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A Consistent Nonparametric Test of the Convexity of Regression
Based on Least Squares Splines !

by
Cheikh A.T. DIACK
Laboratoire de Statistique et Probabilités UMR CNRS (5583 Université Paul
Sabatier 118 route de Narbonne 31062 Toulouse cedex 4, France.
e-mail:diack@cict.fr

Abstract

This paper provides a test of convexity of a regression function. This
test is based on the least squares splines. The test statistic is shown to be
asymptotically of size equal to the nominal level, while diverging to infinity
if the convexity is misspecified. Therefore, the test is consistent against all
deviations from the null hypothesis.

1 INTRODUCTION

Tests of convexity of a regression function is one of the most important prob-
lems in econometrics. Indeed, “The General Theory of Employment, Interest,
and Money emphasized the central importance of the consumption function and
explicitly argued that the consumption function is concave” (Carroll & Kimball
1996). Economic theory predicts also the convexity of functions like for example
Bernoulli utility function, cost function, production function, Engels curves, ...
Otherwise, the Human Capital theory argued that the relationships between the
logarithm of wage and the experience is concave.

On the other hand, psychologists have worried for over a century about whether
subjective reports about physical magnitudes like length, weigth, area, luminance
and etc. have a convex or concave relationships to corresponding measurement.
Also, this convexity problem is very closely connected to the order-restricted hy-
pothesis testing problems describe in references such as Robertson and al. (1988).

There are some papers in the statistics literature dealing with nonparametric
hypothesis testing convexity of the regression function. The work along this line
includes Schlee (1980), Yatchew (1992), Diack (1996), Diack (1997), Diack &
Thomas (1998) and Diack (1998).

Schlee (1980) in a nonparametric regression model with random design used an
estimator of the second derivative of the regression function. His test statistic re-
quires computing the distribution of the supremum of this normalized estimator

Ykey words:least squares estimator, test of convexity, Likelihood ratio test, conver cone.



over an intervall. But this method imposes some theorical difficulties. To over-
come the problem, he proposes a sequence of points from the interval and uses
the theory of maximal deviation to obtain the distribution of the test statistic
under the null hypothesis. However, this work no discuss asymptotic results or
pratical implementation.

Yatchew’s test ( with semi-parametric model) is based on comparing the nonpara-
metric sum of squared residuals with convexity contraints, with the nonparamet-
ric sum of squared residuals without contraints. Yatchew’s approach relies on
sample splitting which products a lost of efficiency. He gives a heuristic proof
of the consistency of the test. Diack (1998) adapt respectively Schlee’s idea and
Yatchew’s idea in a nonparametric model with fixed design to construct two other
tests of convexity for which he gives new asymptotic results of convergence.
Diack and Thomas (1998) use least squares splines estimator and develope in non-
parametric model with deterministic design, a non-convexity test which is con-
sistent for some alternative hypothesis. A small simulation study in Diack(1996)
shows that the finite sample of this test is quite satisfactory.

In this paper, we propose a new test of convexity of a regression function in a
nonparametric model. Our test uses, as Diack and Thomas’s test, a cubic spline
estimator which allows us to formulate the convexity hypothesis in a very simple
way. Hence, our problem becomes roughly, a problem to test a multivariate nor-
mal mean with composite hypotheses determined by linear inequalities.

The remainder of this paper is organized as follows. In section 2, we introduce
the nonparametric regression model and the hypotheses to be tested. After, we
recall some properties of the cubic spline estimator. Section 3 describes our test
of convexity of the regression function and section 4 is devoted to a discussion
and demonstration of some properties of the test.

2 PRELIMINARIES

2.1 The model and the hypotheses

Consider the nonparametric regression model:
Yij = f(l‘z) + 52']‘71' = 1, ...,T,j = 1, R with z; € (0, 1),@ = 1, R

At each deterministic design point a;, (¢ = 1,...,r),n; measurements are taken.
The probability measure assigning mass p; = n;/n to the point #;(>-p; = 1) is
referred to as the design and will be denoted by ™. We assume that the random
errors ¢;; are uncorrelated and identically distributed with mean zero. Their vari-
ance o2 will be assumed unknown. Finally f is an unknown smooth regression
function.



In what follows, we will assume some regularity conditions on f.

The following class of functions were use by Diack and Thomas (1998) to
construct a test of non-convexity.

Forl € INand M, L > 0, let

Fin = {f€CTH0,1) : sup | fUFIM(z) |< M},

0<z<1

We intend to contruct a test of convexity of the regression function f. Thus
the null hypothesis to be tested is that the convexity of f is correct:

Hy : “f is convex”

while, without a specific alternative hypothesis, the alternative to be tested
will be that the null is false:

Hy: “f is non-convex.”

Thus the alternative encompasses all the possible departure from the null hy-
pothesis.

In what follows, a testing problem with null hypothesis Hy and alternative
H; is denoted by [Hy, Hy].

We will use a cubic spline estimator and characterizing convexity in the set of
collection of all polynomial cubic splines, so we transform our problem at a test
of a multivariate normal mean with composite hypotheses determined by linear
inequalities.

2.2 The Cubic Spline Estimator

Let p be a positive continuous density on (0,1). We assume that

Jnin, p(x) > 0.

Let o = 0 < m < ... < k41 = 1 be a subdivision of the interval (0,1) by k
distincts points defined by

i
/ pla)de = if(k+ 1), i=0,.. k+1. (2.20)
0
Let 0, = maxo<i<i(ni41 — 1i), we see that
S /min(nipr — i) < max p(z)/ minp(z). (2.21)
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For each fixed set of knots of the form (2.20), we define S(k,d) as the collection
of all polynomial splines of order d (degree< d-1) having for knots n; < ... < ny.
The class S(k,d) of such splines is a linear space of functions of dimension (k+d).
A basis for this linear space is provided by the B-splines(see Schumaker (1981)).
Let {Ny, .., Niyqa} the set of normalized B-splines associated to the following non-
decreasing sequence {ty,..,tg1oq} :

Lodgk = lodyk—1 = oo 2 laghyr = 1

t1§t2§§td:0
td-l—l =mn for [ = 1,..,k

The reader is referred to Schumaker (1981) for a discussion of these B-splines.

In what follows, we shall only work with the class of cubic splines: S(k,4). It will
be convenient to introduce the following notations:

N(&) = (Ni(2), o Niga(a))' € IR
F=(N(21),..,N(z,)); (k+4) xr matrix.
We will denote by fn the least squares spline estimator of f :

r) = Z 0,N,(x) (2.22)
p=1
where
R B4
0= ((9 0k+4) —arg min \ ZZ (yij — Z 0,N,(z:))%. (2.23)
EIR -t =1 j5=1 p=1
Let
1 2 1 2

= _Zylﬁgl = —252]7

Y = (Y1, 0) = (61,0 60) s fa = (F(1), oy f(2))

Let D(p") be the r x r diagonal matrix with diagonal elements pq, ..., t, then,
basic least squares arguments prove that:

O = MY u")FD(u")Y with M(u ZN i = FD(u")F'.

Asymptotic properties of this estimator have been established in Argarwal and

Studden(1980).

Remark that the first moment of fn is given by
IEf(x) = N(z) M~ (") FD(u") fa.
Thus, if f is a cubic spline function (that is to say there is © such that fo = F'O)

then fn is unbiased and [EO = 0. We will use below this property to construct
our test.



3 TEST STATISTIC

3.1  Convexity in S(k,4)

First of all, characterize convexity in the class S(k,4). Remark that, if a
function ¢ is a cubic spline then, its second derivative is a linear function between
any pair of adjacent knots 7; and 1,41, and it follows that g is a convex function in
the interval n; < @ < ;44 if and only if ¢”(n;) and ¢”(1;41) are both non negative
(this property was used by Dierckx (1980) to define a convex estimator).

For a function g in the class S(k,4), we can write:

k+4
g(x) = Z (gpr(l') with © = ((91, ...,(9k.|_4)/ € ]Rk+4
p=1

k+4 k+4
Then:  ¢"(n) = D 0,N"p(m) = >_ 0y,
p=1 p=1

where the coefficients d,, ; are easily calculated from the knots (see Dierckx (1980))

dyy=0 it p<Il or p>I[+4
dl-l—l,l:( S

o T ) for =0,k 1
3,0 = (tiye—ti+a)(ti45—t143)

diya; = —(digsg + diy1 )

Let by = (0,0,..,0, —diy11, —diy21, —dips, 0, ..,0) € IR" ™ and  © = (04, .., 0544),
then

q"(m) =—b'10.

Hence, we see that a cubic spline ¢ is a convex function if and only if 4,0 < 0
for all 1=0,....k+1.

Hence, the idea of our test follows from this property. Indeed, we have already
mentionned in the section 2 that, if f is a cubic spline then

IO = 0.

Therefore to build a test of convexity in the case where the regression function f
is a cubic spline function, is the same to build a test for the hypotheses concerning
linear inequalities and random vector mean. More precisely, the test [Hy, Hq] is
equivalent in this case at the following test with null hypothesis

H): 00 <0foralll =0,...k+1.
against the alternative

Hy:3:¥,0 >0

where © is the mean of the random vector ©.



On the other hand, Beatson (1982) shows that for a smooth and convex func-
tion f € C"(0,1)(0 < m < 3), the uniform distance between f and the set
S (k,4) of convex functions of S(k,4) tends to zero when the mesh size §;, tends

to zero (see lemma 3 below).

A testing problem in the form [H{, H,] is related to the one-sided testing prob-
lem in multivariate analysis and has been studied by several authors (Bartholomew
1961, Kudo 1963, Niiesch 1966, Kudé and Choi 1975, Shapiro 1985 and more re-
cently by Raubertas and al. 1986 and Robertson and al. 1988).

3.2 One-sided Test

Let Y be a random vector distributed as N,(0,%,) (¢ € IN, ¢ > 0) where
¥, 1s a known nonsingular matrix.
We consider the following testing problem:

null hypothesis, H, : 6,0 <0 (I =0,....k+1).
alternative, H, : 31 : ¥,0 > 0.

In this paper we identify an hypothesis with the corresponding set of param-
eters. For example, we write H, = {0 € IR? : 1/,0 < 0}.

The likelihood function is L = coexp(—3 || Y — © [[3_1) where ¢ is a positive
q

constant independent of ©. Thus, the likelihood ratio for the problem [H,, H,] is
given by:
sup g L

L.

SUP ! uH! L €H,

So, to determine the test statistic under the null hypothesis, we need to resolve
the following nonlinear programming: inf _g Y —z ||2;1 .

Remark that H_ is a polyhedral convex cone. Hence, for a given Y, this infinimum
is attained at unique point denoted by I,/ (Y) and represents the square distance

from Y to H..
Thus, the likelihood ratio test (LRT) rejects H; for large values of

2 _ 2
= int ||V =l

Shapiro (1985) showed, in a study of the distribution of a minimum discrepancy
statistic, that if H, is a any convex cone and if ® = 0, then the distribution of
Y? statistic, called chi-bar-squared statistics, is a mixture of chi-squared distribu-
tions. Raubertas and al.(1986) generalize the one-side testing problem to allow
hypotheses involving homogeneous linear inequality restrictions. This framework
includes the hypotheses of monotonicity, nonnegativity, and convexity. Here we

6



give an immediate consequence of theorem 3.1 of Shapiro (1985). For that pur-
pose we shall use some geometrical properties of polyhedral cones.
3.2.1 Polyhedral convex cones

Let {a1,...,a,} be a set of vectors in [R? (with p < ¢) and let C be a convex
polyhedral cone defined by {ay,...,a,} that is,

P
C={eelR 2= Na;, X>0, 1=1,...p}h
=1

The polar cone C° of a cone C is defined by
Co={z e R :2'y<0, VyeCl}.
It is easy to see that
Co={zec IR :ax<0, i=1,...ph
Note that C° is also a polyhedral convex cone and (C°)° = C.

The boundary of C° is given by
aC® = {x € IR? :a;x « <0,0=1,...,p},

where the notation . < mean (as in Sasabuchi 1980) that at least one equality
hold in this sequence of inequalities.

The polar cone C° has p faces F};
F,={x € IR : a;x = O,Cl;»l' <0,i=1,...,p},i=1,....p.

The dimension of each face is at most p — 1.

For the definition and basic properties of faces and polar cone the reader is reffered
to Rockafeller (1970).

To a face F;, we denote by IPg, the symmetric idempotent matrix giving the
orthogonal projection onto the space generated by F}. As above, for all x, Ilco
represents the projection of x onto C°.

Now, we shall need the following result which in various forms has been used by

several authors (Kudo (1963), Shapiro (1985)).

Lemma 1 For all x € IR?, we have:
Heo(x) € F if and only if Pp(x) € C° and x — Pp,(x) € C and in this case:

ajx
Heo(z) = Ppy(x) and x— Pp(x) = a

Ml |

]'.



In some pratical situations there may be all the face F; are exactly p — 1 dimen-
sional. That may be depends on the configuration of the vectors ay, ..., a,. For

these cases, we prepare some definitions and theorems which are a restatement
of definition 2.1, 2.2 and theorem 2.1 of Sasabuchi (1980) in this setting.

Definiton 1 A vector a; is said to be redundant in {ay, ..., a,} if
{x: a;x >0,0=1,....p} ={z: a;x >0,0=1,....,p,i £ Jj}.
or equivalently, there does not exist a vector « such that a;z > 0(¢ # 7), a;x < 0.

Definition 2 A set of vectors {ay, ..., a,} is said to be with positive relations
if there exist nonnegative numbers Aq,..., A,, not all simultaneously zero, such
that 3>, M\ja; = 0; otherwise the set is said to be without positive relations.

Remark 1 If {a4,...,a,} is with positive relations, it is linearly dependent;
equivalently, if {a, ..., a, } is linearly independent, it is without positive relations.

Theorem 1 Suppose that {ay,...,a,} is without positive relations and has no
redundant vector in it. Then all the faces F;(j = 1,...,p) are exactly p — 1
dimensional.

In our case, C° = H, with p = k4 2 and it is easy to see that {by, ..., byt }is
without positive relations and has no redundant vector in it.

3.2.2  The distribution of y?

The following result is an immediate consequence of theorem 3.1 of Shapiro
(1985) and theorem 1 above.

Theorem 2 Let Y be a random vector distributed as Ny(0©,%,) where © € IR’
and ¥, is a known nonsingular matriz. Suppose that{ay,...,a,} is without positive
relations and has no redundant vector in it. If © = 0, then the random variable
\? is distributed as a mixture of chi-squared distributions, namely

p
P(X* =z s*) =woP(xg = 5%) + Q_w)P(xi 2 8%) +w, P(xg = s%)  (3.20)
7=1

with
wo=P(Y € H,) = P(a"Y <0, i=1,...p),
ai Y, a; .
w; = P(a/]‘Y < O)P(G/Z'Y — (a’jZZai)a/]Y <0, 1=1, 7p)7 j=1,..,p



Moreover

P
ij—l—wq = 1.

7=0

See Diack (1997) for a proof of this theorem. The result of theorem 2 shows that
the distribution of ¥ when © = 0, is a mixture of chi-squared distributions. So, to
calculate the probabilities in the right-hand side of (3.20), the values of w;, (j =
0,...,p) are needed. However, even for moderate ¢(¢ > 3), good closed form
expressions for these level probabilities have not found. Thus approximations are
of interest. For this, one can use Monte Carlo method (see Diack (1997)).

Note that the coefficients w; depend of the vectors a; and the matrix ¥,. Hence,
in what follows, we denoted y? by )Zzzq(p).

Questions concerning the determination of the distribution of )Z%q(p) for any point
of null hypothesis are unresolved. However, the following lemma which can find
in Robertson and al. (1988), prove that, theorem 2 suffices to construct a test of
size a.

Lemma 2 Let K be a closed convex cone. For x in IR?, xx denotes its projection
onto K with respect any inner product < .,.> and || . || the associated norm. If
z € K, then

lo+z—(e+2)k <]l e —ax ||

Remark 2 Recall that Y ~ N, (0,X,). Let P, be the law of probabilities of YV’
under the hypothesis @ = 0. Then, for all Oy € K, we have:

under the hypothesis (0 = Qg), Y ~ N,(00,%,),

under the hypothesis (0 = 0), Y + 0g~ N,(0¢,%,),

hence, under the hypothesis (0 = Q) the law of || Y — Yk ||2;1 is the same that

the law of || Y + O — (Y + Og)x ||2-1 under the hypothesis (© = 0).

Now, using lemma 1, we see that

Poy (|| Y =Y a2 5) = Po(|| ¥ + 00 — (¥ + Op)i |32 )

< F(]| Y =Yk 1> 8).

i

The last inequality mean that, if K is a set of parameters corresponding to null

hypothesis of a test statistic given by || ¥ — Yk [[3-1, then the maximal level
q

of this test is obtain for ® = 0. In this case, (0@ = 0) is so-called the least sub-
hypothesis of K.

Lemma 2 has the following consequence: the size-a likelihood ratio test with null
hypothesis H, versus the alternative hypothesis [, is the test with reject the null
hypothesis if



where SZW is defined by

(é%WMZ£M+O—%—é¥MHﬁ2£@:m(mm

2
a7

condition of convergence of the power of the test.

Hence s,  is a function of the weights w;. Now, the following result give a sufficient

Theorem 3 Under the assumptions of theorem 2, the power function of )Zzzq(p)

converges uniformly to one as min 0 || © — 2 ||} _,— 4o0.
o q

Proof
Let T be a ¢ x g nonsingular matrix such that T, 7" = I, that is ¥, = T~1(T~'Y,
and make the transformation

X=TY, U=T®.

Then X is a random vector distributed as A, (U, ;). Define the set of vectors

{e1,..0,¢,} as
di=d; T (j=1,...p).
It is esay to see that the set of vectors {ci,...,¢,} is without positive relations
and has no redundant vector in it.
We have ¢/;0 = ¢;/ (j = 1,...,p), and hence the problem [H,, H,] is trans-
formed to the following problem [H, , H,] :
H :;U<0 (j=1,...,p)
HY :35: ;U > 0.

We can write

X5, (p) = z%gIIXV—$IP=ﬂ‘Y-HHg@Y)HQ-

On the other hand,
10 = My (U) 1 U = T () 10X = 0+ 1] X = Te(X) 1]
hence, the result follows from the assumption
10 = (V) [|— +20.0

The test statistic requires computing the projection II,,/(Y') of Y. However, a
good closed-form solution has not found. Hence, this probliem requires extensive
numerical work to obtain solution. We propose an algorithm based on succesive
projections which has been introduced by Dykstra (1983) (see also Boyle and
Dykstra (1985)). This algorithm determines the projection of a point X of any
real Hilbert space onto the intersection K of convex set K; (7 = 1,...,p) and
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it is meant for applications where projections onto the K;’s can be calculated
relatively easily. Let K be a closed convex cone in [R?. We suppose that, K can
be written as (/_; K; and each K; is also closed convex cone. For all X € IR?, we
denote by X} the I'— projection onto K, where I is a positive definite matrix.
The algorithm consists of repeated cycles and every cycle contains p stages.

Let X! . be the appproximation of Xt given by Dykstra’s algorithm at the ith
stage of mth cycle.

The following result (see Boyle & Dykstra (1985)) proves that the algorithm
converges correctly.

Theorem 4 For any (1 <1 < p), the sequence { XL .} converges strongly to Xy
e || XL, — XE||[r— 0 as m — +o0.

Application: Let K = H be the null hypothesis of the problem [H,, H,] and
let K; = {z € IR" :b.x <0}. Let I' = ¥-1 be the covariance matrix of Y. For all

g
m € IN, m >0, we defined )Zzzq(p,m) by

_ -1
W, (pm) =Y VI

—1

where Ywi? is given by the pth stage of mth cycle of the Dykstra’s algorithm.
We have then the following equality:

— 2_1 -1 —1 2—1
) =Y =Y =l Y =Y e+ Y -V

B n-1 n-1 B E(;l
F2 <Y Yo Y -V >on

mp

where <, >yt is the inner product on IR? defined by Zq_l. Using now theorem 4,
we see that

57t vET g2
| Yog =Y, f5-—0 a.s. as m — 400.
o q
In the same way, it can be shown that for fixed p and ¢
_yET oy _yE
<Y Y o Y Y/ >y —= 0 a.s. as m — +0o0.
Hence, )Zzzq (p,m) converges almost surely to )Zzzq(p) as m tends to infinity. There-

fore, to implement the test statistic, we will used )Zzzq(p, m) instead )Zzzq (p).
We can now define our convexity test.

3.3 Definition of the test

Consider the problem [H,, H{] where H, means the regression function f, is
convex and H; is the unrestricted alternative to be tested.

11



Let © be the solution of the quadratic programming problem (2.23).
Let define ©,, 1, +2 by

o _ AX
®m,kn+2 - ®m7:kn-|—2

with ¥ -1 = C;L—Z)ZW_I(/,L”) and where (:)Tzn’jkn_l_2 given by the (k, +2)" stage of the
m' cycle of Dykstra’s algorithm.
Like this, we will defined our test of convexity by rejecting H, when

— n Ay N
X%M_l(u")(kn + 27 m) = ; || O — ®m,kn—|—2 ||]2\4(u")Z Si,kn+27 (331)

where 52, |, is defined by (3.21).

4 ASYMPTOTIC PROPERTIES

Note that the test procedure requires the knowledge of the variance o?. How-

ever, the following results can be considered approximately true if o is un-
known but, in order to compute the statistic, we need a consistent estimate
of 0. This can be obtained in the case of the least squares estimator, using
Op = m (g — ]?n(xz))z or alternatively, any consistent estimator based
on nonparametric regression techniques.
In what follows, we assume that p™ converges to a design measure p, where i is
an absolutely continuous measure. We denote by H,, and H the cumulative dis-
tribution function of u” and u respectively. The number of knots will be function
of the sample size k = k,,. The critical region of the test is

_ noa oA
Ao = 1y oy U+ 2077) = 25 110 = B 13,2 2 4]

n

Now, we are ready for the main result of this section.

Theorem 5 Let f € Fpwithl > 3. Let us consider the problem [Ho, Hy]. Then,
under the following assumptions

(i)@ij ~> N(O, 0'2) and Zld,
(12) sup | Hu(x) — H(z) |= o(kn_l), as k, — +oo
0<z<1

(ii1) | lim P25, 3 sup p)t? =0,

the test is asymptotically size a. More precisely,

lim sup sup lim Ps(A,nm) = a.
n—s+o00 feHy m——+00

Moreover, if

(tv) lim n1/252£2: +00

n—-4oco

12



then, the test statistic is diverging to infinity: it is consistent i.e

lim  lim Py(A,n) = 1.

n——+00 Mm—>+00

The proof of theorem 5 is given in Appendix.

Remarks
e Assumption (i¢) is the same as in Aggarwal and Studden (1980)

e [t is easy to see that assumption (¢:¢) implies that

Iim k&, = 400
n—-40oo
e For a uniform design, i.e g, = 1/r,i = 1,...,r then (ii7) is equivalent to
lim n1/25k (m+1)Ad _ 0
n—-40oo "

This is the case for example when there are n distinct points for n measure-
ments(r=n).

Discussion: We have proposed a consistent test of convexity of a regression func-
tion in a nonparametric model. While it appears difficult to impose properties
such as concavity on nonparametric local averaging estimators, this restriction is
readily introduced by using cubic spline estimator. Hence, the idea of the test
exploits the close connection between the convexity problem and the hypothesis
testing problems concerning linear inequalites and normal means. A simulation
study in Diack (1997) shows the usefulness of this method and that the finite
sample behavior of the test is quite satisfactory.

It would be nice to extend this framework at the case where the errors are no
necessary gaussian and to studie the behavior of the tests under the local alter-
natives.

A test of monotonicity can be readily constructed paralleling the above convexity
test with quadratic splines instead of cubic splines. This additionnal step is still
under study.

Appendix For the proof of the theorem 5, we need to use lemma 3 which is
obtained by a straightforward manipulation of results of Schumaker (1981). It
gives a sup norm error bound when approximating a smooth and convex function
with a convex cubic spline (see also, Beatson (1982) and Diack (1997)).

Lemma 3 Let [ > 3. There is a constant ¢ such that for all function f €
Fiarthere is S in S(ky,4) such that:

sup | fO(e) = 5D () [ et j=0,..3.

0<z<1

Moreover, if f is convex then S is also convex

13



Proof of theorem 5:
Let us recall that
O = M (y")FD(u")Y.
From Lemma 3, there is a function S in S(k,,4), such that :

sup | f(j)(:z:) — S(j)(:zj) |< 05277 for all 7=0,...,3.

0<z<1

S € S(ky,,4) hence, there exists © € IR"** such that S(z) = N'()0.
Let
Sa = (S(x1), .., S(z,)) = (N'(21)0, .., N'(2,)0) = I'O.

Then,
M) FD(u) S = M (1) PD(u" ) F'0 = 6.
Let
0 = M7 (") FD(u")(Sa + &),
Then

N 2

E,0 =0 and 0~ N(O, U—M_l(/,cn)).
n
Therefore, we can write
0=,0+B, and [FO=0+58,

with B, = M~ (@™ )FD(u™)(fa — Sa).
Now, let us recall that the test statistic is given by

—9 _n 2 A 2
X%M—l(un)(kn —I_ 27m) - g || @ - ®m7kn+2 ||M(u") .

But, for m sufficiently large and for fixed n, (see section 3.2.3 ) we have:

Y2, Yy n)(kn + 2,m) converges in probability to
= "

_ no A -
where ]P(@)is the M(u")—projection of O onto the polyhedral closed convex cone
K={zecR™ :0x<0, [=0,.. k +1}.

Otherwise,

~

_ noa A A A A
X g oy (R +2) = 5 [1(0 =,0) + (.0 = IP(,0)) = IAO) + IP(O) I3 -

14



We can rewritten this in the following form:

—2 _n A AN (12
X%M_lw)(kn +2) = o) 150 — IA(:0) [[ar(um)

~

+— | Bu [3sen +— | 1P(,0) = IP(,© + Bn) |37

2 ~ ~ 2 ~ ~ ~ ~
+U—Z < .0—1P(,0), B, > +U—” < .0 1P(,0),1P(,0) — IP(,6+ B,) >

2
2n . ~
—I-g < Bn,]P(S(E) — ]P(SG) + Bn) >M(Mn)

where <, >pr(,n) is the saclar product defined by the metric M (p").
Now, let us first show that, under the null hypothesis, we have:

_ n o~ o~
1D (V2 sy +2) = 25 1140 = 1P(8) [ )

fe€F M

converges in probability to zero. Indeed, the following inequality hold:

n n
- 2 < _ 2 n
sup /5 1l Bu B _fgglgMUz 1 Bo (I M) |

fe€F M

Now, it is easily seen, as in Diack&Thomas (1998) (see formula (3.5)) that the
right-hand size of the above inequality verifie the following equality:

n
cr ¢§ 1 Bu [P} M) || = O #2680, (sup ) 'V2).

FE€F LM 1<i<r
Hence,
20 5 1 B gy = O 2026, sup i)
Therefore, using (i17) of theorem 5, we see that
hmn—SEEoo lefl})M ¢% | By |[3s(,my = 0 (3.31)

Using now the fact that projections onto closed convex cones are contracting
maps as are projections onto linear subspaces, we obtain that

n ~ ~ n
2 IPGO) = IPGO + B) i< 5 1| Bu s

Then ~
lim sup sup — || IP(,06) — IP(,6 + B,,) ||]2\4(Mn):0 a.s.
n—+00 feF m
It follows that

2 ~ N
lim sup sup - B, IP(,0) — IP(,0 + B,,) >y(m)=0 a.s.

n——t00 f€F, p O

15



On the other hand

2n ~ ~
| — <0 = 1IP(;0), By >nm(u |<—|| O — IP(:0) |ln(u| Bu lasguny

g

2n ~ ~
< 2 110 = IPGO) [l Bu llasemy T 1.6 18 agmy <)

|| CE IP(; )||M ||Bn||M(u") (V/7l1:0 = IP(.0)|| s imy>1)

where 14 is deﬁned by:
Ta(x)=1 if z€ A and 1l4(x)=0 otherwise.

By (3.31), we have

lim sup sup —|| 0— IP(; )||M(Mn)||Bn||M(Mn)
n—-+0co feF; i

(18— IP(8) |y <1) = V-

Otherwise,

pI. - -
= 1150 = 1PLO) [l Bu sy Lv/n [ 40 = IP(:0) [[arumy > 1)

g

2n ~ ~
< =5 1150 = IPGO) sy Vi I Bu vy Ty 62 1206 gy >1)

Now, under the null hypothesis, and for n sufficiently large, S is convex. That is
to say that © € K. Then, using lemma 2, we see that

1.6 = P(.0) [|ar( <[] 40 — O = IP(,0 — O) ||
Moreover,
2

0= 0 N0, =M (1)

n

Applying now, theorem 2, we obtain

( 10 =0 — PO = 0) [} 2 s) =woP(xd 2 ) + (3 wi) P 2 87

‘|‘Wkn+4P(in+4 > 52)-

Then, under the null hypothesis,

n ~
P(—5 1.0 = I 0) 31m= 5) < P(Xh 44 = 5.

16



Hence, for all ¢ € IR**, we have, on a

P( sup —|| O—1P(,0) [lar(un || B llazguny Tv/n || SO—IP(,0) |[arumy> 1) > €)
fEflMU
< P( sup x§ 14V || Bu [|arguny> €)-
feFim

Applying now the Bienayme-Chebychev inequality, we can deduce that

P( sup —|| O—1P(,0) [l | Bu sy T/ || SO—IP(:0) [[aggumy> 1) > €)

JeFm O

n || By ||?\4( n)

< #E((XQH)Q)'
We have
B(X7,44)°) = 2k + 4) = O(b,).
Then
P(fztflp U— 1 50=1P(:0) [[asum || Bu [lnaumy v/ || sO=1P(0) ||asumy> 1) > €)

= O(rl/znl/zcskn?’( sup /,Li)l/Q).

1<e<r

Hence under (7i7) of theorem 5, we obtain

lim sup sup | —
n__*+00f€-7:17M

with convergence in probability.
Now

converges in probability to zero. Hence

_ n o~ ~
up (Vs oy Ui +2) = 25 11,0 = 1P(O) By

fe€F M

converges in probability to zero. Therefore, we can write that

lim sup  lim  sup Py(A,,) =lim sup sup Ps(y N1 (knt2) > 825 12)
n——stoo M—F00 fEHy n——+o0o f€Hy T M (wm) i

17



=lim sup suppf( 1.0 = IP(:0) [[1um 2 52 442)

n—-+400 f€Ho
<lim sup sup Pf(—|| 0-0-— ]P(G) ®)||M Zsakn_l_Q):oz.
n——+oo fE€Hy

Otherwise f =0 lies in H, and in this point, we have

lim sup hn;l_ Pi(Anm) = a.

n—s+oo0 M

Then the test is asymptotically of size «. It remainds to prove that the test is
consistent. From theorem 3. it suffices to show that

—||]EG) ]P(]E@)HM y— Foo.
As above, we have
n ~ g n 5
s || IO — IP(IFO) ||M(Mn): g3 || B, +© — IP(B, + O) ||M(Mn)
In other words
n A AN (12 n 2 n 2
= || IEO — IP(IEO) [|3y(,my= = 1O — IP(O) [[3s () t— | Br {3y
n 2n
‘|‘§||]P(®)_IP(®‘|‘B)||M ‘|‘_<® IP(©), B, >n(um

9 2
+—” < O—IP(0), I(O) = IP(O+B,) >riumy +—y < B IX(O)—IO+B,) >xur) -

In the same way as above, we see that

n

n
o | IM(©) — IP(© + By) |[3s(um— 0.

n
= 1< 0~ IP(O), By > )= 05 11 © ~ I(O) [y

2
2 |[< 0=IP(0), INO)~INO+B,) > +U—Z < By, IM(©)—IP(O+By.) > pi(um)]

r . N
= eu(=5 1 © = IP(0) [[34.m)

where ¢, and ¢, are nonnegatives reals converging to zero. Therefore, the consis-
tency of the test will be established when we show that

n
2110 = IO) [y — 0.
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If f is non-convex, then S is also non-convex and therefore, © ¢ K. Hence, there

is a face Fj of K such that IP(©) lies in F; with F; defined by

Fy={e e B"™ :bx=0, bx<0, [=0,..,k +1}
Hence, from lemma 1, IP(0©) is also the orthogonal projection of © onto the
subspace generated by F; and © — [P(0O) is also in the polar cone of K. That is
to say

n 5 n(t';0)?
And

b0 <0

! b M (u)b; 4 -

b#ﬂ-m[%@ SO, Z—O,...,kn—|—1.
Otherwise,

1 S 1
oM~ ()b = 1] by [Pl M=t () ||

Hence,

n(b';0)?
o || b; 12| M= (u") ||

n
200 = 1P(O) By

Therefore, for n sufficiently large,

n

n 1
5 10 = 1P2(0) sy = —5 (" ()35,

o
Under the assumption (iv) on a nd; — +oo hence, we will finished when we
show that: for n sufficiently large (f”(n;))* > € where € is a positif real.
Let a;; = % Because the sequence of knots is quasi-uniforme, it is
readily to see that

sup [ b [|=O( _inf ] b; |]).

0<j<kn+1 0<y<hkn+1
Since now,

1 M M) ]
O M= )by =16 [P T infogjchar [105 [

We see that (using the fact that || M(u") |[|= O(8y,) and || M~ (") ||= O(6;))
(see Diack& Thomas (1998)))

SUPo< et |05 [PIN M7 (™) ||| M(p") ||
infocj<h, 41 | b5 ||

| ai; |< = O(1).

Now, let us suppose That b;@ > () since b;@ < 0 we have a;; < 0. Then
0 <50 < a;b;0 < —0(1)b,0.
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Hence,

(6;0)* < O(1)(b;0)".
But for n sufficiently large,

b:0 = —f"(mi) + o(1).
Because the knots are dense in (0, 1) one can deduce that

(b:0)* = (f"(n) +o(1)* < ¢ sup [(f"(x)* Uisny<o)] > €

z€(0,1)

where ¢ et € are positive constant. We have
n 2

The consistency of the test follows OUf 1O
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