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Abstract

We consider chi-squared type tests for testing the hypothesis Hy that a density f of
observations X7, ..., X, lies in a parametric class of densities F. We consider a version of
chi-squared type test using kernel estimates for the density. The main result is, following
Liero, Lauter and Konakov (1998), the derivation of the asymptotic behavior of the power
of the test under Pitman and ”sharp peak” type alternatives. The connection of the
rate of convergence of these local alternatives, the bandwidth of the kernel estimator, the
parametric estimator, the power of the test are studied.
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1. Introduction

Let X1, X5,---, X, be a sample of i.i.d. random variables with density f.
We wish to test whether f belongs to some parametric family F of density
functions

F=1f:f()=f(-0),0 6 CRY (1)

against the nonparametric alternative

fée¢eF.

We consider the kernel estimator fn of the density function f,
: 1 &1 t—X;
(1) = — —K , 2
b =33 e (57 2

where the kernel function K(-) is bounded, of bounded variation, has a

/K(:z;)d:z; = 1.

The random function fn(t) may be represented in the form

bounded support and

t

1 1 -
W) = fU0) + —= | —K
O o e
where we denote for a function ¢ (may be vector function)
1 [(t—u
) = [ (5 et (1)

Wa(t) = v (Fu(t) = F(1,0)).

Here [ is the distribution function of the random variables X; and F), is its

[

) dW,(u), (3)

empirical version:
1 n
Fult) = —~ D e g(X).
=1
We suppose also that

h, -0 and nh, = oo, when n — oc.



It is well-known that in this case

Eofu(t) = f(L,0),

ie. fn(t) is asympotically unbiased for f(¢,0) at any point of continuity of
f, and since

p 1 t—X,
nh,Vargf,(t) = Vars—K ( 1) =

h,, h,,
1t {— 1 L - ?
E/0 K2< hf) f(x,@)dx—a{/o K( hf) f(x;e)dx] :
we have

lim nh, Vargf,(t) = f(t,0) /1 K%(2)dz = kf(t,0),

n—0oo

ie. fn(t) is mean squared consistent for f(t,6). More about the properties
of fn and its applications see, for example, in Silverman (1986), Bickel &
Rosenblatt (1973), Hardle & Marron (1990), Hardle & Mammen (1993).
For a function (x,6) and a random point 6, = 0, ( where 0,, is the maximum
likelihood estimator for #) we introduce the notation

pole) = plant), Toled) = (Gretetle g

Vo) = (oot otr0))

Further for simplicity of notation we will write f instead of f(-,0) and f. in-
stead of f(-,,). For a nonnegative function = we denote by L2 the L*—space
generated by the measure with density 7. Let I(#) be the information matrix,

10) = 1sllsmroon = [ 55 0) 35 00) 7 (0.0) da

We denote by t¢j(x,8) for j = 1,---,k  the coordinates of the vector-
function ¢ = (41, - - - ,;/)k)T,

Oz, 0) = T20) [~ (2,0)V f(x,0).



So we have

where

is the inner product in the space L?f‘l‘ The same relation is true for the

coordinates ¢¥(x)(j = 1,---, k) of the vector-function 1, = ¢(x,én) For a
function h € ch_l we put

(2], () = Z (h(),85()) = W5(2), (M) = h =[] (5)

J=1

It is clear that [A]; is the projection of A in the space Li_l on the linear space
L = L, spanned by a set {¢5(x),j =1,---,k}.

As test statistic we suggest a function, which is measuring the normalized
deviation of the kernel estimator fn(:zj) from a modified parametric estimator
f(”)(x,én). We will consider these estimators as elements of L2. However
we measure the distance between functions from L? with the help of two
seminorms || - ||y and || - ||2:

1Bl = [P,

e lhlle = (1R s

The process
1) = Vi |fult) = FO20,)] (6)

further will be called the observable empirical process. We define
n n n n L
T = [LPC)] 12 and T = | ()] )12 (7)
For nonnegative functions m and h we put
pu(h) =k / h(z)m(x) dz, o*(h) = k~ / R (z)m*(x) de, (8)

where

k:/[{?(x) de, k*:/(K*K)Z(:z;) d.



As test statistic we suggest the statistic T

2

bt [T = u(f.)
o(f.)

T = T 4 (9)

Now we introduce the assumption under which we plan to investigate the
asymptotic behavior of the statistic T,

A1. For the kernel holds K € L' and [ K(z) dz = 1.

A2. The least even decreasing majorant K*(z) of |K(x)| belongs to the L'-
space.

A3. The density function f(x,6) as function: @ — L?f‘“ is continuously
differentiable on the open kernel of ©. That is there exists such vector

function 5 5

that
f('v(g) - f(‘,eo) = <Vf(',(90),(9 - 00> + ré’o('v(g)v

where (-, -) is the inner product in R*,
|- |l;~+ =0, when 6 — 6.

A4. The Fisher information matrix I(#) is positive definite.

2. The kernel smoothing

Assuming Al and let K*(x) be the least even decreasing majorant of | K (x)],

K*(x) = sup |K(¢)], «>0.
12

We consider the operators

(A1) (2) = / %K (“’_t> F() dt = fAx), h>0,

\ =
> =
>
TN
]
>
o~
N—
~
S
o~
S—’
jo
o~

[M[](x) = sup

h>0



Suppose that the nonnegative function w(t) satisfies the condition

1/ 1 1
sup — | w(z) de - — dr < oo, 10
ATV AT Ay .

where [ is an interval, |I| is the length of [I.

Theorem 2.1 (see J.B.Garnett (1981)). If K= € L' and weight function w
satisfies the condition (10), then

1. M is a bounded operator on L?;

2. A" are uniformly bounded (for & > 0) operators on L?2;

3. if f € L2, then f* — f in the metric of the space L?, when h — 0.

3. Maximum likelihood estimator

Consider a sample X = (X1, X5, -+, X,,) of i.i.d. random variables X; with
density function f(-) = f(-,0),0 € © C IR™. The maximum likelihood esti-
mator f, is a measurable solution of the likelihood equation

Vo L(X.0) = 3 Vi log / (X,.0) = 0. (1)

It is well-known (see, for example, Witting & Nolle (1970), Konakov (1978),
Greenwood & Nikulin (1996)), that under Hy and some smoothness condi-
tions on function f(x,8) we have

ﬁ(én - 9) - \/Lﬁ zj; [1(0)Vglog f (X;,0) + ru, (12)

where r is a random vector such that r, Eo (we shall write r, = op(1)).

Thus,
ﬁ(én —0> = 17'() / Vilog f (,0) dW,(z) + op (I).  (13)
It is clear that under smoothness conditions on the functions f(z, 6)
[ 1¥slos 1" (2.0) = Vialos £ (2.0) e 0) do =0,

6



when h — 0. Therefore we deduce from (13) that

Vit (6.-0) = 1700) [ [Velog f1¥ (0.0) aWo(e) + or (. (1)

A similar representation holds under the set K, of nonparametric local al-
ternatives

K, =A{f: f(-)=f(-,0.) + Nyv (f) ,n=1,2,---} (15)

where
0, =0+ n",

Y is a given vector, > 0, v is a given function, N, b, are sequences of
positive numbers tending to 0, ¢ is a constant (see e.g. Liero et al. (1998)).

4. The modified empirical process

We consider the smoothed empirical process
1 t—
o) =[x () e (16)

W) = Vn (Fu(x) = F(x,0)),

and investigate the limiting behavior of the L?—norm of the projection fj(:n)(t)
of the process £ (1) on some finite-dimensional subspace L. For a nonneg-
ative function m we put, using (8),

where

e[ = / €(2) () da,

W) =k [ s de o) =k [ P .

It is well-known that under some appropriate conditions (see Bickel and

Rosenblatt (1973) and Hall (1984))

B 72 R [€0)12 = ()]
F { o)

< :1;} — O(x). (17)



Let ¢ be a function such that
o€ Ly, loll-=1,

and f((bn) be the projection of () on the one-dimensional subspace generated

by ¢,
€0 (1) = / £ (@) () - (1),

So f((bn) = a¢, where the random coefficient « is defined by

a = [ E@)g(x) dz = [ o (x) dW, (),

o) = [ ow (S o0

Ea«=0 and Var(a) < / [qbK"]z () de,

Since

we obtain from Theorem 2.1 the following proposition.

Proposition 4.1. Suppose that weight function 7 satisfies the condition

(10) and for some C' = C(§) < o0
flz,0) < Cn(x), forall =. (18)

Then there exists such Cy, which depends only on ', the weight 7 and kernel
K (and does not depend on ¢), that

E(c)? < ¢ (19)

It is easily deduced from Proposition 4.1 that

Proposition 4.2. Suppose that the weight function 7 satisfies the condition
(10) and L is a finite dimensional subspace of the space L?. Then under
condition (18) such C; exists, which depends only on C', weight 7, kernel K
and dim L, that

B2 < O, (20)

where fj(;n) is the projection of €™ on L.
Now we denote by L, a finite dimensional subspace, dim L, = m. Let L+

8



denote the orthogonal complement of L, in the space L? and fj(:nf be the

projection of ¢ on L*.

Theorem 4.1. Suppose that the weight function 7 satisfies the condition
(10), L, is a subspace of the space L2, dim L, is fixed, h,, — O, when n — co.
Then under condition (18)

Bt hlER |2 = ()
o(f)

< axp — d(a). (21)

Proof. Since
IEE2 = 1 — Nk,

and from Proposition 2 we can conclude that
sup P72 >y} =0, when y— oo,

therefore from (17) we obtain (21).

Now we consider a case, when
L = L, = span{i(z),5 =1,---, k}.
It must be remind that (see(7))
n n L
T = | [¢{V0)]7 11
From the Theorem 4.1. we obtain the next

Theorem 4.2. Suppose that weight function 7 satisfies the condition (10),
the density function f(x,0) and kernel K'(x) satisfies the conditions A1l —
A4. Then under (18)

Bt [ T57 — (1)

o(f)




5. The observable empirical process

Really we deal with the observable empirical process
() = Vi [ Fa) = 11, 0,)

(23)

VI [Fa) = SO0 + va [100) = 106,)] .

It is clear (see (12), (13), (14)) that under smoothness conditions on the
function f(x,0)

() = €+ (1) + Ra(1,0), (24)

where the process R, (¢, ) weakly converge to zero, when n — oo, and

1) = [Vof(60]" 170) [ (Volog /1 (2,0) aWofo). (25)

Let P be the orthoprojector in the space L?_l on the subspace
L, = span{—f" (x,0),5=1,---,k}.
00;

We introduce the matrix R, (0) = ||ril|ij=1,.k, Where

d
[ (n) _1 y y f— LEEIEY
0 (x,0) 0 (x,0) [ (x,0) dae, 4,5=1,--- k.

and denote by R™'/2() its square root. Let

o 0) = (&7 (2,0), - o (@.0)) = BTOV IO (a,0).

It is obvious that

(eC0.6700) =
where (-, -) ;1 is the inner product in the space L2_,. Sothe system {c,ogn)(-, 0),1 =
1.--.

.-+, k} forms the orthonormal basis (in the metric of the space L?_l) of
the subspace L,. Therefore

(Pr,h] Z/h P\, 0)f (2, 0) da - o (8,0), he LA

=1

10



Now we denote by L the subspace

L = span{a% (=) (Slf,én)aj =1, k},

J

and put

k
[Prsh] () =) / W)™ (2, 0,) [7F da -0l (8,0,), he L2, ;.
=1

It seems to be reasonable to expect that operators Pr, and Prs weakly
converge (on an appropriate sense) when n — oo to the orthoprojector P,
in the space L?_l on the subspace L,

L = span{% (x,0),7=1,---,k}.
J

For our needs it is sufficiently to prove that the asymptotic distribution of the

process [PLzﬁ(”)] (t) is the same as the asymptotic distribution of the process

[PLﬁ(”)] (t). It may be prooved by the usual weak convergence technique.

One can verify that the limiting distribution of the statistic T(ln) is the Y3-

distribution.
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