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A Model Speci�cation Test

Knut Bartels �

August �� ����

Abstract

A general model speci�cation test of a parametric model against a nonparametric

or semiparametric alternative is studied� The test statistic employs a �xed kernel�

not varying by a bandwidth� This test is proved to be consistent� the asymptotic

distribution is derived and shown to be approximated by a bootstrap procedure�

Keywords� Model speci�cation test� nonparametric or semiparametric alternative�

nonlinear regression� bootstrap�

� Introduction

Given is an i�i�d� random sample Z� � �Y�� X��� � � � � Zn � �Yn� Xn� from a
distribution D on IR � IRd� We want to test if the continuous regression
function ��x� 	� E
Y jX � x� belongs to a parametric family of known real
functions f�x� �� on IRd � � where � � IRp denotes the parameter space
and �Y�X� � D� Thus we consider the null hypothesis

H� 	 P
�
E
Y jX� � f�X� ���

�
� � for some �� � � � ���

and the corresponding general alternative

H� 	 P
�
E
Y jX� � f�X� ��

�
� � for all � � � � ��

where P is some probability measure dominating the marginal distribution
DX of X�
Several authors have contributed to this kind of problem already� some of
them we will mention in the forthcoming� For further sources see the bibli�
ography� A common method is to compare a parametric �t under H� with
a nonparametric estimate of � �Eubank� Hart � LaRiccia� ������ Here a

�The research for this paper was carried out within Sonderforschungsbereich ��� at the University of
Potsdam and the Humboldt�University Berlin
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bandwidth h is involved which is assumed to tend to zero at a certain rate�
This assumption of a vanishing bandwidth is made in almost all of the lit�
erature concerning this test problem� see e�g� Fan � Li ������� H�ardle �
Mammen ������� H�ardle � Horowitz ������� Kozek ������� Stute � Man�
teiga ������ and Werwatz ������� But for applications always a bandwidth
has to be chosen and �xed for the further analysis� Also the convergence
to the �normal� limiting distribution is known to be very slow and usually
is bootstrapped using this chosen bandwidth �H�ardle � Mammen� ������
The aim of this paper is to study the asymptotic behavior of a large class
of these tests with a nonvanishing �xed bandwidth� The results are sim�
ilar to the test of Bierens ������� which follows an idea di�erent to the
above� Bierens� test is included in the class of tests considered here by a
special choice of a kernel function� The estimation of the critical values
by bootstrap methods is easier to justify and less numerically intensive for
the form the test statistic is presented here� Also the parametric estimator
is not restricted to be derived by least squares here�
Principally we want to base our test on

Tn � Tn��� Z�� � � � � Zn� 	�
�
n

X
��i�j�n

UiUjKij � ���

where

� Ui 	� u�Yi� Xi� ��� � Yi � f�Xi� ��� are the true errors under H��

� Kij 	� k�Xi� Xj� ��� is a positive de�nite �see assumption A�� sym�
metric kernel� possibly depending on ��

Since under H� a true parameter ��� denoting a solution of ���� is not
known� it has to be estimated from the data by ��� This leads to the actual
test statistic

�Tn � Tn���� Z�� � � � � Zn� 	�
�
n

X
��i�j�n

�Ui
�Uj

�Kij � ���

where �Ui 	� u�Yi� Xi� ��� � Yi � f�Xi� ��� are the parametrically estimated
errors and �Kij 	� k�Xi� Xj� ����

�



� Results

We introduce the following expressions	

v�x� 	� v�x� ��� 	�

Z
��IR

k�x� �� ���f
���� ��� dDX��� �

such that for i � �� � � � � n and X � DX we have the ��� p��vectors

v�Xi� ��� � EX 
k�Xi� X� ���f
��X� ���jXi� �

m denotes the �p� p��matrix

m 	� m���� 	�

�
E
�
k�X�� X�� ���
f

��X�� �����
f
��X�� �����

��
��������� �p

�

Now de�ne the functional

q�z�� z�� 	� q�y�� x�� y�� x�� ���

	� u�y�� x�� ���u�y�� x�� ��� �
�
k�x�� x�� ���� v�x�� ���w�x�� ���

� v�x�� ���w�x�� ��� � w�x�� ���
Tm����w�x�� ���

�
� ���

For sake of brevity� in the following we will drop indication of the depen�
dency on �� unless we want to stress it explicitly� For the assumptions
made in the following theorem see section ��

Theorem ���� Under H� and assumptions A� to A�

�Tn �
�
n

X
��i�j�n

q�Zi� Zj��
�
n

nX
i��

u�Zi�
�
v�Xi�w�Xi� �

�
�n

nX
i��

u�Zi�
�
w�Xi�

Tmw�Xi� � op��� � ���

Hence �Tn is asymptotically distributed as

c� �
�

X
k

�k��
�
�k � �� � ���

where

c 	� �
� E

h
u�Z��

�
w�X��

Tmw�X��
i
� E

h
u�Z��

�
v�X��w�X��

i
� ���

���� ���� � � � are independent standard normal random variables and �k are
the eigenvalues of Q 	 ���� ��

R
IRd�� q��� z���z� dD� which is a linear operator

on L��D�� That is� �Tn � c is asymptotically distributed as a weighted �in
general in�nite� sum of centered independent ��

��statistics�
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Theorem ���� Under H�� assumptions A� to A� and A�

�Tn ��
p
�	 � ���

Theorem �� and � together imply the consistency of the test �reject H�

i� �Tn 	 
�� for any reasonably chosen 
� 	 �� Such a resonable choice
would be an ��quantile of the limiting distribution of �Tn under H��
This distribution is case dependent but can be bootstrapped� For i �
�� � � � � n let Z�i � �Y �

i � Xi� with Y
�
i � f�Xi� ��n��u�i be a bootstrap sample�

where u�i � �iu�Yi� Xi� ��n� and the �i�s are distributed i�i�d� and indepen�
dently of the Zi�s� with E
�i� � �� E
��i � � � and E
��i � �	� Now ���n denotes
the estimator based on the sample Z�� � � � � � Z

�
n and the bootstrapped test

statistic is �T �n 	� Tn���
�
n� Z

�
� � � � � � Z

�
n��

Theorem ���� Under H� and assumptions A� to A�

sup
x�IR

��P�f �T �n 
 xjZ�� � � � � Zng � Pf �Tn 
 xg
��� � �n�	� � ����

We remark that very similar results hold for the test statistic including the
diagonal

�T �v	
n � T �v	

n ���� Z�� � � � � Zn� 	�
�
n

X
��i�j�n

�Ui
�Uj

�Kij � ����

The limiting distribution changes to the simpler form
P

k �k�
�
�k� using the

same notation� The explicit proofs for this version� modi�cations of the
bootstrap procedure presented here� as well as simulation studies for the
�nite sample behavior will be presented in future works�
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� Assumptions

A�� Z� � �Y�� X��� � � � � Zn � �Yn� Xn� is an i�i�d� random sample from a
distribution D on IR� IRd with

R
IRd�� y

� dD�y� x� �	� Let DX denote the
marginal distribution of X��

A�� The parameter space � is an open subset of IRp�

A�� The model function f 	 IRd��� IR is measurable and twice contin�
uously di�erentiable with respect to ��
E
f�X� ���� �	� E

f ��X� ������ �	 and E

f ���X� ������� �	 for each �xed
� � �� ��  � �� � � � � p and X � DX � �Shortly spoken� f and its partial
derivatives up to second order are L��DX� for each �xed � � ���
Further f ���� is Lipschitz continuous for all ��  � �� � � � � p�

A�� The kernel function k 	 IRd � IRd � � � IR is twice continuously
di�erentiable with respect to ��
k is symmetric in the �rst two arguments and k� k�� and k���� are bounded

functions on IRd � IRd for each �xed � � � and all ��  � �� � � � � p�
Further k���� is Lipschitz continuous for all ��  � �� � � � � p�
De�ne K� 	 g��� ��

R
IR
k��� t� ��g�t� dDX � For each �xed � � � the Hilbert�

Schmidt operator K� on L��DX� is positive de�nite�

A�� Under H�

n
�

� ��� � ��� � n�
�

�

nX
i��

w�Xi� ���Ui � op��� �

where w��� �� 	 IR � IRd � IRp is a measurable function� continuous in ��
with E

w�X�� ���

�
�� � 	 for each �xed � � � and all � � �� � � � � p� and

Ui � u�Yi� Xi� ��� � Yi � f�Xi� ��� are the true errors�

A�� E
�
u�Z�� ���

�
w�X�� �����
w�X�� �����j
�
�	 for all ��  � �� � � � � p�

A�� Under H� there exists a �� in the interior of � such that
n

�

� ��� � ��� � Op����

�



� Proofs

��� Proof of theorem ���

We use the Taylor expansions

�Ui 	� Yi � f�Xi� ��� � Ui �
�
f�Xi� ���� f�Xi� ���

�
� Ui � f ��Xi� ������ � ��� � ��� � ���

Tf ���Xi� �
�
i ��

�� � ���

�	 Ui � F �
i �
�� � ��� � ��� � ���

TF ��
i ��

�
i ��

�� � ��� ���

and

�Kij 	� k�Xi� Xj� ��� � k�Xi� Xj� ���

� k��Xi� Xj� ������ � ��� � ��� � ���
Tk���Xi� Xj� �

�
ij��

�� � ���

�	 Kij �K �
ij�
�� � ��� � ��� � ���

TK ��
ij��

�
ij��

�� � ��� � ����

Proposition ���� Under H� and assumptions A� to A�

�Tn �
�
n

X
��i�j�n

UiUjKij �
�
n

X
��i��j�n

UiKijF
�
j�
�� � ��� ����

� �
n

X
��i�j�n

KijF
�
i �
�� � ���F

�
j�
�� � ��� � Op�n

� �

� � � ����

Proof� The expansions are now applied to �Tn� noting that A� forces each
component of ��� � ��� to be Op�n

� �

� �	

�Tn �
�
n

X
��i�j�n

�Ui
�Uj

�Kij

� �
n

X
��i�j�n

UiUjKij ����

� �
n

X
��i�j�n

UiUj

�
K �

ij�
�� � ��� � ��� � ���

TK ��
ij��

�
ij��

�� � ���
�

����

� �
n

X
��i��j�n

UiKijF
�
j�
�� � ��� ����

� �
n

X
��i��j�n

UiKij��� � ���
TF ��

j ��
�
j ��

�� � ��� ����

� �
n

X
��i��j�n

Ui

�
K �

ij�
�� � ���F

�
j�
�� � ��� � Op�n

� �

� �
�

���

� �
n

X
��i�j�n

Kij

�
F �
i �
�� � ���F

�
j�
�� � ��� � Op�n

� �

� �
�
� Op�n

� �

� � � ���

�



Thus it remains to show that the expressions in ����� ���� and ��� are
Op�n

� �

� ��

a� Analysis of ����	

�
n

X
��i�j�n

UiUjK
�
ij�
�� � ��� �

�
n

pX
���

X
��i�j�n

UiUj
K
�
ij��


�� � ���� � ��

Since A� forces each component of ��� � ��� to be Op�n
� �

� �� it su�ces to
show �

n

P
��i�j�nUiUj
K

�
ij�� � Op��� for � � �� � � � � p� But this follows

directly from lemma ��� �c� with g � h � u and b � 
k����

�
n

X
��i�j�n

UiUj��� � ���
TK ��

ij��
�
ij��

�� � ��� �

pX
�����


�� � ����
�� � ����
�
n

X
��i�j�n

UiUj
K
��
ij��

�
ij����� � ���

Again by A� it su�ces to show �
n

P
��i�j�nUiUj
K

��
ij��

�
ij����� � Op�n

�

� � for
all ��  � � � � � � p 	����� �n X

��i�j�n
UiUj
K

��
ij��

�
ij�����

����� 

����� �n X

��i�j�n
UiUj
K

��
ij��������

�����
�

	
�
n

X
��i�j�n

jUijjUjj



�k�� � ��k �

���

Here we used that by A� there exists a Lipschitz constant � such that

k
K ��
ij��

�
ij����� � 
K ��

ij��������k 
 �k��ij � ��k 
 �k�� � ��k � ���

The �rst summand of the right hand side of ��� is Op��� by lemma ��� �c�
with g � h � u and b � 
k������� The second summand is Op�n

�

� � because
of A� and since �

n

P
��i�j�n jUijjUjj � Op�n� by ��� a� with g � h � juj

and b � ��

b� Analysis of ����	

�
n

X
��i��j�n

UiKij��� � ���
TF ��

j ��
�
i ��

�� � ��� �

pX
�����


�� � ����
�� � ����
�
n

X
��i��j�n

UiKij
F
��
j ��

�
i ����� � ���

�



Again by A� it su�ces to show �
n

P
��i��j�nUiKij
F

��
j ��

�
j ����� � Op�n

�

� � for
all ��  � � � � � � p 	������ �n

X
��i ��j�n

UiKij
F
�����j �����

������ 

������ �n

X
��i��j�n

UiKij
F
����������

������
�

�
� �

n

X
��i��j�n

jUijjKijj


A��k�� � ��k �

���

Here we used that by A� there exists a Lipschitz constant �� such that

k
F ��
j ��

�
j ����� � 
F ��

j ��������k 
 ��k��j � ��k 
 ��k�� � ��k � ���

The �rst summand of the right hand side of ��� is Op�n
�

� � by lemma ���
�b� with g � u� h � 
f ������ and b � k� The second summand is Op�n

�

� �
because of A� and since �

n

P
��i��j�n jUijjKijj � Op�n� by ��� a� with

g � juj� h � � and b � jkj�

c� Analysis of ���	

�
n

X
��i��j�n

UiK
�
ij�
�� � ���F

�
j�
�� � ��� �

pX
�����


�� � ����
�� � ����
�
n

X
��i��j�n

Ui
K
�
ij��
F

�
j�� � ���

Again by A� it su�ces to show �
n

P
��i��j�nUi
K

�
ij��
F

�
j�� � Op�n

�

� � for all
��  � � � � � � p� But this is the case by lemma ����b� with g � u� h � 
f ���
and b � k��

In the following we use the shorthands Vi 	� v�Xi� ��� and Wi 	� w�Zi� ����

Proposition ���� Under H� and assumptions A� to A�

�
n

X
��i��j�n

UiKijF
�
j�
�� � ��� �

�
n

X
��i�j�n

UiUjfViWj � VjWig�
�
n

nX
i��

U�
i ViWi � op��� � ����

�



Proof�

�
n

X
��i ��j�n

UiKijF
�
j�
�� � ��� �

pX
���


�� � ����
�
n

X
i��j

UiKij
F
�
j�� � ����

Consider

�
n

X
��i��j�n

UiKij
F
�
j�� �

�
n

nX
i��

Ui

X
j ��i

�Kij
F
�
j��

� �
n

nX
i��

Ui
Vi�� �
�
n

nX
i��

Ui

�
�
Vi�� �

X
j ��i

Kij
F
�
j��


A

� �
n

nX
i��

Ui
Vi�� � Op��� � ���

since �
n

Pn
j��Kij
F

�
j�� � 
Vi�� and �

n

Pn
i��UiKii
F

�
i �� � � almost surely by

the SLLN� Thus

�
n

X
��i ��j�n

UiKijF
�
j�
�� � ��� �

nX
i��

UiVi��� � ��� �Op�n
� �

� � � ����

Plugging the development of A� into ���� we obtain

�
n

X
��i��j�n

UiKijF
�
j�
�� � ��� �

�
n

nX
i��

nX
j��

UiViWjUj � op���

� �
n

X
��i��j�n

UiViWjUj �
�
n

nX
i��

U�
i ViWi � op���

� �
n

X
��i�j�n

UiUjfViWj � VjWig ����

� �
n

nX
i��

U�
i ViWi � op��� �

Proposition ���� Under H� and assumptions A� to A�

�
n

X
��i�j�n

KijF
�
i �
�� � ���F

�
j�
�� � ��� �

�
n

X
��i�j�n

UiUjW
T
i mWj �

�
�n

nX
i��

U�
i W

T
i mWi � op��� � ����

�



Proof� Since F �
i �
�� � ��� � IR�X
��i�j�n

KijF
�
i �
�� � ���F

�
j�
�� � ���

�
X

��i�j�n
Kij��� � ���F

�
iF

�
j�
�� � ���

� ��� � ���
T

	 X
��i�j�n

KijF
�
iF

�
j



� �z �


� �mn

��� � ��� � ����

Now consider 
 �mn���� �
P

��i�j�nKij
F
�
i ��
F

�
j��� the ��� ��th component

of the �p� p��matrix �mn	


 �mn���� �
X

��i�j�n

�
Kij
F

�
i ��
F

�
j�� � E
Kij
F

�
i ��
F

�
j���

�
�

X
��i�j�n

E
Kij
F
�
i ��
F

�
j���

����

� Op�n
�

� � � n�n��	
� E
K��
F

�
���
F

�
���� �

because the �rst sum of ���� is a centered nondegenerate U�statistic to
which lemma �� �a� applies� Applying this to each component of ���� and
using A� we obtain

�
n

X
��i�j�n

KijF
�
i �
�� � ���F

�
j�
�� � ��� �

�
�n�

�� � ��Tm ��� � �� �Op�n
� �

� � �

����

Substituting the development of A� for ��� � �� results in

n��� � ��Tm ��� � �� � n��
	

nX
i��

WiUi


T

m

	
nX

j��

WjUj



� op���

� n��
nX

i�j��

UiUjW
T
i mWj � op���

� n��
X

��i�j�n
UiUjW

T
i mWj

� n��
nX
i��

U�
i W

T
i mWi � op��� � ����

Combining ���� and ���� now gives �����

�	



Now we can conclude with the proof of the theorem� Applying propositions
�� and ��� to the statement of proposition ��� we obtain

�Tn �
�
n

X
��i�j�n

UiUjKij

� �
n

X
��i�j�n

UiUjfViWj � VjWig �
�
n

nX
i��

U�
i ViWi

� �
n

X
��i�j�n

UiUjW
T
i mWj �

�
�n

nX
i��

U�
IW

T
i mWi � op��� � ����

Using A� and A� with jkj � c� by the Cauchy�Schwarz inequality we
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This proves ���� The remaining part of theorem �� follows directly from
lemma ���b�� if E
q�Z�� Z��
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��� Proof of theorem ���
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�i 	� ��Xi�� Then we use the Taylor expansions
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Proposition ���� Under H�� assumptions A� to A� and A�

�Tn � n��
X

��i�j�n
Kij�i�j � Op�n

�

� � � ����
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we see that ���� is Op�n
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Thus it remains to show E
K������� 	 �� But this is a direct consequence
of the positive de�niteness of K�� demanded in A��

��� Proof of theorem ���
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The i�i�d� weighted bootstrap of quadratic forms as formulated by Dehling
�Mikosch ������ theorem ���� states exactly that ���� vanishes for n�	�

By lemma ��� we obtain the almost sure pointwise convergences v�n�x� ��n��
v�x� ��� and m�

n�
��n�� m���� as n�	�

Also� by continuity� we have u�z� ��n� � u�z� ��� and w�z� ��n� � w�z� ���
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We now show the convergence in probability given Z�� � � � � Zn	
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If 
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��n����� are uniformly

bounded by constants c�v and c�m� we can proceed again as in the proof
of lemma ��� b� to overcome the dependence on ��n� and as in ���� to show
the boundedness�
The existence of c�m follows directly� e�g� by lemma ��� b�� for almost every
sequence fZng� For c�v we can argue almost surely as follows� assuming n
su�ciently large	��
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Here we have used the LIL� the previously introduced bound jkj � c� as
well as j
��n�����j � �� and a constant �

�� greater than the Lipschitz bound
for f ���
Thus we have proven ����� and now convergence in distribution� given the
sequence fZng� follows	
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Since the limiting distribution of this last U�statistic is continuous by
theorem ��� the convergence of the according distribution functions is
uniform� see e�g� Petrov ������ page ���� Thus we have �nally shown ����
to converge to zero�
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b� Analysis of ����	 By the continuity of the limiting distribution this
term is of order O��� for n�	�

c� Analysis of ����	 As in ���� and ��� Cn � c in probability� which was
to show here�
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� Lemmas

Lemma ���� Let Zi � �Yi� Xi�� i � �� � � � � � be i�i�d� real random
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Now consider the second moments	

E

�� X
��i�j�n

GiBijHj

���
� E

h X
��i�j�n
��i��j��n

GiGi�BijBi�j�HjHj�

i

� �
X

��i�i��j��j�n
E

h
GiGi�BijBi�j�HjHj�

i
� 

X
��i�j��j�n

E

h
G�

iBijBij�HjHj�

i
� 

X
��i�i��j�n

E

h
GiGi�BijBij�H

�
j

i
� 

X
��i�j�j��n

E

h
GiGjBijBjj�HjHj�

i
�

X
��i�j�n

E

h
G�

iB
�
ijH

�
j

i
� �

X
��i�i��j��j�n

EXiXi�

h
E
GijXi�E
Gi�jXi��E
BijHjjXi�E
Bi�j�Hj�jXi��

i
� 

X
��i�j��j�n

EXi

h
E
G�

i jXi�E
BijHjjXi�E
Bij�Hj�jXi�
i

� 
X

��i�i��j�n
EXj

h
E
GiBijjXj �E
Gi�Bi�jjXj �E
H

�
j jXj�

i
� 

X
��i�j�j��n

EXj

h
E
GiBijjXj �E
Bjj�Hj�jXj �E
GjHjjXj�

i
�

X
��i�j�n

EXiXj

h
E
G�

i jXi�B
�
ij E
H

�
j jXj �

i

� �
�
n
�

��
EX�

h
E
G�jX��E
B��H�jX��

i��

� 
�
n
�

�
EX�

h
E
G�

�jX�� �E
B��H�jX���
�
i

� 
�
n
�

�
EX�

h
�E
G�B��jX���

�
E
H�

� jX��
i

� 
�
n
�

�
EX�

h
E
G�B��jX��E
B��H�jX��E
G�H�jX��

i
�
�
n
�

�
EX�X�

h
E
G�

�jX��B
�
�� E
H

�
� jX��

i
���

Applying the Cauchy�Schwarz inequality several times and using the
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This proves part a��
If E
G�jX�� � � then also E
G�B��jX�� � EX�


E
G�jX��B��jX�� � �� Hence
from ��� we obtain as above
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This proves part b��
In part c� we have E
H�jX�� � �� too� Then from ��� we conclude analo�
gously
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Lemma ���� �Limit distributions of U�statistics�
Let Z�� � � � � Zn be independent real random l�vectors with common distri�
bution D and let s 	 IRl � IRl � IR be a symmetric function such that
E
s�Z�� Z��

�� �	 and E
s�Z�� Z��� � ��

��



a� �nondegenerate case�
If E
s�Z�� Z��jZ�� 
 �� then the U�statistic

n�
�

�

X
��i�j�n

s�Zi� Zj�� N ��� ���

is asymptotically distributed normal with �� � VarZ

�
E
s�Z�Z ��jZ ��

�
�

b� �degenerate case�
If E
s�Z�� Z��jZ�� � �� then

n��
X

��i�j�n
s�Zi� Zj��

�
�

X
k

����
�
�k � ��

where ���� ���� � � � are independent standard normal random variables and
�k are the eigenvalues of S 	 ���� ��

R
IRq s��� z���z� dD� which is a linear

operator on L��D��

Proof� For a proof of part a� see e�g� Hoe�ding ������ and for part b� e�g�
Gregory ������� or Ser ing ������ section ���� for both�

Lemma ���� Let A� B be two real random variables in a probability space
with measure P� and let A�� B� be two real random variables in a probability
space with measure P�� Then for every � 	 � and c � IR it holds

sup
x�IR

��P
A� B 
 x�� P
�
A� � B� 
 x�

��

 sup

x�IR

��P
A 
 x�� P
�
A� 
 x�

��
� sup

x�IR

�
P
A 
 x� ��� P

�
A� 
 x� ��
�

� P
jB � cj � ��� P
�
jB� � cj � �� �

Proof� Fix � 	 � and c � IR arbitrarily� From

P
A� c 
 x� ��� P
jB � cj � �� 
 P
A�B 
 x�


 P
A� c 
 x� �� � P
jB � cj � ��
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and the analogous inequalities for P� we deduce��P
A�B 
 x�� P
�
A� � B� 
 x�
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A� � c 
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A� c 
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Now taking the supremum over x � IR and cancelling super uous con�
stants� we obtain the statement of the lemma�

Lemma ���� Let fZig�i�� be a sequence of i�i�d�real random d�vectors with
common probability measure ��
a� Suppose hn 	 IR

d � IRd � IR is a sequence of measurable functions that
converge pointwise almost surely to h� Further there exists a dominating
function b such that jhnj 
 b and EZ�Z�


jb�Z�� Z��j� �	� Then

�
n�

nX
i�j��

hn�Zi� Zj�� EZ�Z�

h�Z�� Z��� almost surely � ����

b� Let f�n�Z�� � � � � Zn�g�n�� be a random sequence in � � IRp� with �n � ��
almost surely� �� in the interior of �� Suppose h 	 IRd � IRd � � � IR is
continuously di�erentiable with respect to � and EZ�Z�


jh�Z�� Z�� ���j� �	�
Then hn � h��� �� �n� satis�es the conditions of part a� and we have

�
n�

nX
i�j��

h�Zi� Zj� �n�� EZ�Z�

h�Z�� Z�� ���� almost surely � ����

Proof� These are variation and special case of a generalized bounded con�
vergence theorem� see e�g� Royden ������ page ���� Instead of describing
the adaptions we give a complete proof here�

��



For almost every sequence fZig�i�� we have �n � �� and

�
n�

nX
i�j��

��Zi� Zj�� EZ�Z�

��Z�� Z��� � ����

if � is any bounded ��measurable function� This SLLN for V �statistics
can be found e�g� in Ser ing ������ chapter��� note that � need not be
symmetric� In the following we consider such a sequence fZig�i���

a� Our �rst goal is to show

EZ�Z�

g�Z�� Z��� 
 lim inf

n��
�
n�

nX
i�j��

gn�Zi� Zj� ����

for any sequence of nonnegative measurable functions fgng that converge
pointwise to g� It su�ces to prove

EZ�Z�

��Z�� Z��� 
 lim inf

n��
�
n�

nX
i�j��

gn�Zi� Zj� ����

for every bounded measurable function � 
 g�
We choose one such � and � 	 � and keep them �xed in the following�
De�ne !n 	� f�z�� z�� 	 gn�z�� z�� � ��z�� z��g� !n is an increasing sequence
of sets whose union contains ! 	� IRd � IRd� Hence !�!n is a decreasing
sequence of measurable sets with empty intersection and there exists a m
such that ��!�!m� � �� Since ��!�!m� � limn�� �

n�

Pn
i�j�� I���m

�Zi� Zj�
� apply ���� to the indicator function I���m

� we may choose n� � m so
that �

n�

Pn
i�j�� I���m

�Zi� Zj� � � for all n � n�� Since !�!n � !�!m for

all n � m we have �
n�

Pn
i�j�� I���n

�Zi� Zj� � � for all n � n�� Thus
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Since � was arbitrary� we obtain ���� by taking lim infn�� on both sides
and using ����� Finally we apply ���� to b�Z�� Z�� � hn�Z�� Z�� and
b�Z�� Z��� hn�Z�� Z�� to end the proof of part a��

b� Since �n � �� the continuity of h gives h�z�� z�� �n�� h�z�� z�� ��� for all
z�� z� � IRd��� We now merely have to show that there exists a dominating
function b for almost all n�
We choose � 	 � such that " 	� f�z�� z�� 	 j�n � ��j � �g  � and �nd a
n� such that �n � " for all n � n�� Now

jh�z�� z�� �n�j � jh�z�� z�� ��� � h��z�� z�� �����n � ���j


 jh�z�� z�� ���j� sup�jh
��z�� z�� ��j�

�	 b�z�� z�� �

Since h� is continuous with respect to �� sup� jh
��z�� z�� ��j is bounded� and

thus EZ�Z�

b�Z�� Z��� �	�

� Notation

The following general principles apply to the notations in this paper	

� Expectations are taken with respect to the indexed random variables�
If no index is given� they are taken with respect to all free random
variables in the argument�

� Capital roman letters always denote random variables�

� Deterministic functions and constants are denoted by lower case ro�
man letters� If these functions occur with random variables Z�� Z�� � � �

as arguments � and thus become random variables themselves � they
may be abbreviated by the respective capital letters with indices ac�
cording to the original random variables involved�

� Lower case greek letters may denote all kinds of objects� Roman letters
stand for the same or same kind of object throughout the paper while
greek letters may change their meaning�

� Throughout the paper Zi � �Yi� Xi�� Z � �Y�X� � D and z � �y� x�
are assumed without further mentioning�

��



� For a vector v � �v�� � � � � vp�
T or a matrixm � �m��� indexed brackets

refer to the indicated entry	 
v�� � 
vT �� � v�� 
m��� � m�� �

� For a function f��� we denote the derivatives as follows	
f � 	� �f ��� � � � � f

�
p� and f �� 	� �f �������������� �p with partial derivatives

f �� 	� 
f ��x� ���� � 	
	��

f�x� �� and f ���� 	� 
f ���x� ����� � 	�

	��	��
f�x� ��

where � � ���� � � � � �p�
T � ��  � �� � � � � p�

References

Arcones� M� A� and Gin#e� E� ������ On the bootstrap of U and V
statistics� The Annals of Statistics �� ��� ���$����

Bickel� P� J� and Freedman� D� A� ������� Some asymptotic theory of
the bootstrap� The Annals of Statistics 	 ���� ����$����

Bierens� H� J� ������� A consistent conditional moment test of functional
form� Econometrica 
� ���� ����$�����

Bierens� H� J� and Ploberger� W� ������� Asymptotic theory of integrated
conditional moment tests� Econometrica �
 ���� ���$����

Dehling� H� and Mikosch� T� ������� Random quadratic forms and the
bootstrap for u�statistics� Journal of Multivariate Analysis 
� ��$
����

Eubank� R� L�� Hart� J� D�� and LaRiccia� V� N� ������� Testing good�
nessof �t via nonparametric function estimation techniques�Commun�
Statst� Theory Meth� ��� ���$�����

Fan� Y� and Li� Q� ������� Consistent model speci�cation tests	 nonpara�
metric versus Bierens� test� Working paper� Department of Economics�
University of Windsor�

Gregory� G� G� ������� Large sample theory for U�statistics and tests of
�t� The Annals of Statistics 
 ���� ���$���

H�ardle� W� and Horowitz� J� L� ������� Testing a parametric model
against a semiparametric alternative� Econometric theory �� ��$
����

H�ardle� W� and Mammen� E� ������� Comparing nonparametric versus
parametric regression �ts� The Annals of Statistics � ���� ���$�����

��



Hoe�ding� W� ������� A class of statistics with asymptotically normal
distribution� Annals of Mathematical Statistics 	� ��$���

Kozek� A� S� ������� A nonparametric test of �t of a parametric model�
Journal of Multivariate Analysis ��� ��$���

Li� Q� ������� A consistent test for linearity in partially linear regression
models� Manuscript� Department of Economics� University of Guelph�

Mikosch� T� ������� Almost sure convergence of bootstrapped means and
u�statistics� Journal of Statistical Planning and Inference �� �$���

Petrov� V� V� ������� Limit Theorems of Probability Theory� Oxford
Studies in Probability �� Oxford	 Clarendon Press�

Rodrigues�Campos� M� C�� Manteiga� W� G�� and Cao� R� ������� Test�
ing the hypothesis of a generalized linear regression model using non�
parametric regression estimation� Journal of Statistical Planning and
Inference ��� ��$��

Rotar� V� I� ������� Limit theorems for polylinear forms� Journal of Mul�
tivariate Analysis 	� ���$����

Royden� H� L� ������� Real Analysis �Third Edition ed��� New York	
Macmillan�

Ser ing� R� J� ������� Approximation Theorems of Mathematical Statis�
tics� New York	 John Wiley � Sons�

Stute� W� and Manteiga� W� G� ������� Nn goodness�of��t tests for linear
models� Journal of Statistical Planning and Inference 
�� ��$��

Werwatz� A� ������� A consistent test for misspeci�cation in polychoto�
mous response models� Discussion paper� SFB ���� Humboldt Uni�
versit��at zu Berlin�

Wu� C��F� ������� Jackknife� bootstrap and other resampling methods
in regression analysis� The Annals of Statistics �� ���$�����

��



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /AgencyFB-Bold
    /AgencyFB-Reg
    /Algerian
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialRoundedMTBold
    /ArialUnicodeMS
    /BaskOldFace
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BlackadderITC-Regular
    /BodoniMT
    /BodoniMTBlack
    /BodoniMTBlack-Italic
    /BodoniMT-Bold
    /BodoniMT-BoldItalic
    /BodoniMTCondensed
    /BodoniMTCondensed-Bold
    /BodoniMTCondensed-BoldItalic
    /BodoniMTCondensed-Italic
    /BodoniMT-Italic
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BradleyHandITC
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /CalisMTBol
    /CalistoMT
    /CalistoMT-BoldItalic
    /CalistoMT-Italic
    /Castellar
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CopperplateGothic-Bold
    /CopperplateGothic-Light
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /CurlzMT
    /EdwardianScriptITC
    /Elephant-Italic
    /Elephant-Regular
    /EngraversMT
    /ErasITC-Bold
    /ErasITC-Demi
    /ErasITC-Light
    /ErasITC-Medium
    /EstrangeloEdessa
    /FelixTitlingMT
    /FootlightMTLight
    /ForteMT
    /FranklinGothic-Book
    /FranklinGothic-BookItalic
    /FranklinGothic-Demi
    /FranklinGothic-DemiCond
    /FranklinGothic-DemiItalic
    /FranklinGothic-Heavy
    /FranklinGothic-HeavyItalic
    /FranklinGothic-Medium
    /FranklinGothic-MediumCond
    /FranklinGothic-MediumItalic
    /FreestyleScript-Regular
    /FrenchScriptMT
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Gigi-Regular
    /GillSansMT
    /GillSansMT-Bold
    /GillSansMT-BoldItalic
    /GillSansMT-Condensed
    /GillSansMT-ExtraCondensedBold
    /GillSansMT-Italic
    /GillSans-UltraBold
    /GillSans-UltraBoldCondensed
    /GloucesterMT-ExtraCondensed
    /GoudyOldStyleT-Bold
    /GoudyOldStyleT-Italic
    /GoudyOldStyleT-Regular
    /GoudyStout
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /ImprintMT-Shadow
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /Kartika
    /KristenITC-Regular
    /KunstlerScript
    /Latha
    /LatinWide
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSans-Typewriter
    /LucidaSans-TypewriterBold
    /LucidaSans-TypewriterBoldOblique
    /LucidaSans-TypewriterOblique
    /LucidaSansUnicode
    /Magneto-Bold
    /MaiandraGD-Regular
    /Mangal-Regular
    /MaturaMTScriptCapitals
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MSOutlook
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /OCRAExtended
    /OldEnglishTextMT
    /Onyx
    /PalaceScriptMT
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Papyrus-Regular
    /Parchment-Regular
    /Perpetua
    /Perpetua-Bold
    /Perpetua-BoldItalic
    /Perpetua-Italic
    /PerpetuaTitlingMT-Bold
    /PerpetuaTitlingMT-Light
    /Playbill
    /PoorRichard-Regular
    /Pristina-Regular
    /Raavi
    /RageItalic
    /Ravie
    /Rockwell
    /Rockwell-Bold
    /Rockwell-BoldItalic
    /Rockwell-Condensed
    /Rockwell-CondensedBold
    /Rockwell-ExtraBold
    /Rockwell-Italic
    /ScriptMTBold
    /ShowcardGothic-Reg
    /Shruti
    /SnapITC-Regular
    /Stencil
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /TwCenMT-Bold
    /TwCenMT-BoldItalic
    /TwCenMT-Condensed
    /TwCenMT-CondensedBold
    /TwCenMT-CondensedExtraBold
    /TwCenMT-Italic
    /TwCenMT-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice


