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(oversmoothed) density for variable 6
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(oversmoothed) density for variable 6
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0 1 2 3
X7

0
0.

5
1

de
ns

ity

(oversmoothed) density for variable 9
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4]2A*-_<6�2G_<*V,i7EM�� þ 2A7]� ° cR��7E*¯0W914]2GC89<6/, � K @<,/9&K�,i0W916/O:_<.<,D`BCE*-0:CEP<O:,W���e0W9�Ce917E9<O:0W9<,ICE*�K�C k�� 2G@1,N<CE*VCE=>,?2G*V0W6oO:7E;E0p2 =>7B.<,IOY0W4l=>7�.<0Wø1,/.e2G7

usw�xFy {�| }v~ y � ¥�§�wÄ}+§A~Y£
GIH

JLKEG(¨ Jª©K §
� �J } J

K @<,/*V,oCsNQ7E4-4V0WP1OW, 0W9A2A,/*-6I,/Nf2H0:4n6I7E9A2GCE0:9<,I.q0:9>2A@<,oM^_<9<6�2G0:7E9 ¥�§�w]«E~ c
��C8P<OW,$��6/789G2ACE0:9<457E9<O k 2G@<,�N<CE*-C8=[,�2G*V0W6&6I7B,(Y>6/0:,/9A2G4iM^7E*(2G@<,�N<CE*VCE=>,?2G*V0W6HCE9<.�4V,/=>0WN1CE*-CE=>,�2G*-0:6,/4L2G0:=[Cm2G,/4nM^7E*T`BCE*V0WCEP1OW,I4����o2A7<� ° cl�+@<,o6/78OW_<=>9q@<,/CE.1,/.bP k«� ��78;E032Ar>*-,/NQ,/Cm2G4�2G@<,oN<C8*-CE=>,?2A*-0:6OW78;E032�,I4]2G0:=>CI2G,I4DM^7E*$2A@<,�M^78*�=>7�.<,/O8K 0p2G@ `1C8*-0:CEP<O:,/4c� �+2G70� � ± cD�+@<,�*V,/4L257EM�2G@<,n6/78OW_<=>9<4¯6/7E*V*-,�S4-NQ7E9<.�2A7�2G@1,54-,I=[0:N<CE*VCE=>,?2A*-0:6i,/4]2A0W=>CI2A,/4TK @<,I*-,DK�,5øf2V2G,/.H2A@<7E4V,¯`BCE*-0:CEP<O:,/4J917E9<N<CE*VCE=>,?2A*-0:6/CEO:O kK @<0:6h@bCE*V,i@<,/CE.10W9<;i2G@1, 6I7EO:_<=>9<4-c

Z�7E91N<CE*-C8=[,�2G*V0W6o0:9
!nC8*-0:CEP<O:, ��7E;E0p2 � � ��� � ± ��� � ±E� � � ��� � � ±E� � �6I7E9<4L2GCE9A2 ¬�7®°¯N±³² V V V V V V
��� ±7®°N´³µ V ±7®°³´N¶ ±"®°N´7· ±7®°³´N¶ ±7®°NN¸ ¹
��� ¬�±7®°´7·zµ ¬�±7®P´7·�´ V ¬�±"®°´7·�´ ¬�±7®°´"·�¯ ¬�±7®°´N±N¸ ¬�±7®°¶NºNº
� ± S � c �8þ � S � c � ��� S � c �Eþ � V S � c �Eþ � V V
��� S � c � � 6 S � c � � { S � c �E± � S � c � � ± V V V
� þ ±7®»·�¸³¸ ±"®°NN¶ ±7®»·zºN¶ ±"®»·�ºN± ±7®»·zµNµ � c {IýEþ ±7®»·�¸N¸
� ý S � c { � 6 S � c { � 6 S � c {I± � S � c { � { S � c {I±Eþ S � c { ��� S � c { � 6� 6 ¬�±7®°µNº³± ¬�±7®PµNµNµ ¬�±7®°¸N±³± ¬�±"®°µN¸N¯ ¬�±7®°µ³ºN¯ ¬�±7®°µNºN ¬�±7®°µNºN¯
� ° ¬�·N®°7·z² ¬.·N®PNN¸ ¬�·N®°7·z¶ ¬.·³®°NN ¬.·N®°"·�¯ ¬�·N®°7·�´ ¬�·N®°7·�²

��CEP<O:,c�8c���CE*-C8=[,�2G*V0W6�6/7�,.Y>6/0:,/9A2A4�0:9�N1CE*-CE=>,�2G*-0:6(CE9<.o4-,I=>0WN<C8*-CE=>,?2A*-0:6¯O:7E;E0p2 � `BCE*V0WCEP1OW,I4� �52A7+� ° c û 4]2G0:=>CI2G0:7E9³.<CI2AC[4V,?2�üJcYüJ78OW.e`BCEOW_1,/4lCE*-,o4V0W;E910Wø<6ICE9A2&Cm20� D c

¶ó2H2A_<*-9<4e78_f2 � 2A@<CI2�C8OWO¯6/7�,.Y>6/0:,/9A2G45`BCE* k O:032V2GO:,�7R`a,I*�2G@<,�.10W´Q,/*V,/9A2³,/4L2G0:=[Cm2G,/4Vc¦�+@10W4e@<78OW.<4eC84K5,IOWO�M^7E*¯2A@<,/0:*54-0:;E9<0:ø<6ICE9<6/, w .<,?2A,/*V=[0:9<,I.tP k C?¼½VE2G,I4]2 ~ c !nCE*-0:CEP<O:,/4 � ± CE9<.�� ��CE*V,&6/7E914]2GC89G2AO k0W914-0:;E9<0:ø<6/CE9A2J7h`<,/*�CEOWO�,I4]2G0:=>CI2G,I4-cJª�,/9<6I, � 2A@<, k CE*V,¯0:9A2G,I*-,/4L2G0:9<;i6/C89<.<0:.<CI2G,I4TM^7E*�Cn9<7E9<N<C8*-CE=>,?2A*-0:6=>7B.<,IOW0:9<;��D`BCE*V0WC8P<OW,I4�K @<0:6h@gCE*V,H4-0:;E9<0:ø<6ICE9A2e=>C k CEO:*-,ICE. k 6/C8Nf2G_<*V,HC�O:7I2H7EM�0:9<M^7E*V=[Cm2G0:7E9b7E9+�P k 2G@<,oN<C8*-CE=>,?2A*-0:6o0W9<6IOW_14-0:7E9b0:9A2G7i2G@<,o=>7B.1,/O:c
�+@<,ö4-,/=>0:N<CE*VCE=>,?2G*V0W6tOW78;E032t=>7�.<,/Oo0:4q,I4]2G0:=>CI2G,I.FP k 4-,/=>0:N<CE*VCE=>,?2G*V0W6t=>CI��0W=�_<=5ShO:0WUf,/O:0W@<7�7�. �CX6I7E=HP<0:9<CI2A0W789�7EM�7E*V.<0:9<CE* k CE91.�4-=>7�7I2G@<,I.�=>CI��0W=�_<=5ShO:0WUf,/O:0W@17B7�.<cH�+@1,&øf2-2A,/.�6I_<*]`<,/4iM^7E* 2G@1,9<7E9<N1CE*-CE=>,�2G*-0:6(6/7E=>NQ7E9<,I9G2A4TCE6I6/7E*V.<0:9<;(2A7���CEP<O:,c��6ICE9�PQ,(M^7E_<9<. 0:9T��0:;E_<*V,/4 ± M^78*a2A@<,(=>CE*-;E0:9<CEOøf2G4 w `1C8*-0:CEP<O:,/4
� � 2G7�� �n4-,/N1CE*-CI2A,/O k CE4<2G@<,�9<7E9<N1CE*-CE=>,�2G*-0:6/C8O�6/7E=>NQ7E9<,/9A2 ~ CE9<.0��0:;E_<*V, þ M^7E*<2G@1,P<0p`1C8*-0:CI2G,�4-_<*VM^CE6/, w `BCE*-0:CEP<O:,/4>� ± CE9<.o� ��%?7E0:9A2GO k 9<7E9<N<C8*-CE=>,?2A*-0:6/CEO:O k 0:9<6/O:_<.<,I. ~ clú�.1.<032A0W789<CEO:O kE�
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��0:;E_<*V, ± cF��CE*V;E0W91CEOl.<,/NQ,/9<.1,/9<6I0W,I4 � `1C8*-0:CEP<O:,/4+� �³2A7*���EcF�+@<0:6hU8,I*�P<_<O:OW,�2G4s6/7E*V*-,?S4-NQ7E9<.[2G7�=>7E*V,&7EP<4V,/*]`BCI2A0W789<450:9gC�6/O:CE4-4Vce�TCE*VCE=>,?2A*-0:6eOW7E;8032&øf2G4 w 2G@10W9g.<C84-@<,I.öO:0:9<,/CE*M^_<9<6�2G0:7E9<4 ~ C89<.q� �(����O:7E;E0p2�øf2G4 w 2G@<0:6hU�4-7EO:0:.q6I_<*]`<,/4 ~ c

��0:;E_<*-,I4 ± CE9<.X��*-,I©<,/6�2i2G@<,eC86?2G_1CEO�.<,IN�,I9<.<,/916/,[7EM$2G@<,e*V,/4-NQ7E9<4V,W��7E9X`BCE*-0:CEP<O:,/4'���e2A7)� ° c� ,n@<CR`a,�N<O:7I2-2A,/.X,ICE6h@�`BCE*V0WCEP1OW,n*-,I4]2G*V0W6�2G,I.H2G7 1 Sª� � �E5 w 0:cW,IcT2G@<,�.<CI2GC M^*-78= 4-CE=>N<O:,�ü ~ `a,I*-4V_<4�2G@1,OW78;E032A4
OW78;E032 y OW78; ¾{¿3 ¾K @<,/*V, ¾ CE*-,�2G@<,5*V,/O:CI2G0p`a,iM^*V,/�_<,I9<6/0:,/4nM^7E* x�yz{ c û 4V4-,I9G2A0WC8OWO k�� 2A@<,/4V, O:7E;E0p2G4DCE*-,578Pf2GCE0:9<,I.�M^*-7E=6/O:CE4-4V,/4578M�0W.1,/9A2G0:6/CEO�*-,ICEOW0:\/Cm2G0:7E9<4-c�¶·9�6/C84-,n2A@<CI2 ¾ K�CE4 � 78* {I� 4-,�`a,I*-CEO�*V,/CEO:0:\/CI2A0W7E914�@<CR`a,HP�,I,/94-_<=>=>CE*V0W\I,/.b0:9A2G7[7E9<,o6/O:CE4V4-c@��7E*+CEO:O1`1C8*-0:CEP<O:,/4lP<_f2$� ý 2A@<0W4l7E91O k 6I7E9<6I,/*-914�4-0:9<;EO:,J`BCEOW_1,/4-c

�+@<,iN<O:7I2G4D7EM<2G@<,i=>CE*V;E0W91CEO
.<,IN�,I9<.<,I9<6/0:,/4nM^7E*�`BCE*V0WC8P<OW,I4R� þ 2A7]� ° 4-@17hK�2G@<Cm2J2G@<,�*-,/C8OW0:\/CI2A0W789<4,/4V4-,/9A2A0WCEO:O k 6/7E9<6I,/9A2G*VCI2G,o0:9�7E9<,D`BCEO:_<,/clª�,/9<6I,+K�,i.<0:.�9<7I2 øf2oC>9<789<N<CE*VCE=>,?2G*V0W6iM^_19<6?2A0W7E9�@<,I*-,Ic
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��0:;E_<*V,`�Ec¯��CE*-;80W9<C8OB.<,IN�,I9<.<,I9<6/0:,/4 � `BCE*-0:CEP<O:,/4"� þ 2A7W� ° c¯�+@<0:6hU8,/*(P<_1OWO:,?2A4 6/7E*V*-,/4VN�789<.2G7[=>7E*-, 7EP<4V,/*L`1Cm2G0:7E9<4�0:9bCs6/O:CE4-4Vci�TCE*VCE=>,?2A*-0:6HO:7E;E0p2Hø¬2G4 w 2G@<0:9b.1CE4-@<,I. ~ c û 4L2G0:=[Cm2G0:7E9.<CI2AC>4-,?2�üJc

��7jCE4V4-,I4-4 � K @<,?2A@<,/*52A@<,�4-,/=>0:N<CE*VCE=>,?2G*V0W6³øf2³7E_¬2GNQ,/*-M^78*-=>4�2G@<,�N<C8*-CE=>,?2A*-0:6�OW78;E032³78*e9<7I2 � K�,@<CR`a,�C�9�_<=�P�,I*e7EMl4]2ACI2G0:4]2A0W6ICEOD6h@<C8*-CE6�2G,/*V0W4L2G0:6/4VcÀ��7E*n2A@<,�CEPQ7R`a,�,I4]2A0W=>CI2A,/.�=[7�.<,IOW4 � 2G@<, k CE*V,4-_<=>=>CE*V0W\I,/.b0:9³��CEP1OW, ± c
�+@<,o.<,?`�0:CE9<6I,�0:4l=[0:9�_<4 2·K 0W6I,l2A@<,i,/4L2G0:=[Cm2G,/.qOW78;(V�O:0WUf,/O:0W@<7�7�.q7EMa2G@1,iøf2-2A,/.³=[7�.<,IOY0W9³7E_<*+6ICE4-,Ic
��7E*�2G@1, N1CE*-CE=>,�2G*-0:6o6/CE4V, � 2G@1, .1,/;E*V,/,/4n7EM�M^*-,I,/.<7E=Á%?_<4]2�.<,I9<7I2G,

ÂIÃ yÅÄ=3�Æ
K @<,/*V, Ä 0:4�2A@<,(4-CE=>N<O:,D4V0W\I,¯CE91. Æ 2G@<,�9�_<=HPQ,/*�7EM1,I4]2G0:=>CI2G,I.HN<C8*-CE=>,?2A,/*V4-cJ¶·9+2G@<,�4-,I=>0WN<C8*-CE=>,?2VS*-0:6&6/C84-, � C�6I7E*-*V,/4-NQ7E9<.10W9<;�9�_<=�P�,I*i7EM(.<,/;E*V,/,I4 78M�M^*V,/,I.<7E=²6ICE9gPQ,eCEN<N<*V7h��0:=>CI2G,I.<coÇi,�`
0:CE9<6I,
CE9<. w C8N<N<*-7R��0:=[Cm2G, ~ .<,I;E*-,I,/4 7EM¯M^*V,/,I.<7E=¸7EMY2G@1,[N1CE*-CE=>,�2G*-0:6[CE9<.�2G@<,>4V,/=>0WN1CE*-CE=>,�2G*-0:6X=>7�.<,/O
6/CE9sP�,�_<4-,I.H2G7�6/7E9<4L2G*V_<6?25C&OW0:U8,IOW0:@<7�7B.X*-CI2A0W7l2G,/4L2D2A7H6/78=[N1CE*-,�P�7I2A@X=>7�.<,/O:4 w 4V,/,�üJ_&%?C � ª�CE4L2G0:,

{(�



X4, X5 nonparametric
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��0:;E_<*V, þ cJüJ0p`BCE*-0:CI2G,l9<789<N<CE*VCE=>,?2G*V0W6n4-_1*-M^CE6I,nM^78*Y`BCE*V0WC8P<OW,I4¿� ±E� � �8c û 4]2G0:=>CI2G0:7E9[.<CI2AC4-,�2�üJc

®��+0:P<4V@<0W*VCE9<0 ��{I°E°���È ��É_<OWO:,/* �n{I°E°Eý8~ c>�+@<,>7EPf2ACE0W91,/.j4-0:;E9<0:ø<6/C89<6/,>O:,?`a,IOW4oM^*V7E=�2A@<,/4V,�2G,/4L2G4oCE*V,.<,/917I2G,I.bP k9Ê c���0:9<CEO:O kE� K�, OW0:4]2A,/.[2A@<, N<4-,I_<.<7Xù G `BCEO:_<,I4 � CE9³CE9<CEO:7E;i2G752G@<, O:0W9<,ICE*n*-,/;8*-,/4V4-0:7E96/7�,.Y>6/0:,/9A2H7EM�.<,?2A,/*-=>0:9<CI2A0W7E91c
¶ó2J0:4T78PG`�0:7E_<4�2A7�4V,/,�2A@<CI2+=>7�.<,/O:4T6I7E9A2GCE0:9<0:9<;¯`BCE*V0WCEP1OW,#� �50:9n2A@<,D9<789<N<CE*VCE=>,?2G*V0W6DN<CE*]2D6/789<4-0:.<,/*LS
CEP<O k .1,/6/*V,/CE4V,D2G@<,i.1,?`�0WC89<6/,iCE91.�0W9<6I*-,ICE4-,J2G@1,56/7�,.Y>6/0:,/9A2 7EM�.<,�2G,I*-=>0W91CI2G0:7E9�ù G c+ú�6/6I7E*-.10W9<;8O kE�2G@<,�4-0:;E9<0:ø<6/CE916/,iO:,?`a,IOYM^7E*�2A@<,¯2A,/4]2i7EM�N<CE*-C8=[,�2G*V0W6¯`<,/*V4-_<4l9<7E91N<CE*-C8=[,�2G*V0W6i=>7�.<,/O:0W91;e.<,/6I*-,/C84-,/4Vc
¶·9tN1CE*]2A0W6I_<OWC8* � 032[0:4oP�,IOW7RKË� D M^7E*D2G@1,[PQ7I2A@ö=>7�.<,/O:4 0W9<6IOW_1.<0W91;=���qCEO:7E9<,>CE91.ö0:9<6IOW_<.10W9<;=� ±E�� �W%?7E0:9A2GO k 0W9³C>9<7E9<N1CE*-CE=>,�2G*-0:6+K5C k c

Z�7E9<N<C8*-CE=>,?2A*-0:6o0W9
��7E;E0p2 ��� � � � ± ��� � ±E� � � ��� � � ±E� � �

Çi,�`�0WCE916/, �{�{�{�{sP�{� �{�{�{�{sP�{� �{�{�{�{sP�{� �{�{�{�{sP�{� �{�{�{�{sP�{� �{�{�{�{s �:� �{�{�{�{sP�{�
.1M �{�{�{�{sP�{� �{�{�{�{sP�{� �{�{�{�{s �:� �{�{�{�{s �:� �{�{�{�{sP�{� �{�{�{�{sP�{� �{�{�{�{sP�{�
Ê Ì �{sP�{�{� �{s �:�{� �{sP�{�{� �U���h�{� �h�����:� �{sP�{�L�
N14-,/_1.<7sù G �L�:sP�{�{Í �L�:sP�{�{Í �L�:sP�{�{Í �L�:sP�{�{Í �{�{sP�{�{Í �{�{sP�{�{Í �{�{sP�{�{Í

��CEP<O:, ± c�df2GCI2A0W4L2G0:6/CEO 6h@1CE*-CE6�2G,I*-0:4]2G0:6/4�0W9öN<CE*VCE=>,?2A*-0:6[C89<.t4V,/=>0:N<CE*-C8=[,�2G*V0W6[OW78;E032[ø¬2G4-cû 4]2A0W=>CI2A0W7E9³.<CI2AC>4-,?2�üJcYüD7EOW.e`BCEO:_<,/4lCE*V, 4V0W;89<0Wø16/CE9A2HCI20� D c

�+@<,D.10W´Q,/*V,/9A2+øf2A4�6ICE9&PQ,¯6I7E=>N<CE*V,/.&P k OW7�7EU�0:9<;�CI2D=>0W4V6/O:CE4-4V0Wø16/CI2A0W7E9e*VCI2G,I4-c#�Q78*a2A@<,�`BCEO:0:.<CI2G0:7E9 �2G@<,bN<*-7R`�0W.1,/.".<CI2GCv6I7E=>N<*-0:4-,jC¨4-_1P<4-CE=>N<O:, w .<Cm2GCv4-,�2ö) ~ K @<0:6h@¨K�CE4�9<7I2ö0:9<6IOW_<.1,/."0W9�2G@1,,/4L2G0:=[Cm2G0:7E9<c � ,o_<4V,J2G@<0:4(`BCEO:0:.<CI2G0:7E9�4-C8=[N1OW,+2G7>,?`BCEO:_<CI2A,oCEOWOY,I4]2A0W=>CI2A7E*-4Vc
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