~ A Service of
’. b Leibniz-Informationszentrum

.j B I l I Wirtschaft
) o o o Leibniz Information Centre
Make YOUT PUbllCCltlonS VZSlble. h for Economics ' '

Dankenbring, Henning

Working Paper
Volatility estimates of the short term interest rate with an
application to German data

SFB 373 Discussion Paper, No. 1998,96

Provided in Cooperation with:

Collaborative Research Center 373: Quantification and Simulation of Economic Processes,
Humboldt University Berlin

Suggested Citation: Dankenbring, Henning (1998) : Volatility estimates of the short term interest rate
with an application to German data, SFB 373 Discussion Paper, No. 1998,96, Humboldt University of
Berlin, Interdisciplinary Research Project 373: Quantification and Simulation of Economic Processes,
Berlin,

https://nbn-resolving.de/urn:nbn:de:kobv:11-10060674

This Version is available at:
https://hdl.handle.net/10419/61287

Standard-Nutzungsbedingungen: Terms of use:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen Documents in EconStor may be saved and copied for your personal
Zwecken und zum Privatgebrauch gespeichert und kopiert werden. and scholarly purposes.

Sie durfen die Dokumente nicht fiir 6ffentliche oder kommerzielle You are not to copy documents for public or commercial purposes, to
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich exhibit the documents publicly, to make them publicly available on the
machen, vertreiben oder anderweitig nutzen. internet, or to distribute or otherwise use the documents in public.
Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen If the documents have been made available under an Open Content
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten, Licence (especially Creative Commons Licences), you may exercise
gelten abweichend von diesen Nutzungsbedingungen die in der dort further usage rights as specified in the indicated licence.

genannten Lizenz gewahrten Nutzungsrechte.

Mitglied der

WWW.ECONSTOR.EU é@“}


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://nbn-resolving.de/urn:nbn:de:kobv:11-10060674%0A
https://hdl.handle.net/10419/61287
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

Volatility Estimates of the Short Term
Interest Rate with an Application to

German Data

Henning Dankenbring*

Graduiertenkolleg Applied Microeconomics
Humboldt- and Free University Berlin
Spandauer Str. 1, D-10178 Berlin, Germany
Email: Dankenbring@t-online.de

Abstract

This paper proposes a procedure for testing alternative specifi-
cations of the short term interest rate’s dynamics which takes into
account that according to some restrictions the interest rate is non-
stationary, i.e. the traditional test statistic has a non-standard dis-
tribution. Moreover, we do not take the specification of the mean
equation as given by the theory but rather base the decision of the
lag structure on a robust Lagrange Multiplier test. In contrast to U.S.
data we find that the volatility depends on either the interest rate level
or information shocks but not on both. Finally, we propose to describe
the short term interest rate’s dynamics by means of an AR(1) model

with stochastic volatility.
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1 Introduction

The specification of the stochastic differential equation of the instantaneous
rate of interest and its volatility in particular is fundamental for pricing con-
tingent claims or bonds. However, the empirical literature on term structure
models used to lag behind the available theory. In recent years, though, an
impressive amount of articles has emerged aiming at the correct specification
of the short term interest rate dynamics. This especially holds with respect
to those term structure models which JARROW (1995) calls zero curve arbi-
trage models, i.e. term structure models which take the stochastic differential
equation of the instantaneous risk free rate of interest and a few bond prices
as given in order to evaluate the remaining default free zero coupon bond
prices. The other class of models is called contingent claim valuation models.
Within these, no measurement error in calculating option prices emerges be-
cause in addition to the stochastic differential equation of futures prices or
the instantaneous risk free rate of interest, the entire zero coupon bond price

curve is taken as given.

This paper focuses on zero curve arbitrage models. CHAN/KAROLY1/LONG-
STAFF/SANDERS (1992), CKLS, compare a number of zero curve arbitrage
models by using an observable short term interest rate as an approxima-
tion for the theoretical instantaneous rate of interest and by using a crude
discretisation for the continuous time models. A much cited result of their
study is the point estimate for the levels effect parameter v of 1.5 (see Ta-
ble 1 for a definition) which implies non-stationarity for the interest rate
process, thereby violating the ergodicity assumption of the applied GMM es-
timator (BLIsS/SMITH (1997)).! The CKLS analysis has been extended in

!The non-stationarity of the interest rate process for v > 1 is pointed out in DAHLQUIST
(1996) and also mentioned in GOURIEROUX/MONFORT (1996) or BROZE/SCAILLET/ ZA-
KOIAN (1995).



various ways. BRENNER/HARJES/KRONER (1996), for instance, show that
according to their data the volatility function incorporates both, a levels ef-
fect and autoregressive conditional heteroskedasticity (ARCH). For monthly
data, three proposed models deliver point estimates of v between 0.5 and
1.44. BLISS/SMITH (1997) argue that the results derived in CHAN ET AL.
(1992) are invalid due to model misspecification. The monetary experiment
by the Federal Reserve Board from October 1979 to September 1982 led to
a structural break in the data generating process which is not accounted for

in the CKLS analysis.

This paper also takes the CKLS model as a starting point for analysing Ger-
man short term interest rates.? The crude discretisation of the continuous
time models is used although there exist estimation techniques which try to
eliminate the discretisation bias (e.g. DUFFIE/SINGLETON (1993), or GAL-
LANT/TAUCHEN (1996)). The justification is twofold: On the one hand, the
continuous time models need in any case be applied to discrete data. The
practitioner would probably like to know which of the zero curve arbitrage
models fares best in this context. On the other hand, however, the efficient
method of moments developed in GALLANT/TAUCHEN (1996) as well as the
indirect inference estimator of GOURIEROUX/MONFORT/RENAULT (1993)
demands an auxiliary parametric model as a starting point for an estimate of
the conditional density for the interest rate series. In this sense, this paper

might be a preliminary study for either of the two methods.

The theory typically prescribes an AR(1) process for the short term interest
rate. From an econometricians point of view, this might not be sufficient.
This is why we employ the robust Lagrange Multiplier test (RB-LM test)
developed in WOOLDRIDGE (1991) for the purpose of identifying a correct lag

structure in the mean equation. Whereas the classical LM test is misspecified

2To our knowledge there does not exist a study in this context with German data.



in the presence of ARCH effects in the residuals, the RB-LM test is not.
According to our results the latter does not reject the AR(1) model.

We propose a consistent method for testing the restrictions of alternative zero
curve arbitrage models. The test statistic used in CHAN ET AL. (1992) does
not have a standard distribution if the restrictions imply non-stationarity
of the data generating process. In contrast to ANDERSEN/LUND (1997)
and BRENNER/HARJES/KRONER (1996), we find for weekly data of the
Eurocurrency DM 3-Month rate that its volatility depends either on the
interest rate level or on information shocks but not on both. The results do
not indicate a structural break in the data generating process for the time
of the monetary experiment of the Federal Reserve Board. After testing
various one factor zero curve arbitrage models and econometric specifications
we derive a parsimonious time continuous model with stochastic volatility for
the short term interest rate. Accordingly, two factors serve as the building

block for a term structure model of interest rates in Germany.

The remainder of this article is organised as follows. Section 2 discusses
the single factor models as well as the data set to be studied and explains
the econometric methodology to be employed. In Section 3 the empirical
results are reported and a term structure model is derived. A summary and

concluding remarks complete the paper.

2 Theory and Econometric Methodology

2.1 One Factor Zero Curve Arbitrage Models

This section deals with term structure models which assume that a single
stochastic factor causes the evolution of the entire zero coupon bond price

curve. l.e. all interest rates are perfectly correlated with one single state



variable, the instantaneous risk free rate of interest approximated by an ob-
servable short term interest rate in practice. As in CKLS, the single-factor
diffusion processes to be studied can be nested in the following stochastic

differential equation for the instantaneous risk free rate of interest r:
dr =(a+0br)dt +or'dz (1)

where dz denotes the standard Wiener process or Brownian motion (dz =
eVt, e ~ N(0,1)), and or” the instantaneous standard deviation of interest
rate changes which is often referred to as 'volatility’. The dependence of the
instantaneous standard deviation on 77 is known as the ’levels effect’. Within
the models covered here, dz is the single factor driving the evolution of the
entire term structure. Table 1 reports the term structure models included
in (1). The specifications were chosen because of analytical tractability and
intuition. The VASICEK, CIR-SR, and BRENNAN /SCHWARTZ models assume
'mean reversion’, i.e. the interest rate is pulled toward its long term mean
by the rate |b].> Obviously, this imposes stationarity on the data generating

process. The approximate discrete-time analog of the continuous-time model

in equation (1) is (CKLS model)

Tt —Ti—1 =« + ﬂrt,l + Ut
E[ut|Ft71] =0, E[U?|Ft71] =y (2)

— 52,27
hy =o0°r;’,

where £}, denotes the information set at time ¢, and ;| the (conditional)
variance of interest rate changes. The restrictions § = 0 as well as 7 = 1.5
give a non-stationary data generating process (see e.g. DAHLQUIST (1996)).
Restricting the parameters to these values leads to a test statistic with a non-

standard distribution and consequently unknown critical values. Therefore

3This can clearly be seen if (1) is written as dr = —b(—a/b—r)dt + or?dz (with b < 0)

where |a/b| is the long term mean of r.



Table 1: Single-Factor Term Structure Models

Alternative single-factor zero curve arbitrage models are nested in

dr = (a+0br)dt +or'dz

Restrictions
Model a b v o
MERTON® dr = adt + odz — 0 0 —
GBM? dr =brdt 4+ ordz o — 1 —
DOTHAN® dr =ordz 0o 0 1 —
VASICEK? dr = (a+br)dt + odz — — 0 —
CIR-SR® dr=(a+br)dt+o\rdz — — 05 —
BSch/ dr=(a+br)dt+ordz — — 1 —
CIR-VRY  dr = ort¥dz 0 0 15 —
CEV*" dr =brdt +or'dz o — — —

*MERTON (1973).

Geometric Brownian Motion as used in RENDLEMAN/BARTTER (1980).

‘DOTHAN (1978).

IVASICEK (1977)

¢The CIR square-root model (CoX/INGERSOLL/ROSs (1985)).

’BRENNAN/SCHWARTZ (1980).

9The CIR variable rate model (Cox/INGERSOLL/R0sS (1980)).

hConstant Elasticity of Variance model as discussed in Cox (1975) and
Cox/Ross (1976).



we propose to first employ stationarity tests. These in combination with
volatility estimates can determine whether interest rates should be assumed
to be mean reverting in linear parametric models. In case of stationarity
mean reversion and v < 1 follow whereas non-stationarity could be due to
7 > 1 and/or a non-mean reverting data generating process. Only if 7 is
estimated to be smaller than one and the restriction v = 1 is rejected, the

test result of non-stationarity is unambiguous.*

As pointed out by BLISS/SMITH (1997), this model might be misspecified
with regard to the probable change in the process during the late 1970s and
early 1980s. As Figure 1 on page 12 suggests, both the level as well as the
volatility appear elevated. Since this period coincides with the temporary
monetary targeting experiment of the Federal Reserve Board it is to be con-
cluded that the U.S. market strongly influenced German rates. Following

BLISS/SMITH (1997), a dummy variable is introduced for this period:

re— 11 = (a4 01Dy) + (B + 02Dy)re—1 + uy
Elu|F1] =0, Euf|F]=h (3)

he = (0% + 53Dt)7’?£71+64Dt)

where

b 1 fort € (Oct. 1979 until Sept. 1982)
t =

0 other
Moreover, BRENNER ET AL. (1996) show that for U.S. data the volatility
of the short term interest rate needs to be modeled as a function of both
the level as well as information shocks. The former is included in (3) be-

cause the lagged interest rate level directly affects its conditional variance.

“We restrict ourselves to the case where r follows a finite AR process. BACKUS/ZIN
(1993) propose a one factor term structure model with fractional integration where r is

non-stationary and yet mean reverting.



Information shocks are introduced into the volatility function by specify-
ing an ARCH model.> We follow BRENNER ET AL. (1996) and use their
AR(1)-GARCH(1,1)-X model which is an extension of the GARCH model as

developed in BOLLERSLEV (1986):°

Tt —Ti—1 =« + ﬂrt,l + Uy
E[ut|Ft71] =0, E[U?|Ft71] =y (4)

2 2
hy = ¢o + cruy_y + cohyy + c3174

Alternatively, we adopt the EGARCH model (NELSON (1991)) because AN-
DERSEN/LUND (1997) show that it fits their interest rate data best. How-
ever, we modify it to get a specification (AR(1)-EGARCH(1,1)-X) which is
comparable to the GARCH-X model:

Ty — T = a4 freg

ug = e/ hey, 1y~ i.4.d. N(0, 1)

log(hi) = wo + wig(m1) + wa(log(hy 1)) + wsr”,
9(m) = One + I[|me| — Elne]]

Of course, the dummy variable as defined for the CKLS model would
need to be added in the AR(1)-GARCH(1,1)-X as well as in the AR(1)-
EGARCH(1,1)-X model. For tractability, these versions are not stated. In
(5), the conditional variance is a function of the lagged absolute disturbance
instead of the lagged squared disturbance. In addition, 7; enters directly
the conditional variance equation which is known as a representation of the
leverage effect. Negative shocks with respect to the expected bond prices

are likely to be followed by an increased volatility whereas positive shocks

LAMOUREUX/LASTRAPES (1990) argue that ARCH effects arise when information
shocks are serially correlated.
S BoLLERSLEV/CHOU/KRONER (1992) and BERA/HIGGINS (1993), respectively, give

an overview for ARCH models.



should lead to a reduced volatility. Due to the relationship between interest
rates and bond prices one would expect the opposite to hold in the above
model, i.e. w10 is expected to be positive. The AR(1)-EGARCH(1,1)-X
model allows the interest rate level to influence its conditional variance in
two ways: Through the just described leverage effect and through the levels

effect which is measured by the parameter ws.

Apart from the inclusion of asymmetry, this specification has two significant
advantages. First, it ensures a positive correlation between the conditional
variance and its lagged values, and lagged squared disturbances. Negative
parameter estimates cannot a priori be ruled out in the GARCH-X model
whereas theoretically it only is defined for positive parameter values. Second,
for ¢; + ¢; = 1 in the GARCH specification the interest rate process would
be covariance non-stationary and yet possibly strictly stationary. Within
the EGARCH framework such a conflict does not arise (see e.g. ANDER-

SEN/LUND (1997) and the literature cited therein).

2.2 Econometric Methodology

We start the analysis with the CKLS model specification as given in equa-
tion (3) and continue with the GARCH and EGARCH models. In contrast to
CKLS and Briss/SMITH (1997), all models are estimated by Maximum Like-
lihood assuming normally distributed residuals. Alternatively, the Student-¢
distribution could have been employed but because of consistency considera-
tions we prefer the former. This is the same approach as in ANDERSEN / LUND
(1997). For properties of the Quasi Maximum Likelihood approach see also
WEISS (1986) and BOLLERSLEV/WOOLDRIDGE (1992). The log-likelihood

function to be maximised is

log L(p) = 4 (log(h,) — i) (6)
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where p is the vector of parameters of the model to be estimated. ENGLE
(1982) argues in his seminal paper that a consistent and efficient ML estima-
tion demands a consistent initial estimate of the mean equation parameters.
Therefore, we first estimate the mean equation by least squares and use its
parameter estimates and residuals as initial values for the ML estimation.

The log-likelihood function is maximised by the BEFGS algorithm.

Apart from testing various volatility specifications, we test for the correct
lag structure in the mean equation. In BRENNER ET AL. (1996) as well
as in BLISS/SMITH (1997), misspecification tests are of major concern only
insofar as they deal with the volatility function. This is especially surprising
since BRENNER ET AL. (1996) report Ljung-Box @ statistics which indi-
cate the presence of serial correlation in all models. A justification may be
that the theory prescribes an AR(1) process for the instantaneous risk free
rate of interest. But in practice, this assumption does not necessarily hold
with respect to an observable short rate (an exception is ANDERSEN/LUND
(1997): none of their two-factor models does exhibit serial correlation in the
residuals of the mean equation). The argument in ENGLE (1982) gives a jus-
tification for neglecting serial correlation in the conditional mean for ARCH
models with a block diagonal information matrix. Accordingly, conditional
mean and conditional variance can be estimated independently without a
loss of asymptotic efficiency. But this argument does not hold for asymmet-

ric ARCH models such as the EGARCH specification.

DIEBOLD (1986) points out that the Ljung-Box test for serial correlation
is misspecified in the presence of ARCH effects because they invalidate the
standard asymptotic distribution theory. Therefore, the robust LM test (RB-
LM test) developed in WOOLDRIDGE (1991) is employed (BRENNER ET AL.
(1996) use this kind of test for diagnostics of the volatility function). The

terminology refers to the fact that the test statistic is robust with regard to
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a possibly misspecified volatility function. The following paragraph briefly
discusses the RB-LM test.”

The first step involves a standardisation of the estimated residuals (@;) which

are to be tested for serial correlation:
—\ -1 . —\ 1
it:Xt<Vht) ,ﬁt—i:ﬁt—i<vht) , 1=0,...,k (7)

where x; denotes the vector of regressors used in the mean equation and k
is the lag order which is to be used in the test for serial correlation. Next,
the effect of the regressors on lagged residuals is eliminated by means of the

following linear regressions

Uy =Xb+1a, ;, i=1,...,k (8)
This would give the following test regression:

= Mly_y + -+ Aly_p + 0y (9)

Instead, WOOLDRIDGE (1991) proposes to multiply (9) by @, and take the

conditional expectation which gives
Sk X k%
1= P1ly U+ ...+ PRpUp LU + Wy (10)

where w; denotes the expectation error. The test statistic is the number
of observations (7") minus the sum of squared residuals (SSR) of (10) with
T — SSR ~ X?*(k) under the null hypothesis. This test is called robust
Lagrange Multiplier (RB-LM) test because the estimation of the covariance

matrix of ﬁ:ﬁi{lt is not affected by the specification of the function for h,.

The Data

In this study, the Eurocurrency DM 3-Month rate (London market, R%m))

with weekly observations, supplied by Datastream, is used. The data covers

"An application and description can also be found in DANKENBRING /MISSONG (1997).
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the period February 1975 until the beginning of April in 1998, i.e. 1210
observations in total. With respect to U.S. data, DUFFEE (1996) argues,
that instead of the 1-Month rate, the 3-Month rate is better suited as a
proxy for the theoretical instantaneous risk free rate of interest. Weekly
sampled data is likely to lead to a smaller discretisation bias than monthly

data. Figure 1 shows the series as well as the absolute changes.

Figure 1: The Euro-DM 3-Month Rate and its Absolute Changes

14
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0.0

In the case of finite AR processes the econometric concept of stationar-
ity corresponds to the theoretical concept of mean reversion. Therefore
stationarity tests are an important tool for detecting the correct model
specification.  For this purpose we employ the KPSS test, derived in

KWIATKOWSKI/PHILLIPS /SCHMIDT /SHIN (1992), as well as the augmented
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Dickey /Fuller (ADF) and the Phillips/Perron (PP) test. In contrast to the
latter two, the first tests the null hypothesis of stationarity against the al-
ternative of a unit root. The following paragraph briefly introduces the test.
Since the data and interest rates in general do not show a deterministic time
trend for a long enough sample period we restrict ourselves to the case of

testing for level stationarity.

First, the variable z; to be tested is regressed on an intercept and the cor-
responding residuals e; are computed (i.e. ¢, =2, — 2z, t =1,...,T). Next,
the partial sum process of e;, Sy, is defined as

t

Sy=> e t=1,...T (11)

=1

The test statistic is
T
n=17%52/0" (12)
t=1
where o2 is the long run variance defined as

o? = lim T7'E[SZ]. (13)

T—o0

2

Of course, 02 is not observable. A consistent estimator denoted by s*(I) is

constructed from the residuals e, in the following way:

2 1 2 2 a
HUEE-D A=) (1 - z%) Y cery. (14)

t=g+1

Finally the estimated test statistic denoted by 7 is

N=T723 57/s*(1). (15)

Unfortunately, the test statistic is dependent on the choice of the lag trunca-
tion parameter [. For small values a considerable size distortion might arise

due to significant autocorrelation in the residuals e;. On the other hand, the
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power under the alternative decreases as [ increases because s?([) increases
and consequently the test statistic decreases as [ increases by construction.
KWIATKOWSKI ET AL. (1992) argue that a good compromise between large
size distortions and small power under the alternative is given for [ = 8.

However, Table 2 shows the test statistics for [ =0,...,12.

Table 2: KPSS Test for Stationarity

[ 0 1 2 3 4 Y 6

Test stat. for r,° 8.02 4.02 2.68 202 162 1.35 1.16
Test stat. for Ar,¢ 0.33 0.32 0.32 0.32 0.32 0.31 0.30
[ 7 8 9 10 11 12

Test stat. for 7, 1.01 091 0.82 0.75 0.69 0.63
Test stat. for Ar, 030 0.30 0.30 0.29 0.28 0.28

2] denotes the lag truncation parameter of the long run variance estimator. The critical
values derived in KWIATKOWSKI ET AL. (1992) for a significance level of 5% (1%) are
0.463 (0.739).

This row gives the test statistics for r;.

¢This row shows the test statistics for Ar; =1 — r—1.

For [ = 0,...,10 the null of stationarity is rejected at the 1% level, for
[ = 11,12 at the 5% level whereas the null of difference stationarity can

clearly not be rejected.

Table 3 gives the results of the more standard ADF and PP test for station-
arity. First, the ADF test regression was run with a constant, i.e. under the
hypothesis of a deterministic linear time trend in the level. This gives a test
for trend stationarity. Since the intercept always turned out to be insignifi-

cant we also here report the test results only for the level stationarity case.



15

The tests imply that the Euro-DM 3-Month rate is a random variable of a

data generating process which is integrated of order one.

Table 3: ADF and PP Test for Stationarity

ADF test® PP test
lag® Ary T Ary T
1 -25.39 -1.39 -32.23 -1.37
2 -21.48 -1.27 -32.18 -1.36
3 -16.66 -1.19 -32.15 -1.34
4 -14.89 -1.33 -32.15 -1.35
) -13.90 -1.36 -32.15 -1.37
6 -12.83 -1.34 -32.16 -1.38

?These rows show the ADF test statistics. Within this model without
an intercept (i.e. the time series does not contain a deterministic time
trend) the critical value of the 1% significance level for both tests is
—2.57 (cf. DAVIDSON/MCKINNON (1992)).

bWith respect to the ADF test, “lag” denotes the maximum lag order,
with respect to the PP test the truncation parameter for the Bartlett

window.

We conclude that the German short rate does not exhibit a deterministic time
trend and is to be modeled as a variable of an integrated process of order
1.8 Consequently, the short term interest rate does not mean revert in our

framework unless the volatility function causes non-stationarity. Although

8BALL/ToROUS (1996) perform simulation studies which show that neglecting non-
stationarity yields misleading results for zero curve arbitrage models. This holds indepen-

dently from the estimation technique used.
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this poses conceptual difficulties because the model cannot rule out negative
values in the future, it means that linear parametric empirical analyses have
to be carried out within the econometric framework for non-stationary data.’
There simply are too few observations for which the process mean reverts.

Nor does the series exhibit a deterministic time trend.

3 Model Estimations

First, the CKLS model with dummy variables for the period of the monetary
experiment of the Federal Reserve Board as given in equation (3) is estimated,
Table 4 shows the results. The RB-LM(1) test statistic amounts to 0.11
with a marginal significance level of 0.74. The autocorrelation function is
depicted in Figure 2.1% The latter indicates serial correlation to be present in
the residuals whereas the RB-LM test does not. Therefore the estimations
are carried out with lagged interest rate differences as well as without. The
coefficients of interest hardly alter at all and the additional coefficients are
insignificant. Also a test for joint significance, i.e. Hy : ¢ = ¢ = ¢p3 = 0,
does not allow for a rejection of the null hypothesis (the X?(3) distributed

test statistic is 2.658, with a marginal significance level of 0.447).

Also these estimates deliver a non-stationary data generating process. The
levels effect parameter v is equal to 0.12 and insignificant for both economet-

ric models.!! The dummy variables in the conditional variance equation are

?Also STOCK/WATSON (1993) mention these conceptual difficulties but nevertheless
follow their test results and assume interest rates to be I(1).

10 According to the Bartlett approximation the null hypothesis of a negligible au-
tocorrelation coefficient must be rejected if the estimated coefficient is greater than
2/VT = 2/+/1210 ~ 0.06.

11 The t-statistics of v and its dummy parameter will only be valid if the true value is

smaller than one. The estimates do not indicate a violation of this assumption.
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Figure 2: Autocorrelation Function of CKLS Residuals without

Lagged Interest Rate Differences
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significant which implies that the model cannot explain the increased interest
rate volatility during the early eighties. However, since the data plot exhibits
two significant outliers for February/March 1981 the model is re-estimated

without these observations.!? Table 5 gives the results.

The parameter 03 remains significant but a joint test with 63 = d, = 0 under
the null hypothesis gives a X?(2) distributed test statistic of 4.68 with a
marginal significance level of 0.096. Therefore we conclude that there is no
structural break in the data generating process. The one factor zero curve
arbitrage models are to be tested within the traditional CKLS framework.
Also the Hannan-Quinn information criterion favours the model without any
dummies. As shown in Table 5 the CKLS model gives a point estimate of
the levels effect parameter v which is close to 0.5 and highly significant.
The CIR-SR model assumes this particular value. Also if the outliers in
March/February 1981 were eliminated from the sample does the CKLS model

deliver this result (not given).'®

12 In DEUTSCHE BUNDESBANK (1981) these values are explained by a temporary aban-
donment of its short term loan instrument called Sonderlombard.

13This is in contrast to previous estimates with monthly data. There, one single outlier
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Table 4: Estimates of Levels Effect Model with Dummies
The model estimated with weekly data of the DM 3-Month rate is
re — 11 = (@4 01Dy) + (B4 62Dy)ry_4
TOL AT L+ G Ao+ O3 AT 3+ uy
Elu|F, 1] =0, E2|F; 1] = hy, hy = (0 + 83D,)r 0040
Dy =[1 fort € (5.10.1979 - 24.9.1982), 0 other].

Model without lags Model with lags
a®  0.0132 (0.419) 0.0143  (0.460)
0, 0.2741 (0.940) 0.2774  (0.922)
g -0.0028  (-0.491) -0.0029 (-0.515)
d -0.0259  (-0.865) -0.0263 (-0.853)
o1 0.0954  (1.469)
(o5 -0.0389  (-0.605)
b3 -0.0014 (-0.021)
o?  0.0981 (2.533) 0.0979  (2.883)
d3 -0.0964  (-2.509) -0.0963 (-2.767)
v 0.1226 (1.079) 0.1227  (1.196)
0, 1.0310 (2.877) 1.0392  (4.234)
HQ® -1.972 -1.964
RB-LM(1) Test® 0.1101 (0.740) 1.396  (0.237)
RB-LM(11) Test  10.36 (0.499) 7.775  (0.733)

®t-values are in brackets.
®Hannan-Quinn information criterion.

¢Marginal significance levels are in brackets.

CHAN ET AL. (1992) chose this framework for testing the restrictions of al-

significantly influenced the results as in BLiss/SMITH (1997).
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Table 5: Estimates of Levels Effect Model

The model estimated with weekly data of the DM 3-Month rate is

1y — 14—y = @+ 01 Doy + 03 D3/81 + i1 + uy
E[w|F, 1] =0, E[u2|F,_1] = hy, hy = (0 + 63D,)r20 000
D, =[1 fort € (5.10.1979 - 24.9.1982), 0 other|
Dy = [1fort = 27.2.1981, 0 other]
Ds/g) = [1 fort = 6.3.1981, 0 other].

Model without outl.
CKLS model  and with BLISS/SMITH

dummies
a® 0.0146  (0.488) 0.0163  (0.641)
01 2.8322  (5.235)
09 -0.0964  (-0.140)
g -0.0027 (-0.508) -0.0032  (-0.688)
o? 0.0343  (3.308) 0.0980 (2.872)
03 -0.0909 (-2.664)
v 0.4671  (5.906) 0.1229  (1.158)
04 0.6942  (1.483)
HQb -2.129 -1.973

RB-LM(1) Test® 0.015  (0.903)  0.0278  (0.868)
RB-LM(11) Test  3.887  (0.973) 11.67  (0.389)

%¢-values are in brackets.
bHannan-Quinn information criterion.

¢Marginal significance levels are in brackets.

ternative term structure models. However, the test statistic is not standardly

distributed if a non-stationary DGP were assumed under the null. This is the
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case for # = 0 as well as v > 1. We avoid such difficulties by first determining
the characteristics of the mean equation and second analysing the properties
of the conditional variance. The only testable restrictions are those on the

levels effect parameter with v < 1 under the null. Table 6 gives the results.

Table 6: Test of Alternative Zero Curve Arbitrage Models

The unrestricted econometric model is

A?"t =a+ ﬂ'lntfl + Uy, E[U,t|Ft,1] = 0, E[U?|Ft,1] = ht, ht = 0’27"?11

Testable

Model Restrictions Test statistic®
MERTON, VASICEK v=20 35.14

(< 0.001)
CIR-SR v=1/2 0.151

(0.728)
GBM, DOTHAN, vy=1 44.20
BScH (<0.001)

®The test statistic is distributed as X2 with one degree of freedom. Marginal

significance levels are in brackets.

Not surprisingly, the only restriction which is not rejected is v = 0.5. Con-
sequently, the stationarity tests analysed in the last section taken together
with these results propose a model without mean reversion. The zero curve

arbitrage model suggested by the data thus far is
dr = or’’dz (16)

i.e. a generalized Wiener process without a drift but with an instantaneous

standard deviation which is dependent on the interest rate level. With re-
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spect to Table 1 the restrictions are « = 0,3 = 0 und 7 = 1/2. However,
the autocorrelation function of the absolute standardised residuals of the un-
restricted CKLS model (i.e. the autocorrelation function of w;/h; with w,
and h; as given in equation (2), Figure 3) suggests that the conditional vari-
ance time dependence is not adequately modeled. Accordingly, a GARCH

specification is to be preferred.

Figure 3: Absolute CKLS Residuals Autocorrelation Function
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First, the most general GARCH-X specification which includes dummies for
the monetary experiment period is analysed. Table 7 shows the results. The
model with an exact fit for the two outliers does not indicate a structural
break. Consequently, the GARCH model clearly is able to explain the pe-
riod of increased volatility and outperforms also on these grounds the CKLS
model. In any case, the GARCH parameters are significant which implies
time dependence of the short term interest rate’s volatility. In addition, the
conditional variance shows a negative intercept whereas GARCH models are
only defined for ¢y, ¢, ¢y > 0. This result depends on the inclusion of dum-
mies as Table 8 shows. This Table also gives the estimates of the traditional
GARCH(1,1) model because contrary to the GARCH-X model, its asymp-
totics are well known. The estimates without any dummies (Table 8) deliver
a levels effect parameter v in the GARCH-X model which is nearly equal
to 0.5 as the CIR-SR model predicts but it remains insignificant. Although
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the GARCH parameters slightly change in comparison to the model with
dummies the sum still is smaller than one, and all values are strictly posi-
tive. Apart from the implausible negative intercept in the GARCH-X model
with dummies, qualitatively it does not matter if dummies are included. In
both cases the GARCH parameters are significant whereas the levels effect
parameter is not. In the GARCH model, however, the ARCH and GARCH
parameters sum up to more than one which violates the definition. Therefore
we re-estimate the model with a dummy in the conditional variance equation
which is equal to one on February 27, 1981 and March 6, 1981. Now, c¢; + ¢,

is strictly less than one, as required (see Table 9).

An extension is the EGARCH model. On the one hand it incorporates the
leverage effect (unexpected interest rate hikes typically are followed by an in-
creased conditional variance) and on the other hand it ensures positive values
for the conditional variance. Table 10 gives the results for the EGARCH-X
model as well as for the traditional EGARCH model. Also these estimates
reveal that the asymptotic characteristics of the estimators in conditional
variance models with levels and ARCH effects is quite problematic. 7 reaches
an implausibly large (but insignificant) value. Nevertheless, it is to be con-
cluded that leverage and levels effect are not significant in the model that
includes both whereas the traditional EGARCH model delivers a positive

and significant estimate for the leverage effect parameter, as expected.



Table 7: Estimates of the GARCH-X Model with Dummies

The model estimated with weekly data of the DM 3-Month rate is

Ty — Ti—1 = &+ 01Dyyg1 + 09 D3/81 + Bri—1 + uy
E[u|Fy_1] =0, E[u?|F;_1] = hy,
hy = co+ c1u? | + cohy_y + (3 + 53D r2 P
D, =[1 fort € (5.10.1979 - 24.9.1982), 0 other]
Dyjg1 = [1 fort = 27.2.1981, 0 other]

Dysy = [1 fort = 6.3.1981, 0 other].

Model with outliers Model without outliers

a®  0.0177 (0.646) 0.0195 (0.672)

g -0.0037  (-0.778) -0.0041  (-0.850)

01 2.9398 (0.676)

09 0.5809  (1.049)

co -0.3025  (-0.784) -0.1716  (-0.850)

c; 0.3818 (2.544) 0.3478  (2.019)

co  0.4914 (2.770) 0.6454  (2.985)

cs  0.3296 (0.871) 0.1893  (0.452)

d3 -0.0685  (-0.525) -0.0235 (-0.194)

v 0.0326 (0.843) 0.0380  (0.493)

o4 0.0775 (2.526) 0.0517  (0.427)

HQb -1.968 -2.022

RB-LM(1) test® 0.712 (0.399) 0.332  (0.565)
RB-LM(11) test  11.56 (0.398) 12.03  (0.361)

%t-values are in brackets.
®Hannan-Quinn information criterion.

°Marginal significance levels are in brackets.



Table 8: Estimates of GARCH-X and GARCH Model
The model estimated with weekly data of the DM 3-Month rate is
Ty —Ti-1 =+ i+ oug
Elu|F, 1] = 0, E[uf|Fy 1] = Iy,

2 2
hy = ¢o + cruy_q + cohy_y + 31y 4.

GARCH-X-Model GARCH-Model

a® 0.0203 (0.748) 0.0212 (0.028)
g -0.0042 (-0.894) -0.0045 (-1.020)

co  0.0327  (0.501)  0.0476  (2.267)
ci 04631  (3.087)  0.4493  (2.963)
¢, 04754 (2.637)  0.6286  (4.454)
cs  0.0045  (0.197)

v 0.5961  (0.626)

HQ®  -1.989 -1.823

RB-LM(1) test®  0.972  (0.324)  0.999  (0.318)
RB-LM(11) test  11.29  (0.419)  11.11  (0.434)

%t-values are in brackets.
bHannan-Quinn information criterion.

¢Marginal significance levels are in brackets.
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Table 9: Estimates of GARCH(1,1) Model with Dummy for Febru-
ary/March 1981

The model estimated with weekly data of the DM 3-Month rate is
Ty — o1 =+ Breog g
Elu|F, 1] = 0, E[uf|Fy 1] = Iy,
ht =Cy + 6Dt + cluf_l —+ Czht,1
Dy =[1 for t = Febr. 27/March 6, 1981, 0 other].

GARCH-Model

a® 0.0179  (0.649)
B -0.0036 (-0.793)

co 0.0720 (2.032)

§ 1.1407  (1.560)

¢1 03175 (2.037)

¢, 0.4980 (2.213)
HQ!  -1.782

RB-LM(1) test®  0.707  (0.400)
RB-LM(11) test  10.57  (0.480)

%¢-values are in brackets.
bHannan-Quinn information criterion.

°Marginal significance levels are in brackets.



Table 10: Estimates of EGARCH-X and EGARCH Model

The model estimated with weekly data of the DM 3-Month rate is

Ty =T =+ Bre Fug, up =1

ht, e ~ 1.1.d. N(O, ]_)

In(hy) = wo + wig(Me—1) + wa(ln(he—r)) + wsry?,

g(me) =

On, + I[|m| —

E[Ut]]

EGARCH-X Model

EGARCH Model

aa,

g

Wo

w1

%)

O

)

w3

v

w, O°

w ¢

HQ“

RB-LM(1) test®
RB-LM(11) test

0.0194
-0.0030
0.0218
0.2980
0.6260
0.3791
0.9511
0.0001
1.3390
0.1130
0.2834
0.1965
0.005
6.802

(0.744)
(-0.680)
(1.497

)
)
)
)
4. 071)
)
)
)
)

(0.941)
(0.815)

0.0375
-0.0066
0.0160
0.2756
0.7447
0.4000
0.9186

0.1103
0.2532
0.1826
0.004
6.857

%t-values are in brackets.

5w, © denotes the leverage effect. Its variance is computed as Var(w;0) =
w? Var(0) + 2 Ow; Cov(wy, O).
€w10 denotes the ARCH effect parameter. Its variance is computed accordingly.

Hannan-Quinn information criterion.

¢Marginal significance levels are in brackets.

26

02 Var(w; )+
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The conclusion to be drawn thus far is that a model with ARCH and levels
effect is overparametrised with respect to the DM 3-Month rate. Within the
traditional GARCH and EGARCH models no structural break is detected.
The autocorrelation function of the absolute standardised residuals of the
GARCH(1,1) model which assumes the mean to be generated by a random
walk as in (17) is given in Figure 4. Also on these counts does the model
outperform the CKLS model, although many autocorrelation coefficients are

significant. The EGARCH models deliver comparable patterns (not given).

Figure 4: Absolute GARCH Residuals Autocorrelation Function
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Due to the significant asymmetry parameter in the EGARCH model the
GARCH model appears to be misspecified. However, applying the formula
given in DROST/WERKER (1996) the latter can easily be translated into a
linear two factor term structure model whereas the former would demand

auxiliary simulations.

DROST/WERKER (1996) derive a continuous time model which is equivalent
to a GARCH model in discrete time.'* Accordingly the model
Tt — T—1 = Ut U ~ 1.1.d. N(O, ht) (17)

2
ht =y + C1ly_q + Cth_l

1YDRrRoST/WERKER (1996) define a so called weak GARCH discrete time model which
is closed under time aggregation. Its defintion of the unconditional variance differs from

the traditional GARCH model.
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with cp,c1,¢0 > 0, ¢1 + ¢3 < 1 and a finite fourth moment can directly be

translated into a continuous time model of the form
d?"t = O¢_ le

(18)
do} = k(0 — of_)dt + V2 Kk o7 dz

where z; and 2, are independent Brownian motions (i.e. E[dz] =0, E[dz] =
0, Eldz1dz] = 0) and with its parameters being determined by ¢, ¢; and ¢,

(the distance between two observations A is assumed to approach zero):
1—c —cy c

A
L%g — — K —_— A
1—01—02 A 1—01—02

The discrete time estimates are'®

Ty —Ti—1 = Uy U ~ 1.1.d. N(O, ht)

(19)
hy = 0.0727 + 0.3180u;_, + 0.4947h,_;.
With A set to 1 we get the following short term interest rate dynamics
dry = oy dz
t t 1 (20)

do? = 0.19(0.39 — o7 )dt + 0.20 07 d2y

As shown in e.g. COX/INGERSOLL/RO0sS (1985) or generally for exponen-
tially affine term structure models in DUFFIE/KAN (1996) such stochastic
differential equations lead to second order partial differential equations for
zero coupon bond prices. Consequently, the factor dynamics of (20) deter-

mine the entire zero coupon term structure.

A prerequisite for the two-factor model in (20) to explain the stochastics
of all interest rates is that a multivariate vector error correction analy-
sis delivers one stochastic trend, i.e. all interest rates need to be coin-

tegrated with 7, since the other factor is stationary by definition. With

15The model additionally incorporates a dummy variable for the extreme interest rate
values in February and March 1981 as demonstrated in Table 9 because these values are

due to institutional irregularities (see also footnote 12).



29

respect to U.S. data, JOHNSON (1994), ENGSTED/TANGGAARD (1994),
HALL/ANDERSON/GRANGER (1992) and PAGAN/HALL/MARTIN (1995) do
indeed find one stochastic trend whereas WOLTERS (1998) finds two stochas-
tic trends for German yields. However, if our second (stationary) factor has
an higher influence on short term interest rates in comparison to long term
ones this model can explain the relatively high volatility of short term interest

rates in comparison to long term ones.'6

4 Summary and Conclusions

We presented a testing procedure for the restrictions of alternative zero curve
arbitrage models which does not lead to invalid distributions of the test
statistic. It was shown that within a framework of linear parametric models
the data generating process of the Euro-DM 3-Month rate does not exhibit
mean reversion. The simplification of the zero curve arbitrage models to
assume an AR(1) process cannot be rejected by the RB-LM test. In contrast
to previous studies for U.S. data, the volatility depends on either information
shocks or the interest rate level but not on both. However, the GARCH model
outperforms the levels effect model. Finally, we propose a two factor model
of the term structure in Germany, where one factor is the short term interest

rate level and the second its conditional variance.

16 PFANN/SCHOTMAN /TSCHERNIG (1996) propose a non-linear two regime model in
order to explain this phenomenon as well as mean reversion for double digit interest rate

values.
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