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ABSTRACT. We propose a nonparametric test for checking parametric hypotheses
about the stationary density of weakly dependent observations. The test statistic
is based on the Ls-distance between a nonparametric and a smoothed version of a
parametric estimate of the stationary density. It can be shown that this statistic
behaves asymptotically as in the case of independent observations. Accordingly, we
propose an 1.1.d.-type bootstrap to determine the critical value for the test.

1. INTRODUCTION

Especially in the context of data from time series, statisticians very often fit certain
parametric or semiparametric models. Parametric restrictions can be imposed for
the dependence mechanism between subsequent observations and/or their marginal
distribution. For example, people often assume normality — either directly for the
observed random variables or for the unobserved innovations in structural time series
models. For some of these models it is known that normality of the innovations
also implies normality for the observed random variables. The adequacy of such
strong assumptions is almost always debatable and some guidelines for assessing their
appropriateness are of interest. In the present paper we develop a test which can be
used to check certain parametric or semiparametric assumptions on the marginal
distribution.

There already exists a lot of theory for tests in the context of independent, identi-
cally distributed observations. Classical approaches are based on a comparison of the
assumed cumulative distribution function with its empirical counterpart and include
well-known tests such as the Kolmogorov-Smirnov and the Cramér-von Mises test.
More recently people also developed tests based on a comparison of the assumed
density with a nonparametric estimate. In the context of i.i.d. observations, Bickel
and Rosenblatt (1973) proposed a test based on the Lj-distance between a non-
parametric density estimate and a parametric fit. Although methods based on the
cumulative distribution function such as the Kolmogorov-Smirnov and the Cramér-
von Mises test mentioned above are perhaps more popular among applied statisti-
cians, both approaches have their relative advantages and disadvantages. The relative
merits of smoothing-based tests based on local characteristics like densities versus
non-smoothing tests based on cumulative characteristics are discussed by Rosenblatt
(1975) and Ghosh and Huang (1991), in a different context. The essential message is
that non-smoothing tests look primarily at global deviations, and are therefore well
suited for detecting classical Pitman-alternatives of the form f = fy+n~"'/2¢ . On the
other hand, smoothing-based tests focus on more localized deviations, and are conse-
quently more powerful for detecting alternatives of the form f = fo +n=%g(./n™7)
for suitable 6,7 > 0.

In the context of dependent data, the development of practicable tests becomes usu-
ally more difficult than in the independent case, since even the limit distribution of



2

a potential test statistic depends on the dependence mechanism within the observa-
tions. In this respect, smoothing-based methods have another, perhaps unexpected
advantage since it turns out that certain test statistics have the same limit distri-
bution as in the case of i.i.d. observations. Whereas this effect is well-known for
the pointwise behaviour of nonparametric estimators (see, e.g., Robinson (1983)), it
seems to be much less known for statistics that depend through some nonparametric
estimator on the whole sample. Takahata and Yoshihara (1987) showed for the special
case of m-dependent observations that the integrated squared error of a nonparamet-
ric estimate of the stationary density has the same limit distribution as in the case
of i.1.d. data. We will actually make use of the methodology developed in that paper
for proving a central limit theorem in our slightly different situation. Inspired be the
work of Hardle and Mammen (1993), we will focus on the Ly-distance between a non-
parametric estimate and a smoothed version of a parametric estimate rather than the
parametric estimate itself. Moreover, we will also relax the assumptions of Takahata
and Yoshihara (1987) which in particular allows us to include the interesting case of
testing the joint distribution of (X;, X,y ..., Xi—i,_,)’ . There exists some related
work on nonparametric tests which is also based on the possibility to neglect weak
dependence. Theory for Ls-tests is developed in Paparoditis (1997) for the spectral
density and in Kreiss, Neumann and Yao (1998) for the autoregression function. The
case of supremum-type statistics that are needed for the construction of simultaneous
confidence bands and L..-tests is investigated in Neumann and Kreiss (1997) in the
context of nonparametric autoregressive models, and in Neumann (1996, 1997) in
the more general framework of weakly dependent processes without any additional
structural assumptions.

Although one could choose the critical value according to the limit distribution of the
test statistic, we propose to use the bootstrap for its determination. According to our
asymptotic theory, we employ Efron’s (1979) bootstrap which was originally designed
for i.i.d. observations. Some experience in related cases (e.g., simulations reported
in Hardle and Mammen (1993)) let us expect that some suitable bootstrap method
improves the accuracy of approximation provided by the limiting normal distribution.
Although we do not have a rigorous proof for the superiority of the bootstrap over a
first-order asymptotic approximation, some simulations reported in Section 3 of this
paper seem to corroborate this conjecture.

2. TEST STATISTICS AND THEIR LIMIT DISTRIBUTIONS

Throughout the whole paper we assume that we have observations from a stationary
process {X;,—o0 < i < oo}. We do not impose any kind of structural conditions
on the dependence mechanism such as, for example, some finite-order autoregressive
structure. All we need is some appropriate kind of mixing condition and some as-
sumption on the joint densities. We impose in particular the following conditions:

Assumption 1
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Let, for j <k, F¥=0(X;, X;41,...,Xs) . The coefficient of absolute regularity

J
(-mixing coefficient) is defined as

B(k) = E{ sup {|P(V | F., |}}

Veflo_fk

We suppose that the 3(k) decay with an exponential rate, that is
ﬁ(k) < CeXP(_Ck)'

Let f be the stationary density of the process and fx, . x, be the joint density of

e
Assumption 2

(i) [ is continuous,

(i)  sup,, .. {in17...7Xim(:1;1, e ,:L'm)} < oo forallmand i1 <...<1,,.

We study either the case of d-dimensional random variables X; or the case of one-
dimensional random variables X; where we are interested in testing hypotheses on
the joint density of (X, Xi—i,...,Xi—,_,) . To unify our notation, we introduce
random variables Y;, where Y; = X, in the first and Y, = (X;, Xi—yy, ... . Xicy, )
in the latter case.

Tests for parametric or semiparametric hypotheses can be derived at different levels
concerning the cardinality of the null hypothesis. All essential mathematical features
can already be studied in the simplest case of a single null hypothesis, which is the
object of the following subsection. Then we will briefly discuss some issues related
to the practically more important case of a composite hypothesis.

2.1. Testing of single hypotheses. In order to present the essential mathematical
ideas in an as clear as possible manner, we consider first the basic case of testing a
single hypothesis, that is of

Ho: f=fo.
Let

~

(2.1) Fule) = #;ACE;Y)

be a usual kernel estimator of f, where h = h(n) denotes a bandwidth tending to 0

as n — 0o . Our test statistic relates anwith the hypothetical density fy. To avoid

any kind of bias problems, we compare f, with a smoothed version of fy. This leads
to

22) L, = b [ [f.() = (K o)) da.
where the smoothing operator K}, is defined by

(2.3) (Kixg)) = [ 0K ( Z) g(2) d=.
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Before we state a theorem about the limit distribution of T),, we introduce two more
assumptions.

Assumption 3
K is bounded and compactly supported.

Assumptlon 4

(i) h = ol[log(n)]™?),
(i) A== o(n).

The asymptotic behaviour of statistics similar to 7T, was already investigated by
Takahata and Yoshihara (1987). They found in the special case of m-dependent ob-
servations that T, — E'T,, converges to a normal distribution with the same variance
as if the Y; were independent. The following theorem provides a similar result under
a different set of assumptions.

Theorem 2.1. Suppose that Assumptions 1 to | are fulfilled. Then
—hd/z/[ du—>N(OU)

where

- 2/f2(:1;) dr x / [/ K(u)K(u+v)du i dv.

The proof of this assertion is based on a central limit theorem for sums of dependent
random variables due to Dvoretzky (1972) and follows in large parts the pattern of the
proof of a similar assertion in Takahata and Yoshihara (1987). In order to provide a
self-contained version of this paper, and since our technical assumptions are different
from those in Takahata and Yoshihara (1987), we give a full proof in Section 4.

2.2. Testing of composite hypotheses. In this subsection we consider the per-
haps more important case of testing composite hypotheses. Instead of a single null
hypothesis, f = fo, we have now

Hoi fEF,

where F is some parametric or even semiparametric class of density functions. It will
turn out that, under suitable regularity conditions on the class F, the problem can
be reduced to the case of a single hypothesis investigated in the previous subsection.
Practitioners are probably most interested in testing (finite-dimensional) parametric
hypotheses that is F = F© = {fs,0 € O} , where © C R?. We will study this case
in some detail, and will discuss the semiparametric problem of testing independence
of certain Components of Y; briefly at the end of this section.

In the case of f € F®  let 0y € © be such that f5, = f. Our test will be based

on the Li-distance between our nonparametric estimate f, and a smoothed version



of a parametric fit, f;, namely

(2.4) 7,5 = vk [[Jue) = (K« f7)(@)] de,

where K, is the smoothing operator defined by (2.3). By looking at

15— T, = znhd/z/ [Ful) = (K foo) ()] [(Bn# fo,) () — (Ko f5)()] da
b [ K+ (= fa))(@)] da

it is easy to find sufficient conditions for the asymptotic equivalence of T - and T,.
To formulate such a set of conditions, we write fz in the form

fo(x) = fo(x) + (0 = 00) fj, () + R(0,00, ).

In the following we will assume:

Assumption 5

2
(1) /[(Kh * fo)(z) — (K *feo)(:li)} dr = op(n~'h=Y?),
(ii) 0 — 0y = op(n~'2h™?),
i) supdlf ()]} < .
(iv) /Rz(@ 0o, ) dx = op(n™").
It is easy to see that Assumptions 1 and 3 and (ii)-(iv) of Assumption 5 imply

that

[ o) = (B fa)@)] (1Ko (o) — (Ko )] da
= Op ( hd(@—eo \Ivar (Z/ [A YZ) - EK(:E _}LYI)] (K * f3,)(2) d:z;))

+ 0 (¢ fn (Kp = fo,)( d:z;¢ R2( 0 , 00, 2) )

= op(n~'h” d/z).
(2.5)

This leads immediately to the following theorem:

Theorem 2.2. Suppose that Assumptions 1 to 5 are fulfilled. Then

75— W~ [ K w)du = N(0,0%).
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Remark 1. In cases where Assumption 5 is not satisfied, one may still construct a
conservative test based on theory developed for T,,. In this case we may consider

: - i 2
(2.6) Toing = ;gg){/ {fn(:p) — (K} *f@)(l’)} d:z;}.
If fe F®, it follows immediately that

Hence, we can apply the asymptotic theory given in Theoren 2.1 or the bootstrap
approximation proposed in the next section to construct a test which has an asymp-
totic error of the first kind not larger than o.

Remark 2. 1t seems also possible to develop a test of independence of certain compo-
nents of ¥; in complete analogy to a proposal of Rosenblatt (1975) in the independent
case. To be more specific, for testing independence of the two components Y;; and
Yiz of Y, = (Y, Y})", one might use the statistic f[fn(:zj) — ﬁn(:p(l))fzn(aj(z))]%x \
where ]?m and fzn are kernel estimators of fi and fy, respectively, and f(z) =
Fi(zM) fo(2@) under Hy. We expect that this test statistic has the same limit dis-
tribution as given in Theorem 2 of Rosenblatt (1975) in the independent case.

3. BOOTSTRAPPING THE TEST STATISTIC

The theoretical results of the previous section motivate the use of bootstrap methods
similar to that designed for the i.i.d. case in order to approximate the distribution of
both test statistics considered. In fact Theorem 2.1 and Theorem 2.2 suggest that in
order to get an asymptotically correct estimator of the distributions of these statistics
it is not necessary to reproduce the whole (and probably very complicated) depen-
dence structure of the stochastic process generating the observations. We stress here
the fact that the theorems obtained are based on asymptotic considerations, i.e., we
expect that for finite sample sizes n such a simple bootstrap procedure which neglects
the dependence in the data will lead to valuable approximations only if the smoothing
bandwidth £ is small enough and the dependence of the data weak enough. Since we
focus our considerations primarily to the error probability of the first type, it suffices
to provide a consistent estimator of the distribution of the test statistics under the
null hypothesis. On the other hand, since one is of course interested in a good power
performance, we should also approximate (one of the) distributions corresponding to
the null if the true distribution does not correspond to the hypothesis. Hence, we
should not use resampling with replacement from the observations Yi,Ys, ... Y, .
Rather, we generate independent bootstrap resamples Y, Yy ... Y " according to
the density f5.

3.1. Bootstrap approximations. Consider first the case of testing a composite
hypothesis, i.e., the case where f = fy,. In order to ensure that certain random

integrals convergence in probability to the correct limits as 0 — 0y, the following
additional assumptions are imposed on the parametric density estimate f5.

Assumption 6



(1) sup{fz(x)} = Op(),
G) [ (@) = funlo)] de = on(1).

The bootstrap procedure proposed in this case can then be described as follows. Let

Y

75 i=1,2,... ,n, be a random sample from f; and f;(:p) be a kernel estimator of

J5 defined by

@2 fi) = g (5.

In view of the equivalence of T' = and T, it suffices to imitate the statistic T,, i.e.,

we consider the bootstrap statistic

(3.2) T = nhd/z/ [fo(e) = (Ko * f)(@)] de.

The following theorem justifies theoretically the use of the statistic T in order to
approximate the distribution of T, and, therefore, also of T’ - Tt enables us to use

the quantiles of this distribution in order to carry out the test procedure.

Theorem 3.1. Suppose that Assumptions 1, 3, 4 and 6 are fulfilled. Then we have
conditionally on Y1,Y5,... .Y,

T d/z/] ) du 4, N(0,0%) in probability.

One could of course also directly approximate the distribution of T 5 by the distri-
bution of the bootstrap statistic T*A* where the latter is defined by

(3.3) 7, = nhd/?/ [fo(@) = (K fr)(@)] de.

In the above expression f;, denotes the estimated parametric fit obtained using the
bootstrap sample Y, Y, ... Y™
The validity of this method follows from Theorem 2.2 and Theorem 3.1 if the dif-
ference between T* and T™ e is asymptotically negligible. To be more specific, we
need the fact that with an mcreasmg probability the bootstrap distributions of T

and T 5. are close to each other, i.e., for arbitrary ¢ > 0 we would like to have

EP (|17 - 175,

Vi, )] = o(1),

This is conveniently expressed by the following assumption on the unconditional prob-
ability:

(3.4) P(IT; - 1750 >

e) = of1).

In analogy to Assumption 5, this is ensured by the following assumption:

Assumption 7



(i)
(i)
)

(iii

(K f3)(2) = (K f)(@)] de = op(n™"h™?)
_ )= op(n —1/2h d/?)
Sgp{lfg )|} = 0p(1
(iv) /R?(é*,é,x)dx - 0p(n_1),
where op and Op refer here to the joint distribution of (Y1,...,Y,) and (Y, ..., Y7).

n

%>‘\

As an immediate corollary to Theorem 3.1 we get

Corollary 3.1. Suppose that Assumptions 1, 3, 4, 6 and 7 are fulfilled. Then we
have conditionally on Y1,Y5,...,Y,

;5* d/z/] ) du N N(0,0%) in probability.
Consider next the case of testing a single hypothesis, i.e., the case f = fy. Since

in this case the distribution of Y; is completely known, the appropriate bootstrap
statistic is given by

(3.5) Ty = ah? [ [r(@) = (K« fo)(@)] do

where f;(:p) is defined as in (3.1) and the Y;*’s are now i.i.d. samples from the known
density fo. The following theorem can then be established. Its proof follows exactly
the same lines as the proof of Theorem 2.1.

Theorem 3.2. Suppose that Assumptions 2(i), 3 and 4 are fulfilled. Then condi-
tionally on Y1,Y5,... .Y,

T* d/z/] du—>N(OU)

3.2. Simulated examples. The theory of the previous section justifies asymp-
totically the use of the proposed bootstrap procedure in order to approximate the
distribution the test statistic considered. In this section we study the finite sample
performance of the bootstrap by means of a small simulation experiment. For this
realizations of length n = 200 have been generated from the first order autoregressive
process X; = ¢X;_1 + &4, where &; is an i.i.d. sequence with ¢; ~ N(0,1/1 — ¢?) and
the autoregressive parameter ¢ takes its values in the set {0,40.4,0.8}. Note that
for ¢ = 0 we are in the i.i.d. setting, i.e., our test is identical to the test proposed by
Bickel and Rosenblatt (1973). The case ¢ = +0.4 corresponds to a ‘rather moderate’
dependence while ¢ = 0.8 to a ‘rather strong’ dependence in the data. The null hy-
pothesis is that of Gaussian distribution with unknown mean and variance. The test
statistic T/ ; has been calculated using the kernel K'(z) = (2\/_) (- V3<a< \/_)
for which some optimality properties has been derived in the testing context con-
sidered here; cf. Ghosh and Huang (1991). The smoothing bandwidth has been set
equal to A = 0.03. To estimate the exact distribution of T/ ;, 1000 replications of the
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model considered have been used while the bootstrap approximations are based on
1000 samples.

Please insert Figure 1 and Figure 2 about here

Figure 1 and Figure 2 show the simulated exact densities and three bootstrap es-
timates of these densities based on different original time series. In each case the
estimated exact density of 7, ; as well as the densities of the corresponding boot-
strap approximations shown in these exhibits have been obtained using the Gaussian
smoothing kernel and a bandwidth selection according to Silverman’s rule. Finally,
to make some comparisons with the asymptotic Gaussian approximation, we have
plotted in these figures also the corresponding Gaussian densities. As these exhibits
show the asymptotic Gaussian distribution is a poor approximation to the (estimated)
exact one. Furthermore, for small and moderate dependence the bootstrap approx-
imations are more satisfactorily improving upon the Gaussian approximation and
reproducing more closely the overall behavior and the skewness of the (estimated)
exact density. Only in the case ¢ = 0.8 with a rather strong positive dependence in
the data the bootstrap approximations become worse. Clearly, we expect that in this
case other bootstrap approaches like the block bootstrap which explicitly takes into
account the dependence structure of the data, will lead to better results.

4. PROOFS

Proof of Theorem 2.1. According to a well-known theorem of Brown (1971), one can
derive a central limit theorem for statistics that can be written as a sum of an in-
creasing number of martingale differences that satisfy an asymptotic negligibility con-
dition. Dvoretzky (1972) extended this result to statistics that form such a scheme
only approximately, which is of particular importance in the context of weakly depen-
dent random variables. Before we begin with checking the conditions of Dvoretzky’s
theorem, we decompose T,, in such a way that the leading term satisfies just these
conditions while the remaining terms are of negligible order. Our proof follows essen-
tially the same pattern as a proof of a similar assertion in Takahata and Yoshihara

(1987).
First we write 7}, in the form
(4.1)
1 n
Tn = Z Hn(}/zvi/]) + [_ZHn(Kvx) - h_d/z/I(Q(u) du] )
1<e<j<n 2 =1
where

o) = =2 [ (12 — i (41)]

(4.2) X K(“;y) - EK(“_hYl)] du.
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The proof of the desired central limit theorem for T, is facilitated by using a decom-
position of Yj,... .Y, into an alternating sequence of large and small blocks. The
gaps between the large blocks are of length p, = [C1log(n)] , where an appropri-
ate choice of (1 becomes clear from the calculations below. The length of the large
blocks is denoted by [,, where the only requirement is that p, < [, < n . In
accordance with this, the k-th large block is formed by Y, ,Y, +1,...,Y;, , where
ar = (k=1 (l,+pn)+1 and by = [(k—1)(l, + pn) + ] A n, while the k-th small
block is given by Y, 41,...,Y,, 1.

Now we approximate T, by

(4.3) U, => 8

k
where
b1 b
(4.4) Se = Z Z H,. (Y, Y;
=1 j=ay

(i) Central limit theorem for U,
Let G, =0(Y1,...,Ys,) . In what follows we will show that

(4.5) > E(Sk | Gr-r) L, 0,

(4.6) ST B(SE] Gro) 07,
k

and, for each ¢ >0,
(4.7) STEISH(|S] > o] S 0.

k
Then we obtain, according to Theorem 2 of Dvoretzky (1972), that
(4.8) U, —% N(0,07).
Now we turn to the proofs of (4.5) to (4.7).
(i.a) Proof of (4.5)

Let ¢ <by_y and a; < j < by . We obtain by Theorem 1.2.3 in Yoshihara (1994)
[This is the correct formulation of Lemma 2 in Takahata and Yoshihara (1987), which
contained some typos.| that

E E(H( i ] |gk 1 //H ymy] dP (Z)dPY](y])

Since FH,(x,Y1) =0, this yields

< ZSyg{IHn(%y)l}ﬁ(anrl)-

| Gra)| = o(1),
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provided we choose (' in the definition of p, large enough. This implies (4.5).

(i.b) Proof of (4.6)

Define
b
(4.9) Gilz,y) = > B9 H (2,Y) H,(y, Yi).
j7j/:ak
Let Yi.....Y, be independent random variables with common density f. To derive

an approximation for the conditional variances, we split up

b1 b o
E\B(SE [ Gr-1) — > Y EHL(Y, V)
=1 j=ag
br_1 b
< X E| Y E(HJSYLY) H (YY) | Git) — Gi(YiYa)
1,1'=1 7g'=ag
br_1
+ B3 [Ge(Y:Ye) — EGk%m]‘
1,1'=1
br_1 br_1 by o
+ Z EGk(YHYZ’) - Z Z E[HH(YHYJ)]Q
1,1'=1 =1 j=ag
(410) = Ri+ Ry + Re.

Now we have, according to Theorem 1.2.3 in Yoshihara (1994),

bk
sup K
10,/ <b sy

S B(H(YL V) Ho(Yi V) | Giot) — Gh(Yi Vo)

5hy'=ay

|

= 2(by — ag + 1) S;lfﬂHn(% y)I*}18(pn + 1),

which implies in particular
(4.11) Ry = o(l,/n),

provided (' is chosen sufficiently large.
Before we turn to an estimate of Ry, we derive some useful estimates for G (x,y).

Since f is bounded, we get sup,{EK((u—Y;)/h) = O(h*)} , which implies
e (5 - e () [ (7)o (57
></ [K(“/;y) - EK(U/;YI)] [K(“/_hyf') ~ EK (“/;YI)] du’}
_ E{/A(“;x) K(“_hyf) du /K(“/;y) K(“l_hyf’) du’} L O(h).
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Therefore, we have

|Gr (2, y)

4 fu—2x\ . (u—Y]
nthdjgk[E‘/[‘< h )[‘< h )du
fu =y (WY '
x/[x( ; )[x( ; )du
4 - u—Y;
* Pl R () ()

ak<] ]/<b
1<]i—5' |<C2 log(n)

r_ 'Y,
x/[x’(uhy)[x’(u - ]) du’

+ ) EHL(2.Y)Ha(y, Yyl

ag <5, <by,
l1—=3"1>C2 log(n)

1 3d
- o)

+0( il log(n)h*+1)

+0 (ZZL 8;11]/@){|Hn(51?, y)IPIB(C, 10%(”)))

(412) = O(n’l,),

if Cy is sufficiently large. [The upper bound of order O(n~2l,, log(n)h) follows by the
fact that sup, {P(||Y; —z| < Ch,||Yy —y|| < Ch)} = O(h**1) holds for j # 5",
which is a consequence of Assumption 2(ii).]

By analogous considerations as in (4.12) we get, for « # ',

E|G(Y, ')|

< Lt \/[ A( i )A(“;Z) d

+ O(h“d)]

+ O(h‘*d)]

+m;damkw (5 (7)o
25

1<]i—5'|<Cp log(n)
0 (—ptelontui®) + 0 (1 sup (11,23l

AR
(413) = O (n 2L, log(n)h) .

) du ] oY (2,2 dz d2



13

We consider the index sets

T = {(il,... vig) € {1,... ,bk_1}4‘ i; # i for some j, k;  max m1£{|lk — |} < Cglog(n)},

k=1,...,4 j#

and

s |
Jmax minflix — i} = G 10g(n)}

Ty = {(@'1,... ) €Ll b

For (i1,...,14) € J1 (W.lo.g., we assume that ¢ # iy .), then we can find the
following estimate:

EGH(Y Yo )GV Yi)| < sup {[Gila, )|} EIGH(Y,, Yi)| < O (12 Tog(n)h)
Yy

If (i1,...,14) € Jo, then we obtain by FEG(x,Y;) =0 the estimate
BG(Ya Yo Ga(Va Vi)l < 2sup {Ga(e, )P} B(Cs log(n) = O(n~T).
Y

say, if C5 is sufficiently large. These two estimates imply

br_1 br_1 2
var (Z Gk(Yi,Yi/)) < F Z Gr(Y;, Yi)
ii=1 ii=1
br_1

= > E|G(Y, YY)
=1

+ Z EGk(YiMYZé)Gk(Yivaizx)

(il,...,’i4)€.71
+ Z EGk(i/imi/b)Gk(}/im}/iz;)
(il,...,’i4)€.72
= 0(n°L) + O (#Jn*Llog(n)h) + O (#Jm™7)
(4.14) = 0 (n7I2 + n722(log(n))°h) .
Hence, we obtain
br_1
R, = O var (Z Gk(Yi,Yi/))
1,1'=1
(4.15) = 0 (01, + n~"1,(log(n))*/*h!/?).
According to (4.12) we obtain
b
EGL(Y,Yi) = Y E[H. (YY)
J=ag
1
+0 (mln log(n)h*™* + 17 s;}g{lHn(%y)IQ}ﬁ(Cz log(n)))
bk - -
(4.16) = > B + O (n2L log(n)h) .

Jj=ag
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This implies, in conjunction with (4.12) and (4.13), that

br_1 b o
=1 J=ay

+ > E|Gr(Y;, Y]

1<]i—i'|<C4 log(n)

t Y EIGUTL T+ 2sup{|Gile,y) }(Calog(n))

|i—1'|>C4 log(n)

= 0 (n_lln log(n)h)
+0 (n7 . (log(n))*h)

+0 (n7)

(4.17) = 0 (n'L(log(n))*h).
Since f is continuons and bounded, we easily obtain that

E[H,(Y;,Y;)]?
(4.18) = 2h3d/[/[x [x(u—l—v)du] dvx/f2 Jdx + 0( 22%)
Moreover, becanse of
(4.19) S HFGNIT<i<beor, ar << b} = 0?[2 + o(n?),

k

we obtain by (4.10), (4.11), (4.15), (4.17) and (4.18) that

EDE(Sy|Gie1) — 07
%

= o(1),
which implies (4.6).
(i.c) Proof of (4.7)

Using Berbee’s reconstruction lemma and (4.14) we obtain

2

br_1
ESE = E| Y Gu(YoYo)| + O ((Lh™)'B(pn+ 1))
ii'=1
(4.20) = 0 (n7l, + n72(log(n))*h) .

which implies (4.7) because of
STE[SH(ISK > ) < ' STESE = 0 (072 + n7',(log(n))*h) .
2 2

(ii) Difference between T, and U,
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We have

[Tn — 0 [ K ) du] — 0,

_ 2 1H (Y., Vi) hd/?/[ du

1=

—Pn ak—l

br_1
+0 > D HuYLY))
k=1 j=bp_q+1
ak—l j—l

+ij > Y. HL(YLY))

J=bp_1+11=bg_1—pn+1

b

+ij > Z H,(Y;,Y;)

J=ag i=bg_1+1
(4.21) = Ry + ...+ R:.
It is easy to see that

2 .
(4.22) EH,(Y.,Y;) = nhm/m(u) du

Since sup,{|H,(z,z)|} = O(n~"h=%?) | we obtain by Lemma 1.2.2.3 in Doukhan
(1994) that

(4.23) var (Z; Hn(YZ»,Yi)) = 0 (n'h7"),

which implies, in conjunction with (4.22), that
(4.24) Ry = op(1).
Next, observe that Rs has the same structure as U, — with the only difference that the

large blocks Y,,....,Y;, are replaced by small blocks Y,  41,...,Y,, -1 . Hence,
it is clear that

(4.25) Rs = op(1).
Notice that Rg + RE» can be written as
RG —I_ R7 = Z HH(K7 1/])7

(7,5)eK

k

where K is an appropriate set of indices with K C {(¢,7) | |t —J] < I + pat -
Furthermore, let

Ky = {(il,... yig) € K % IC‘ i; # i for some j, k;  max min{|iy — ]} < Cﬂog(n)},

k=1....4 j#k
and
K, = {(@'1,... iy €K ><IC‘ Jmax min{li —i;[} 2 C4log(n)}.
If (il,. .. ,i4) € ICl 5 then

(4.26) EH,(Y; L YL) = O(n~2h).
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Moreover, if (i1, ...

,i4) € Ky, then
(4.27)

BH, (YY) (0, = O (sup (1, (o)} 3(Catogtn) ) = 00~

say, if Cy is large enough. Hence, we obtain

E|R¢ + R:|?
= 'Z E[H.(Y;,Y;))?

(il,... ,i4)€}€1
+ >, EH,(Y,Y,)H.(Y;
(il,... ,i4)€}€2

= O(nl, n™%) + O(#K1 n72h) + O(#K,n™?)
= O(lx/n + (log(n))*h),

i)

37

which implies
(4.28) Rs + Rr = op(1).

From (4.21), (4.24), (4.25), and (4.28) we see that the difference between T,, and U,
is of negligible order, which completes the proof. O

Proof of Theorem 3.1. We write T* in the form

* * * 1 * *
(4.29) o= 3 a WYY+ hgd/zZH (Y7, Y7)
1<i<y<n

where

3d * * 1/2
(4.30) am_—{h B, (Y7 YR

. H, (Y Y7)

(431) Wn(}/z 71/]) . V2 1/2°

{E Ho (Y7, V7)) }
(4.32)

e = 6 (7)o () [ (45 - (52

and E* denotes expectation with respect to the bootstrap distribution.
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Since Y;* ~ f5 we get using Assumption 6(i)

7;/22]5*571(16*,16*) - h_d/z/[&”z(u)du
nh =1
Y* 2
o J ) e - it
W [ KA ) du [ () de o Op(h) BT [ K ) du
= Op(hd/2
(4.33)

Furthermore, by the independence of the Y;*’s and because of supﬁﬁ(m, z)} = O(h)
we get by straightforward calculations

(4.34)

From this and (4.33) we conclude that

‘ th/QZH (V7 Y7) = 0 [ K3 ) dul = 0

in probability.
Consider next the quadratic form 37 <, <, @i, Wa (Y7, Y7") and note that =W, (Y, y) =
E*W,(y,Y7) = 0 and EXW2(Y7,Y7) = 1.

First, we have by the independence of the Y;*’s that

Var*[ Z aij,an(K'*,Yj*)]

1<i<y<n

< [{[[w () e ()
x [K (“2h— Z) K (%)] £:(2) dz}2 duy dus

(4.35) — Z/fe ) dx / /[& VK (u + v)du)*dv = o*

in probability.
To prove that >y <icjc, @ijnWa(Y,Y) — N(0,0%) it suffices therefore, by Theo-
rem 5.3 of de Jong (1987) to show that the following three conditions are satisfied:

(4.36)

-1
c(n)2 {Var*[ Z aij,an(K*7}/j*)]} 1@%22@%’” — 0,

1<i<y<n
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(4.37) B W27,V > efn))] = 0
and
(135) BT DWW 0T W7 - o,

for a sequence of real numbers ¢(n) such that ¢(n) — 0o as n — oo.

Now, let ¢(n) = n'/2h%? and verify that as in (4.35)
(4.39)
o [E (YF,Yy) ] [ f2erde [ KR+ o)duide

in probability. Therefore,

2 - 2 46( ) | 771 * * 2
) pax doab, = B 077
= Op(e(n)’*n™")
= OP(hd)v

which together with (4.35) implies (4.36).
Consider next (4.37). By the above choice of ¢(n) we have

B WO OW0T ) > )] € s

_ O(n—l h—?d)E* [En(}/l*7 1/2*):| * {h_SdE*[ﬁn(}/i*, Yl*)]2}_2

J

B W07

_ Op(n—l h—?d)

where the last equation follows since

b5 e [ﬁn(ﬁ*, Y;)] *
- () e - w(25))
Uy — 2 y U =Y L (us — 2 y L fus =Y~
(i () e w () (e () - w ()

_ _ Y* 2
X (K <u4h Z) - K <u4 ; )) f3(2) dz} duy dus dus duy
2
— /fgo (x)d:z;/ [/ K(u)K(u+ v) K (u 4 v2) K(u + vs) du] dvy dvy dvs

in probability.
To show (4.38) note first that
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OB (L (Y7 YO (Y7 Y5 <Y:,Y*> WY Y5)]
= (w () e ()
(e () - e (20 (o (B2 - o (272
(o () (452 o (272) - o (252
(r(2) o (520 (1 (72) - o (570))
X (K (%) _E'K ( Yl)) Fo() £ zz)fe(zg)) o) dzr . dzsdus

_ h_Qd/K(Ul)K <U1 + %ul) K(vy) K ( -I- h s )[& (v3) K <U3 + %)
x[(OM)B7<v4—F )-ﬂﬂ —uih) Syl = vah) dvg - dvadus - dug

_I_ Op(h_zd)
= Op(h%).
From this and because of (4.39), we get using the definition of W, (Y;",Y}") that

B WO YW 07 YW (Y7, YE W07 )| = Op(h?)

This completes the proof of the theorem. O
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