~ A Service of
’. b Leibniz-Informationszentrum

.j B I l I Wirtschaft
) o o o Leibniz Information Centre
Make YOUT PUbllCCltlonS VZSlble. h for Economics ' '

Liptser, R.; Spokoiny, Vladimir G.

Working Paper
On estimating a dynamic function of a stochastic system
with averaging

SFB 373 Discussion Paper, No. 1998,102

Provided in Cooperation with:

Collaborative Research Center 373: Quantification and Simulation of Economic Processes,
Humboldt University Berlin

Suggested Citation: Liptser, R.; Spokoiny, Vladimir G. (1998) : On estimating a dynamic function of a
stochastic system with averaging, SFB 373 Discussion Paper, No. 1998,102, Humboldt University of
Berlin, Interdisciplinary Research Project 373: Quantification and Simulation of Economic Processes,
Berlin,

https://nbn-resolving.de/urn:nbn:de:kobv:11-10060735

This Version is available at:
https://hdl.handle.net/10419/61286

Standard-Nutzungsbedingungen: Terms of use:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen Documents in EconStor may be saved and copied for your personal
Zwecken und zum Privatgebrauch gespeichert und kopiert werden. and scholarly purposes.

Sie durfen die Dokumente nicht fiir 6ffentliche oder kommerzielle You are not to copy documents for public or commercial purposes, to
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich exhibit the documents publicly, to make them publicly available on the
machen, vertreiben oder anderweitig nutzen. internet, or to distribute or otherwise use the documents in public.
Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen If the documents have been made available under an Open Content
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten, Licence (especially Creative Commons Licences), you may exercise
gelten abweichend von diesen Nutzungsbedingungen die in der dort further usage rights as specified in the indicated licence.

genannten Lizenz gewahrten Nutzungsrechte.

Mitglied der

WWW.ECONSTOR.EU é@“}


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://nbn-resolving.de/urn:nbn:de:kobv:11-10060735%0A
https://hdl.handle.net/10419/61286
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

ON ESTIMATING A DYNAMIC FUNCTION OF A STOCHASTIC
SYSTEM WITH AVERAGING

LIPTSER, R. AND SPOKOINY, V.

Dept. FElectrical Engineering-Systems,
Tel Aviv University,
69978 Tel Aviv, Israel

and

Weierstrass Institute for Applied Analysis and Stochastics,
Mohrenstr. 39, 10117 Berlin, Germany

ABSTRACT. We consider a two-scaled diffusion system, when drift and diffusion
parameters of the “slow” component are contaminated by the “ fast” unobserved
component. The goal is to estimate the dynamic function which is defined by
averaging the drift coefficient of the “slow” component w.r.t. the stationary
distribution of the “fast” one. We apply a locally linear smoother with a data-
driven bandwidth choice. The procedure is fully adaptive and nearly optimal up
to a log log factor.

1. Introduction

In this paper, we propose a procedure for adaptive estimation of “averaged” char-
acteristics of a two-scaled diffusion system described by the It6 equations (w.r.t.
independent Wiener processes w;, W;) with a small parameter ¢:

(1.1) dX; = f(XFYP)dt + g(XF, YY) duwy, =,
(1.2) edYf = F(YF)+ VeG(Yy)dW,, YE = 0.

Hereafter, X; and Y,® are referred to as the “slow” and “fast” components respec-
tively. All the functions f, g, F, G, entering in (1.1) and (1.2), are unknown and
only the slow component X¢ is observed. The goal is to recover from the observa-
tions X7, 0 <t < T, some characteristics of the process X° which can be used
for a further statistical analysis of this process or forecasting.

Examples of such problems meet, for instance, in satellite imaging, where X7
describes the observed signal and Y,® is used to describe rotation and vibration of
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2 LIPTSER, R. AND SPOKOINY, V.

the satellite. Similar reasoning applies for every measurement device installed on
a moving object like plane, train, satellite, car etc. One more reasonable example
is connected to asset price processes in financial markets. A weekly (or monthly)
observed asset price process X° can be interpreted as the “slow” component. If
we are interested in some “global” (macro) characteristics of this process, then the
influence of other components of the market can be modeled via the “fast” process
Y;?. Some other applications of such approach to the control theory can be found
in Kushner (1990) or Liptser, Runggaldier, Taksar (1996).

Equations of the form dX;, = f(X; + Y;)dt + dw; are often used to model
regression problems with errors in regressors. It is well known, see e.g. Carrol and
Hall (1988), Fan and Truong (1993) that the presence of the “error” component Y;
in the regressor variable makes the problem of estimating the regression function
f much more difficult. Even if the distribution of Y; is known, the optimal rate
of estimating the function f is only logarithmic in the observation time. We do
not assume special additive structure for the arguments of the drift function f
and no information about the distribution of the noisy component Y is available.
Instead we only assume that Y*¢ is a fast oscillating process. We shall see that
this qualitative assumption allows for a reasonable quality of estimation of the
“averaged” drift function f which describes the “macro” characteristics of the
process X°©.

It is well known from Khasminskii (1966) (see also Freidlin and Wentzell (1984),
Veretennikov (1991)) that, under some regularity conditions on the functions F'
and G from (1.2), Y¢ is a fast oscillating ergodic process while the slow process
X¢ obeys, so called, Bogolubov’s averaging principle. This roughly means that
the distribution of the slow component is close to the distribution of the diffusion
process (X¢)i>o defined by the Itd equation

(1.3) dX; = f(X;)dt + g(X,) dwy,

where W is some Wiener process and the drift and diffusion coefficients f,g are
defined by averaging the original coefficients with respect to the stationary density
p of the fast process:

7@) = [ 1)y and a<x)=( / g%x,y)p@)dy)m.

In other words, the “macro” behavior of the process X¢ is determined only by the
averaged functions f and g. This naturally leads to the problem of statistical
estimation of these functions from observations X;, 0 <t < T, where T is the
observation time.

In this paper, we focus on estimating the dynamic function f(x). We do not
discuss here the problem of estimating the diffusion coefficient g since in the case of
continuous observations, the function g can be estimated at an essentially better
rate (of order £2) than the drift f. We also restrict ourselves to the problem
of pointwise estimation, that is, given a point z, we estimate the value T(a:)
We refer to Lepski, Mammen and Spokoiny (1997) for a discussion of the relation
between pointwise and global estimation. Note that the problem of the pointwise
estimation of the drift function f is closely connected to the problem of forecasting
the process X¢. Indeed, if we observe the process (X;) until the time-point T,
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and if we are interested in a behavior of the process in the nearest future after T,
then we have to estimate f(z) for z = X7 .

The estimation theory for diffusion type processes is well developed under the
parametric modeling when underlying functions (drift and diffusion) are specified
up to a value of a finite dimensional parameter (cf. Kutoyants, 1984b). In contrast,
nonparametric estimation is not studied in details. The known results concern only
with statistical inference for ergodic diffusion models with a small noise or for a large
observation time 7". Kutoyants (1984a) evaluated the minimax rate of estimation
of the drift coefficient using a kernel type estimator. Genon-Catalot, Laredo and
Picard (1992) applied wavelets. Locally polynomial estimators are described in
Fan and Gijbels (1996). Milstein and Nussbaum (1994), Grama and Nussbaum
(1998) established the LeCam equivalence between the diffusion model and the
“white noise model”. Some pertinent results for autoregressive models in discrete
time can be found in Doukhan and Ghindes (1980), Collomb and Doukhan (1983),
Doukhan and Tsybakov (1993), Delyon and Juditsky (1997).

In this paper, we assume neither ergodic properties of the slow component nor
the large observation time 7. This makes the problem more complicated. Addi-
tional difficulties come from the fact that the coefficients of the slow process are
contaminated by the unobserved fast one. To our knowledge, nonparametric sta-
tistical inference for diffusion models (1.1), (1.2) with averaging has not yet been
considered.

We propose a locally linear estimator of f(z) with a data-driven bandwidth
choice and show that this method provides a nearly optimal rate of estimation up
to a log log factor.

The paper is organized as follows. The next section contains the description
of the locally linear estimator. Its properties are discussed in Section 3. The
data-driven bandwidth choice is presented in Section 4. All proofs are gathered in
Sections 5.

2. A locally linear estimator

For fixed x, to estimate the value f(x) we apply the locally linear smoother (cf.
Katkovnik (1985), Tsybakov (1986), Fan and Gijbels (1996)).

We begin with some heuristic explanations of the method. Imagine for a moment
that the observed process X;, 0 <t < T satisfies the It0 equation with respect to
Wiener process w; :

(2.1) dX; = f(X,) dt + g(X;) dw,

u—x

with the linear function f: f(u) = 6y + 64 , depending on two parameters

o, 01, where z and h > 0 are fixed. These parameters can be estimated by the
least squares method:

~ T X, — 1 [T X, — 2\’
(0y,01) = argmax / 0o + 6, — ? dX; — —/ O + 0, T) ae ;
00,601 0 h’ 2 0 h
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that is, with p;, = fOT (%)k dt, k=0,1,2, we get

T T
po [ dX; — [ X2 AX,
0 0

90 = 2 )
Hofte — py
T T

—p1 [ dXy + po [ Xth_x dX;
’9“1 _ 0 0

fopts — 12

Since clearly f(x) = 6y, the value 6, can be taken as the estimate of f(z).
The locally linear smoother is defined in a similar way. The only difference is
that the function f is not assumed to be linear but it is approximated by a linear

u—x
function 0y + 64
the coefficients 6, 0, of this function can be estimated from the observations X;
falling into the interval [z —h,z+h], 0 <t < T. For the formal description, let us
introduce the kernel function @(u) which is assumed to be smooth, non-negative,

bounded by 1, and vanishing outside of [—1,1]. Then the locally linear estimate
with the kernel ) and a bandwidth h is defined as:

in a small neighborhood [z — h,z + h| of the point x. Then

T T
Q) AX - 5 Q (%) ax,
(2.2) fu(x) = —= > )

2
Ho,pt2,n — K g

T k
X —z X —=x
= Q dt k=0,12.
b /0( h ) ( h ) ’ T

Now we come back to the more complicated two-scaled model (1.1), (1.2). Here,
due to the averaging principle, the observed process X; is closed in the distribution
sense to the “limit” process X; described by equation (1.3). Therefore, to define

where

our estimate f,(z) of f(z), we simply replace in expression (2.2) the “limit”
process X; by our observations X;:

T T
H2,h f Q@ (Xthim> dXy — pip f Xthiw Q (%) dXy
0 0

2
Ho,pt2,n — MY g

(2.3)  fulz) =

Y

where now

T Xe — k Xe&
(2.4) Mh:/ (t m)Q( t:wcm k=0,1,2.
b= h h

The quality of estimate (2.3) essentially depends on the bandwidth h. Some

useful properties of fj,(x) for the fixed h are described in Section 3. We discuss
the adaptive choice of the bandwidth h in Section 4.
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3. Accuracy of the locally linear estimate

In this section we study some properties of the locally linear estimate fh(x) from
(2.3). We first formulate the required conditions on the coefficients of the two-scaled
system (1.1), (1.2). Then we present the result and discuss some its corollaries.

3.1. Conditions

In the sequel we suppose that the functions f, g and F, G from (1.1) and (1.2) obey
the following conditions:

(As) Functions f(x,y) and g(z,y) are Lipschitz continuous in z,y and f(z,y)
is three times continuously differentiable in x. For some positive constants

Gmin S Gmax

Imin < 19(2,9)] < Gmax-

(Af) 1. Functions F(y) and G(y) are Lipschitz continuous in y and continuously
differentiable (F' once, G twice) and their derivatives are continuous and
bounded.

2. There exist constants x > 0 and C > 1 such that for |y| > C

yF(y) < —klyl*,

3. Function G is bounded and strongly positive, i.e. for any y
0< Gmin S ‘G(y)| S Gmax'

Condition (Ay) guarantees the required ergodicity of the fast process Y and,
moreover, this condition can be viewed as the mathematical formulation of the
ergodic property of the fast process !. Under (A;) the invariant density of the fast
process can be explicitly described (Khasminskii, 1966) and it does not depend on
€:

y

exp {Qf 52((“13) du}
0

G*(y) '

It is worth to mention that neither the constants C, k, Giin, Gmax , DOr the invariant
density p are not assumed to be known and they do not enter into the description
of the procedure and into the formulation of the main results.

(3.1) p(y) = Const.

Isee Veretennikov (1991) for more detailed analysis of (Ay)
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3.2. Accuracy of the locally linear estimate

To state the result, we introduce some additional notations. With py; defined in
(2.4), set Dy, = puopian — 43, , and

1 /7 Xe— 2\’ Xf—x .
(3.2) oi(z) = ﬁ/o (,UQ,h_,Ul,h th ) Qz( th )gQ(Xt,Yt)dt
h

2 2
= vy Vo — 201002,V + 07 Vo

where, with £ =0,1,2,

Hie,h Hie,h

3.3 v = — = : )

(3.3) wh Dy ponban — 13,
T /rxe—2\" X:—x

s v - [ (B @ (B sana
0

Although the expressions for Vi, k= 0,1, 2, use the unknown diffusion coefficient
g9(X£,YF) and moreover, one of its arguments Y, is not observed, these values can
be computed on the base of our observations (X5, 0 < ¢ < T') only, see Section 3.4.

The value o7(x) is called the conditional variance of the estimate fj,(z). We use
this terminology by analogy with the regression case, where X; is a deterministic
design process and o (x) is really the variance of the least squares estimate f5(z) .
Note that for the regression setup, some design regularity is required to ensure that
o?(x) is not too large.

In our case, the observed process (X§);>o is described by the autoregressive
type equation and it can be viewed at the same time as the design process. We
therefore impose some conditions on the trajectories of the process X; which are
similar to that of used to describe the design regularity in the regression setting.
Our results are also similar to that of usually obtained in the regression estimation.
In particular, we show that under the conditions imposed, the conditional variance
o2(z) helps to control the stochastic component of the estimate f;(z) .

For some p >0, r>0, b >0 and B > 1, we introduce the set

b<Thuvy, <bB, b<Thoi(zx)<bB,
Ap =19 pop < T, Voo, <rVay

iin < propkon, Vi < pVorVan

Since (X[ )i>o is the random process, the set A, is random as well. In the sequel
we study the properties of fj,(x) restricted to the set Aj , see Remark 3.1 and 3.2
for further discussion.

The quality of the approximation of f(u,y) by a linear in u function in the
neighborhood u € [z — h,x + h| is characterized by the following quantity
(3.5) Ap(z) = sup |[f(u,y) = fz,y) — (u—2)fo(z,y)|.

lu—z|<h,yeR

The next theorem describes some useful properties of estimate (2.3).
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Theorem 3.1. Let (A;) and (Af) be fulfilled, and let the values € and €T be
sufficiently small and Th > 1. Then for every A > /2

(3.6) P ()fh@) _ 7(:[;)‘ > cAp(z) + Aon (), Ah>

1 2
< 4elog(4B?) (1 +4ry | : hal )\2) Ae ¥,
—p

Remark 3.1. As we mentioned previously, the quality of the estimate ﬁl(x) is
examined on the set A, only. This allows to eliminate irregular cases when, for
instance, the trajectory X[%’T] does not pass through the interval [z — h,z + h]
and hence pon = p1n = pen = D = 0. Note that for typical applications to
forecasting, when we have to estimate f(r) with » = X¢, the trajectory X[%ﬂ
obviously passes through x.

Note also that the event A, is completely determined by the known values f p,
and Vi, k=0,1,2. We therefore always know whether the observed trajectory
X[€0,T] belongs to A, or not. If the trajectory XFQT] does not belong to A, we

where ¢ = (1 — p)~1/2.

are not able to guarantee a reasonable quality of estimation for f,(z).

The conditions 0 < Q(u) <1 and Q(u) =0 for |u| > 1 imply pon < pop and
Vo < W, . Further, by the Cauchy-Schwarz inequality, it holds ,uih < Lo ntt2n
and VP, < VouVapu. The conditions o < mpon, Vor < 1mVou, w3, < plontian
and V%, < pVouVou with p <1 and 7 > 1 ensure that the local linear estimate
is well defined. Note that these conditions are not completely independent. In
particular, if g(x,y) is a constant function and if Q(u) = 1(|u| < 1), then py ) =
Vi s k=0,1,2 and 0%(93) =U2n = MQ,h/(MO,thh - H%,h) :

The choice of constants p, b, B, r, entering in the definition of the set A, , is
optional and they even may depend on ¢ and T'. Note that the upper bound (3.6)
from Theorem 3.1 does not depends on b and it depends on B (which determines
the variability of the conditional variance o7 (z) ) only via the log-factor log(4B?).

Remark 3.2. If the coefficients f and g of the slow component obey conditions
similar to (Ay), then (X7):>o is also the ergodic process and its transition prob-
abilities converge to some stationary distribution as the observation time tends to
infinity, see e.g. Veretennikov (1991). This particularly means that the normalized
integrals (Th) ks and (Th)™'Vip, (k= 0,1,2) converge to some fixed values
which depend only on the stationary distribution of (X;). Therefore we can select
fixed constants b, B and p,r in such a way that 1 — P(A}) converges to zero
exponentially fast as T" — oo. Since obviously

P <‘ﬁ(x) — f(x)‘ > cAp(z) + )\ah(x)>
< P (|7u(@) = F(@)| > cAn(a) + dona). 4y ) + P(4y)

we obtain in this situation an unconditional asymptotic bound for the risk of the
estimate f5(z).
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Remark 3.3. The result of the theorem claims that the losses | fu(z) — F(z)| of the

estimate f(z), being restricted to A, are bounded by the sum of two terms:
cAp(z) and Aop(z). The first one mimics the accuracy of approximating the
function f(u,y) by a linear in w function in the small vicinity [z — h,z + h] of
x. The second term is in proportion to the “stochastic standard deviation” oy (z) .
Note also that the definition of the set Aj, provides oy, (z) < (Th)~/?, where the
symbol “=<” means equivalence in order.

3.3. Quality of estimation under smoothness assumptions

Due to the assumptions (Ag) from Section 3, the function f is twice continuously
differentiable with respect to the first argument. Assume also that for every u from
a small vicinity of x and any fixed y

< L.

. #stu)

ou?

Then the value Ay (z) defined in (3.5), is bounded above by Lh?/2. On the other
hand, on the set A, the stochastic variance o7 (z) is of order (Th)~'. Therefore,
following to the standard approach in nonparametric estimation, the bandwidth
h can be chosen by balancing the accuracy of approximation and the stochastic
error:

Lh? =

3-
:‘-

This leads to the choice h =< (T'L?)~'/®> and hence to the rate of the estimation
LY5T=2/5 which is optimal in the minimax sense under the smoothness assump-
tions (3.7), see e.g. Ibragimov and Khasmiskii (1981). Unfortunately this approach
hardly applies in practice, since the constant L in (3.7) is typically unknown. An
adaptive (data-driven) choice of the bandwidth is discussed in the next section.

3.4. Computation of o3 (x)

Recall that with fixed h, the value o7 (z) is defined by the formulas (3.2) through
(3.4) where the expressions for Vi, k=0,1,2, use the unknown diffusion coeffi-
cient g?(X¢,Y?) and the unobserved process Y as one of its arguments. We now
show that despite of this fact, the value o7(z) can be computed via the trajectory
X 0.7] only.

Let us introduce two random processes

t X — t Xe — X¢ —
Z;Z/Q( = x) dX° and Z;':/Q( = ”) = T axe
0 0
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which are completely determined on the time interval [0,77] by the observation
Xom- Applying the Ito formula we get

T
@ = 2 [ 24z Ve

0

T
@92:2/‘ﬂ&¥+wh

0
Z,Z” . /TZ/dZ/,+/TZ,,dZ,+V

T4T — t t t t Lh:
0 0

T
Hence Vo = (Z'7)* —2 of Z;dZ], so that Vpy, is completely determined by X[EQT].

Similar arguments apply for V;;, and Vi, and hence for J%(x) as required.

4. Data-driven bandwidth selection

In this section we consider the problem of bandwidth selection for the locally linear
estimator described in Section 2. It is assumed here that the method of estimation,
that is the locally linear smoother with the kernel @, is fixed and only the band-
width A has to be chosen. The adaptive procedure originates from Lepski (1990),
see also Lepski, Mammen and Spokoiny (1997) and Lepski and Spokoiny (1997).

4.1. An “ideal” bandwidth

First we introduce the notion of an “ideal” bandwidth. Let a set H, of all ad-
missible bandwidths h, be fixed. For technical reasons, we assume that this set
is finite and denote by #H the number of its elements. Usually ‘H is taken as a
geometric grid of the form

H={h=hud", k=0,1,2,...: h < hpax},

where hpin < hmax and a > 1 are some prescribed constants. As in Section 3, we
restrict ourselves only to those h from H for which the observed trajectory X 0.7]
belongs to Aj, . Our goal is to select h from H providing the minimal in some
sense error of estimation for the corresponding estimate f, ().

We begin with some heuristic explanations. Recall first, that the values oy (x)
can be exactly computed on the base of observations X o.7]» See Subsection 3.4.
Note also that op(x) typically decreases in h. Indeed, an increase of h makes
the estimation window [r — h,x + h| larger and hence more observations can be
used for estimating the underlying function f at the point x. This results in a
smaller variance of the estimate. To simplify the exposition, we suppose that o,(x)
strongly decreases in h € H. (If this assumption is not fulfilled for the original set
H, i.e. if there is b’ < h € H with the property o,(z) > o (x), then we simply
exclude h from H.)

The behavior of the bias term Ay(x) is just opposite. Namely, for a regular
function f, the value Ay(z) is small when A is small, and it typically increases
in h. Therefore, the minimization of the sum of the form cAy(z) + Aoy (z) with
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some constants ¢, A leads to the balance relation Ap(z) =< o,(z) and we define
a “good” bandwidth h* as the largest h from H such that cAp(x) is still not
larger than Doy, (x) with some prescribed constant D :

(4.1) h* = max{h € H : cAp(x) < Doy(z)}.
Since Ap(z) is unknown, the bandwidth h* is unknown as well. In the sequel,

following to Donoho and Johnstone (1995), h* is referred to as the “ideal” band-

width or “oracle”. Due to Theorem 3.1, the losses of the “ideal” estimate ﬁ are
bounded (with probability closed to one) by (D + A)op«(z) provided that A is
sufficiently large.

4.2. An adaptive bandwidth choice

Now we present our adaptive procedure and show that the corresponding accuracy
of the estimation is essentially the same as if the “ideal” bandwidth applies. The
procedure involves two positive parameters A\; and D). The last one is already
mentioned in the definition of the “ideal” bandwidth. We discuss the choice of A\;
and D at the end of this section.

The data-driven bandwidth h is defined by the following rule:

(42) = max {h eH: @) — Fo@)] <\ (ah(x) + Un(a:)> +2Doy(2),

vneHm<h}

In words, the rule prescribes to take the largest value h € H for which the cor-
responding estimate fj,(z) does not differ essentially from every estimate f,(z)
with a smaller bandwidth value n € H. The arguments for this choice are quite
simple: if both 1 and h are not larger than h*, then the “bias” terms A, (z) and
Ap(x) in the difference |ﬁ(x) - ﬁ](:p)| are bounded by 2Doy«(x) < 2Dop,(x) and
therefore, the probability of the event

{|Fa(@) = F@)] > X (0n(@) + 0y(2)) + 2Don(a) |

is small provided that A; is large enough (see Theorem 3.1). Hence, if we meet
the opposite inequality for some 7 < h, this means that the bias Ap(x) is already
too large and the bandwidth h is not a good one.

Finally, to define our adaptive estimate, we plug the data-driven bandwidth h
in the estimate fj(z):

fl@) = fia).

In the next theorem we describe some properties of the adaptive estimate f(x)
restricted to the set

A=) A

heH

Theorem 4.1. Let the values € and €T be suﬁiciently small. Let also h* be de-
fined in (4.1) with Ay > /2. Then the estimate f(x) fulfills the following property:
for any X\ with V2<A< )\
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43) P (‘f(:c) - ?(3:)‘ > (A + 2\ + 3D)op- (), A*)

1 2 2
< delog(45°) (1 +4r 1 i /\%) A1 {(#H)Qe_% + 6_/\7} :
p

Remark 4.1. The choice of parameters A;, D, entering in (4.2), plays the impor-

~

tant role. The bound in (4.3) shows that the probability for ‘ f(x) — f(m)‘ of being

large is small, provided that the value (#H)2A\2e/? is sufficiently small. This
leads to the choice

A~ /Alog(#H) + N2
so that
(#H)2 e N2 m e N2,

If H is taken in the form of the geometric grid, then we get #H = log, (hmax/Pmin)-
Therefore, taking hp.c =T and hy;, &~ 1, we arrive at

A~ /4loglog T + \2.

There is much more degree of freedom in the choice of D . This parameter controls
the balance between the accuracy of approximating the function f by a linear one
and the stochastic error (see the definition (4.1) of the “ideal” bandwidth h*).
The results from Lepski and Spokoiny (1997) lead to the choice D = Const A\, (see
also the next subsection). At the same time, Lepski and Levit (1997) argued that
for a smooth function f, the relevant choice is D = 0. Simulation results show a
reasonable performance of the presented procedure with Ay ~3 and D =0.

4.3. The rate of adaptive estimation

We now compare the accuracy of the adaptive procedure (4.2) with the “optimal”
one designed for the case of known smoothness properties of the underlying function
[ (see Subsection 3.3).

Assume (3.7). Then Ap(z) < Lh*/2 and the constraints cAy(z) < Doy,(x) and
b(hT)™' < oi(x) < bB(hT)™! provide (4.1) with

h* — (TL2D2>_1/5.

Hence, for the above-mentioned choice A\; < y/loglogT and D =< \;, we obtain,
due to Theorem 4.1, the following rate of the adaptive estimation

loglog T 2/
T .

At the same time, the “ideal” choice of the bandwidth leads to the rate LY°T~2/%,
see Section 3.3. Thus, the adaptive rate is worse than the “ideal” one within a
log log-factor only.

The origin of the loglog-factor in the rate of adaptive estimation can be easily
explained. The total number #H of considered estimates is logarithmic in the

(A4 2\ + 3D)oy- () < L° (
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observation time 7T and the adaptive choice of the bandwidth leads to a worse
accuracy by factor log(#H) at some power.

The notion of “payment for adaptation” is now well understood in nonparametric
estimation: if we have too many estimates to select between, we have to “pay” for
the adaptive choice some additional factor in the risk of estimation. In particular, it
is shown in Lepski (1990) and Brown and Low (1996) (see also Lepski and Spokoiny
(1997)) that for the problem of pointwise adaptive estimation, the optimal adaptive
rate has to be worse than the optimal one by a log-factor.

In our results a loglog-factor appears. This fact is not in the contradiction with
earlier issues, since the above-mentioned results correspond to the case of the power
loss function [(x) = |z|P, p > 0, whereas we consider the bounded loss function. It
can be also shown that the rate achieved by our estimate is optimal for pointwise
adaptive estimation with the bounded loss function (see Spokoiny (1997) for similar
results in the adaptive testing problem).

5. Proofs

In this section we prove Theorems 3.1 and 4.1. For a generic positive constant the
notation ‘¢’ will be used hereafter.

5.1. Decomposition of f,(x)

We use two obvious identities characterizing the local linear smoother: for v =

MDl—':aIldUZh:NDQ—’:
T X —x X¢—x
/OQ( sh )(vz,h—vl,h Sh )ds =1
r X:—z X -z (X —1x)?
[ o502) (o5
and hence

(5.1) /OTQ (Xgh_ x) (vg,h - vl,thh_ ”’”) flx)ds = F(x)
(5.2) /OTQ (Xgh_ x) (vz,hxgh_ L vl,h(x’%xm T.(x)ds = 0.

Due to (2.3) and (1.1), the estimate f,(z) can be represented as follows:
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~ T X, —x r Xi—a2\ X, —x
o) = v [ QB ) axi o [ o (F0) B ax;
0 0
Xe — X _ ¢
_ : o s X°.Y9) ds
/o Q( h )(Um UL, h )f( oY)
T XE
po [ @(F0) xs o) du,
0 h
r X§ -z X§ B € €
_Ul,h/o Q ]’L h (stxfs)dws-
Now (5.1) and (5.2) imply the following decomposition

(53) fa@) = F@) +&+m+a)+¢?
Xf -

where, with §(X¢, Y7 z) = f(XE,YE) — f(z,Y?) — fx(x,Yf),

R s ) S S

T Xg—x X:—=zx
rn = / Q( )(UQh_Ulh sh )5(X57Y387 )d7

& = v [ ( 1) ol o
o [ Q(BE) B o v du,
6 = v Q( - )[f(sc,m—ﬂx)] s
o [ T@(X 5) v - T - as
(@ = v2h ( > (2, Y) = Fo(2)] X‘gh_a:ds
o / Q(F ) tntevn) - Ll

Below we evaluate separately each term in this decomposition.

5.2. An upper bound for |r|

Since @ (“:%) vanishes for any u & [z — h,x + h] and [6(XZ,YE, 2)| < Ay(z) for
| XE — 2| < h, we get

(54)  |m| < /OTQ(XEh_I)
s o)

13
X —=x

0(XE, Y7, )| ds

V2 n — V1,h

X¢—x

S
Vo p, — Uip . ds.
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The properties |Q(u)] <1 and Q(u) =0, |u| > 1 imply the inequality 2 < pon -
In addition we know that it holds on A,

(5.5) 143 1 < PHosH2,h-
We now show that
(5.6) Irn] < (1= p) Y20, () on A

The Cauchy-Schwarz inequality applied to (5.4) gives

T e __ T e _ € __ 2
1z a0 [ 052 [ 0(55) (or- ) o]

Next,
T X —x
/Q( Sh >d3:ﬂ0,h7
0

and using vy = pgn/Dn, With Dy = poppon — pi s, k=0,1,2, we get

T Xe — X¢& — 2
[ o(55) ()

1/2

o Mg,hﬂo,h - MQ,hN%,h
Dy
= pign/ Dh.
Hence, in view of (5.5),

pon o\ 1o, fh2,h v 1\
| < Ap(x (—O’ 2 ) = Ay(z) | —2L22h < Ap(x (—)
I () Dy, (o) ,UO,h,UZ,h_,U%,h #(2) L—p

as required.

5.3. An upper bound for &,

We study here some properties of the “stochastic term”

T X:—=z
& = UQ,h/ Q( sh )g(XE,YSE)dws
0

T Xe—2\ X:—2
_Ul,h/ Q ( Sh ) Sh g(XgaYVsa) dws'
0

Namely, we intend to show that the probability of the event {&, > Aoy (z)} with
on(z) from (3.2) is small provided that A is large enough. Set for ¢ < T
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¢ X¢—x
Mo = /Q( = >g<X§,Yf) du,
0

t Xe—zx\ X¢—=x
M, = /Q( Sh > Sh g(X:,Yy) dws.
0

The It6 integrals M,; and M;, are continuous local martingales with the pre-
dictable quadratic variations (see e.g. Liptser and Shiryayev (1989))

e = [ @ (T ) as

t X — X —
(My, My): = / @2(5 ) LT R(XE,YT) ds,
0

h h
! X —=x X —=x 2
(M), = /Q2( h )( A ) QQ(X;E;Y;) ds,
0

SO that <M0>T = Vb,h, <M0, M1>T = ‘/Lh and <M1>T = ‘/2,]1 . ThlS yields
§h(I) = U2,hMo,T - U1,hM1,T,
on(x) = v, (Mo)r — 201 pvan(Mo, My)r + v}, (Mi)r.

Denote

Obviously

P (|&4] > Aon(), Ap)

= P <‘M07T — uhMl,T] > )\\/<M0>T — 2uh<]\/[0, M1>T -+ u,%(M1>T, Ah) .

To evaluate the latter probability, we apply the general result from Proposition 6.2,
see Appendix. First we check the required conditions. The value uy, being re-
stricted to Aj , can be bounded as:

| < ‘Lﬂﬂ < JiF.

H2.h

Note now that
(M) Van
(Mo)r — 2up{Mo, My)p + uj (M) Vo = 2upVip + uiVap
Van
Vo Van — th + (Vip — Uhv2,h)2’

and it holds on A, in view of Va;, < Vi,

(Mi)r o Ve 1
(Mo)r — 2up(Mo, My)p +ui(Mi)r — (1 —p)VorVor, — 1—p
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In addition, the definition of A, provides the following bounds for oZ(x) on this
set

oi(x) _ Thoj(x
Th v%’h (Thuvyp)?
o2 (x) Thaoi(z b 1

| /\

b _ B
® b

v

Thvi,  (Thuvsy)? = (bB)? ~ bB?
Applying now Proposition 6.2 we get
3 L+7r
(5.7) P (& > Aon(x), Ap) < 4delog(4B°) ( 1+ 4r T, — N de”

5.4. An upper bounds for C;ll) and Cff)

Note that both (,(11), (,52) are linear combinations of elements of the form

T
o [ WX a(Y?) ~ s,
0
where
- vy, is any of vy p, Vo p;
- W(XE) is any of X0 (X””) —0,1,2:
- a(Yy) is any of f(fv,YSL fo(2,Ys), and @ = [a(y) p(y) dy, with p(-) being

the invariant density of the fast process.

Under the assumptions made, the function ¥(u) is bounded by 1 and twice con-
tinuously differentiable: there exists a constant C such that

|W(u)| <1 and |W(u)| + [¥(u)| < C Y.

Next, on the set Ay, it holds v, < pvopvan < proz, and vy, < bB(Th)™', so
that, taking into account Th > 1, it suffices to bound only

T
U = [ w0 als) - @ ds.
0
We apply a large deviation type estimate for the two-scaled diffusion model (1.1),
(1.2) from Liptser and Spokoiny (1997) adapted to the case considered.
Proposition 5.1. Suppose (A;) and (Af). If T =T, and lin% eT. = 0, then for

every positive z >0 and 0 < kK < 1/2
2

lim(=T2)" " log P ((<12) U7, > 2) < —%,
where
v = /R P (y) G*(y) p(y) dy,
oy = m [latw -l du

o0
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Corollary 5.1. For ¢ small enough and k1 <1 — 2k

P (US| > (eT)") < exp <—<€T1€>m) |

Applying this corollary with k£ < 1/2 and k; < 1 — 2k, we obtain for €7 small
enough

(5.8) P (\g,(j)| > 2(5T)“> < 2exp (—(d{)m) . i=1,2.

5.5. Proof of Theorem 3.1
Summing up the decomposition (5.3) and the bounds (5.6), (5.7), (5.8), we get

P (‘fh(m) - 7(:6)‘ > ¢An(@) + Aow(@) + 2(eT°)", Ah>

1 2 1
< 4elog(4B®) (1 +4dry/ : f; )\2> Xe™ T + dexp (— (gT)m) :

This leads to the required bound from Theorem 3.1 for sufficiently small 7.

5.6. Proof of Theorem 4.1
Let h* be shown in the theorem. Recall that A* = [ A,. We use an obvious

heH
inequality
P(‘f(x)— )] (A + 2\ + 3D)o: )
< P (‘f(x) —7(50)] (A 42X\ + 3D)op (), E > A*) +P (ﬁ < I, A*) .

Since op(x) decreases in h, we have on the set {ﬁ > h*} N A* in view of the
definition of h

() = fue ()] < M (05(2) + o (2)) + 2Dz () < 2(A1 + D)oy- ().

Further, using the inequality cAy«(z) < Doy (z) and Theorem 3.1, we get

P (|fie(2) = F@)| > (D + Moy (x), A°)
< P (i (2) = F@)| > Aoy (x) + ey (), A°)
< (CLA+CoN%) e
where

C; = delog(4B?),
I+r

Cy = delog(4B%)4 :
) elog(4B”) 4r T
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Hence
(5.9) P (yf(;c) —F(2)| > (A + 2\ + 3D)oy (2), A* b > h*)

< (CIA+ CoN%) e %

and it only remains to evaluate P(/l% < h*; A*). Due to the definition of ﬁ, we
have

{h < h*, A*}
c U U {15 =R x(on@) +oyfa) +2Dou(x), A}

heH:h<h* neH:n<h
We now use that for every n,h € H with n < h < h*

cAp(z) < cAp(z) < Doy () < Doy(x),
cAy(z) < cAps(z) < Dop-(x) < Dop(x).
Therefore by Theorem 3.1
P (1ule) = Jy(@)] > A (on(@) + 04(2)) + 2Dery(x) , A”)
< P (Ifal@) = T@)] > Mowla) + eAu(x), Ar)

P (1) = F@)| > o) ey (x) A,

< 2 (Cl)\l + 02)\1;) 6_%.

Clearly the total number of pairs n,h € H, satisfying n < h < h*, is at most
(#H)?/2. Therefore

2
A

P (ﬁ < h*) < (H#H)? (CrAy + CoA3) e 3
This bound coupled with (5.9) implies the desired assertion.

6. Appendix. Deviation probabilities for
martingales

In the Appendix we present two general results for continuous martingales. The
first result describes some properties of real-valued martingales, while the second
one deals with martingales valued in R2.

6.1. The scalar case

Let M, be a continuous martingale with My = 0 and with the predictable quadratic
variation (M), .

Proposition 6.1. For everyT >0, v >0, S>1 and A\ > 1

(yMT| > MW (M), 9 < /(Mg < 198) <4\V/e(l+logS)e =
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Proof. We use
P <|MT| > A/ (Mp, 9 < /(M)p < 795)
<P <MT > MMz, 9 </ (M)p < ﬁS)
+P (MT < MW (Myr, 9 < /My < 195) .

We estimate separately each term in the right side of this inequality.
Given a > 1, introduce the geometric series ¥, = Ya* and define the sequence
of random events Cp = {0 < \/(M)r < Vp1}, k=0,1,.... Then clearly

(6.1) P <MT > MW(M)r, 9 < /(Myr < 195)
< ip (MT > M/ M)z, 9 < /(M)r <98, ck> .

k>0

where K is the integer part of log,.S. We now bound each term in this sum. Let,
with v € R,
2
Z(3) = exp (M, = L-(00).).

The random process Z;(7y) is the continuous local martingale and, being positive,
it is the supermartingale (see Problem 1.4.4 in Liptser and Shiryayev (1986)).
Therefore for every T > 0,

(6.2) EZp(v) <1.
For fixed k, we pick ~, = ﬁ and use (6.2) for the inequality

1> EZp(y)I (MT > M/ (M), ck>

which implies
A A2
1 > Eexp(—Mp——(M)p |1 <MT > A/ (M), Ck)

Wy 20,
A2 A2

> Eexp | 2 /(Myp — 2 M)y ) T (MT > MMy, ck)

_ oo \%?
2 EeXp {ﬂkgi}%fﬁk+1 (ﬁ—k — 2—19]%> } I (MT > /\\/ <M>T, Ck) .

It is easy to check that “infy, <,<y,,,” is attained at the point v = V1 = avy so
that
2

P (MT > )\\/<M)T,Ck> < exp {—/\2 (a — %) } .
Combining this bound with (6.1) and using K < log, S, we obtain

2

P(MT>A\/W, 9 < \/Wgﬁs) < (1—|—logaS)exp{—/\2 (a—%)}
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Since the left hand side of this inequality does not depend on a, we may optimize the
2

choice of a to minimize its right side. This leads to a = 1+1/X and \? <a — %) =

A2 {1+ +-3(1+1) } = 2(A?—1). Since also log(1+1/A) > 1/(2\) for A > 1,
and hence loga S <2Mlog S, we have

(MT>)\\/ Myr, 9 < /(M <ﬁs)<2\m( tlogS)e =

In the similar way we obtain

(MT< M M)r, 9 < M <195><2\m( tlogS)e

and the assertion follows. ]

6.2. The vector case

Here, we consider continuous vector martingale M, valued in R? with components
My and M, t > 0. We denote

%,t = <M0>t7
‘/i,t = <M07 Ml>t )
Vo = (M) .

Let u be a random variable and

o7 = Voo —2uVi + U2V2,t~
For a fixed time moment 7" and constants ¥ >0, S >1, >0 and p € (0,1),
introduce the event

9 < a% < 9SS
(6.3) Ar = V12T < pVo,rVor
lul <

Proposition 6.2. Let M, be a martingale with values in R? such that Voor >
Vo . Then, with Ar from (6.3), it holds for every A > V2,

1+ﬂ 9 a2
P (|Myr — ubyr| > Aor, Ar) < 4delog(4S) | 1+ 45 )\ e 7.

Proof. For fixed 3, p, and A define § such that
20(1+ )
L—p
and denote by Ds = {ag, = kd : k € N, |a] < 8} the discrete grid with the step §

in the interval [—4,f].

Let vy (respectively v_) be random variable valued in Djs which is closest to
u from above (respectively from below). Then clearly

(6.5) vy —u| < 4.
(66) ’MO,T — UMI,T‘ S max {|M07T — V—MI,T’ s ’MO,T — V+M17T|} .

(6.4) =12
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Let now v be one of v_ and v, . Then by construction | —u| < §. Next we
show that on the set A; it holds

Voor —2vVir + V2V2,T

2
Op

(6.7) 1-22< <1422

Indeed

2
or = Vor—2uVir+uVor
2

|% Vir\®
= ‘/(),T_£+‘/2,T(U_£)

Vor Vor
2 VO,T‘/ZT - ‘/12,T
Vor
> (1-p)Vor

and using Vor < Vo7, we get

Virl < \/PVO,TV2,T< VP <

= = = 1 - P _17
o7 (1=p)WVor — 1—=p )
2L (i)

or (1- P)VO,T

Since on the set A it holds |u| < and by construction |v| < [, we obtain, using
definition (6.4) of 4,

‘VE),T —2uVir+ UZVQ,T — (Vor —2vVip + VQ‘/Q,T)‘
<2\Vir|lu—v|+ Var ‘u2 - 1/2‘
<20(1—p)~tor +285(1 — p)~log
= 0%)\*2

and (6.7) follows.
Since on the set Ar the value o is between ¢ and 95, we also get for v = vy

(6.8) (1 =229 < Vor —20Vig + v Vor < (14 X298,
We now derive from (6.6), (6.7) and (6.8)

{Mor —uMir| > Nor, Ar}

- {MO,T — V_M17T| > \/‘/O,T - 27/—‘/1,T + Vz‘/Q,T ) AT}

A
V1I+ A2
U Mor —viM |>L\/V — 2w Vig+viVar , A

O,T + 17T m 07T + 17T —+ 2,T7 T

- U {’MO,T —aMr| >

a€Dg

—2aVip +a2Vor, Aar

?

A
Ny VVor
where

Aar ={Q =20 <Vor —2aVip +a*Var < (14 A72)0S}.
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Now, for every o € D5, the process My —aM;; is the continuous local martingale
with (Mo — aMi)r = Vor — 2aVir + a*Var . Applying Proposition 6.1 and using

the inequalities A\? > 2 and 1:‘% > A2(1— A7) = A% — 1, we obtain

A
— [ _ 2
P (lMO,T (IM17T| > e \/‘/O,T 20&‘/in —+ o ‘/27T , A%T)
A (e EATIOSY ¥l
— — X _——_— J—
= VI A ST a2 ) TP\ Ty T2

/\2
<4\ (1 + log ?) exp (—5 + 1) )

Since the number of different elements in Dy is at most 1 + 236! and since §

1 2X2(14p8
from (6.4) fulfills 6~ = %:) we get

2
P (|Myr —ubMyr| > dor, Ar) < 4e (1 + log %) (1 + 265*1) e~ T

1 2
< delog(4S) [1+4p 1+—ﬂ>\2 Ae T
—p

as required. H
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