H“€]6’“H°t>) wTw\R )

Finally consider

1 . 1 [ 9o/ (s,00, Pry)
ﬁzzt Z ol D5l

t=1 a€Ry:|a|=3

Sl
Rt

s=cisi+(1—ct)ot(AE(00,Po,1),00,Pr,¢ )

Similar as for the second derivative, we can write the third partial derivatives of the inverse function

as a function of partial derivatives of o;(A¢, 0y, Po+) evaluated at A\{t that satisfies

o1 (88,00, Prs) = o1 (AE(B0, Po b0, Pra)) + 1 (st = o0 (A&(Bo, Pos), bo, Prs))

But since

lréltaX ’8t — Ot (Af(@o,P@ t) 007PRt ’ = Op 1)

it follows that

1I£ltaXT ’st — Ot (Aﬁt, o, Pr t)’ = Op(l)

or

max |07 (A&(Bo, Pre). 0. Pre) — o0 (A& 00, Prs )| = 0p(1).
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This implies by Assumption A4 that
max ’Af 6o, Pr.t) Aft‘ = 0p(1

which in turn means that

lriltax ‘Af (6o, Po,t) Aft‘ = 0p(1

Next, it easy to verify that

alala L (s,60, Pryt)
88‘04

s=cisi+(1—ci)or (A&(00,Po,1),00,Pr.¢ )

-1
A&EE)

as well as partial derivatives of o(A¢, 0y, Pr+) up to order 3 evaluated at Kf/t But since

is a function of

ao—t(A5> 007 PR,t)
DA

lgltax ‘Af (6o, Poyt) — Aft’ = 0p(1

and since A{(fy, Pp+) is in a compact set it follows from Lemma A1l as well Assumption B7 that

(9'0“0;1 (s,00, Pryt)
dslel

= Qt,O,\od + Op(l)
s=cisi+(1—ci)ot(A&(00,Po0,1),00,Pr,¢ )

where ;o is bounded for each ¢ and |a| and the oy(1) term does not depend on t. As a

consequence, it follows from Lemma A3 that

SONED

a€Ry o] =3

1 8|a‘0— (8 907PRt)
al 8s|0“

s=cisi+(1—ct)ot(A&(00,Po,1),00,Pr,¢t)

Next consider
T

(6, Pp) = Z L OAE( 9 PRt)
=1

We have to prove that

p 0G(0, Po+)
Dr(0, Pr) = fim 7 Z a0

uniformly over 6. If this holds then for any consistent estimator, 8, of , it holds that
Dr(0, Pr) & T.

It is sufficient to prove that

T
1 0G 0P

r(0, Pg) — E: Otio
tl
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uniformly over 6 because

1 ZT: aGT 0 Py t) aG(Gv P07t) 2, 0
T gt oo

uniformly over 6 by Assumption B8 and the uniform law of large numbers (see for example Amemiya

(1985)). Now

T
1 <N 0G0, P
D (6, Py) — = Z T(ag 0,)

t=1

g~ (9A60.Pr) _ 0AG(0.Py)
! 00 00

_ 1 zT: y 0oy (A&(8, Pry), 0, Pry) ! doy (A&(8, Pry),0, Pry)
T ¢ INE; 00

. Ooy (Aft(97 PO,t)7 0, PO,t) -1 Ooy (Aftw, Po,t), 0, Po,t)
OAE; o0

where

oy (A&(0, Poy),0, Poy)
00

denotes the derivative only with respect to the second element of the function. Similar to before

doy (Aft(ev PR,t)7 0, PR,t) _ Ooy (Aft(ea PO,t)a 0, PO,t)
8A§t aAgt

+ 0p(1)

in a neighborhood of ) where the o,(1) term does not depend 6 or ¢t. Now by Assumption B6

(aat (A&(8, Pry), 0, PR,t)>1 B (8075 (Aft(G,Po,t)ﬁ,Po,t))l +o,(1)
EIND - A "

where the 0p,(1) term does not depend 6 or t. As a consequence

0GT(0, Poy)
Dr(0, Pg) — T ; 0

1 ET:z 9oy (A&(0, Poy), 0, Pog)\ ™" (0ot (A&(D, Pry). 0, Pry) 90y (A&(0, o), 0, Pot)
T2 AL, a0 a0
T
A P P,
+0p<1)l Z 22 8Jt ( gt(9780R,t)7 07 R,t) '

t=1

But Assumptions B7 and B8 imply that

1 XT:Z/&H (A& (0, Pryt), 0, Pry)
- ¢

90 = Op(1)
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uniformly over 6. Hence,

Z 0GT(0, Poy)

(9 PR) - T 90

- zT: 2 001 (A& (0, Pos), 0, Pos)\ ™" (001 (A&(0, Pry), 0, Pry) 90 (A&(0, Pot), 0, Pot)
- T — t OA& 80 80

+op(1)
- i 2 001 (A& (0, Pos), 0, Pos)\ ™" (001 (A&(0, Pry), 0, Pry) 00y (A&(8, Pos), 0, Pry)
T t=1 ' AL 00 B

_l ET:Z/ Dot (A&(6, Po ), 0, Po) -1 0oy (A&(6, Poy), 0, Pry) B oy (A&(0, Pot),0, Pot)

T t=1 ' AL oo 90
+op(1)

But for all j it follows from Assumption B8 that
9oji (A& (0, Pre), 0, Prt)
o0’

R
Z (0r) | 1AL (0, Pry) — A&(0, Pot)| = 0p(1)

=1

00t (A&(0, Po), 0, Pry)
00’

unlfOI‘mly over ‘9 al’ld t. l lll,‘lS7
E C t f,t Y Oyt)’ ) R,t)

ZT: 0oy (A&(0, Pos), 0, Pos)\ " (901 (A&(0, Pry),0, Pry)
DAL B BT,
independent of € and t¢. Finally write
1 (000 (A&(0, Pos),0, Poy)\ " (000 (A&(6, Pos), 0, Pry) 00y (A&G(0, Pos), 0, Pos)
T & t OAE; o0 o0
1 ET: 1 iz, 0o (A&(0, Poy), 0. Pos)\ "
T&R&Z" N
o (Ve (B&(0, Poy), 0, vre) o (O (A&(0, Por). 0, Poe)
00 t 00
= op(1)

uniformly over z;, p; and 6 by the uniform law of large numbers. Hence

Dr(0, Pr) = Z aGT(ggp(”) = 0,(1).

t=1

sup
0cO

E Proof of Theorem 3

By the proof of Theorem 2 it suffices to prove that

Cro = By (Hgtderi (A& (00, Po), 00 gt ert (A& (00, o), 60) ) + 0p(1)
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and
SR,j,t = Ef (5r,t(A§t(90; Po1),00) To 1 jeri (A& (00, Poy), 00)) +0p(1)

where the 0,(1) terms do not depend on t. These two results follow from identical arguments as

the last part of the proof of Theorem 2.
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