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,$$' *, * ,#0$$# &' -.&F. I0+, 0$?0$,$'# ,."?,J /.$ I0+, ?0"43F$ * ."+"($'$"3,

?0"43F# *'4 ,$%% "'$ 3'&# #" $*F. F"',3+$0J L"',3+$0, %&=&'( &' #.$ ,#0$$# *0$

$E3*%%7 4&,#0&;3#$4 "=$0 #.$ &'#$0=*%J 2&0+, 3,$ #.$ ,*+$ F"',#*'# 0$#30', #" ,F*%$

?0"43F#&"' #$F.'"%"(7J 5*0(&'*% F",#, *0$ '"0+*%&O$4 #" O$0"J

^



8&'F$ ?0"43F#, *0$ ."+"($'$"3, "'%7 #0*',?"0# F",#, +*##$0 K"0 #.$ 4$F&,&"'

K0"+ -.&F. I0+ #" ;37J L"',3+$0, *0$ $'4"-$4 -&#. #.$ K"%%"-&'( 3#&%&#7 K3'F#&"'

-.&F. &, ,$?*0*;%$ -&#. 0$,?$F# #" #.$ ?0"43F#,_

uw(xj; pj) = k ¡ pj ¡ (xj ¡ w)2

-.$0$ xj 0$?0$,$'#, #.$ %"F*#&"' "K I0+ jJ L"',3+$0 3#&%&#7 uw .*, * ?$*Q

-.$0$ &#, %"F*#&"' w *'4 #.$ I0+c, %"F*#&"' F"&'F&4$J /.$ #$0+ ¡(xj ¡ w)2 F*' ;$
&'#$0?0$#$4 *, #.$ E3*40*#&F 4&,3#&%&#7 -.&F. F"',3+$0, &'F30 #.0"3(. #.$ 4&,#*'F$

"K #0*',?"0#J k > 0 &, #.$ 0$,$0=*#&"' ?0&F$J i'%7 &K k $GF$$4, #.$ ,3+ "K ?0&F$ *'4

#0*',?"0# F",#, 4"$, #.$ F"',3+$0 ;37J

P$ *0$ %""Q&'( K"0 ?$0K$F# R*,. $E3&%&;0&* &' ?30$ ,#0*#$(&$, *'4 *,,3+$ #.$

F""04&'*#&"' ?0";%$+ *-*7J /.3,1 I0+, *0$ $G"($'"3,%7 *,,&('$4 '3+;$0, -.&F.

0$?0$,$'# #.$&0 ?",&#&"' &' #.$ ,?*#&*% "04$0&'(J P$ '$(%$F# #.$+ '"# "'%7 &' =&$- "K

#.$ *'*%7#&F*% F.*%%$'($, #.$7 &'#0"43F$ ;3# *%," ;$F*3,$ +&G$4 ,#0*#$(&$, *0$ '"#

?%*7$4 ;7 ?$"?%$ &' F"+?%$G ,&#3*#&"', aT*?"?"0# *'4 >+*%4",,1 BCCCbJ R$=$0#.$H

%$,,1 &('"0&'( #.$ F""04&'*#&"' ?0";%$+ &' #.$ +3%#&HI0+ ,$##&'( F*' ;$ ,$$' *, *

,."0#F"+&'( "K #.$ +"4$% ,&'F$ '" ?%*3,&;%$ $G?%*'*#&"', $G&,# -.7 *'4 ."- ,3F.

*' "04$0&'( F"3%4 *??$*01 &' ?*0#&F3%*0 &K #.$ '3+;$0 "K I0+, &, %*0($J

5 6%.'2 27-.4."%.-3

D' "04$0 #" ,"%=$ K"0 * ,3;(*+$ ?$0K$F# $E3&%&;0&3+1 -$ I0,# F"',&4$0 #.$ %*,# ,#*($

"K #.$ (*+$J ># #.&, ,#*($ %"F*#&"', *0$ *%0$*47 F.",$' *'4 ?0&F$, *0$ #" ;$ ?",#$4

,&+3%#*'$"3,%7 *'4 '"'HF""?$0*#&=$%7J /" $,#*;%&,. 0$,3%#, "' #.$ $G&,#$'F$ *'4

3'&E3$'$,, "K #.$ ?0&F$ $E3&%&;0&3+ -$ ,#*0# ;7 $G*+&'&'( #.$ 4$+*'4 "K #.$ I0+,J

/.$ ?30F.*,&'( 4$F&,&"' "K * F"',3+$0 &, 4$#$0+&'$4 ;7 .$0 ?",&#&"' *'4 0$,$0H

=*#&"' ?0&F$1 #.$ ?",&#&"' "K #.$ I0+,1 *'4 #.$ ?0&F$, #.$7 F.*0($J D' #.$ 43"?"%7

F*,$ -.$' #.$ 0$,$0=*#&"' ?0&F$ F"',#0*&'# &, ;&'4&'(1 &J$J1 &K uw "K ,"+$ &'4&=&43*%,

%"F*#$4 ;$#-$$' #.$ ,."?, ;$F"+$, '$(*#&=$ K"0 #.$ ?0&F$H%"F*#&"' F"+;&'*#&"' "K

;"#. I0+,1 #.$,$ F3,#"+$0, -&%% '"# ;37 *'7 ?0"43F#,J /.$' I0+, ;$F"+$ %"F*%

f



+"'"?"%&,#,J `$# 3, F"',&4$0 #.$ F*,$ -.$0$ #.$ 0$,$0=*#&"' ?0&F$ &, ,3jF&$'#%7 .&(.

,3F. #.*# $=$07 F"',3+$0 ;37, * 3'&# "K #.$ ?0"43F#J >,,3+&'( K30#.$0 #.*# $*F.

I0+ F."",$, * 4&9$0$'# %"F*#&"'1 #.$ 43"?"%7 4$+*'4 F*' $*,&%7 ;$ F*%F3%*#$4 ;7

I'4&'( #.$ F"',3+$0 -." &, &'4&9$0$'# ;$#-$$' ;37&'( K0"+ #.$ %$K# "0 K0"+ #.$

0&(.# I0+1 &J$J -.$0$ uw(x1; p1) = uw(x2; p2)J /.&, &'4&=&43*% 4&=&4$, #.$ ,$# "K

F"',3+$0, &'#" #-" F"'=$G ,3;,$#, -.$0$ #.$ %$K# ,3;,$# -&%% ;$ ,3??%&$4 ;7 #.$ %$K#

I0+ *'4 =&F$ =$0,*J D' #.$ +3%#&HI0+ F*,$1 4$+*'4 K"0 *' &',&4$ I0+ j a1 < j < nb

&, '"# '$F$,,*0&%7 #.$ ,$# ;$#-$$' #.$ +*0(&'*% F"',3+$0, -&#. 0$,?$F# #" I0+ j¡ 1
*'4 j + 1: /.&, ."%4, ;$F*3,$ #.$ 4&0$F# '$&(.;"0, +&(.# *##0*F# '" 4$+*'4 *# *%%

;7 F.*0(&'( ?0".&;&#&=$%7 .&(. 0$%*#&=$ ?0&F$,J D' #.&, F*,$ I0+ j F"+?$#$, -&#. #-"

"K #.$ +"0$ 4&,#*'# I0+,J !"-$=$01 #.&, F"3%4 '$=$0 ;$ *' $E3&%&;0&3+ ;$F*3,$ *

I0+ -&#. '" 4$+*'4 -"3%4 ;$ ;$##$0 "9 %"-$0&'( &#, ?0&F$ 3'#&% &# *##0*F#, ,"+$

F3,#"+$0,J

>,,3+&'( $*F. I0+ .*, * ?",&#&=$ +*0Q$# ,.*0$1B 4$+*'4 F*' ;$ $G?0$,,$4 *,_

D1;0(¹pj¹x) = p2¡p1
2(x2¡x1) +

x1+x2
2
1

Dj;0 (¹pj¹x) = pj+1¡pj
2(xj+1¡xj) ¡

pj¡pj¡1
2(xj¡xj¡1) +

xj+1¡xj¡1
2

1 &K 1 < j < n;

Dn;0 (¹pj¹x) = 1¡ pn¡pn¡1
2(xn¡xn¡1) ¡

xn+xn¡1
2

J

i;=&"3,%71 4$+*'4 Dj;0 &, %&'$*0 &' ?0&F$ pjJU 8#*0#&'( K0"+ * ?0&F$ pprohibj *#

-.&F. #.$ +*0(&'*% F"',3+$0 &, &'4&9$0$'# ;$#-$$' ;37&'( K0"+ I0+, j ¡ 1; j; *'4
j+1; ;7 ,3FF$,,&=$%7 4$F0$*,&'( &#, ?0&F$ *' &',&4$ I0+ j -&%% 0$*F. * =*%3$ p0j *# -.&F.

&# 40&=$, "'$ "K #.$ '$&(.;"0, "3# "K ;3,&'$,, *'4 ,#*0#, #" F"+?$#$ -&#. #.$ '$G#

I0+J /.$' #.$ *;"=$ 0$%*#&"',.&? 4"$, '"# ."%4 *'7+"0$J DK K"0 $G*+?%$ #.$ -."%$

4$+*'4 "K I0+ j + 1 -"3%4 .*=$ ;$$' -&#.40*-' ;7 I0+ j; &J$J K"0 #.$ +*0(&'*%

F"',3+$0 -&#. uw(pj+2; xj+2) = uw (pj; xj) &'$E3*%&#7 uw (pj; xj) > uw (pj+1; xj+1)

."%4,1 #.$ F"00$,?"'4&'( 4$+*'4 0$%*#&"',.&? -"3%4 ;$

B/.&, F"00$,?"'4, #" #.$ K"%%"-&'( F"'4&#&"'_ 8j (j = 1; ::; n¡ 1) 9w j uw (pj ; xj) =

uw (pj+1; xj+1) = max
i
[uw (pi; xi)] > 0

U/.$ ,$F"'4 ,3;,F0&?# 4$'"#$, #.$ '3+;$0 "K '$&(.;"0, -.",$ 4$+*'4 &, #"#*%%7 -&#.40*-' ;7

I0+ j:

A



Dj(pj)

pj

1

pj''pj''' pj' pj
prohib

2&(30$ @_ M$+*'4 F30=$ K"0 *' &',&4$ I0+ -&#. #.0$$ '$&(.;"0,

Dj;1 (¹pj¹x) = pj+2¡pj
2(xj+2¡xj) ¡

pj¡pj¡1
2(xj¡xj¡1) +

xj+1¡xj¡1
2

1 &K 1 < j < n:

/.&, ,3;,$E3$'# ?&$F$ "K #.$ 4$+*'4 F30=$ &, %&'$*0 #"" ;3# %$,, ,#$$?J M$F0$*,&'(

?0&F$ pj K30#.$0 %$*4, #" #.$ 3'4$0F3##&'( "K +"0$ *'4 +"0$ F"+?$#&#"0, 3'#&% #.$

I0+ .*, *##0*F#$4 *%% F3,#"+$0, "0 pj = 0: 2&(30$ @ ,."-, #.$ 0$,3%#&'( 4$+*'4

F30=$J <'4$0F3##&'( "K '$&(.;"0, %$*4, #" Q&'Q, &' #.&, F30=$ *# ?0&F$, p0j ; p
00
j ; *'4

p000j -.$0$ #.$ -."%$ 4$+*'4 "K #.$ 0$,?$F#&=$ '$&(.;"0, &, -&#.40*-'J /.$ 0$,3%#&'(

4$+*'4 K3'F#&"' "K I0+ j F"00$,?"'4, #" #.$ %"-$0 $'=$%"?$ "K *%% Dj;k (k = n¡ 1):
i;=&"3,%7 &# &, F"'F*=$J 8&+&%*0%71 "'$ ";#*&', * F"'F*=$ 4$+*'4 F30=$ K"0 #.$

F"0'$0 I0+,J !$'F$1 -$ .*=$ $,#*;%&,.$4_

6%+8+#.$.+* ( 78/ 6/+&%6 (#%*.,"% Dj ,1 *"%*&9/ 5,.8 $/1:/*. ." .8/ 2$+;1 :$,*/

pj:

R"- -$ F*' *??%7 YF"'"+&4$,c a@]Z]b 0$*,"'&'( K"0 #.$ F&0F3%*0 +"4$%J :7

*??%7&'( n*Q3#*'&c, IG$4 ?"&'# #.$"0$+ -$ *0$ *;%$ #" ?0"=$ #.$ $G&,#$'F$ "K *

'"'HF""?$0*#&=$ ?0&F$ $E3&%&;0&3+ a20&$4+*'1 @]AAbJ 5"0$"=$01 3'&E3$'$,, "K #.&,

$E3&%&;0&3+ F*' ;$ ,."-'J YF"'"+&4$,c ?0""K K"0 #.$ F&0F3%*0 +"4$% &, $*,&%7 $GH

#$'4$4 #" #.$ &'#$0=*% +"4$%J

Z



R"#$ #.*# 3? #" #.&, ?"&'# F"'I(30*#&"', -$0$ '$(%$F#$4 -.$0$ ,"+$ I0+, F."",$

#.$ ,*+$ %"F*#&"'J DK #.&, &, #.$ F*,$ #.$' #.$,$ I0+, -"3%4 ?0&F$ #.$&0 ?0"43F#, *#

+*0(&'*% F",# ;$F*3,$ &# -"3%4 *%-*7, ?*7 "9 #" 3'4$0F3# #.$ 0&=*%c, ?0&F$ #" *##0*F#

,"+$ 4$+*'4 (&=$' ?0&F$, *0$ .&(.$0 #.*' +*0(&'*% F",#,J /.&, %"(&F K"%%"-, #.$

-$%% Q'"-' :$0#0*'4 0$,3%#J /"($#.$0 -&#. #.$ *;"=$ F"',&4$0*#&"', #.&, %$*4, #"_

6%+8+#.$.+* / <"$ /9/$4 =,9/% :&../$% "( '"*&.,"%1 .8/$/ />,1.1 & #%,?#/ /?#,',@$,#+

"( .8/ :$,*/ 1/..,%= 1.&=/A

9 :;332$%.' 8%.'2 27-.4."%.&

:$K"0$ -$ #30' #" #.$ I0,# ,#*($ "K #.$ (*+$1 I0+,c ?0&F&'( ;$.*=&"0 &, *'*%7O$4 K"0

,"+$ ,7++$#0&F F"'I(30*#&"', *, #.$7 +&(.# ;$ F*'4&4*#$, K"0 * ,3;(*+$ ?$0K$F#

$E3&%&;0&3+J )&=$' #.*# $*F. I0+ .*, * ?",&#&=$ +*0Q$# ,.*0$ +*G&+&O&'( #.$ ?0"I#

K3'F#&"' ¦j(¹pj¹x) = pjDj;0(¹pj¹x) -&#. 0$,?$F# #" pj %$*4, #" #.$ K"%%"-&'( ?0&F$ 0$*F#&"'
K3'F#&"',_

p¤1(¹pj¹x) = [p2 + (x1 + x2)(x2 ¡ x1)] =21
p¤j (¹pj¹x) = pj+1(xj¡xj¡1)

2(xj+1¡xj¡1) +
pj¡1(xj+1¡xj)
2(xj+1¡xj¡1) +

(xj+1¡xj)(xj¡xj¡1)
2

1 &K 1 < j < n;

p¤n (¹pj¹x) = [pn¡1 + (2¡ xn¡1 ¡ xn)(xn ¡ xn¡1)] =2:

i;=&"3,%71 #.$ ,7,#$+ "K ?0&F$, &, &4$'#&I$4 ,&'F$ #.$ '3+;$0 "K &'4$?$'4$'#

$E3*#&"', $E3*%, #.$ '3+;$0 "K =*0&*;%$,J D# &, 4&jF3%# #" F*%F3%*#$ ?0&F$, $G?%&F&#%7

-&#."3# 0$,#0&F#&'( %"F*#&"', #" ,&+?%$ ?*##$0',J !$'F$1 %$# 3, F"',&4$0 ,7++$#0&F

F"'I(30*#&"', -.$0$ F"0'$0 I0+, %"F*#$ *# ®± *'4 1 ¡ ®±; 0$,?$F#&=$%7 *'4 &',&4$
I0+, ?",&#&"', *0$ *# $E3*% 4&,#*'F$ ± = 1

2®+n¡1 *-*7 K0"+ #.$&0 4&0$F# '$&(.;"0,J

D' #.$ F*,$ "K ® = 0 #.&, F"'I(30*#&"' F"00$,?"'4, #" #.$ 60&'F&?%$ "K 5*G&+3+

M&9$0$'#&*#&"' &' #.$ ,$',$ #.*# I0+, +*G&+&O$ #.$ +&'&+3+ 4&,#*'F$ #" #.$&0 4&0$F#

'$&(.;"0,J

T$,3%#&'( ?0&F$, F*' ;$ $G?0$,,$4 *,_

p¤1(¹pj(®±; ®± + ±; ®± + 2±; ::; 1¡ ®±)) =
£
p2 + ±

2 + 2®±2
¤
=21

]



p¤j (¹pj(®±; ®± + ±; ®± + 2±; ::; 1¡ ®±)) =
£pj+1

2
+

pj¡1
2
+ ±2

¤
=21 &K 1 < j < n;

p¤n (¹pj(®±; ®± + ±; ®± + 2±; ::; 1¡ ®±)) =
£
pn¡1 + ±2 + 2®±2

¤
=2J

/.$,$ *0$ $E3&%&;0&3+ ?0&F$, "'%7 &K &# -"3%4 '"# ;$ ?0"I#*;%$ K"0 *'7 I0+ j #"

40&=$ "#.$0, "3# "K #.$ +*0Q$#J DK #.&, -"3%4 ;$ #.$ F*,$ #.$' -$ ,."3%4 &',$0# *

4$+*'4 #$0+ Dj;l(¹pj¹x); l > 0 &'#" #.$ *;"=$ ?0"I# K3'F#&"' &',#$*4 "K Dj;0(¹pj¹x):
!"-$=$01 K"0 #.$ ,7++$#0&F F"'I(30*#&"', *, F"',&4$0$4 .$0$ -$ F*' ,."- #.*#

40&=&'( '$&(.;"0, "3# "K ;3,&'$,, &, '"# * F0$4&;%$ ,#0*#$(7 ;$F*3,$ #.&, -"3%4 0$E3&0$

#" ,$# * ?0&F$ ;$%"- O$0"J /.3,1 -$ F"'F%34$_

6%+8+#.$.+* 5 B,9/% .8/ 14++/.$,* /?#,6,1.&%. +&$C/. 1.$#*.#$/ ¹x = (®±; ®± +

±; ®± + 2±; ::; 1 ¡ ®±) 58/$/ ® ¸ 0 .8/ /?#&.,"%1 p¤1(¹pj¹x) =
£
p2 + ±

2 + 2®±2
¤
=2D

p¤j (¹pj¹x) =
£pj+1

2
+

pj¡1
2
+ ±2

¤
=2D ,( 1 < j < n;&%6 p¤n (¹pj¹x) =

£
pn¡1 + ±2 + 2®±2

¤
=2

$/:$/1/%. /?#,',@$,#+ :$,*/1A

6%++<= 8$$ >??$'4&G >J

/.&, *'4 +",# "K #.$ K"%%"-&'( ?0""K, 0$E3&0$ $G?%&F&# ?0&F$ K3'F#&"',1 &J$J ?0&F$,

-.&F. "'%7 4$?$'4 "' %"F*#&"' F."&F$,J 20"+ #.$ *;"=$ 4$0&=*#&"', -$ S3,# ($#

$E3*#&"', &' -.&F. #.$ ?0&F$ * I0+ F.*0($, &' $E3&%&;0&3+ 4$?$'4, "' #.$ ?0&F$,

"K #.$ I0+c, 4&0$F# '$&(.;"0, -.&F. &' #30' 4$?$'4 "' ?0&F$, "K "#.$0 I0+, *'4 ,"

K"0#.J D' ($'$0*%1 &# &, * 4&jF3%# #*,Q #" ,"%=$ #.&, $E3*#&"' ,7,#$+J 2"0#3'*#$%71 &'

$E3&4&,#*'# F"'I(30*#&"', #.$ ,#03F#30$ "K #.$ ,7,#$+ *%%"-, ,&+?%&IF*#&"', ,3F. #.*#

#.$ '$&(.;"0c, ?0&F$, *0$ 0$?%*F$4 ;7 #$0+, K"0 -.&F. 3??$0 *'4 %"-$0 ;"3'4*0&$,

F*' ;$ F*%F3%*#$4J 2"0 $G*+?%$1 F"',&4$0&'( #.$ &+?%&F&# ?0&F$ K3'F#&"' "K *' &',&4$

I0+ j; p¤j =
£pj+1

2
+

pj¡1
2
+ ±2

¤
=2; `$++* B &' #.$ >??$'4&G > #$%%, 3, #.*# p¤j F*'

*%," ;$ ,#*#$4 &' #.$ K"%%"-&'( #-" -*7,_

pj = ajpj¡1 + (1¡ aj) ±2 + bj®±2

pj = cjpj+1 + (1¡ cj) ±2 + dj®±2

/.$ ?*0*+$#$0, "K #.$ I0,# $E3*#&"' &'F"0?"0*#$ ?0&F$, *'4 ?",&#&"', "K I0+,

-.&F. *0$ %"F*#$4 "' #.$ %$K# "K I0+ j -.&%$ #.$ ?*0*+$#$0, "K #.$ ,$F"'4 $E3*#&"'

F*?#30$ #.",$ %"F*#$4 "' #.$ 0&(.# ,&4$J >, ,."-' &' `$++* B 3??$0 *'4 %"-$0

@C



;"3'4*0&$, F*' ;$ F*%F3%*#$4 K"0 #.$ ?*0*+$#$0, -.&F. "'%7 4$?$'4 "' #.$ '3+;$0

"K I0+, "' #.$ 0&(.# 0$,?$F#&=$%7 "' #.$ %$K# *'4 "' #.$ ,&O$ "K ®: L"$jF&$'# ®

F"00$,?"'4, #" #.$ 0*#&" "K #.$ 4&,#*'F$, ;$#-$$' #.$ F"0'$0 I0+ *'4 &#, &'#$0=*%

;"3'4*07 *'4 #.$ 4&,#*'F$ ;$#-$$' #-" 4&0$F# '$&(.;"0,J 83;,#&#3#&'( pj¡1 *'4 pj+1

&' #.$ $E3*#&"' "K p¤j *'4 #0*',K"0+&'( 0$*4&%7 %$*4, #" *' $E3*#&"' -&#."3# ?0&F$,

"' #.$ 0&(.# .*'4 ,&4$J 2"0 #.&, ?0&F$ -$ F*' F*%F3%*#$ 3??$0 *'4 %"-$0 ;"3'4*0&$,

*, -$%% -.&F. *0$ ,3jF&$'#%7 F%",$ K"0 "30 ?0""K, #" -"0QJ

T$#30'&'( #" #.$ $E3&4&,#*'# %"F*#&"'*% F"'I(30*#&"' &# &, $*,&%7 #$,#$4 #.*# *

,"%3#&"' K"0 #.$ F*,$ #.*# ® = 0 -"3%4 ;$ pj = 1
(n¡1)2 (j = 1; ::; n): !$'F$1 ?0&F$,

"K *%% I0+, *0$ $E3*% -.$0$ ?0&F$, 4$F0$*,$ E3*40*#&F*%%7 -&#. #.$ '3+;$0 "K I0+,J

DK F"0'$0 I0+, ?",,$,, ,"+$ +*0Q$# ?"-$0 ;$F*3,$ #.$7 F"+?$#$ "'%7 -&#. 0&=*%,

"' "'$ ,&4$ #.$' #.$7 +&(.# #*Q$ *4=*'#*($ "K &# ;7 +"=&'( &'-*04,J L"',&4$0H

&'( #.$ !"#$%%&'( +"4$% -&#. %&'$*0 #0*',?"0# F",#,1 YF"'"+&4$, a@]]Ub ,."-, #.*#

,3F. * ,7++$#0&F F"'I(30*#&"' %$*4, #" * <H,.*?$4 F30=$ "K ?0&F$,J >, ,#*#$4 &'

60"?",&#&"' \ #.&, &, #.$ F*,$ &' "30 +"4$% #""J

6%+8+#.$.+* 9 B,9/% & 14++/.$,* &%6 /?#,6,1.&%. +&$C/. 1.$#*.#$/ ¹x = (®±; ®±+

±; ®±+2±; ::; 1¡®±) .8/ /?#,',@$,#+ :$,*/1 &$/ .8/ 8,=8/$ .8/ *'"1/$ & 2$+;1 '"*&.,"%
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*'4 ,"%=&'( K"0 pj %$*4, #" pj = 2p¤j¡1 ¡ p¤j¡2 ¡ 2±2 *'4 pj = 2p¤j+1 ¡ p¤j+2 ¡ 2±2: :7
*??%7&'( `$++* B &# &, $*,7 #" ,."- #.*# #.$ $E3&%&;0&3+ ?0&F$, *,,3+&'( $*F. I0+
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'$(*#&=$J DK I0+ j0s '$&(.;"0 &, * F"0'$0 I0+ #.$ 4$+*'4 "K #.$ F"0'$0 I0+ &'

#.$ $E3&%&;0&3+ F"'I(30*#&"' F*' ;$ $G?0$,,$4 *, Dj¡1;0
¡
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=
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2
;
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a,$$ 8$F#&"' \b_ p¤1 =
p2
2
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+®±2 *'4 p¤2 =
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4
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4
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: >FF"04&'( #" `$++* B #.$
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2
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2
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+
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!
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"K `$++* BJ /.3, -$ F"',&4$0 &+?%&F&# K3'F#&"', "'%7 K"0 p¤1 *'4 p
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/.&, ,7,#$+ F*' $*,&%7 ;$ #0*',%*#$4 &'#" * ,7,#$+ "K $G?%&F&# ?0&F$ 0$*F#&"' K3'F#&"',J
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=
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0 *'4 @2¦1(p¤(¹x);x1j¹x¡1)
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2
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³
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2
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=
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¶
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?233& 5 N( *"$%/$ 2$+1; 6,1.&%*/ ." .8/,$ $/1:/*.,9/ ,%./$9&' @"#%6&$4 ,1 ®± (® ¸
0) &%6 .8/ 6,1.&%*/ @/.5//% 6,$/*. %/,=8@"$1 /?#&'1 ± .8/% .8/ :$,*/ $/&*.,"% (#%*.,"%

"( 2$+ j L1 < j · nM *&% @/ $/:$/1/%./6 &1 pj = ajpj¡1 + (1 ¡ aj)±2 + bj®±2D
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2
D aj¡1 = 1

4¡aj D &%6 bn = 1D bj¡1 =
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4¡aj A <#$.8/$D ("$ /9/$4 i; 0 ·

i · n :&$&+/./$1 &$/ *"%1.$&,%/6 &1 ("''"51P 2 ¡ p3 < aj · 1
2
&%6 0 < bj · 1A

)?#,9&'/%.'4D :$,*/ $/&*.,"% (#%*.,"% "( 2$+ j L1 · j < nM *&% @/ $/:$/1/%./6 &1

pj = cjpj+1+(1¡ cj)±2+dj®±2D 58/$/ c1 = 1
2
D cj+1 = 1

4¡cj D &%6 d1 = 1D dj+1 =
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4¡cj :
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2
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