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A NONPARAMETRIC TEST OF THE NON-CONVEXITY OF
REGRESSION !

by
Cheikh A.T. DIACK* and  Christine THOMAS-AGNAN **
*Université Paul Sabatier Laboratoire de Statistique et Probabilités
118 route de Narbonne 31062 Toulouse, France.
**GREMAQ, Manufacture des tabacs, 21 Allées de Brienne,
31000 Toulouse, France.

Abstract

This paper proposes a nonparametric test of the non-convexity of a
smooth regression function based on least squares or hybrid splines. By a
simple formulation of the convexity hypothesis in the class of all polynomial
cubic splines, we build a test which has an asymptotic size equal to the
nominal level. It is shown that the test is consistent and is robust to
nonnormality. The behavior of the test under the local alternatives is
studied.

Ykey words:least squares estimator, test of convexity, B-splines, modulus of continuity



1 INTRODUCTION

This paper proposes a test of non-convexity of an unknown regression function
in a nonparametric regression model. Interest in this problem which has been
addressed for example in Schlee(1980) and Yatchew(1992), arises in particular
from econometric models. Economic theory predicts the convexity of functions
like for example cost functions, production functions, Engel curves... Such tests
provide a way of confronting theory with real data sets.

We consider the following regression model where we are given n realizations
y;; of real randoms variables

Yij = f(l‘z) + 52']‘71' = 1, ...,T,j = 1, R with z; € (0, 1),@ = 1, R

At each deterministic design point x;, (¢ = 1, ...,r), n; measurements are taken.The
probability measure assigning mass g; = n;/n to the point x,(3° p; = 1) is referred
to as the design and will be denoted by p". We assume that the random errors
¢;; are uncorrelated and identically distributed with mean zero. Their variance
o? will be assumed known. Finally f is an unknown smooth regression function.

We use a cubic spline function to approximate the function f, not only because

of the common use of cubic splines in approximation problems, but also because
they allow to formulate these convexity hypothesis in a very simple way. Indeed,
if g is a cubic spline then, its second derivative is a linear function between any
pair of adjacent knots 7; and n;41, and it follows that g is a convex function in
the interval n; < @ < n;4q if and only if ¢”(n;) and ¢”(7;41) are both non negative.
This property was used by Dierckx (1980) to define a convex estimator.
After some preliminaries, we rapidly sketch in the next section, the cubic spline
estimator. In section 3, we describe our test of non-convexity of the regression
function and the rest of the section is devoted to a discussion and demonstration
of its properties. Section 4 presents an application to a real data set.

2 NOTATIONS AND PRELIMINARIES

2.1 The Cubic Spline Estimator

Let p be a positive continuous density on (0,1). We assume that

Jnin, p(x) > 0.

Let o = 0 < < ... < ngg1 = 1 be a subdivision of the interval (0,1) by k
distincts points defined by

/Omp(f)dx:i/(kirl), =0, k+1.  (21)
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Let 0, = maxo<i<k(i41 — 1i), we see that
Or/min(nipy — i) < maxp(x)/minp(z).  (2.2)

For each fixed set of knots of the form (2.1), we define S(k,d) as the collection
of all polynomial splines of order d (degree< d-1) having for knots n; < ... < ny.
The class S(k,d) of such splines is a linear space of functions of dimension (k+d).
A basis for this linear space is provided by the B-splines(see Schumaker (1981)).
Let { N1, .., Nk1q} the set of normalized B-splines associated to the following non-
decreasing sequence {ty,..,tgroq} :

Lodgk = lodyk—1 = oo 2 Laghyr = 1

t1§t2§§td20
td-l—l =mn for [ = 1,..,k

The reader is referred to Schumaker (1981) for a discussion of these B-splines.

In what follows, we shall only work with the class of cubic splines: S(k,4). A
cubic spline on the interval (0,1) is said to be a natural cubic spline if its second
and third derivatives are zero at 0 and 1. They imply that a natural cubic spline
is linear on the two extreme intervals (0,7;) and (1, 1). It will be convenient to
introduce the following notations:

N(z) = (Ny(z), .., Npya(x)) € IREH,

F=(N(21),..,N(z,)); (k+4) xr matrix.
We will denote by fn the least squares spline estimator of f :

k+4

]?n(l') = Z_:lgpr(x) (2.3)

where ra
R . . roon; +
O = (01, Opya) = arg min D73 (yij — > 0, N,(w:))*.
eclR™ 21 = p=1
Let

1 1 &

Yi=— > Vi &= — > Eij, (2.4)
n; 7=1 n; 7=1

Y = (1, .0.),6 = (e1,,5), fa = (f(x1), .., f(z,))

Let D(u™) be the r x r diagonal matrix with diagonal elements py, ..., g, then,
basic least squares arguments prove that:

6 = M7 FD(M)Y  with M(u") = 3 N(w)N'(zi) = D).

=1



Asymptotic properties of this estimator have been established in Argarwal and
Studden(1980).

We will introduce the hybrid cubic spline estimator of f denoted by fn as in Kelly
and Rice (1990). It is defined to be the cubic spline minimizing the penalized
least squares criterion i.e:

k+4

L=Y 0N (23)

where

N k+4 1 k+4

O = arg mil;l \ Z Z(yif — Z 0,N,(x;))* + )\/ (Z QPN;/(:I;))Q dx (2.6)
oclR* p=1 0 =

=1 j5=1

with a smoothing parameter A > 0.

This estimator is therefore a hybrid of smoothing splines and least squares splines
in the sense that the amount of smooothing is controlled by both a penalty term
through the choice of A as in smoothing splines and by the number of knots, k,
as in least squares splines.

As above with @, we can specify 0. For this we need to introduce the following

matrix W defined by

{/(:zj)d:zj, i,j=1,...k+4.

J

1 1
Wi, :/ N/ ()N
0

W is a band matrix. Indeed, N;(z) = 0 if @ & (¢;,t;44) (see Argarwal and
Studden(1980)). Hence W;; =0if | 1 — 5 |> 4.
It is easy to see that if g = E’;":f 0,N,(x) then

/Ol(g"(:zj))Qd:I: _ o'we. (2.7)

Now, we are ready for the main result of this section.

Lemma 1 If O satifies (2.6) then
O =T"Y(u")FD™)Y  with  T(u") = Mu") + \W.

Proof
Let g = E’;":f 0,N,(z) be a cubic spline.
Let
roong k+4 1 k+4
2 "eoN2
L(g) = Y03 (i — 2 O Nolwi)) 4+ A [ (3 0,N] (2))*
=1 j5=1 p=1 0 p=1
It is immediate that the residual sum of squares about ¢ can be rewritten
> (i —g(x:))" = (Y = F'O)D(p")(Y — [70).
=1 j5=1



Using (2.7) we obtain

L(g) = (Y — F'OYD(u")(Y — F'O) + \O'WO.  (2.8)

Since AW is non-negative definite, the matrix M(u™) + AW is strictly positive-
definite. It therefore follows that (2.8) has a unique minimum, obtained by setting

g=f, with O=TI"'(u")FDP(u")Y.0

2.2 Smoothness Conditions

We will assume some regularity conditions on f. For m € IN and M, L > 0, let

Fot = {f €C™0,1) : sup | flOmHIM(g) |< MY,

0<z<1
G ={f € For: sup | f|< L}
0<z<1

The following lemma is an immediate consequence of theorem 2.59 of Schu-

maker(1981).
Lemma 2 For f € C™ then,

Wi (f,t) <t™ sup |f(m)(:1;) | as t—0
0<z<1

where w,,(f,8) denotes the m'™ modulus of smoothness of f in L.

When m=1, the m"* modulus of smoothness is traditionally referred to as the
modulus of continuity.

3 TEST OF NON-CONVEXITY

3.1 Convexity and Strict Convexity in S(k,4)

Let us first characterize convexity in the class S(k,4). For a function g in the
class S(k,4), we can write:

k+4
g(x) = Z (gpr(l') with © = ((91, ...,(9k.|_4)/ € ]Rk+4
p=1

k+4 k+4
Then: g"(m) = Z ‘gpN//p(m) = Z 0pdp.1,
p=1 p=1

where the coefficients d,, ; are easily calculated from the knots (see Dierckx (1980))



dyy=0 if p<Il or le—|—4
dig1, =

(tl+5—tl+2)(tl+5 tiys

for ([ =0,...,k+1

)
dl+3’l = (tiye— tl+3)(tl+5 ti43)
diya; = —(digsg + diy1 )
Let Bl == (0, 0 . 0 dl-l—l I _dl+2 I —dl_|_3 17 g e ,0)/ € ]Rk+4and @ == ((91, cey 0k+4)/7
then

9"(m) = —B"0.

We have already mentionned in the introduction that g is a convex function if
and only if ¢”(n;) is non-negative for all 1=0,...k+1 or equivalently B/;© < 0 for
all 1=0,....k+1.

Characterizing similarly strictly convex functions does not seem possible but the
following lemma gives a necessary condition.

Lemma 3 Let g(x) = Zk+40 Ny(z), let Cp = B+ Big1,l = 0,...,k then if ¢ is
strictly convexr we have for all=0,...k—-C"10>0.

Proof
Let us assume that g is strictly convex. Since g € S(k,4), then ¢” is a linear
function between any pair of adjacent knots n; and ;4. Therefore, we can write

g"(x) = a;x + b, for all € (N, Nig1)-

Moreover ¢"(x) > 0 or equivalently a;x +b; > 0,7 = 0, ..., k. Hence g is strictly
convex if and only if

if a; >0 then am+b=4g"(n;)>0
if a; <0 then amipr+b=¢"(Niy1) >0
i a; =0 then b >0

But a; = 9" ig1)=9"(mi) o\ b = ¢"(n;) — Mm therefore g is strictly

‘ it 1= i1 =i
convex if and only if

if ¢"(Niy1) > g"(n:) then g¢"(m:) >0
if  ¢"(niy1) <g"(n:) then g"(nig1) >0
if ¢"(niy1) =g"(n;) then g"(n;) >0

Hence, if g is strictly convex then —(B’; + B'141)0© > 0.0

[t is easy to see that there are no redundant vectors in {Co, ..., Ci} i.e there
is no (; such that

{0:-C"0>0,1=0,..k}={0:-C"0>0,1=0,...kl%j} (3.1)



3.2 Definition of the Test

We intend to construct a test Hy of: “f is not strictly convex” against H; : “f
is strictly convex.” Lemma 3 does not characterize strict convexity, however we
have the following property. Define C;, to be the class of functions g € C*(0,1)
satisfying the set of conditions ¢”(m) + ¢" (1) > 0,1 = 0, ..., k associated to k
knot points. If k tends to infinity, the union of all knot points defined by (2.1) is
dense in (0,1). It follows that a function g in C*(0,1) belongs to N;2, Cx if and
only if ¢ is strictly convex.

It is therefore natural to weaken H; replacing it by H'y : f € Cy, for some large
k. It is then possible to construct a test for H'; against H’|, using a likelihood
ratio test (LRT) procedure studied by Berger (1989). Berger showed that if X is
a p variate (in our case p = k +4 ) normal random vector with unknown mean
O and nonsingular covariance matrix ¥ and if Cy, ..., C satisfy (3.1), then the
size-a LRT with null hypothesis “« — "0 < 0 for some [ = 0, ..., k” versus the
alternative hypothesis “—C";0 > 0 for all [ =0, ..., k” is the test with rejects the
null hypothesis if

Ch X

(OO >q, forall [=0,.. k.

where ¢, is the upper 100« percentile of the standard normal distribution.

On the other hand, Beatson (1982) shows that for a smooth and convex
function f € C™(0,1)(0 < m < 3), the uniform distance between f and the set
S (k,4) of convex functions of S(k,4) tends to zero when the mesh size §;, tends
to zero (see lemma 6 below).

Therefore, for f € C™(0,1)(0 < m < 3), in order to test Hy against Hy since
%M‘l(/,c”) and %F_l(M”)M(M”)F_I (u") are respectively the covariance matrices

of O and O, it is natural to define a test (T) by rejecting Hy when

\/ECII@
_ > ¢, forall [=0,
o (C M1 ()2 = o TOT @

k

ceey

for the least squares estimator of f. Now, for the hybrid cubic spline estimator
of f we define a test (1) by rejecting Hy when

B V('O
o(CNI=H () M ()= () Oyt

>q, forall [=0,.., k.

3.3 Asymptotic Properties

To derive asymptotic properties of (T) and (T7), we assume next that p” converges
to a design measure p, where p is an absolutely continuous measure. We denote
by H, and H the cumulative distribution function of p™ and u respectively. The



number of knots and the smoothing parameter will be functions of the sample
size k = k,, and A = A,,. The critical regions of (T) and (T7) are respectively:

VnC"0
_ > g, for all
(O M1 (pm)Cpyiz = = oh

and

! \/ﬁcllé
0 ={— >qo forall [=0,... k}.
T e

In the following theorems, we give a result about the size and the power of (T)
and we approximate the distribution of the statistic by a gaussian distribution
with mean which converges to infinity. A measure of the distance between two

distributions is given by the following modification of the Mallows distance (This
measure was used by Hardle and Mammen (1993))

dlpsv) = pEUB ]| X =Y P AL £(X) =, £0Y) = ),

Convergence in this metric is equivalent to weak convergence (see Hardle and
Mammen (1993)).

Consider the following additional notations:

= f"(no) + " (m) F" ) + " Oat) )
T (O M () Co) R (O, ML () C, )2

and
£ = J"(no) + 1" (m) ") + " (k1) )
P o (Cfl T ()M ()P () Co) 2T o (C D () M () D= () C, )2
Let \/_ R
Loy nC"0 B
T,(f) = (OGO [=0,..k,
and

Tu(f) = (T2()s - T ()
T’fl(f) and T",(f) are given by similar definitions.

Theorem 1 Let f € F,, pyywith m > 2. Let us consider the hypothesis Hy @ “f is
not strictly convex” and Hy : “f s strictly conver.”
Then, under the following assumptions

(1)e;; 1=1,.,m35=1,..ny, 1.a.d with mean zero and variance o* < +00.



(ti)n; — +o0 i =1,..,1.

(1i7) sup | Ho(z) — H(2) |= o(kn_l), as k, — +oo

0<z<1
i) lim /2Rt (MDA Cgup )Y =0
(iv) lim b (191;/!)
the test (T) which rejects Hy if
"0
v >0 forall =0,k

- o(C M= (um)Cp)Y/2
has asymptotically size . More precisely,

lim sup sup Ps(,) = a.
n—+0o feHy

We now give a result on the power of the test (T).

Theorem 2 Let us assume that m > 2.
Under the assumptions of theorem 1 if

(), D 261 = 4o

then for f € Hy and f' >0

lim Py(Q,) = 1.

n——>-+00

Now it would be interesting to know how the test behaves under the local
alternatives. We consider a sequence of a local alternatives:

fal@) = g(2) + hary(2) - (%)

where the know function (.) lies in F,,, s and g lies in the null hypothesis. The
following theorem gives the power of our test against local misspecification (*).

Theorem 3 Let us assume that m > 3. Under the assumptions (i), (i17) and (v)
of
Eij ™ N(O,Uz),

li 1/2 1/25 3 i1/2:
p i, T O (s ) =0



and

ho = (nd5 )72

then
(LT g + ha)). N (Viags + 65745 V(")) = 0.
where
V(p") =C'M~(u")C
and

Co Ckn )
(C’OM_I(M”)00)1/27 e (C’an_l(M”)Ckn)1/2 :

C=(

We have similar theorems for the test (T7) in the smooth class of functions G,, as 1.

Theorem 4 Let f € G, ar,p with m > 2.
Under the assumptions of theorem 1 and if

(:v") lim r1/2n1/25kn_7/2)\n( sup /,LZ')l/2 =0,

n—+4oo ISZ'ST

then the test (T°) has asymptotically size smaller than a.

Theorem 5 Under the assumptions of theorems 2 and 4 we have for all f in Hy
such that f* >0
lim Pp) = 1.

n——>-+00

Theorem 6 Under the assumptions of theorems 3 and 4, if

lim r1/25kn_13/2)\n( sup /,LZ')l/2 =0

n——+0co 1<i<r

then
! 1 _5 2 1 n
d(L(T) (g + hay))s N (Vilgs + 65 255), V(™)) = 0.

where

V") = BT H(p" )M (u" )1~ (") B
and
B=( Co Ch

O T e T G Col 2 (O T M T e o 2
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Remarks

Assumption (iii) is the same as in Aggarwal and Studden (1980)

o [t is easy to see that assumption (iv) implies that

Iim k&, = 400
n—->—+0o
e For a uniform design, i.e g, = 1/r,7 = 1,...,r then (iv) becomes

lim n'/2§, (MO =
n—->—+0o "
This is the case for example when there are n distinct points for n measure-
ments(r=n).

o If in particular A, satisfies

lim A8y, ~ /2t —

n——>-+00 ’

then (iv’) is satisfied.

e Finally, note that the test procedure requires the knowledge of the variance
o?. However, the results in this article can be considered approximately true
if o 1s unknown but, in order to compute the statistic, we need a consistent
estimate of o. This can be obtained in the case of the least squares estimator,
using o, = m S (g — ]?n(xz))z where y; and fn are defined by (2.3)
and (2.4)and &, (for a fixed A,) has a similarly definition or alternatively,
any consistent estimator based on nonparametric regression techniques.

For the proof of theorems 1 to 6 we need some preliminaries lemmas. Lemma
4 from Schumaker (1981) gives a sup norm error bound when approximating a
function in C™(0,1) (0 < m < 3) with a cubic spline.

Lemma 4 Let 0 < m < 3. There is a constant ¢ such that for all f € C™(0,1),
there is a function S in S(k,,4) such that:

sup | fO(x) — S0 (z) |< cézjl‘rw4_m(f<m>,5kn) for all r=20,..,m.

0<z<1
Using this property and lemma 2, we easily get the following:

Lemma 5 Let m > 0. There is a constant ¢ such that for all f € F,, pr,there ts
a function S in S(ky,4) such that:

sup | f(r)(:z:) — 5(7’)(;1;) |< c5,gim+1)A4)_r for all r=20,....mA3.

0<z<1

11



Lemma 6 from Beatson (1982) gives a similar sup norm error bound when ap-
proximating a convex function of C”(0,1) (0 < m < 3) with a convex cubic
spline.

Lemma 6 There is a constant ¢ such that if f € C"™(0,1)(0 < m < 3) is convex,
then there is a convexr function S in S(ky,4) such that :

sup | f(«) = S(x) |< e w(F7, 81,).

0<z<1

The following lemma is obtained by a straightforward manipulation of results

of Agarwal and Studden (1980).
Lemma 7 Under the assumptions of theorem 1,
D) 1M ) =1 (FDGm) )™ = O, as 0 — +oc
2) || M) [|= O(6,), s n— +oc
where || A ||=gep max, (|| Az || /|| @ |]) with || @ ||= («"z)'/2.

Proof: Equality 1) follows from lemma 6.6 of Agarwal and Studden (1980). Now,
recall that

M) = 3 N N

We can write:

Mm) = [ N@)N'(2)dp" ().
Let

M(p) = [ N@)N'(2)du(z).

Agarwal and Studden (1980) prove that M(u) = O(dy,) as n — 400 in lemma
6.3.
As in equality 6.22 of Agarwal and Studden (1980) pp. 1319, we can write

M= (") = [I = U7 "M~ ()

where 1 is the (k + 4) x (k + 4) identity matrix and a U, matrix such that
|| Uy ||= o(1). Hence

M ™) (<M () = Un ]
Now, since M(u) = O(dy,, ),n — 400 we have the result. O

The following important result will be used in the proof of theorems 4 to 6.

Lemma 8 Under the assumptions of theorem 3

| M~ )W [|= O, as n — +oo.

12



Proof: We have
| M= yW I MW

Using a classical inequality (see Ciarlet and Thomas (1982)) we obtain

W W o
where
| A floo=aey max ) [ ai; | .
J
Hence, since || M~" ||= O(4;!) the lemma follows if we prove that

| W |oe= O(5;,)).

In fact, because W is a band matrix, it suffice to prove that | Wi; |= O(;?).
Using formula (6.19) (page 1318) of Argarwal and Studden (1980) we see that
forall:=1,....k, +4 and for j = 1,2

sup | NI () |= O(K)
z€(0,1)
and since the sequence of knots is quasi-uniforme, we obtain
sup | NP () = O(6)). ()
z€(0,1)
On the other hand

Wy = [ NN (2)de = NN (1) = NN/ (©0) ~ [ N(@)N

Hence, using (%) we see that
| NA(1)NF (1) = N (0)N7 (0) |= O(6;2).

Now, we can write

and using the proof of lemma 3, we obtain (since for = € (1,,7,41), N (z) =

1

H
N] (77p+1)_NJ (7713))
Np+1—7p

1

p+1 / 1 / "
[N @] @) < sup [ V(@) N ) = N () |

y 1’6(0,1)

Using notation of section (3.1), we can write N]{/(Up-l—l) = d; 41 and N;/(np) =dj .
Hence the lemma follows from the (*#) and the fact that d;, =0if | p—j |> 4
else d;, = O(6;7). O

13



Proof of Theorem 1
Recall that

6 = M7 (DY = M7 (W) FD(u")(fa + )

hence, O has the same asymptotic distribution than

02

NMTH @) ED(") fa s —=M 7))

In what follows, we denoted this by

2

A b e e g b e
O o Nty (M (") ED (") [ 5 — M (1))
Let f € Foom(m > 1). By Lemma 5, there is a S in S(k,,4), such that :

sup | f(f’)(;l;) — S(r)(ili) |< C5lgim+1)A4)_r for all r=20,....,mA3. (3.2)

0<z<1

S € S(ky,,4) hence, there exists ©° € IR*** such that S(z) = N'(z)0°.
Let
Sa = (S(x1),..,S(z,)) = (N'(21)0°, .., N'(2,)0°) = '0°,

Then,
M=) FD(u")Sa = M~ (1) FD(u") F'0° = ©°.

Hence

IO = 0° + M~ (u")FD(u")(fa — Sa) = O° + b, say

Now, let us assume that f is not strictly convex, then there exists an interval

I € (0,1) such that for all x € I, f”(x) <0 (f is concave in [).
Therefore there exists {,, with 0 <{,, < k,, such that

C",0% = =(5"(m,) + 5" (M,41)) 2 0. (3.3)

Indeed, if for all @ € I, f”(x) < 0, then using (3.2) we see that for n sufficiently
large, there exists an interval J C [such that for all « € J, S”(2) < 0 and we can
take n;, and ;41 € J.

Now, if for all @ € [I,f"(x) = 0 then, using formula 6.44 of theorem 6.20
in Schumaker (1981) we see that there is an interval J C [ such that for all
x € J,5"x)=0.

Now, let R; = {_g(cg]\}/—ﬁlc(:f))cl)lﬁ > ¢} then, Q, = N2, R; and therefore,

Pi) < il Py(H) < Pr(R,).

14



Hence,

—\/nC",, 0
pf(Qn) S pf(g(cllnM—l(Mn)Cln)l/Q Z Qa)

VnC",, 00 Ny )
(CllnM—l(Mn)Cln)l/Z O.(C/lnM—l(Mn)Cln)l/Z :

< Pr(Nas(0,1) = g+ ~
Then, by (3.3) we have

VnC'b, )
(Ch, M= () o, )12

Pr(Q) < Ps(Nas(0,1) > go + -

ﬁcllnbn
(C/lnM_l(M")Cln)l/2 .

The proof consists of bounding the absolute value of —

We have | C";.b,, |<|| C, |||| bn || and

16 1 <M ") D) I fa = Sall

Since

| D2 (™) [P=|| FD(u")F' |,
we have:

why[|< M 1) (|| M (e SUp 4l
| FD(p") [|<]] FDY2(um) )I] D2 () 1<) M () |12 (1< P )/
I fa=Sall = QC(f(zi) = S(a)*)"V?
=1
< pl/2 sup | f(x) — S(x) |< r1/2c5,g;n+1)A4.

0<z<1

Now,

(C, MTH ) Co)/N] O 1P = min(XTMH () X)/[] X = (/1] MY ]])?

> /I M) -
Hence, || C, || /(C"1, M~ (u™)C, )2 < || M(p™) I['/%. Therefore,
1 Co M1 |1 A, M7 ) C) Y < b | 1 MG (12 (3:4)

Hence

\/ﬁ | Cllnbn | < \/ﬁ 1/2005(m+1)/\4(

su -—r su 2'1/2 3.5
SR SO MG O = e 0 i B9

for some constant cg.

15



Therefore, using (3.5) we have
0) < PN S \/_ P12, m-I—l )A4 \1/2
sup Pr(Q,) < P(Nas(0,1) 2 ¢a — (sup pi)'?).
f€H, 1<i<r

Hence, by assumption (iii)

lim sup sup P;(,) < a.
n—+oco fEHy

On the other hand,

sup Ps(Q,) > sup Pr(82).

fe€Hy FEH NS (kn 4)

But, if f € Ho N S(k,,4), there is © € IR such that

flz)=0'N(x).
Hence f € Hy N S(ky,4) if and only if © € K

where

K={ee R 3, 0<I1<k,:—C"z <0}
Berger (1989) prove that

therefore

lim sup sup Ps(2,) = a.O
n—+0o feHy

Proof of Theorem 2
We want to show that for all fin H; with f” > 0 that

lim P(9Q,) = 1.

n—+00

Let f € Fom(m > 2). Let us assume that f is strictly convex, then by lemma
6, there is a S in S(ky,,4) convex such that :

sup | f(z) — S(x) |< s (3.6).

0<z<1

As above in (3.5), it is easy to see that

| \/_C/IM ( )FD(/“L )(fA - SA) |< \/__ 1/2c 5m+1 /\4(
o(C M= () C)t? T

sup i)'/,
1<e<r

16



Therefore, under the assumption (iv), we see that:

. VRO M (") ED(p")(fa — Sa)
1 = :
S o o (CH M= (i) Cy) /2 0 (3.7
On the other hand, for all { =0, ..., k,,.
1 2
<CMH M CollE < M ) ]
T S O IO P <l |
Hence,
Mgy || 1 1
[AGe) [T R > —.(38)
]l (CM=1 (pm)Cr) [ C T M= () ]

Now, since the sequence of knots is quasi-uniforme (see (2.2)), it is easy to see
that there are constants a; > 0 and ay > 0 such that

ard;? <|| Cr[|< andi?.

Hence

ﬁcll®0 _ \/E(S//(m) + 5"(771+1)) 5/2¢ cn "
o(CM=1(p)C))V2 - o (CH M= (™)) 2 < _a\/g(sk,/l (S™(m)+5"(m41))(3.9)

for some constant a > 0. Now,

PiQ) =P (] R).

0<i<kn

If f is strictly convex we see that by (3.2) S is convex for n sufficiently large.
Hence ;0% <0 for all [ =0, ..., k,. Therefore, using (3.9) we see that

ﬁC/ZQO
5/
U(C/ZM—l(Mn)Cl)UQ — \/_ kn 0

inf f"(2).

<z<1

Hence,

Nas(0,1) 2 qumeay/m 4 Y e up a2 C R forall (=0,
ag

1<e<r

where ¢3 = ainfocy<i f”(x). Moreover , under the assumptions (iv) and (v) we
see that

limn_>+oo73f(NA5(0, 1) Z Qo — 03\/5527/12 + gr1/2005](€;n+1)/\4( sup MZ)I/z) = 1.

1<e<r
Hence Hence for all f in H; and such that f” > 0 then

lim,—posPp() =1 O

17



Proof of Theorems 3

We have f, = g 4+ h,y therefore we can write
© = M7 (") ED(")(ga + &) + ha M~ (") FD(p" )y
Now, we proced as in the proof of theorem 1. For [ =0, ..., k, we can write

B VnC'ib, N V(S (m) 4+ 5" (1))
U(C/IM_l(Mn)Cl)1/2 U(C/IM_I(Mn)Cl)1/2

ha/nC M (") D (" )y
o (C M= () C))H2 :
Arguing as above in (3.5) and using (3.2) and (3.8) we can see that

Vol () + " (i) V(Y () + " (i) |
o(C M= (um)Cy)1/? o (C M= (um)Cy)1/?

]ETé(g + hn’)/) =

| ]ETé(g‘thV)_ + hn

= O(V/rdI ) L O 250N Csup pi)'?)

1<e<r

0267 (sup )2 4 62).

1<e<r
Now, let
1" —5/2 n
Y, =Tu(g+ huy) — IET,(g+ hoy) + vV fs + 5kn/ Vs

Under the assumptions of theorem 3, we see that

Yoo N(Vifs + 8095, V™))

and

B Yo = Tulg + ha?) 1= 0.

hence

A(L(Tu(g + hay)), N(Vgs +67°4), V(™)) = 0. D

Proof of Theorems 4 to 6
Let us recall that

O =TI (W) FD(u")Y = (M(u") + AW) ™ FD(u")Y .

Therefore ~
O = (M(u") + AW) " FD(i") fa.

18



= {(M(p") + MGQR' QG FD(u") fa — M7 (") FD(u") fa} + IEO.

Let
an = (M(p") + X W) ED(") fa = M7H ") FD(p") fa

Hence, as above in the proof of theorem 1, we can write
IFO = a, +b, + 6°.
Then, for all f € G,,, a1, we have

Pi(€Y,) = Pr(N(0,1) > qa + = Vil 07 7+

(CHI= ()M (w) = (w7 Cr)

ﬁcllbn _I_ \/Ecllan )
AT () ML= @G T S(CT= (M (= (o) 72 )

Therefore as in the proofs of theorems 1 to 3, theorems 4, 5 and 6 will be
established when we show that

‘ Vv | Chb, |
lim su su =0, 3.10
3R fetty o (CHT=T (@) M ()T (), ) 172 (310

and

) \/ﬁ| C"an, |
E s s —0. 3.111
3R fetty o (CHT=T (@) M ()T () O, )1 72 ( )

As above in (3.4) it can be shown that
I C b | /(CHT ™ ()M () D (™) O M

<[ b D) M ey 1172 (3.12)

and

1Ol an || /(G ()M (™)~ (™) O M
<[lan D) (M ey (12 (3.13)

Therefore, the proof consist of bounding || I'(¢") || and || a, || . Under the
assumptions of theorem 4 using lemma 8 we see that || A, M~ (™ )W ||< 1 for
n sufficiently large. We can then invert (I + A\, M~*(u™)W) using a power series
expansion,

(T+ N MW = T = N M)W+ (A M= ()W) + ..

=7/+U say.
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Using the matrix norm properties, we can show that
U NN AMTH )WL/ (= [ A M7 ()W ) = O(A:6;") - by lemma 8.

We have
I ") = (I + U)M™ ("),
and therefore
P(p") = M(p") (1 +U)7"
Standard arguments (e.g. Ciarlet and Thomas (1982 )) show that

1T +U) < 1/A= U ]).

Hence

D) < el M), (3.14)

for some constant c¢. Now, using (3.12) we see that there is a constant ¢; such
that

[ Cllll b ] /(COT )M (T (")) < e [ b [] 1] M) ]2,

and (3.10) follows from the assumptions (iv) of theorem 1. Now, since ['"*(u™) =
(I +U)M~(u™), we see that a, = UM~ (u")FD(u")fa. Hence it can be shown

as in the proof of theorem 1

[l (IO M @) N ED(?) 1] fa 1= OGS 2L sup pi)?).

1<e<r

Now, (3.11) follows from (3.13), (3.14) and assumption (iv’) of theorem 4. O

4 APPLICATION TO A REAL DATA SET

We have experimented our method on a real data set obtained from the inves-
tigation “Formation Qualification Professionnelle” realized by INSEE in 1993.
Simioni (1995) used this data set in a nonparametric regression model to esti-
mate the logarithm of wage as a function of a set of characteristic variables such
as age in the firm, experience, ... Human capital theory predicts the concavity
of the logarithm of wage as a function of the experience (see Berndt (1991)).
In this data set, this curve displays however a low curvature and it is therefore
interesting to test its concavity.

The sample size i.e the number of wage-earners is very large n = 7948. The de-
terministic points x;,7 = 1,...,r are represented by the experience ( the number
of year since the first job). Table (4.1) from Simioni (1995) gives some charac-
teristics on the empirical distribution of the variables wage and experience.
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A least squares and a hybrid cubic splines estimators are fitted to the data

with k, equidistant knots, A, = 0 corresponds to the least squares estimator.
The number k, takes the values 3, 9, 15, 21, 27 and k)°\ , where )%\ is the

Ty An?
number of knots selected by cross-validation (when k, varies in {3,4,...,27})
for fixed A,. Computations were done for a smoothing parameter A, equal to
0,5.107%,5.107%5,5.107*,5.107*%,5.107°. Figure (1) shows the data set with the
estimate corresponding to A, = 5.107* and k, = kJ°\ = 4.
To compute tests statistics (T) and (T7), we used respectively consistent esti-
mates 7, and 7,, of o as in section 3.3. Table (4.2) displays a “1” when the

test rejects Hy.

The results of this table show that the test confirms economic theory for
choices of the smoothing parameters k, and A, corresponding to smooth esti-
mates(i.e. for A, small enough and &, not too large). This is not surprising since
rough estimates will produce artificial changes in curvature.Therefore a good
choice of these parameters is essential. In practice, one could choose simultane-
ously the two parameters k, and A,,.

5 CONCLUSION

A small simulation study in Diack (1996) shows that the finite sample behavior
of the test is quite satisfactory. It also reinforces our belief that the hybrid spline
test is more reliable.

A test of non-monotonicity can be readily constructed paralleling the above non-
convexity test with quadratic splines instead of cubic splines. Indeed, Beatson
(1982) also shows that for a monotone function f € C™(0,1)(1 < m < 2), the
uniform distance between f and the set $*(k,3) of monotones functions of S(k,3)
tends to zero when the mesh size 4§, tends to zero.

It would be nice to extend this framework to multivariate regression models.
It seems, however, that some new techniques should be used since there are im-
portant differences between the one- and higher-dimensional case. For example,
the extension of piecewise nonparametric modeling to higher dimensions is diffi-
cult in practice. This additional step is still under study.
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77583.33

49.00

3766.67

0.00

Standard-deviation | Minimum | Maximum

5458.56 0

11.10

Mean
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19.80

Variables

Wage

Experience

Table 4.2
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5.107°

11.5
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10.5F

allejes np awyiebo)

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
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0.1
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An

Hybrid cubic spline estimator.
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