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Asymptotic Minimax Risk in the Uniform Norm for

the White Noise Model on the Sphere �

Jussi Klemel�a

Rolf Nevanlinna Institute

University of Helsinki

Abstract

Estimation of the signal function de�ned on the unit sphere of the Euclidean

space is considered� Gaussian continuous time white noise model is supposed�

Uniform norm is chosen as a loss function and exact asymptotic minimax risk

is derived extending the result of Korostelev ������� The exact asymptotic

minimax risk is given also for the L��loss applying the result of Pinsker ����	��

Mathematics Subject Classi�cations� ��G��� ��C��� ��H��

KeyWords and Phrases� asymptotic minimax risk� spherical data� uniform norm�

white noise model�

� Introduction

Let Sd � fx � Rd�� � kxk � �g� Consider the observation of the form

dX	x
 � f	x
dx� �dW 	x
� x � Sd

where � � � is the noise size and dW 	x
 is the Gaussian white noise in Sd� that is

for measurable sets B�B�� B� � Sd�

�This research was supported by Sonderforschungsbereich ��� Quanti�kation und

Simulation �Okonomischer Prozesse��

�



�i� L
�R

B
dW 	x


�
� N	�� �	B

 where � is the Lebesgue measure of Sd�

�ii� if B� � B� � �� then
R
B�

dW 	x
 and
R
B�

dW 	x
 are independent�

The Lebesgue measure of the sphere can be de�ned with the help of the Lebesgue

measure of Rd��� see Rudin 	����� page ���
� It is a Borel measure� invariant with

respect to rotations and �	Sd
 � ��
�d�������		d� �
��
�

Let �	�� L
 be the class of H�older functions

�	�� L
 �
�
f �M � R

�� jf	x
� f	y
j � L�	x� y
�� x� y � Sd
�

where � � � � � and � is the Riemannian metric of Sd� that is� �	x� y
 � arccos	x
�y
�

We de�ne the discrepancy of an arbitrary estimator �f�	x
 and the true signal function

f	x
 by the sup norm

k �f� � fk� � sup
x�Sd

j �f�	x
� f	x
j	

Let w	u
� u � �� be a loss function� i� e� a continuous bounded monotone function

of u� w	�
 � �� Introduce the minimax risk

r� � r�	w� �� L
 � inf
�f�

sup
f�����L�

E��fw
�

���

��� �f� � f
���
�

�

where 
� � 	�
� log ���
������d��

Theorem � Let A��d � lim��� k�
d��K���k

��������d�
� where K��� � Sd � R�

K���	x
 �
�
�� 	��	x� �

�

�
�

	�


with � � � and � � Sd� Let

C� � Ld�����d�A��d

�
�d

�� � d

	������d�

	

Then

lim
���

r� � w 	C�
 	

�



The constant A��d can be calculated explicitily�

k�d��K���k
�
� � �d�d��	Sd��


Z �

�

�
�� 	�
�

��
�
sind��  d

� �d�d��	Sd��


Z ��

�

�
�� t�

��
�
sind��	���t
���dt

� �d��	Sd��


Z �

�

�
�� t�

��
td��dt 	�


� �d��	Sd��

���

	�� � d
	� � d
d

where �d��	Sd��
 � ��d����	d��
� d � � and we use the convention ��	S�
 � ��

Thus�

lim
���

r� � w



Ld�����d�

�
	� � d
d�

�d��	Sd��
��

	������d�
�
	

Korostelev 	����
 proved corresponding result for estimating regression function

de�ned on the unit interval from n samples Xi � f	i�n
���i� �i
i�i�d
� N	�� �
� Donoho

	����
 presented results for the continuous time white noise model on the real line�

and gave also evaluation of the asymptotic minimax risk for estimating derivatives

of the signal function�

Previously for instance Hall� Watson� and Cabrera 	����
 have studied kernel

density estimation on the sphere and Hendriks 	����
 has studied Fourier series

density estimates on Riemannian manifolds� However� exact minimax constants

have not been previously given in the case of spherical data�

The proof of Theorem � is given in sections � and �� The upper bound is proved

in Section � using ideas presented in Korostelev 	����
 and the lower bound is proved

in Section � using ideas presented in Donoho 	����
� In Section � exact asymptotic

minimax risk is given when estimating signal function belonging to the spherical

Sobolev ball and the L��loss is used� This extends the result in Pinsker 	����
�

� The Upper Bound

Let us de�ne the estimator

�f	x
 �
NX
i��

�aNiIANi
	x


�



where

�aNi � c	�


Z
Sd

K����N�i�	x
X	dx
�

K��� was de�ned in 	�
� c	�

�� �

R
Sd
K���d��

� �

�
C�
�

L

	����

�

N �
�
���	�� log ���
�d�����d�


�
�
���
�d���


where dbe is the smallest integer � b�

� �
�

�	Sd


�
�C�d

L	�� � d


	d��

where � � � is arbitrary� �	N� i
 � Sd� i � �� 	 	 	 � N � are asymptotically equidistant

on Sd� and ANi� i � �� 	 	 	 � N � is a partition of Sd such that ANi is the set of those

x � Sd for which �N�i is the closest member of the set f�N��� 	 	 	 � �N�Ng 	ties can be

broken arbitrarily
� Thus

ANi � fx � Sd � i � argmini�������N�	�	N� i
� x
g	

Let us start with the variation of the estimator�

Lemma �

lim
���

P

�

��� k �f � E �fk� � 	� � �
C�

��

�� � d

	
� �	

Proof� Let us denote Z�	x
 � �f	x
� E �f	x
� Then

D�
�

def
� V ar

�

��� Z�	�	N� �



�
� 
��� V ar	�aN�


� 
��� ��c	�
�
Z
Sd

K�
����N���	x
d�	x


� 
��� ���d�d��	Sd��

���d	� � d


�� � d

as is seen from Equation 	�
 and from

c	�
�� �

Z
Sd

�
�� 	��	x� �

�

�
�
d�	x


�
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d

Let us denote y � 	� � �
C����	�� � d
� Then it can be checked that

y�

D�
�

� �d	� � �
� log	��������d�


and for su�ciently small ��

P
�
k
��� Z�k� � y

�
� P

�
max

i�������N

��� jZ�	�	N� i

j � y

	

� NP

�
D��

� 
��� jZ�	�	N� i

j �
y

D�

	

� N exp

�
�
�

�

y�

D�
�

�

� N exp

�
�
d	� � �
� log ���

�� � d

�
� ���	log ���
�d�����d�	��
d������

���������d��

which approaches to � as �� �� �

Next� let us consider the bias of the estimator�

Lemma �

lim sup
���

sup
f�����L�


��� kf � E �fk� � 	� � �
C�
d

�� � d
	

Proof� We have that

kE �f � fk�

� max
i�������N

jE �f	�	N� i

� f	�	N� i

j� Lmax
i
min
j ��i

�	�	N� i
� �	N� j

�

Now

lim sup
���

max
i
min
j ��i

�	�	N� i
� �	N� j

 � lim sup
���

�
�	Sd


N

	��d

�



and thus

lim sup
���


��� max
i
min
j ��i

�	�	N� i
� �	N� j

�

� lim sup
���


���

�
�	Sd


N

	��d

� 	�	Sd
�

��d �

�C�d

L	�� � d

	

On the other hand� for i � �� 	 	 	 � N �

jE �f	�	N� i

� f	�	N� i

j

� jE�aN�i � f	�	N� i

j

�

����c	�

Z
Sd

K����N�i�	x
f	x
d�	x
� f	�	N� i
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Z
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L
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� sind��  d
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Z ��

�

�
�� t�

�
�
	���t
� sind��	���t
���dt

� c	�
L����d�d��	Sd��


Z �

�

�
�� t�

�
t��d��dt

� c	�
L����d�d��	Sd��

�

	�� � d
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� ���L
d
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� 
�C�

d

�� � d

where we used Equation 	�
� �

The upper bound follows from lemma � and lemma � by an similar argument as

was given in Korostelev 	����
�

� The Lower Bound

We will give the proof for the lower bound� Let J��� � Sd � R�

J���	x
 � L���K���	x
 � L���
�
�� 	��	x� �

�

�
�

�



where � � �� � � Sd� Let N � N	�
 be the greatest integer such that there exists

such �	N� i
 � Sd� i � �� 	 	 	 � N � that the functions J����N�i� have disjoint supports�

Now we have that

lim inf
���

��dN	�
 � Const	 	�


Let

C	�� f�	N� i
g
 �

�
NX
i��

iJ����N�i� � jij � �� i � �� 	 	 	 � N

�
	

Now C	�� f�	N� i
g
 � �	�� L
� The complete class of estimators for estimating

f � C	�� f�	N� i
g
 consists of all procedures of the form

�f� �
NX
i��

�iJ����N�i� 	�


where �i � �i	y�� 	 	 	 � yN
� i � �� 	 	 	 � N � for measurable functions �i and

yi �

Z
Sd

�i	x
X	dx
� i � �� 	 	 	 � N

with �i � J����N�i��kJ����N�i�k���

When �f� is of the form 	�
 and f � C	�� f�	N� i
g
 then��� �f� � f
���
�

� max
i�������N

��� �f�	�	N� i

� f	�	N� i


���

�
��J����N���	�	N� �



�� ���� � 
���
l�
N

� L���
���� � 

���
l�N

	

Thus

r� � inf
�f�

sup
f�C���f��N�i�g�

E��fw
�

���

��� �f� � f
���
�

�

� inf
�	
sup
j	ij��

EG�	�
�N IN �w

�

��� L���

���� � 
���
l�N

	

where G	� ��nIN
 is the normal distribution with the expectation vector  and the

covariance matrix ��NIN � where IN is the N	N identity matrix and ��N � V ar	y�
 �

���kJ����N���k
�
��

�



By Korostelev�s lemma 	Korostelev ����� Donoho ����
� if

���N �
p
�� �

p
logN� 	�


for some � � � � �� then

inf
�	
sup
j	ij��

EG�	�
�
N
IN �w

����� � 
���
l�
N

	
�� w	�
� when N ��
	

Let � � � � ��

C �
� � Ld�����d�A��d

�
	�� �
d

�� � d

	������d�

�

and

� �

�
C �
�
�

L

	����

�

�
Ld��A

����d���
��d

	�� �
d

�� � d
�� log ���

	�������d�

	

Now

���N � ���
��J����N���

��
�

� ���
��L���K����N���

��
�

� ���L����d��
���d��K����N���

��
�

� ���L����d��A
�����d������
��d

�

�
	�� �
d

�� � d
log ���

	���

� 	�� �
���
�
log

�
�� log ���

��d�����d�����
� 	�� �
���

p
log	Const		 �d
	

Thus 	�
 is satis�ed ultimately as �� � by Equation 	�
�

The lower bound follows by Korostelev�s lemma because


��� L��� � C �
� � Ld�����d�A��d

�
	�� �
d

�� � d

	������d�

and � � � � � was chosen arbitrarily� �

� Estimation with the L��loss

Let us also consider estimation with the L��loss assuming that the signal function be�

longs to the Sobolev ball� We will give exact asymptotic minimax constant applying

the result of Pinsker 	����
 to the spherical case�

�



Let Hs	Sd
� s � �� be the Sobolev space of Sd� Then f � L�	Sd� �
 is in Hs	Sd


if and only if

kfk�s
def
�

�X
k��

�sk
X
fj�Ek

� f� fj �
�
L��Sd���

�
� 	�


where 	�k

�
k�� is the set of di�erent eigenvalues of the Laplace�Beltrami operator � in

increasing order� 	Ek

�
k�� is the set of eigenspaces of � 	Ek corresponds to �k for each

k
� and 	fj

�
j�� is an orthonormal basis of L�	Sd� �
 consisting of real eigenfunctions

of � 	Gin�e� ����
�

Let �	s�M
 � ff � L�	Sd� �
 � kfk�s � Mg� where s � � and k � ks is de�ned in

	�
� De�ne

R�	�	s�M

 � inf
�f

sup
f�	�s�M�

E��f

��� �f � f
����
L��Sd���

	

Now we can state the following theorem�

Theorem �

R�	�	s�M

 � �
s���s�d�Md���s�d�Ps�d� � �� ��

where

Ps�d �

�
�s

	s� d
	d� �
�

	�s���s�d�
	�s� d
d���s�d�

d
	

The proof of the theorem follows from Pinsker 	����� Theorem �
� In fact� con�

sider the observations

yk�i � k�i � ��k�i� k � �� �� 	 	 	 � i � �� 	 	 	 � �k�

where �k � � are integers� �k�i are i� i� d� N	�� �
� � � � is the noise size� and the

sequence  � 	k�i
 is in l�� Consider the parameter space

 �

�
 � l� �

�X
k��

ak

�kX
i��

�k�i �M

�

where ak �
 as k �
� De�ne

R�
� 	 
 � inf

�	
sup
	��

E��	

���� � 
����
l�
	

�



From Pinsker 	����� Theorem �
 it follows that

R�
�	 
 � �� 	� �� �


where

�� � ��
X

��ak�

�k
�
�� 	��ak


���
�

	�


and �� is the unique solution of

��
X

��ak�

�kak
�
	��ak


���� � �
�
�M	 	�


If one chooses ak � �sk and �k � dimE
�d�
k � where �k are the eigenvalues and E

�d�
k are

the eigenspaces of the Laplace�Beltrami operator� respectively� then it holds that

R�	�	s�M

 � R�
�	 
	

For the circle S� it is known that when k � �� �k � k�� dimEk � �� and

orthonormal basis of Ek is f����� cos k� ����� sin kg� For the sphere S� it is known

that �k � k	k � �
 and dimEk � �k � �� when k � �� For the d�dimensional sphere

Sd it is known that �k � k	k � d� �
 and

dimE
�d�
k � card

�
	l�� 	 	 	 � ld
 � Z

d��
� � k � l� � l� � � � � � ld�� � jldj

�
�

	�k � d� �
	k � d� �
�

k�	d� �
�

	Takeuchi� ����� pages ���� ���
� It can be seen that

dimE
�d�
k �

kX
i��

dimE
�d���
i �

d��X
i��

�ik
i�

where �i are integers and �d�� � ��	d� �
��

Thus Theorem � follows by applying 	�
 if we choose ak � !k	k � d � �
"s and

�k �
Pd��

i�� �ik
i� where �i are integers and �d�� � ��	d� �
��
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