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A Model Specification Test

Knut Bartels *

August 3, 1998

Abstract

A general model specification test of a parametric model against a nonparametric
or semiparametric alternative is studied. The test statistic employs a fixed kernel,
not varying by a bandwidth. This test is proved to be consistent, the asymptotic
distribution is derived and shown to be approximated by a bootstrap procedure.
Keywords: Model specification test, nonparametric or semiparametric alternative,
nonlinear regression, bootstrap.

1 Introduction

Given is an i.i.d. random sample Z; = (Y1, X1),...,Z, = (Y}, X,,) from a
distribution D on IR x IR?. We want to test if the continuous regression
function p(z) := E[Y|X = z] belongs to a parametric family of known real
functions f(z,6) on IR? x © where © C IR? denotes the parameter space
and (Y, X) ~ D. Thus we consider the null hypothesis

Hy: P[E[Y|X]= f(X,60)] =1 for some €O |, (1)
and the corresponding general alternative
H,: PEY|X]=Ff(X,0)] <lforalldc© |, (2)

where P is some probability measure dominating the marginal distribution
DX of X.

Several authors have contributed to this kind of problem already, some of
them we will mention in the forthcoming. For further sources see the bibli-
ography. A common method is to compare a parametric fit under Hy with
a nonparametric estimate of u (Eubank, Hart & LaRiccia, 1993). Here a
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bandwidth A is involved which is assumed to tend to zero at a certain rate.
This assumption of a vanishing bandwidth is made in almost all of the lit-
erature concerning this test problem, see e.g. Fan & Li (1996), Hardle &
Mammen (1993), Hardle & Horowitz (1994), Kozek (1991), Stute & Man-
teiga (1996) and Werwatz (1997). But for applications always a bandwidth
has to be chosen and fixed for the further analysis. Also the convergence
to the (normal) limiting distribution is known to be very slow and usually
is bootstrapped using this chosen bandwidth (Hérdle & Mammen, 1993).
The aim of this paper is to study the asymptotic behavior of a large class
of these tests with a nonvanishing fixzed bandwidth. The results are sim-
ilar to the test of Bierens (1990), which follows an idea different to the
above. Bierens’ test is included in the class of tests considered here by a
special choice of a kernel function. The estimation of the critical values
by bootstrap methods is easier to justify and less numerically intensive for
the form the test statistic is presented here. Also the parametric estimator
is not restricted to be derived by least squares here.

Principally we want to base our test on

T, =Tu0,2,..., Zn) =% >  UUK; | (3)
1<i<j<n
where

o U;:=u(Y;, X;,00) =Y; — f(X;,00) are the true errors under Hy,

o K;j == k(X;,Xj,0p) is a positive definite (see assumption A3) sym-
metric kernel, possibly depending on 6.

Since under Hy a true parameter 6, denoting a solution of (1), is not
known, it has to be estimated from the data by 6. This leads to the actual
test statistic

~

Tn == Tn(é, Zl, “ e ,Zn) = % Z UZUJK” 3 (4)

where U; := u(Y;, X;,0) = Y — f(X5, f) are the parametrically estimated
errors and Kij = k(XZ',Xj, 0)



2 Results
We introduce the following expressions:

v(z) := v(z; ) 1= /&Rk(fﬂ,ﬁ; 00) f'(&; 00) dDx (§)

such that for i = 1,... ,n and X ~ Dy we have the (1, p)-vectors
v(Xj;60) = Ex[k(Xi, X;600)f'(X;600)|Xi]
m denotes the (p, p)-matrix
m :=m(t) := <E [k (X1, Xo; 00) [ (X35 00) ] f'(Xo; 90)]/3})

a?ﬂ:]'?"' 7p.
Now define the functional

q(z1, 22) q(y1, 1, Y2, T2; Oo)
= u(y, z1; 0o)u(yz, ©2;00) - {k(z1, 22;00) — v(w1; Oo)w(wa; 0)
— v(z9; o) w(z1; 6p) + w(zr; 6o)" m(6y) w(zs; o) }- (5)
For sake of brevity, in the following we will drop indication of the depen-

dency on 6, unless we want to stress it explicitly. For the assumptions
made in the following theorem see section 3.

Theorem 2.1. Under Hy and assumptions AO to Ab

T, =1 Z 9(Zi, Z;) Z w(X;) +

%Zu%)%(xi)%w(xo+op<1> - (6)

Hence T), is asymptotically distributed as
c+3 Z (X — 1) (7)
k

where
= 3 E () (0) mu)] € [uzhnjen)] @)

X11, X12, - - - QTE independent standard normal random variables and A\, are
the eigenvalues of Q : ¢(-) = [pas1 q(+, 2)P(2) AD, which is a linear operator
on L*(D). That is, T, — ¢ is asymptotzcally distributed as a weighted (in
general infinite) sum of centered independent x3-statistics.
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Theorem 2.2. Under Hy, assumptions AO to A3 and A6

~

T, —+o00 . (9)
p

Theorem 2.1 and 2.2 together imply the consistency of the test "reject Hy
iff Tn > 71, for any reasonably chosen 7, > 0. Such a resonable choice
would be an a-quantile of the limiting distribution of Tn under Hj.

This distribution is case dependent but can be bootstrapped. For ¢ =
1,...,nlet ZF = (Y*, X;) with Y* = f(X;, 6,) +u? be a bootstrap sample,
where u! = n;u(Y;, X, én) and the 7;’s are distributed i.i.d. and indepen-
dently of the Z;’s, with E[n;] = 0, E[?] = 1 and E[}] < c0. Now 67 denotes
the estimator based on the sample Z7, ..., Z* and the bootstrapped test
statistic is T = T,,(6*, Z%, ... , Z7).

Theorem 2.3. Under Hy and assumptions AO to Ab

z€IR
We remark that very similar results hold for the test statistic including the
diagonal

~

The limiting distribution changes to the simpler form }, /\kxfk, using the
same notation. The explicit proofs for this version, modifications of the
bootstrap procedure presented here, as well as simulation studies for the
finite sample behavior will be presented in future works.



3 Assumptions

AO0. 71 = (1, X4),...,Z, = (Y,, X)) is an i.i.d. random sample from a
distribution D on IR X IR* with [, y*dD(y,z) < co. Let Dy denote the
marginal distribution of Xj.

A1l. The parameter space © is an open subset of IRP.

A2. The model function f : IR? x © — IR is measurable and twice contin-
uously differentiable with respect to 6.

E[f(X,6)%] < oo, E[[f'(X,0)]%] < oo and E[[f"(X, 6)]24] < oo for each fixed
€0, ap=1,...,pand X ~ Dx. (Shortly spoken, f and its partial
derivatives up to second order are L?(Dx) for each fixed 0 € ©.)

Further f; is Lipschitz continuous for all o, 3 =1,... , p.

A3. The kernel function k : IR? x IR x © — IR is twice continuously
differentiable with respect to 6.

k is symmetric in the first two arguments and k, k;, and k[, are bounded
functions on IR? x IR? for each fixed 8 € © and all a, B =1,... ,p.
Further kgﬂ is Lipschitz continuous for all o, 6 = 1,... ,p.

Define Ky : g(-) — [ k(-,t,0)g(t) dDx. For each fixed § € © the Hilbert-
Schmidt operator Ky on L?*(Dy) is positive definite.

A4. Under Hy

n

Z ’LU(XZ', Qo)UZ + Op(l) ,

1=1

~

(0 — 90) =n :

(I
(I

n

where w(-;0) : IR x IR? — IRP is a measurable function, continuous in 6,
with E[[w(X7;60)])%] < oo for each fixed § € © and all « = 1,...,p, and

(67

U; = u(Y;, X;,600) =Y — f(Xi,0p) are the true errors.
A5. E[u(Zy,00)°[w(X1;00)]alw(X1;00)]s]] < oo foralla,8=1,...,p.

A6. Under H; there exists a #; in the interior of © such that
nz(f —61) = Op(1).



4 Proofs

4.1 Proof of theorem 2.1
We use the Taylor expansions
Ui 1= Yi = f(X:,6) = Uy — (£(X,0) = (X, 60))
= U; — ['(Xi,600) (6 — 60) + (6 — 60)" 1" (X, 67) (0 — 60)

=: U; — F{(0 — 60) + (6 — 60)"F/"(6) (0 — 60) (12)
and
Kij = ]{?(XZ, Xj, é) == ]{?(XZ, Xj, 00)
+ K (X0, X, 00) (0 — 60) + (6 — 00)"K" (X, X5, 05;) (6 — o)

=: Ki; + K;(0 — 60) + (6 — 00)TK/5(65,) (6 — 6o) . (13)

Proposition 4.1. Under Hy and assumptz’ons A0 to A4
=1 N UUK; -1 Y UK;;Fj6 - o) (14)

1§z<]<n 1<27é]<n
+1 Kij F{(8 — 00)Fi(0 — 60) + O,(n2) . (15)
1<i<j<n

Proof. The expansions are now applied to Tn, noting that A4 forces each
component of (§ — 6y) to be O,(n"2):

Z UZU]K”

1<i<j<n
Z U;U; Ki; (16)
1<i<j<n

+1 3" GU{KG0 - 60) + (6 00) KL(0;)(0 - 60)}  (17)
1<i<j<n

LN UKFj(6 - o) (18)
1<i#j<n

+ 10N U0 — 60)" F](67)(6 — 6)) (19)
1<i#j<n

LN {0 - 00)Fj(6 — 60) + Op(n2)} (20)
1<i#j<n

+1 3" Ky {F/(0 - 0)F/(0 — 60) + Op(n"2)} + Op(n72) . (21)
1<i<j<n



Thus it remains to show that the expressions in (17), (19) and (20) are

1

Op(n™2).

a) Analysis of (17):

p
P UUKG0—60) =3 > UUIK 0 —bola - (22)
a=11

1<i<j<n <i<j<n

Since A4 forces each component of (§ — 6y) to be O,(n~2), it suffices to
show %Zlgz(jgn UiUjlKjjla = Op(1) for o = 1,...,p. But this follows
directly from lemma 5.1 (c) with ¢ = h = u and b = [k’]a.

S U6 - 807K (65) (6 60) =

1<i<j<n
p
D 10— 60lald — b0lst DY UUIKS(0)]ap - (23)
a,f=1 1<z<]<n

Again by A4 it suffices to show %Zlgz(jgn UiUi [ K7 (05)]as = Op(n 2) for
all a,B=1...,p:

LN UUES(65)]a

1<i<j<n

LN UK (60)]ays

1<z<]<n

. (; S |UZ-|Uj|> Al .

1<i<j<n

(24)

Here we used that by A3 there exists a Lipschitz constant A such that
I (63)]as — (K5 (60)]asll < All6; — 60l < A6 — 6ol . (25)

The first summand of the right hand side of (24) is O,(1) by lemma 5.1 (c)
with g = h = w and b = [k”]3. The second summand is O,(n?) because
of A4 and since %Zgiqgn \Uil|U;j| = Op(n) by 5.1 a) with g = h = |u]
and b = 1.

b) Analysis of (19):
Y UKy(6—60)"F]'(67)(6 — 60) =

1<i#j<n
p
D 10— 6alf — Oolst D UiKy[F](67)]as - (26)
a,f=1 1<z;é]<n



Again by A4 it suffices to show %Zlgi;ﬁjgn Ui Kij[F(0%)]a,p = Op(n 2) for
alla,B=1...,p

Z UiKi[F"(0)]as| < |2 Z Ui Kij[F"(00)]ap
1<i#j<n 1<ij<n

(27)
+L > UilIKy] | N6 - ol -

1<i#j<n
Here we used that by A2 there exists a Lipschitz constant A’ such that
1EOas — [FY G0))asl < N6 = 80ll < XIIG =60l (28)

The first summand of the right hand side of (27) is O,(n?) by lemma 5.1
(b) with g = u, h = [f"]as and b = k. The second summand is O,(nz)
because of A4 and since ;> iz, |UillKij| = Op(n) by 5.1 a) with
g=|ul, h=1and b= k|

c¢) Analysis of (20):

LN UK (0 — 60)Fj(6 — 6) =

1<z;é]<n
p
> 10— 6ol — Bolst D UIK[[F]s - (29)
a,f=1 1<z;é]<n

Again by A4 it suffices to show %Zlg#jgn Uil Kol Fils = 0,(n?) for all
«,=1...,p. But this is the case by lemma 5.1(b) with ¢ = u, h = [f’]s
and b = k',

[

In the following we use the shorthands V; := v(Xj, 8y) and W; := w(Z;; 6)).

Proposition 4.2. Under Hy and assumptions AO to A4

LN UK F)(6 - 6y) =

1<z;é]<n

> UUAVIW; + ViWi} + 2 UViWi + 0,(1) . (30)

1<i<j<n i=1



Proof.

p
> UKGFj(0—60) =) [0—6)at Y UiKy[F
a=1

1<i#j<n i#]
Consider
Z UiKij[Fila = 5 Z Ui Z
1<z;é]<n i=1 J#i
= %ZUZ[V;]@—F%ZUZ [‘/z]a_ZKZ][FJI]
i=1 i=1 J#i

-£>-uw

(31)

(32)

since = ZJ  Kij[Fjla = [Vila and £ 370, UK“[F] — 0 almost surely by

the SLLN Thus

% Z UZKZ]FJ,(é — 00) = Z UZV;(QA — 00) + Op(n_i) .
1<i#j<n i=1
Plugging the development of A4 into (33) we obtain

LN UK Fj(6 - 6) —1ZZUVWU +0,(1)

1<z;é]<n =1 j=1

Y UViWUj+5 ) UViWi+o,(1)

1<i£j<n i=1
> UUH{ViW; + VW)
1<i<j<n

+ 5 2 URViWi+0,(1) .

1=1

Proposition 4.3. Under Hy and assumptions AO to A4
LN K F/(0— 60)Fj(0 — 6) =

1<z<]<n
n

Y UGUWImW,+ £ UPW ' mW; + 0,(1)

1<i<j<n i=1

(33)

(35)



Proof. Since F!(0 — ;) € IR,

> KiF/(0— 60)F(6 — 6y)

1<i<j<n

D K- 60)F/F)(6 - 6,)

( d K FF’> 0 —6) . (36)

1<i<j<n
N

-

=y,

Now consider [in]a,s = D 1<icjcn KijlF7lalF]ls, the (o, 8)-th component
of the (p, p)-matrix m,,:

Mnlas = Y {Ki[FalFjls — EIKGF[Flsl} + > EIKGIFalF]ls]

1<i<j<n 1<i<j<n
(37)
= 0,(n?) + " E[K o[ F{la[F3)s] ,

because the first sum of (37) is a centered nondegenerate U-statistic to

which lemma 5.2 (a) applies. Applying this to each component of (36) and
using A4 we obtain

~ ~

> KiyF(0—00)Fj(0 — 0y) = $n(0 — 6)"'m (6 — 0) + Op(n2) .

1<i<j<n
(38)
Substituting the development of A4 for (f — 6) results in
n T n
n(@ -6 m @ —6) =n" (Z WiUZ-> m (Z WjUj> + 0,(1)
i=1 j=1
=n"" Y UiU;W'mW; 4 0,(1)
i.j=1
=™ Y GUW mW,
1<i<j<n
+n Y URWIm W, 4 0,(1) . (39)
i=1
Combining (38) and (39) now gives (35).
]

10



Now we can conclude with the proof of the theorem. Applying propositions
4.2 and 4.3 to the statement of proposition 4.1 we obtain

T.,=L Y UUK;

1<i<j<n

— % Y UU{VIW; +V;Wi} = 1> UZViW;
1=1

1<i<j<n
+ 1 N GUWImW,+ £ UWI mWi+0,(1) . (40)
1<i<j<n i=1

Using A2 and A3 with |k| < ¢, by the Cauchy-Schwarz inequality we
have [Vi]o < (PE[[F{]2])? =: ca < ¢y < o0, say, and hence A0 and A5
give E[|U[V1]a[Wilal] < e E[UZ(1 + [W1)2)] < oo for @ = 1,...,p. Also
[m]as = E[[F{la[Va]s] < v E[[F]]2] < cm, say. By the law of large numbers

LSV S E[URvmg (41)
1=1
and also
INTURW MW, S EURWT mWA] (42)
=1

This proves (6). The remaining part of theorem 2.1 follows directly from
lemma 5.2(b), if E[q(Z1, Z3)?] < oo and E[q(Z1, Zs)|Z5] = 0.

Proposition 4.4. For Zy, Zy ~ D the functional q as defined in (5) satis-
fies E[q(Z1, Z9)*] < oo and E[q(Z1, Z3)| Zs] = 0.

Proof.

Elq(Z1, Z5)|Z5] = E[U1Ux{ K12 — ViWo — VaW7 + Wilm W2}|Z2]
= EXl [E[U1|X1]U2{K12 - ‘/1W2 - ‘/QWl + Wle WQ}]
=0 ,
since E[U;]X;] = 0.

Writing 1 := (1,...,1)T € IR’ and using the upper bounds ¢, and ¢,
defined above we have

11



Elq(Z1, Z2)]

= E[UUH Ky — ViWy — VoW1 — W m Wy}

= E[UFUF K} + E[UUZ (ViWe)?] + E[URUZ (VaWh) ]
+ E[UTUZ (W] mW,)?] — 2E[UFU; K12ViWs] — 2 E[UFU; K12Vo W]
+ 2E[UFU; K1oW{ ' m Wa] + 2 E[UL U3 Vi W Vo W]
— 2E[UFU;ViWa W] m Wo] — 2 E[UTUSVaW 1 Wi m W
¢ (E[U))" +2¢ E[UT] E[U3 (1" W2)’]
+ ¢, E[UFUS (W] W2)?] 4 4ce, E[UF] E[UZ |11 Wa|]
+ 2cen E[URUZ W Wal] + 262 (E[UE|1TWA))’
+ deyem E[UEUZ 11T WA |[WEWS|]

¢ (E[UZ)" + 22 E[UZ] Y E[UZ[Wala[Wal4]
a,f=1

+cn > (E[UTWAalWA]s])” + dee, E[UT] Y E[UZ (1 + [Wal?)]

a,B=1 a=1

+ 2cen (Z E[U3(1 + [Wﬂi)l) +2¢; (Z E[UF(1+ [W1]3)1>

a=1 a=1

+ 4eye Z U1 (1 + [W7] )] E[UQZ[W2]04[W2][3]
a,p=1
<oo | (43)

)’

since E[UZ(1 + [W1]2)] < E[UZ] + E[U[W1]2] and (E[U[W1].[W

1l])” <
E[UF[W1]Z) E[UZ[W1]3], which are bounded by assumptions A5 and A0. [

4.2 Proof of theorem 2.2

If A6 holds, we have [§ — 6], = O,(n"%) for each a = 1,... ,p. We denote
A(z) = E[Y)|X; = z]— f(z,61), A; := A(X;) and e(z) := Y; —E[Y;|X; = 2],

12



e; := ¢(X;). Then we use the Taylor expansions
U :=Y; — f(X;,0) (44)
= (¥ — EIYiIX.]) + (ELVIX) = £(Xi,600)) = (£(X3,0) = F(Xi,61)
=g+ A= F{(0—61) + (0 —6.)"F/(6)) (0 — 61) (45)

and

Kz’j = k(Xi,Xj, h, é) = k(Xl, I h 01)
+ K (X3, X3 h, 01)(0 — 60) + (0 — 00)7 K" (X3, X5 b, 01,)(6 — 61)
=: K+ K[;(0 — 01) + (6 — 01)" K[;(6L.) (6 — 1) . (46)
Note that E[A(X])?] < oo if A0 and A2 hold.

Proposition 4.5. Under Hy, assumptions AO to A3 and A6

> KiAidj+ Oy(n?) . (47)

1<i<j<n

Proof. Applying the expansions to T, in the same fashion as in the proof
of proposition 4.1 gives

> KiAA, (48)
1<i<j<n

—I—n_l Z 5iKz'jAj (49)
1<ij<n

> KiF(6-61)A, (50)
1<i;éj<n

YK - 01)AA; + O,(1) . (51)
1<i<j<n

All terms not stated explicitly above are essentially the same as in (16) to
(21) in the proof of proposition 4.1 with U; and 6 replaced by ¢; and 6.
These are there shown to be at least Op(1).

By lemma 5.1 b) with g =&, h = A and b = k (49) is O,(n?). Writing

p

CST KO- 602 =06t S Kyl

1<i#j<n a=1 1<i#j<n

13



1

we see that (50) is Op(n?), since » 1,4, Kij[£7]alj = Op(n 2) by lemma,
5.1 a) with g = [f]a, h = A and b = k. Similarily (51) is O,(n?), since
Zl<l<]<n[ iilaAiA; = Oy(n?) by lemma 5.1 a) with g = h = A and

= [Kla- O

For proving theorem 2.2 it now suffices to show that n =2 D icicjen KijAid
converges in probability to a positive constant. By lemma 5.2 a) we have

Z KijAAj =n~ Z {KijAA; — E[KijAz'Aj]}

1<i<j<n 1<i<j<n

+n? Y E[KiinAj]

1<i<j<n

= 0,(n"?) +E [K12A1A2]

Thus it remains to show E[K12A1A5] > 0. But this is a direct consequence
of the positive definiteness of Ky, demanded in A3.

4.3 Proof of theorem 2.3

By theorem 2.1 we have
P{T, < 2} = P{Qu + C, < «}

with
Qu==% > 4(Z,2;6)
1<i<y<n
and
=% Z“ Zi, 80)*w(Xi; 00) ' m(6) w(Xi; 6p)
Zu Ziy 00)*0(Xi; 60)w(Xi; 6) + 0,(1),
as well as
T < 2| Zus.. . 2} = PO+ CF < alZ,... 20}
with

anZ*Z*A)

1<z<]<n

14



and

Here

vi(x;0) =1L k(z, X;,0)f'(X;,0),
n n J J
j=1

e (6) := (Z k(X@-,Xj;enf'(Xi;e>1a[f'<Xj;e>]ﬂ}) L

ij=1 , yeen s
and ¢ is defined as ¢ with v} and m; replacing v and m.
Now lemma 5.3 applies, and for each € > 0

sup| P{Q:+ C: <=x|Zy,...,Z,} —P{Q, + C, < x}‘

z€IR
<sup|P{Q; < z|Z,..., 2} — P{Q, < x}] (52)
z€IR
+ suﬂ%(P{Qn <z+e}—P{Q, <z —¢}) (53)
+P{|Cn_c‘ Z 5} (54)
+ PY|Cr —c| > ¢e|Zy,...,Z,}. (55)

Hence we have to show that the expressions (52) to (55) vanish or are at
least of order O(e) for n — oo.

a) Analysis of (52):
sup| P{Q; < x|Zy,...,Z,} — P{Q, <z}

z€R
< SU.]I%|P*{% Z q;kL(ZZ*7Z_;k70An) < 37‘21; s 7Zn}
HAS

1<i<j<n
P N nmia(Zi, Zji60) < 2|2y, Za}| (56)
1<i<j<n
+sup|P{L > mina(Zi, Zj;60) < x| 2y, 20}
velk 1<i<j<n
- P{; Z 0(Zi, Zj; 60) < x}|. (57)
1<i<j<n
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The i.i.d. weighted bootstrap of quadratic forms as formulated by Dehling
& Mikosch (1994, theorem 3.1) states exactly that (57) vanishes for n — oco.

~

By lemma 5.4 we obtain the almost sure pointwise convergences v} (z; 6,,) —
v(z;60p) and m*(6,) — m(6y) as n — oco.

Also, by continuity, we have u(z,8,) — u(z,6y) and w(z,6,) — w(z,6))
almost surely. Thus we obtain for all 21, 2y € IR™!

~

¢ (21, 22;05) — q(21, 29;00) almost surely . (58)

Note that by definition of Y;* and ¢,

v 2L wZZ50) =5 3 miai(ZiZ0) . (59)
1<i<j<n 1<i<j<n
We now show the convergence in probability given Z, ..., Z,:
* N P
R,:=1 " nmi(a,(Zi, Z;;0,) — d(Z:i, Zj:60)) — 0. (60)
1<i<j<n

Obviously E[R,|Z1, ... ,Z,] = 0. By lemma 5.4 (a)

E[RAZy, ... Zal =% Y (43(Zi, Z;30,) — a(Zi, Z;360))* — 0, (61)

1<i<j<n

if we show that (¢* (21, 22; 0,) —q(21, 22; 60))? < b(z1, 22) for some dominating
function b with E[b(Z1, Z2)] < co. Such a b exists by the triangle inequality,
if there are dominating functions b; and bs for

(q5(21, 22 6) — q(21, 293 60))° (62)
and

(q(21, 225 0) — q(21, 22; 60))° (63)
respectively. For (63) the existence of by follows by the argument of lemma,
5.4 b). So consider (62), which we can write as

A 2 ~ 2 A~

u(z1,6,) u(ze,0,) - {(v(a:l;én)A— v;(xl;én)zw(xg;en)A
+ (v(za; 0,) — v (25 0,) ) w(wy; 6n)
— w(zy; 0,)" (m(0,) — mi (6,))w(ws; 6,))° . (64)

n

16



~

If [v(z;0,)]a — [v5(2;0,)]a and [m(8,)]as — [m(6,)]as are uniformly
bounded by constants ¢ and c;,, we can proceed again as in the proof
of lemma 5.4 b) to overcome the dependence on 6, and as in (43) to show
the boundedness.

The existence of ¢, follows directly, e.g. by lemma 5.4 b), for almost every
sequence {Z,}. For ¢! we can argue almost surely as follows, assuming n
sufficiently large:

(2 6u))a = [ ;) A
< Jlo(as 8u)la = [o(as 80)la] + |63 3 B0} — ;0L
+lu(w: 00 — (6303 0L

< 26[E[[f"(X, B0)la] + A" |6 + 2¢/2 S (.06, - )|

J=1

(Z k(z, X;, 00)[f (X}, 00)]a — [v(z; 00)]a> ‘

1
+\/2n loglogn

< 2c|E[[f" (X, 60)]a] + X[ s —|—20‘Z [F(X, 00)]5] + \) |6

(VI

(Var[k(a: X, 00)[f'(X,00)]a] + 1)
< 2e8,(p+ 1) (A" + maX|E "(X,60)]5]|)

(NI

—|—(c E[[f (X, 00)]2] — ¢ +1)°

*

=: ¢,

Here we have used the LIL, the previously introduced bound |k| < ¢, as
well as |[0, —60]a| < 6o and a constant A*, greater than the Lipschitz bound
for f”.

Thus we have proven (60), and now convergence in distribution, given the
sequence {Z,}, follows:

Z nin;dy(Zi, Zj; 0n) ~ L Z nin;q(Zi, Zj; 0o)) -
1<i<j<n 1<i<j<n

Since the limiting distribution of this last U-statistic is continuous by
theorem 2.1, the convergence of the according distribution functions is
uniform, see e.g. Petrov (1995, page 15). Thus we have finally shown (56)
to converge to zero.
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b) Analysis of (53): By the continuity of the limiting distribution this
term is of order O(e) for n — oo.

c) Analysis of (54): As in (41) and (42) C,, — ¢ in probability, which was
to show here.

d) Analysis of (55):

P{IC, —cl > €|z, ..., Zy} <

p*{\% S nEURW — BRI > § |24, ’Zn} (65)
1=1

g
2

+ P*{ S OB W - EURW T mva] | >
=1

Zl,...,Zn}, (66)

using the shorthands U, = u(Z;, én), ‘A/;* = v (X;,0,), Wi = w(X;, én) and
= m’ (6,).

First consider (65). This is less or equal to
{0 - vz,

=1
{1 et

>gzl,...,zn}

Zi,. .. ,Zn}, (67)

where the first summand vanishes by a version of the WLLN, see Petrov
(1995), using A5 and lemma 5.4, since E[n? — 1] = 0. The second sum-
mand, which is nonrandom, eventually equals zero, since by lemma 5.4
s~ URVAW; — E[URV;W] almost surely.

Finally (66) is handled completely analogously to (65).

18



5 Lemmas

Lemma 5.1. Let Z; = (Y;,X;), ¢ = 1,2,..., be ii.d. real random
(1 + d)-vectors and g, h : R — IR two functions with E[g(Z1)%] < oo,
E[h(Z1)?] < oo. Further assume that b : IR x IR? — IR is a bounded
function with [b(-,-)] < c¢. We abbreviate G; = ¢(Z;), H; = h(Z;) and
Bij = b(XZ,X])

o)

1<i<j<n

b) ]f E[G1|X1] =0 then

Z GZBZ]H] == Op(n

1<i<j<n

ol

) - (69)

c) If E[G1|X1] = 0 and E[H1|X;] = 0 then
1<i<j<n

Proof. We show that in each of the three cases expectation and second
moment of >, ; ;. GiBjjH; divided by the claimed order are bounded;
then the statements follow from Chebyshev’s inequality.

With the Cauchy-Schwarz inequality and the boundedness of b we get

E[ Z GiBinj]

1<i<j<n

_ Z EXi[E[GAXZ-]E[Binj‘Xi]}

1<i<j<n

< (3) |Ex, [E[G1|X1](E[sz\xl] E[H22|X1])‘5]

< @(3) Ex, [ [ELGH X (ELHRIX) 7]

(71)

Thus we have 5 E |3y, GiBiHj| = O(1),
If E[G1|X1] = 0 then (71) even gives E [Zlgiq‘gn GZ-BZ-]-HJ} = 0.
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Now consider the second moments:

E[( Z GiBinj)QIZE{ Z GGy BijBiy HjHj

1<i<j<n 1<i<j<n
1<i'<j'<n

=4 Y E|GiGiByBuyH;H;|
1<i<i'<j'<j<n
+2 > E|GIByByH;H;|
1<i<j'<j<n
+2 > E|GiGiByByHY
1<i<i'<j<n
+2 Y E[GiG;ByB;yH;Hy |
1<i<j<j'<n
+ > E|aiBiE
1<i<j<n

=4 > EXX:[E[G | Xi] E[Gu| Xo] E[Bi; Hj| Xi] E[Bi'j'Hj'\Xz"ﬂ

1<i<i'<j'<j<n

+2 3 Ex|EIGHX By Hj Xi) E[Byy Hy | Xi)|
1<i<j'<j<n

+2 > B |EIGiBy|X;] E[Gy By  X] E[H2X]|
1<i<i'<j<n

+2 ) EXj[E[GiBU\Xj]E[BJJ'HJ'\Xj]E[GjHj\Xﬂ]
1<i<y<j’'<n

+ Y B [EGHX]BLE[H?|X;)|

1<i<j<n

= 4(") <EX1 E[G1|X1] E[Blez\Xl]D
+2(3) Ex, [EIGHX0] (E[BroHa|X1))’|
+2() Ex, | (E[G1B1|Xa))” E[H3 1)
+2(3) Ex, -E[GIBI2|X2} E[Bas Hs3| X5)] E[G2H2\X2]}

+ (3) Exu | EIGHIX) B, EL1X,)

(72)
Applying the Cauchy-Schwarz inequality several times and using the
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boundedness of b we obtain from (72):

< %(Z) E[G2) E[H]
2 () E[GT]¢” E[H3] (73)
[G%] H%]

1
< CE[GY E[H2]ﬂ O(1) .

6n3

This proves part a).
If E[G1|X1] = 0 then also E[GlBlg‘Xg] = EXl[E[G1|X1]Blg|X2] = 0. Hence
from (72) we obtain as above

[( + Y GBZJH)]

— 35 Ex, [E1G310) (E Bl i) (74)
+ 5 (3) Ex,x. | EIGHX3] B E[H3| X))
< FE[GI E[H) 23t = O(1)

This proves part b).
In part ¢) we have E[H;|X;] = 0, too. Then from (72) we conclude analo-
gously

E [(n_l 3 GZ-BZ-jHj)2]

1<i<j<n
= £ (3) Ex,x, [E[G}1X\) B, E[H3|X)
< CE[GIE[H3)%L = O(1) .

(75)

[l

Lemma 5.2. (Limit distributions of U-statistics)

Let 7y, ..., 7, be independent real random [-vectors with common distri-
bution D and let s : IR' x IR" — IR be a symmetric function such that
E[s(Z1, Z9)% < oo and E[s(Z1, Z3)] = 0.
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a) (nondegenerate case)

If E[s(Z1, Z2)|Z2) <0, then the U-statistic

n" Z s(Z;, Z;) ~ N (0, %)
1<i<j<n
is asymptotically distributed normal with o* = Vary | E[s(Z,Z")|Z"]].

b) (degenerate case)
If E[S(Zl, ZQ)|Z2] = 0, then

nt Y s(Z,Z)~ 3 AOdi - 1)
k

where x11, X12, - .. are 'mdependent standard normal random variables and
A are the eigenvalues of S @ ¢(-) = [, s(-, 2)p(2) dD, which is a linear
operator on L*(D).

Proof. For a proof of part a) see e.g. Hoeffding (1948) and for part b) e.g.
Gregory (1977), or Serfling (1980, section 5.5) for both. ]

Lemma 5.3. Let A, B be two real random variables in a probability space
with measure P, and let A*, B* be two real random variables in a probability
space with measure P*. Then for every e > 0 and ¢ € IR it holds

sup|P[A+ B < z] — P*[A* + B* < 1]

z€R
< sup|P[A < z] — P*[A* < 7]
zelR
+sup(P[A <z +e] - PA" <z —¢])
z€R

+P[|B —c¢| >¢] = P*[|B* — | > €]
Proof. Fix € > 0 and ¢ € IR arbitrarily. From

PlA+c<z—¢|—-P[|B—c¢cl>¢] <P[A+ B < zx]
SPA+c<z+e]+P[|B—c|>¢]
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and the analogous inequalities for P* we deduce

IP[A+ B <] - P*[A" + B* < ]|
< max{P[A+c<z+e|-P A" +c<z—¢]
PF[A"+c<z+e]—PA+c<z—¢|}
+ P[|B —¢| > e] + P*[|B* — ¢| > €]
= max{P[A+c<z—¢] - P A" +c<z—¢g
PrA"+c<z+e]—PA+c<z+e|}
+PA+c<z+e]-PA+c<z—¢
FPB = > €] 4 PB — | > <]
=|P[A+c<z—¢] P A" +c <z —¢
+PA+c<z+e]-P[A+c<xz—¢]
FPB =] > ] 4 PB — | > <]

Now taking the supremum over z € IR and cancelling superfluous con-
stants, we obtain the statement of the lemma. ]

Lemma 5.4. Let {Z;}2, be a sequence of i.i.d. real random d-vectors with
common probability measure .
a) Suppose h, : IR? x IRY — IR is a sequence of measurable functions that

converge pointwise almost surely to h. Further there exists a dominating
function b such that |h,| < b and Ez 2,[|b(Z1, Z3)|] < co. Then

L Z ho(Zi, Z;) = Ez,2,h(Z1, Z3)]  almost surely . (76)

i,j=1

b) Let {0,(Z1, ... ,2,)} 02, be a random sequence in © C IRP, with 6,, — 6
almost surely, Oy in the interior of ©. Suppose h : R? x IR? x © — IR is
continuously differentiable with respect to 0 and Ez z,[|h(Z1, Zs,0)|] < oc.
Then h, = h(-,-,0,) satisfies the conditions of part a) and we have

n% Z h(Zi, Z;,0,) = Ez 2, |h(Z1, Z3,00)]  almost surely . (77)

i.j=1

Proof. These are variation and special case of a generalized bounded con-
vergence theorem, see e.g. Royden (1988, page 270). Instead of describing
the adaptions we give a complete proof here.
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For almost every sequence {Z;}2, we have 6, — 6, and

# Z ¢(ZZ7 ZJ) — EZ1Z2[¢(Zl7 Z2)] ) (78)
ij=1
if ¢ is any bounded p-measurable function. This SLLN for V-statistics
can be found e.g. in Serfling (1980, chapter5); note that ¢ need not be
symmetric. In the following we consider such a sequence {Z;}2,

a) Our first goal is to show

Ez2[9(Z1, Z5)] < liminf Z an(Zi, Z;) (79)

n—00
1,7=1

for any sequence of nonnegative measurable functions {g,} that converge
pointwise to g. It suffices to prove

Ezz[¢(Z1, Z2)] < liminf Z 9n(Zi, Z;) (80)

n—00
1,7=1

for every bounded measurable function ¢ < g.

We choose one such ¢ and € > 0 and keep them fixed in the following.
Define ®,, := {(z1, 29) : gn(21, 22) > ¢(21, 22)}. P, is an increasing sequence
of sets whose union contains ® := IR? x IR?. Hence ®—®,, is a decreasing
sequence of measurable sets with empty intersection and there exists a m
such that p(®-®,,) < e. Since p(®—=Pp,) = limy, 00 5 > i1 o9, (Zi, Z;)
- apply (78) to the indicator function I¢-¢, - we may choose ny > m so

that # Zijl Iy, (Z;i, Z;) < ¢ for all n > ng. Since &—@,, C =9, for

all n > m we have # szzl Is-e,(Zi, Z;) < € for all n > ny. Thus

D 92 Z) > 5 Y 9l Ziy Z) e, (2, Z))

ij=1 ij=1
> LN " 62, Z))1s,(Zi, Z;)
z'j 1
-1 Z o(Zi, Z;) Z (Zi, Z))Ip-0,(Z;, Z;)
7.] =1 ,] =1
>4 Z #(Zi, Z;) = £sup(¢)
1,7=1
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Since ¢ was arbitrary, we obtain (80) by taking liminf, ,,, on both sides
and using (78). Finally we apply (79) to b(Z1, Z3) + h,(Z1, Z>) and
b(Z1, Z3) — h,(Z1, Z2) to end the proof of part a).

b) Since 6,, — 6y the continuity of h gives h(z1, z9,0,) — h(z1, 29, 0y) for all
21, 72 € IR, We now merely have to show that there exists a dominating

function b for almost all n.

We choose § > 0 such that ¥ := {(z1,22) : |6, — )| < 6} C © and find a
ny such that 6,, € ¥ for all n > n;. Now

|h(z1, 22, 00)| = |h(z21, 22, 00) + W' (21, 22,6") (0n — 60)|
|h(21, 225 00)‘ + Sup\I"h’,(zla 225 0)|6
. b(Zl,ZQ)

IA

Since h' is continuous with respect to 6, supy |h'(21, 22, 0)| is bounded, and
thus E2122 [b(Zl, ZQ)] < 0. L]

6 Notation

The following general principles apply to the notations in this paper:

e Fxpectations are taken with respect to the indexed random variables.
If no index is given, they are taken with respect to all free random
variables in the argument.

e Capital roman letters always denote random variables.

e Deterministic functions and constants are denoted by lower case ro-
man letters. If these functions occur with random variables 77, Zs, . . .
as arguments - and thus become random variables themselves - they
may be abbreviated by the respective capital letters with indices ac-
cording to the original random variables involved.

e Lower case greek letters may denote all kinds of objects. Roman letters
stand for the same or same kind of object throughout the paper while
greek letters may change their meaning.

e Throughout the paper Z; = (v}, X;),Z = (Y, X) ~ D and z = (y, )

are assumed without further mentioning.
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e For avector v = (vy,...,v,) or amatrix m = (mgs) indexed brackets
refer to the indicated entry: [v], = [v1]a = va, [M]ag = Mag.

e For a function f(f) we denote the derivatives as follows:
o= (fl,--, fy) and 7 = (fls)ap=1..p With partial derivatives

71 = (Ol = £ (0,0) and f = [ (2, O)las = S (2,6)
where 6 = (61,...,0,)", o,6=1,...,p.
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