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Abstract

A procedure for testing the signi
cance of a subset of explanatory variables in

a nonparametric regression is proposed� Our test statistic uses the kernel method�

Under the null hypothesis of no e�ect of the variables under test� we show that our

test statistic has a nhp��� standard normal limiting distribution� where p� is the

dimension of the complete set of regressors� Our test is one�sided� consistent against

all alternatives and detect local alternatives approaching the null at rate slower

than n����h�p���� Our Monte�Carlo experiments indicate that it outperforms the

test proposed by Fan and Li �����
�

Keywords� Hypothesis testing� Kernel estimation� Nested models�

JEL classi
cation� Primary C��� Secondary C���

R�esum�e

Une proc�edure pour tester la signi
cativit�e d�un sous�ensemble de r�egresseurs

dans un mod�ele de r�egression non�param�etrique est propos�ee� Elle s�appuie sur la

m�ethode du noyau� Sous l�hypoth�ese nulle� i�e� lorsque les variables consid�er�ees ne

sont pas pertinentes� la statistique de test a une distribution asymptotique normale

en nhp���� o�u p� est le nombre total de r�egresseurs� Le test est unilat�eral� conver�

gent contre toute alternative et d�etecte des alternatives locales qui s�approchent de

l�hypoth�ese nulle �a une vitesse inf�erieure �a n����hp���� Pour des petits �echantillons�

notre test a de meilleures performances que celui propos�e par Fan et Li �����
�

Mots�Cl�es� Test d�hypoth�ese� M�ethode du noyau� Mod�eles emboit�es�



Nonparametric Signi�cance Testing

By Pascal Lavergne and Quang H� Vuong

� Introduction

In recent years� considerable work has been devoted to testing a parametric regression

model against a semi or a nonparametric alternative� An approach that has attracted a

lot of attention relies on smoothing techniques and compares the parametric �t with a

smooth nonparametric one� Examples include Cleveland and Devlin ������� Eubank and

Spiegelman ������� Eubank and Hart ����	�� Gozalo ����	�� H
ardle and Mammen ����	��

Chen ������� Horowitz and H
ardle ������� Hong and White ������� Zheng ����
� among

others��

In contrast� the issue of testing a nonparametric null against a nonparametric al�

ternative has attracted less attention� A leading case where such a situation naturally

arises is testing the signi�cance of some explanatory variables in a regression function�

Well�known procedures have been proposed in parametric settings� but their outcomes

crucially depend on the choice of the parametric speci�cation� When it is not desirable to

adopt a �nite parameterization� nonparametric regression provides a suitable alternative�

A special case that has been investigated in several previous papers is the problem of

testing for no e�ect� To our knowledge� the general case where the nonparametric null is

nondegenerate has been considered only in a few published studies� Gozalo ����	� consid�

ers conditional moment tests which are made consistent against all alternatives through

randomization� Yatchew ������ considers the di�erence in residual sums of squares and

�Another approach uses empirical processes based on residuals of the parametric model� see Bierens


����� ���
�� Diebolt 
����� and Stute 
������ It seems however di�cult to extend the empirical process

approach to the situation considered in this paper�

�



uses sample splitting to circumvent its well�known
p
n�degeneracy in a nested situation�

while Lavergne and Vuong ����
� treat the nonnested case��

Our objective is to propose a testing procedure for the signi�cance of a subset of

explanatory continuous variables in a nonparametric regression� which circumvents the

drawbacks of previously proposed ones� Namely� our procedure does not use randomization

but is nevertheless consistent against any deviation from the null hypothesis of no e�ect of

the variables under test� Instead of using sample splitting or weighting� we deal with thep
n�degeneracy issue to obtain a test statistic with a faster rate than

p
n� Our test statistic

is based on the kernel method� We characterize its asymptotic distribution not only under

the null hypothesis but also under a sequence of local alternatives� Our assumptions do

not require normality or homoscedasticity of the regression errors and are not much more

demanding on the bandwidths and on the considered functions than in nonparametric

estimation� Though our test statistic is similar in spirit to that recently proposed by

Fan and Li ����
�� we require less restrictive theoretical conditions on the smoothing

parameters� As a result� our testing procedure does not require oversmoothing of the null

regression model relative to the alternative one and hence puts both models on equal

footing� In small samples� our simulation results show that our test statistic is nearly

unbiased under the null hypothesis and leads to a test that is more powerful than Fan

and Li�s one under a wide spectrum of alternatives�

The paper is organised as follows� In Section �� we present our test statistic and we

study its asymptotic properties under a sequence of local alternatives� We also show how

our framework can accomodate the special case of testing the joint signi�cance of all the

regressors� Section 	 studies the small sample behavior of our testing procedure by means

of Monte�Carlo experiments and compares it with the one proposed by Fan and Li ����
��

All the proofs are relegated to Section ��

�Unpublished related work includes A��t�Sahalia� Bickel and Stoker 
����� and Gozalo 
������

�



� Theoretical Results

Suppose �X�i� Yi�� i � �� � � � � n� is a random sample from a �p�����variate distribution of

�X�� Y �� and let X� � X� be a p��vector� � � p� � p�� Throughout we denote densities

of X� and X� by f���� and f����� Let E �Y jX�� � r��X�� and E �Y jX�� � r��X��� The null

hypothesis of interest is H� � r��X�� � r��X�� a�s�� or equivalently� H� � E�u�jX�� � � a�s��

where u� � Y � r��X��� Our procedure can be viewed as a test of the unconditional

moment restriction E �u���X��� � �� with ��X�� � E�u�jX��f�� �X��f��X��� Indeed� this

particular choice makes the test consistent against any alternative to H� as

E
h
u�E�u�jX��f

�
� �X��f��X��

i
� E

h
E��u�jX��f

�
� �X��f��X��

i
� E

h
�r��X��� r��X���

�f�� �X��f��X��
i
�

Let K and L be two kernels on IRp� and IRp� � respectively� and let h and g be two

bandwidths� To test H�� we consider

Vn �
�

n���
X
a

�Yi � Yk��Yj � Yl�LnikLnjlKnij �����

where
P

a denotes summation over the arrangements of m distinct elements fi�� � � � � img
from f�� � � � � ng with n�m� � n���n � m�� the number of these arrangements� and where

Lnik � g�p�L ��X�i �X�k��g� and Knij � h�p�K ��X�i �X�j��h��

The statistic Vn is simple to compute� and in particular does no require any trimming�

It constitutes a natural basis for testing H�� because it actually estimates E �u���X�����

Indeed� assuming that u�if��X�i� is observed� a sample analog of the latter is

V�n �
�

n���
X
a

u�if��X�i�u�jf��X�j�Knij �

Fan and Li ����
� obtain their statistic In from V�n by replacing u�if��X�i� by its leave�one

out kernel estimate� While our test statistic resembles Fan and Li�s one� it was derived

independently and di�ers from theirs by some important terms�� Speci�cally�

n���Vn � n�n� ���In � n���V�n � �n���V�n�
�Fan and Li 
����� also impose that the two kernels K
�� and L
�� are product kernels with the same

univariate kernel�

	



with

V�n �
�

n���
X
a

�Yi � Yk��Yj � Yk�LnikLnjkKnij

and

V�n �
�

n���
X
a

�Yi � Yj��Yj � Yk�LnijLnjkKnij �

In e�ect� our statistic Vn removes all �diagonal� terms from In� thus reducing the bias of

the statistic without altering its properties as a test statistic for H�� A similar idea has

been recently proposed by He�ernan ������ for unbiased estimation of central moments by

U �statistics� In small samples� the bias reduction can be substantial� as our Monte�Carlo

study of Section 	 shows� In practice� one may use the above formula instead of ����� to

compute Vn�

To study the behavior of Vn under the null and some local alternative hypotheses

simultaneously� we write

H�n � r��X�� � r��X�� � �nd�X��� with �n � ��� ���

We let d�X�� � � if �n � �� This general formulation allows us to include local alternatives�
whose rates of convergence to H� are given by �n� We need the following de�nitions and

assumptions�

De�nition � � �i� Up is the class of integrable uniformly continuous functions from IRp to

IR� �ii� Dp
m�q is the class of m�times di�erentiable functions from IRp to IR� with derivatives

of order m that are uniformly Lipschitz continuous of order q�

De�nition � � Kp
m� m � �� is the class of even integrable functions K� IRp � IR with

compact support satisfying
R
K�s� ds � � andZ

s��� � � � s�pp K�s� ds � � for � �
pX

i��

�i � m� ��

Assumption � � f�X�i� Yi�� i � �� � � � � ng is an i�i�d� sample from an absolutely continu�

ous �with respect to Lebesgue measure� �p� � ���variate distribution� and E�Y �� ���

Assumption � � �i� f��X�� and r��X��f��X�� belong to Up� 	 Dp�
m��q�

� m� � �� and also

E �u��jX�� f��X�� belongs to Up�� �ii� f��X��� r��X��f��X��f��X��� E�u��jX��f�� �X��f��X��

and E �u��jX�� f
�
� �X��f��X�� belong to Up�� �iii� K��� � Kp�

� and L��� � Kp�
m�

�

�



Theorem � � Under Assumptions ��	� if h � �� g � �� nhp� � ��� ngp� � ��

hp��gp� � � and nhp���g��m�	q�� � �� then as n���

�i� nhp���Vn
d�� N�C�� ��� if ��nnh

p��� � C ���

�ii� nhp���Vn
p�� �� if ��nnh

p��� ���

where � � E �d��X��f�� �X��f��X��� and �� � �E �E��u��jX��f�� �X��f��X���
R
K��s� ds�

Remark �� As shown in Section �� Vn has the same behavior as V�n� In general� V�n is

such that
p
n �V�n � E�V�n�� converges to a normal distribution N��� � ��� where � � is the

semiparametric e�ciency bound for estimating E �u���X���� But under H�� we have both

E�V�n� � � and � � � �� This degeneracy leads us to consider higher�order terms in the

expansion of V�n� For this we use a central limit theorem for degenerate U�statistics� see

Hall �����a���

Remark �� Assumption � requires smoothness conditions on the underlying functions and

kernels that are standard in nonparametric estimation� Functions of X� are assumed to be

at least as smooth as functions of X�� This is compatible with the nested situation under

consideration� Instead� Fan and Li ����
� requires similar smoothness of the constrained

and unconstrained regression functions�

Remark �� The generalization of our test to the situation where some of the X� are

discrete with �nite support is straightforward� as discrete variables neither create any

bias nor change the variance of the nonparametric estimators� Our general results are not

a�ected� where bandwidths only apply to continuous regressors� In particular� when all

regressors X� are discrete and all regressors under test are continuous� our assumptions

on the bandwidths reduce to the usual ones� i�e� h� � and nhp��� � ���
Remark �� One of the main problems in obtaining asymptotic distributions of semi�

parametric estimators is the relative vanishing rates of the bias and variance terms from

nonparametric estimation� For instance� Samarov ����	� notes that the bias term may

dominate the variance term for his test statistic� Hall �����a�����b� �nds that the squared

bias term of the integrated square error of kernel estimators is of order h�� In the context

of parametric speci�cation testing� Hong ����	� and Gozalo ������ �nd a bias term of

�As we consider local alternatives and a �ner decomposition of Vn� this prevents us to use Fan and

Li�s proofs�

�



order h� and proposes a statistic that balances it with the variance term� In our context�

the bias problem arises in each of the two smoothing steps� the nonparametric regression

of Y on X� and the projection of the residual u� on X�� The form of our statistic elimi�

nates the bias in the second step� so that E�V�n� � � under H�� On the other hand� the

bias from the �rst step is controlled through the �bias� condition nhp���g��m�	q�� � �� as

in Fan and Li ����
��

Remark �� Though the theory is developped for a generic bandwidth �g or h� in each step�

it is straighforward to extend it to a vanishing individual bandwidth for each regressor

in each step�
 In this case� one should replace gp� and hp� by g�g� � � � gp� and h�h� � � � hp��

respectively� The �bias� condition becomes n
Qp�

i�� h
���
i �maxi�������p� gi�

��m�	q�� � ��

Remark �� Our assumptions on the bandwidths include the usual ones� The condition

on the ratio hp��gp� means that the variance of nonparametric estimators in the model

with p� regressors is smaller than the variance of nonparametric estimators in the complete

model� This seems reasonable in view of the higher sparsity of the data in high dimensional

spaces� leading to the well�known �curse of dimensionality�� In our testing framework� this

condition can be better understood by considering individual bandwidths� In this case�

it seems natural to use individual bandwidths for the regressors X� not under test that

are identical between both steps� namely gi � hi� i � �� � � � p�� to avoid incorrect rejection

of the null hypothesis� Then our ratio condition reduces to
Qp�

i�p�	� hi � �� This is no

longer restrictive as vanishing individual bandwidths are obviously necessary to obtain

a consistent test� Hence our �ratio� condition on the relative rates of the bandwidths

seems to be minimal for testing the signi�cance of continuous regressors� In contrast�

when the regressors under test are discrete�
Qp�

i�p�	� hi needs not vanish� so that restricted

and nonrestricted nonparametric estimates jointly determine the limit distribution of the

test statistic� as studied by Lavergne �������

Fan and Li ����
� requires the stronger condition hp��g�p� � �� As a result� Fan

and Li�s testing procedure excludes a large domain of bandwidths� including the optimal

bandwidth rates for estimation n����p	��m	q�� when the dimension of X� is close to the

dimension of X�� and this for any degree of smoothness in the underlying regressions� For

instance� this arises when p� � � and p� � �� or p� � 	 and p� � �� In contrast� our testing

�One could also consider a more general form of kernel estimators as in Robinson 
������






procedure allows for a broader choice� including the optimal estimation rates when the

constrained regression is su�ciently smooth� though these optimal estimation rates need

not be optimal for testing purposes� see Guerre and Lavergne �������

The asymptotic variance �� can be written as

�E
h
�u�f��X���

�E
h
�u�f��X���

�jX�

i
f��X��

i Z
K��s� ds�

It depends on the kernel through
R
K��s� ds� This quantity can be minimized in the class of

product nonnegative even kernels by choosing the Epanechnikov kernel� see Epanechnikov

���
��� Following ������ an estimator of �� is

��
n �

�

n�
�
X
a

�Yi � Yk��Yi � Yk���Yj � Yl��Yj � Yl��LnikLnik�LnjlLnjl�h
p�K�

nij �

An alternative estimator� which is computationally less demanding� but more biased in

small samples� is

��
n �

�

n���
X
a

bu�ibu�jhp�K�
nij � �����

where �u�i is the kernel estimator of the residual u�i� The consistency of either form of

��
n is shown using similar arguments as in Theorem ��s proof� Therefore� we can propose

nhp���Vn��n as a test statistic for H�� From Theorem �� by letting �n � � or �� this test

statistic is asymptotically N��� �� under H� and diverges to �� against any �xed alter�

native to H�� The test is therefore a one�sided normal test� Moreover� the test has power

to detect local alternatives H�n approaching the null at rate slower than �
p
nhp�������

This rate agrees with that found in parametric speci�cation testing procedures that use

smoothing�


Although Theorem � suggests that suitable critical values for our testing procedure

can be obtained from the standard normal distribution� results from Eubank and LaRiccia

����	� and H
ardle and Mammen ����	� among others indicate that the normal approx�

imation may not be adequate for small sample sizes� Indeed� our test statistic behaves

like a weighted sum of chi�squares� in an asymptotic sense� and accordingly may approach

�It is always possible to modify our test statistic and make it consistent against some chosen local
p
n�alternatives� This is done by adding to our test statistic a suitable M �test statistic based on the

estimated residuals and by deriving the resulting limiting distribution�

�



normality slowly� especially for high dimensional settings� One alternative is to use a 	�

approximation� as proposed by Hall ����	� and Buckley and Eagleson ������ and used by

Eubank and LaRiccia ����	� and Chen ������ in the context of parametric speci�cation

testing� While such a correction may help in high dimensions� it did not prove much useful

in our limited Monte�Carlo experiments� where the normal approximation seems to work

well� Another alternative is to use resampling techniques� such as the wild bootstrap con�

sidered by H
ardle and Mammen ����	�� The theoretical justi�cation of such a technique

in our context� and speci�cally the conditions under which it applies� is left for further

research�

Lastly� it is possible to extend our procedure to the case where p� � �� i�e� testing

for no e�ect of all the regressors X�� In this case the null hypothesis of interest is H�
� �

r��X�� � E�Y � a�s� To test H�
� � we can readily modify ����� to get

V �
n �

�

n���
X
a

�Yi � Yk��Yj � Yl�Knij �

As before� we consider the local alternatives r��X�� � E�Y � � �nd�X��� with �n � ��� ���
Our Assumption � now reduces to the usual one in nonparametric estimation� namely

Assumption � �i� f��X��� r��X��f��X��� V ar��Y jX��f�� �X�� and E ��Y � c��jX�� f��X��

belong to Up� � �iii� K � Kp�
� �

Corollary � � Under Assumptions � and 
� if h� �� nhp� � ��� then as n���

�i� nhp���V �
n

d�� N�C��� ���� if ��nnh
p��� � C ���

�ii� nhp���V �
n

p�� �� if ��nnh
p��� ���

where �� � E �d��X��f��X��� and ��� � �E
h
Var��Y jX��f��X��

i R
K��s� ds�

Similarly to ��
n� a consistent estimator of �

�� is

���n �
�

n�
�
X
a

�Yi � Yk��Yi � Yk���Yj � Yl��Yj � Yl��h
p�K�

nij �

A consistent one�sided normal test for no e�ect of X� in the regression of Y can thus

be based on nhp���V �
n ��

�
n� As before� this test has power to detect local alternatives

approaching the null at rate slower than �
p
nhp�������

�



Many other tests have been previously proposed for the special case of testing for no

e�ect� as reviewed in Hart�s ������ monograph� Because the null is very simple in this

case� it is possible to apply the empirical process approach and to derive omnibus tests�

see e�g� Buckley ������ and Bierens ������ ������ Alternatively� tests based on smoothing

ideas have been considered� see e�g� Eubank and Hart ����	�� In particular� it is possible to

allow for data�driven smoothing parameters in such tests� see Barry and Hartigan �������

or to construct a test based on the smoothing parameter itself� see Eubank and Hart

������� However� with the exception of Bierens ������ ������ all these tests have been

developed in the special case of a single regressor and homoscedastic errors� In addition�

the limiting behavior of some of these tests is nonstandard�

The statistic V �
n resembles Zheng�s ����
� statistic for parametric speci�cation testing

in the case where the parametric model reduces to the constant regression� but removes all

�diagonal� terms from the latter to make it unbiased under the null� Indeed� because the

estimation of the smallest regression model is actually parametric� there is no bias corre�

sponding to this stage� As the form of our statistic also eliminates the bias in the second

stage� a notable feature of our statistic is that it is unbiased under the null hypothesis�

i�e� E�V �
n � � � under H�� This is especially valuable in small samples�

� Monte�Carlo Study

In this section� we investigate the small sample behavior of our test and study its perfor�

mances relative to Fan and Li�s ����
� test� hereafter FL test� We generate data through

Y � aX� � bX�
� � d�W � � U� �	�	�

where X� and W are independent and distributed as N��� �� and U is independently

distributed of the regressors as N��� 
��� The null hypothesis corresponds to d�W � �
�� and we consider di�erent forms of alternatives as speci�ed by d���� We impose the
restriction that E �d�W �� � �� so that the nonparametric regression r��X�� remains the

same whatever the data generating process� We set the parameters a� b and 
� to ����

and � respectively� so that the part of the variance of Y explained in its nonparametric

regression on X� is moderate� i�e� ����

�



We consider small �n � ���� and moderate �n � ���� sample sizes and run ����

replications� We choose K��� and L��� as product kernels of the univariate Epanechnikov
kernel with support ���� ��� i�e� L�u� � �	����� � u���I�juj � ��� As indicated in Remark
�� we can use individual bandwidths� The bandwidth parameter for the restricted model

is chosen as g � �sX�
n���
� where �sX�

is the estimated standard deviation of X�� This

corresponds to the usual rule�of�thumb in kernel estimation� see e�g� H
ardle ������� For

the unrestricted model� we keep the same smoothing parameter as in the restricted one

for the �rst dimension� i�e� X�� and choose the parameter for the second dimension� i�e�

Z� as h� � c �sW n���
� where �sW is the estimated standard deviation of W � Keeping the

same bandwidth for regressors that are common to both models� in our case X�� seems a

natural choice in our testing framework� For the regressors under test� i�e� W � we apply

the same rule�of�thumb with an additional varying constant c to investigate the sensitivity

of our results to the smoothing parameter�s choice��

The design of the alternatives has been chosen to investigate the power of the com�

peting tests with respect to the magnitude and the frequency of d���� For the magnitude�
we consider three linear alternatives of the form

d�W � � �W�

with � � ���� � and � corresponding respectively to DGP�� DGP� and DGP�� This allows

us to compare the performances of the nonparametric tests to the standard Fisher test

based on the true Model �	�	�� Alternatives corresponding to varying frequencies are

de�ned through

d�W � � sin���W ��

with � � �� �� ��	 and ��� corresponding respectively to DGP�� DGP
� DGP
 and DGP��

These departures from the null are of special interest� as it is known that smoothing tests

of parametric speci�cations are sensitive to the frequency of the alternatives� see Eubank

and Hart ����	�� Kuchibhatla and Hart ����
� and Hart ������� We expect that such a

feature will hold for nonparametric signi�cance tests�

Table � reports our Monte�Carlo results for the null hypothesis �DGP�� and the linear

alternatives� For each sample size �n � ���� ����� we let the constant c be ����� ���� �� �� ��

�In our setup� we have m� � � and q� � �� so that our bandwidths satisfy Theorem ��s conditions�

��



For each case� the �rst and second rows give the mean with standard deviation in parenthe�

ses of our test and FL test� respectively� For computational reasons� we use the simplest�

but biased� estimator of the variance ������ The third and fourth rows give empirical levels

of rejections for our test and FL test� The �rst �gure corresponds to a �� nominal level�

while the second one corresponds to a ��� nominal level� For each sample size� the last

row reports empirical rejection rates of the F�test for the same nominal levels�

The �rst column relates to the null hypothesis� First� the mean of our test statistic is

very close to zero� i�e our test statistic is nearly unbiased� irrespective of the smoothing

parameter� see Remark 	� This is in sharp contrast with FL test statistic� which is always

negatively biased� up to ������ Second� the standard deviations of both test statistics

are smaller than one� This is due partly to the fact that the simple variance estimator

����� always overestimates the variance� Although both tests exhibit empirical sizes that

are smaller than the nominal ones� FL test can be considerably undersized due to its

strong negative bias� The size of our test is much closer to its nominal size� especially for

bandwidths that are somewhat smaller than the rule�of�thumb� The empirical level as a

function of the bandwidth h� displays an inverse U �shape� as for very small bandwidths

h�� our statistic is identically zero�

Regarding the linear alternatives� we �nd that FL test statistic is more variable than

ours� Moreover� our test statistic has a higher mean than FL one� which is due to the

negative bias of the latter� This leads to a systematic higher empirical power for our test�

As expected� power is increasing with the magnitude of the departure from the null� as

measured by �� Our test can detect small linear alternatives such as DGP�� unlike FL test

which has close to trivial power in this situation� Furthermore� the power performance

of our test can equal that of the Fisher test �see DGP��� although the design is ideal for

the latter� Our results also indicate that the highest power is attained for our test for the

largest tried bandwidth� which is expected since the alternative is linear and the kernel

smoother is a straight line for large bandwidths� However� using an in�nite bandwidth

should ultimately lead to a trivial power�

Table � has the same structure as Table � and reports results relative to the sinus

alternatives� As in Table �� our test statistic exhibits a larger mean and a smaller variance

than FL one� and hence achieves higher power in all cases� The empirical power as a

��



function of h� displays an inverse U �shape for both tests� As shown in Figure �� our test

uniformly dominates FL test for a large range of bandwidths� The maximumpower of our

test can be up to �fty percent higher� It is achieved for a bandwidth that increases with

the smoothness of the alternative� as could be expected� Hence� our results suggest that

the bandwidth should be adapted to the frequency of the alternative� namely the higher

the frequency� the smaller the bandwidth should be�

For comparative purpose� we also provide the empirical rejection rates of the F�test

assuming a linear speci�cation in W � The lowest frequency alternative DGP� is close to

a linear speci�cation in the range ���� ��� Given that W is N��� ��� the F�test therefore

performs quite well� while our test has acceptable power up to ���� For high frequency

alternatives DGP� and DGP
� the F�test has trivial power irrespective of sample size�

while our test can attain an empirical power of ��� or 
�� respectively for a moderate

sample size of ����

To sum up� our test has better size and power than FL test in all cases and seems to

exhibit good properties for a wide range of nonlinear alternatives� Our Monte�Carlo study

points out the importance of the bandwidth choice� There is clearly a trade�o� between

size and power� A better sized test seems to be achieved by slight undersmoothing relative

to the rule�of�thumb� while better power is obtained in most cases by oversmoothing of

the variable under test� Our limited experiments suggest that the usual rule�of�thumb

�c � �� leads to an acceptable compromise between size and power�

� Proofs

Notations� In what follows� fi � f��X�i�� f�i � f��X�i�� ri � r��X�i�� r�i � r��X�i��

ui � Yi � ri� u�i � Yi � r�i� di � d�X�i� and Zi stands for �Yi�X�i�� i � �� �� � � � � n� Also

K � jKj and L � jLj and i� j� k� l� i�� j�� k�� l� refer to indices that are pairwise di�erent

unless stated otherwise� We let bfi � �n����� Pk ��i Lnik� and more generally for any index

set I not containing i with cardinality jIj� bf Ii � �n � � � jIj���Pk ��i�k ��I Lnik�

��



��� Proof of Theorem �

As Yi � Yk � �ui � uk� � �ri � rk�� and as K is even� we have from �����

Vn �
�

n���
X
a

�ui � uk��uj � ul�LnikLnjlKnij �
�

n���
X
a

�ui � uk��rj � rl�LnikLnjlKnij

�
�

n���
X
a

�ri � rk��rj � rl�LnikLnjlKnij � I� � �I� � I��

whereI� �
n� �
n� 	

�

n���
X
a

uiujfifjKnij �
��n� ��
n� 	

�

n���
X
a

ui� bf ji � fi�ujfjKnij

�
n� �
n� 	

�

n���
X
a

ui� bf ji � fi�uj� bf ij � fj�Knij � �

n���
X
a

uifiulLnjlKnij

� �

n���
X
a

ui� bf j�li � fi�ulLnjlKnij �
�

n���
X
a

ukulLnikLnjlKnij

� �

n���
X
a

uiujLnikLnjkKnij

�
n� �
n� 	 �V�n � �I��� � I����� �I��� � �I��� � I��
 � I��
�

I� �
�

n���
X
a

uifi�rj � rl�LnjlKnij �
�

n���
X
a

ui� bf j�li � fi��rj � rl�LnjlKnij

� �

n���
X
a

uk�rj � rl�LnikLnjlKnij � I��� � I��� � I����

Propositions � to �� study each of the above terms� Collecting results� it follows that

nhp���V�n � An � ��nnh
p����n � �n

p
nhp���Op����

nhp��� �I� � V�n� � ��nnh
p���op��� � �n

p
nhp���Op��� � op����

nhp���I� � ��nnh
p���op��� � �n

p
nhp���op��� � �nnh

p���g�m�	q��Op��� � op����

nhp���I� � op����

where An
d��N��� ���� Therefore

nhp��� �Vn � V�n� � ��nnh
p���op��� � �n

p
nhp���Op��� � �nnh

p���g�m�	q��Op��� � op����

In case �i�� nhp��� �Vn � V�n� � op��� and nhp���V�n
d��N�C�� ���� as

�n
p
nhp��� � ���nnh

p�������hp��� � o����

and �nnh
p���g�m�	q�� � ���nnh

p��������nhp���g��m�	q������ � o����

�	



In case �ii�� nhp��� �Vn � V�n� � op���nnh
p���� and nhp���V�n � ��nnh

p��� ��n � op����� as

�n
p
nhp��� � ���nnh

p����
hp���

���nnh
p�������

� o���nnh
p����

and �nnh
p���g�m�	q�� � ���nnh

p����
�nhp���g��m�	q������

���nnh
p�������

� o���nnh
p�����

Q�E�D�

����� Distribution of V�n

Proposition � � nhp���V�n � An � ��nnh
p����n � �n

p
nhp���Bn�

where �n �� �� An
d��N��� ��� and Bn

d���N��� � � ������ with � � limn�� �n and

� � E �u��d
��X��f�� �X��f�� �X����

Proof�Write V�n � U�n�W�n�
n� whereHn�Zi� Zj� � uiujfifjKnij � 
n � E �Hn�Z�� Z����

W�n � ���n�
P

iE �Hn�Zi� Z��jZi� and

U�n �
�
n
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���X
i�j

�Hn�Zi� Zj�

�
�
n
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���X
i�j

fHn�Zi� Zj�� E �Hn�Zi� Z��jZi�� E �Hn�Z�� Zj�jZj � � 
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n � E �uifiujfjKnij � � E ��u�i � �ndi�fi�u�j � �ndj�fjKnij �

� ��nE �difidjfjKnij � � ��n�n�

with �n �� � � E �d��X��f�� �X��f��X��� � as �nd�X��f��X��f��X�� � Up� and Lemma ��

�ii� Distribution of W�n�

E
h
E� �Hn�Zi� Z��jZi�

i
� E

h
u�i f

�
i E

��u�f�Kni�jZi�
i

� ��nE
h
u�i f

�
i E

��d�f�Kni�jZi�
i
� ��n�n

with �n �� � � E �u��d
��X��f�� �X��f�� �X���� as �nd�X��f��X��f��X�� � Up� and Lemma

�� Now E j E �Hn�Zi� Zj�jZi� j�� E j u�i f�i E� �u�f�Kni�jZi� j� O��� � o�n������ for

� � � � �� as E j Y �� j��� Thus� by Theorem ��� of Hoe�ding �������
p
n �W�n � �
n�� ��N

�
�� � � ����

�
�

��



�iii� Distribution of U�n� As E
h
�Hn�Zi� Zj�jZi

i
� �� by Theorem � of Hall �������

nhp���U�n
d��N��� ��� if

E� �G�
n� � n��E� �H�
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E�� �H�
n�

� o����

where �Gn�Zi� Zj� � E
h
�Hn�Zi� Z�� �Hn�Zj � Z��jZi� Zj

i
and �� � � limn�� hp�E� �H�

n�� By

de�nition of �Hn�Zi� Zj�� the above condition is equivalent to
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n�

E��H�
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n��

Let 
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R
K��s� ds�

As E�u��jX��f�� �X��f��X�� � Up�� by Lemma ��
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As Gn�Zi� Zj� � uifiujfjE �
��X����f�� �X����Kni�Knj�jX�i�X�j�� we have by Lemma �
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h

�
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��X�i � ht�f�� �X�i � ht���Z

��X�i � hs�f�� �X�i � hs��K�s�K�s� t�f��X�i � hs� ds
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f�if��X�i � ht� dX�idt

�h�p�
Z h


��X��
i�
f�� �X��f

�
� �X�� dX�

Z �Z
K�s�K �s� t� ds

��
dt� o�h�p��

�O�h�p���

where s� and t� denote the �rst p� elements of s and t� Thus condition ����� holds as

h� � and nhp� ��� Collecting results� Proposition � follows� Q�E�D�

��



����� U�Statistics

Let Un � ���n�m��
P

aHn�Zi�� � � � � Zim� be an arbitrary U�statistic� where the Zi�s are i�i�d�

but Hn is not necessarily symmetric� Then�

E�U�
n� �

�
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n�m�

�� mX
c��

n��m�c�

c�

�c�X
j��j�c�j�� j

I� �� ��

�
mX
c��

O�n�c�
�c�X

j��j�c�j�� j

I� �� �� �����

where
P�c� denotes summation over sets  � and  � of �ordered� positions of length c�

I� �� �� � E �Hn�Zi� � � � � � Zim�Hn�Zj� � � � � � Zjm�� �

and the i�s in position  � coincide with the j�s in position  � and are pairwise distinct

otherwise� Note that this formula corrects equation �A��� in Stute ������� In what follows�

we let �c �
P�c� I� �� �� and intensively use ����� to bound E�U�

n�� Indeed� if Zc denotes

the vector of common Zi�s� we have by conditioning on Zc
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h
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h
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i
by Cauchy�Schwartz inequality�

Proposition � � nhp���I��� � �n
p
nhp���Op��� � op����

Proof� I��� is a U�statistic with kernel Hn�Zi� Zj � Zl� � uifiulLnjlKnij � In order to use

������ we need to compute the corresponding �c� c � �� �� �� 	�

�i� �� � O�g�p� �� Indeed we have
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Then� using K � jKj and L � jLj� we have� by successive applications of Lemma ��

E
h
E��HnjZi� Zl�

i
� E

h
u�if

�
i u

�
lE �LnjlKnij jZi� Zl�E �Lnj�lKnij� jZi� Zl�

i
� O�g�p��E

h
u�i f

�
i u

�
lE �LnjlKnijjZi� Zl�E �Knij� jZi� Zl�

i
� O�g�p��E

h
u�i f

�
i u

�
lLnjlKnijf��X�i�

i
� O�g�p���

E
h
E��HnjZj� Zl�

i
� ��nE

h
u�lL

�
njlE

� �difiKnij jZj�
i

� ��nE
h
u�lL

�
njld

�
jf

�
j f

�
� �X�j�

i
� ��nO�g

�p��E
h
u�lLnjld

�
jf

�
j f

�
� �X�j�

i
� O�g�p���

�ii� �� � O���n�� Indeed�E �HnjZi� � E �HnjZj� � � and E�HnjZl� � �nulE �difiLnjlKnij jZl� �

Then

E
h
E��HnjZl�

i
� ��nE

h
u�lE

� �difiLnjlKnij jZl�
i

� O���n�E
h
u�lE

� �Lnjldjfjf�jjZl�
i
� O���n��

�iii� E �Hn� � �� Thus �� � ��

�iv� �� � O�g�p�h�p��� as E �H�
n� equals

E
h
u�iu

�
l f

�
i L

�
njlK

�
nij

i
� O�g�p�h�p��E

h
u�iu

�
l f

�
i LnjlKnij

i
� O�g�p�h�p���

Collecting results� E�nhp���I����� � ��nnh
p�O��� � hp��gp�O��� �O�ngp����� Q�E�D�

Proposition � � nhp���I��
 � op����

Proof� I��
 is a U�statistic with kernel Hn�Zi� Zj � Zk� Zl� � ukulLnikLnjlKnij �

�i� �� � O�g��p��� Indeed we have
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Then� we have� by successive applications of Lemma �
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Collecting results E�nhp���I��
�� � �hp��gp�� �O��� �O�ngp����� �O�ngp����� Q�E�D�

Proposition � � nhp���I��
 � ��nnh
p���op��� � op����

Proof� �n � 	�I��
 � is a U�statistic with kernel Hn�Zi� Zj � Zk� � uiujLnikLnjkKnij �

Using a reasoning similar to the one followed in Proposition 	� it is not di�cult to show

that this U�statistic is such that �� � O�g��p�h��p��� �� � O�g��p�h�p�� � O�g�p�h��p���
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Proposition � � nhp���I��� � �n
p
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p���g�m�	q��Op��� � op����

Proof� I��� � is a U�statistic with kernel Hn�Zi� Zj � Zl� � uifi�rj � rl�LnjlKnij �
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�i� �� � o�h�p�� � o�g�p� �� Indeed we have
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First� we use the fact that E ��rj � rl�LnjljZj� � O�g�m�	q��� � o��� uniformly in Zj by a

standard Taylor expansion argument� so that
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Now� by successive applications of Lemma ��
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Collecting results� E�nhp���I����� � ��nn
�hp�O�g��m�	q��� � nhp�O�g��m�	q��� � o���nnh

p�� �

o��� � o�hp��gp�� � o�ngp����� Q�E�D�

Proposition � � nhp���I��� � op����

Proof� I��� is a U�statistic with kernelHn�Zi� Zj� Zk� Zl� � uk�rj�rl�LnikLnjlKnij � Using

a reasoning similar to the one followed in Proposition ���� it is not di�cult to show

that this U�statistic is such that �� � o�h�p�g��p��� �� � o�g�p�h�p�� � o�g��p��� �� �

o�g�p��� �� � O�g��m�	q��� and E �Hn� � �� Hence� E�nh
p���I����� � nhp�O�g��m�	q��� �

o�hp��gp�� �� � �ngp����� � o�ngp���� � o�ngp����� Q�E�D�

Proposition 	 � nhp���I� � nhp���Op�g��m�	q��� � op����

Proof� I� is a U�statistic with kernel Hn�Zi� Zj � Zk� Zl� � �ri � rk��rj � rl�LnikLnjlKnij �

Similarly to the proof of Proposition � for I���� we can show that �� � o�h�p�g��p���
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�
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� n�hp�O�g��m�	q��� � o���� Q�E�D�

����� The remaining terms
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where the �rst �respectively the second� sum is taken over all arrangements of di�erent

indices i and j �respectively di�erent indices i� and j���

Let !X� be the 
�algebra generated by all the X�i�s and �n be E
h
 �f ji jZi� Zj� Zi� � Zj�

i
�

which is o��� uniformly by Lemma �� We consider three situations�
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The case j� � i is similar to i� � j�

�iii� Two indices in common to fi� jg and fi�� j�g� �n��� terms� We have
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 f ji
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The proposition then follows from �n � o��� uniformly� see Lemma �� Q�E�D�

Proposition � � nhp���I��� � ��nnh
p���op��� � �n

p
nhp���op��� � op����

Proof� The proof is very similar to the proof of Proposition � for I��� and is not reported�

Proposition �� � nhp���I��� � ��nnh
p���op��� � �n
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Proof� We denote � bf j�li � fi� by  f
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where the �rst �respectively the second� sum is taken over all arrangements of pairwise

di�erent indices i� j and l �respectively pairwise di�erent indices i�� j � and l��� Let !X� be
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the 
�algebra generated by all the X�i�s and where �n be E
h
 �f j�li jZi� Zj � Zl� Zi� � Zj�� Zl�
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which is o��� uniformly by Lemma �� We consider four situations and employ a similar

strategy as in Proposition ��s proof�
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In other cases� similar computations lead to either O��n�gp�� or O��n�hp���

�iv� Three indices are common to fi� j� lg and fi�� j�� l�g� 
n��� terms� For instance� if
�i � i�� j � j� and l � l��� E
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�
 f j�li
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cases� the corresponding expectations are all O��n��g
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The proposition then follows from �n � o��� uniformly� see Lemma �� Q�E�D�

Proposition �� � nhp���I��� � ��nnh
p���op��� � �n

p
nhp���op��� � op����

Proof� The proof is very similar to the proof of Proposition �� for I��� and is not reported�
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����� Lemmas

Lemma � For any function l��� � Up and any integrable kernel K����

sup
x�IRp

����Z l�X�
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Z
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Proof� This result comes from the well�known Bochner lemma�
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i
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The proof for the second part is similar and is therefore not reported� Q�E�D�

��� Proof of Corollary �

Let ui � Yi � c� As Yi � Yk � �ui � uk�� and as K��� is even� we have
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Each of these terms can be studied using the same techniques as in Theorem ��s proof�

so that we have

nhp���V �
�n � A�

n � ��nnh
p�����n � �n

p
nhp���B�

n�

where A�
n

d��N��� ����� ��n �� ��� B�
n

d���N��� �� � ������� with � � limn�� �n and

�� � E ��Y � c��d��X��f��X����

nhp���V �
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p
nhp���Op��� � op��� and nh

p���V �
�n � op����

Collecting results� it follows that

nhp���V �
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p�����n � �n

p
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where A�
n

d��N��� ���� and ��n � ��� The end of the proof is similar to Theorem ��s one�

Q�E�D�
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Table �� Null and Linear Alternatives

n c� DGP
 DGP� DGP� DGP�
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