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Constructive Asymptotic Equivalence of Density

Estimation and Gaussian White Noise *

Michael Nussbaum and Jussi Klemela
Weierstrass Institute, Berlin

Rolf Nevanlinna Institute, University of Helsinki

Abstract

A recipe is provided for producing, from a sequence of procedures in the Gaus-
sian regression model, an asymptotically equivalent sequence in the density
estimation model with i. i. d. observations. The recipe is, to put it roughly, to
calculate square roots of normalised frequencies over certain intervals, add a
small random distortion, and pretend these to be observations from a Gaussian

discrete regression model.

Mathematics Subject Classifications: 62G07, 62B15, 62G20
Key Words: Nonparametric experiments, deficiency distance, Markov kernel, asymp-

totic minimax risk, curve estimation.

1 Introduction

In the first lecture notes of L. Le Cam from 1969 it is said: ”"Fn général une expérience

est compliquée. Alors il faut "approcher par une expérience plus simple.” So the
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by Jenny and Antti Wihuri Foundation. The authors wish to thank G. Golubev for

helpful discussions.



purpose is to approximate an experiment by a simpler one. The simplicity of an
experiment is not defined precisely, but in a simple experiment one should be able to
find optimal estimators, or at least asymptotically optimal estimators. By optimal
estimator we mean either a minimax estimator, or also a Bayes estimator. Gaussian
experiments are primary examples of simple experiments. Simplicity is also achieved
by reducing the dimension of observations, as in the classical case of finding sufficient
statistics whose dimension does not depend on the number of observations. Approxi-
mations are especially useful when one is able to transform the optimal procedures of
a simple experiment to the optimal procedures of the more complicated experiment.

The precise sense of "approximate” is given by Le Cam’s A-distance. When the
A-distance between two experiments vanishes asymptotically, we say that the two
experiments are asymptotically equivalent. The known results about asymptotic
equivalence of experiments include the asymptotic equivalence of Gaussian discrete
regression and Gaussian signal recovery by Brown and Low (1996), the asymptotic
equivalence of density estimation with i. 1. d. observations and Gaussian signal recov-
ery by Nussbaum (1996), the asymptotic equivalence of non-Gaussian and Gaussian
regression by Grama and Nussbaum (1996), and the asymptotic equivalence of spec-
tral density and regression estimation by Golubev and Nussbaum (1998). With the
exception of Brown and Low (1996) the previous articles do not give an explicit recipe
for transforming a sequence of procedures of a simple experiment to the asymptoti-
cally equivalent sequence of the more complex experiment. In this article we study
the density estimation with i. i. d. observations and give construction of Markov
kernel which makes it possible to transform all the procedures constructed for the
Gaussian experiment to the asymptotically equivalent procedures of the density ex-
periment.

The basic idea might be described as "reduction to the Gaussian case by small
distortions” (cp. Chapter 11.8 of Le Cam, 1986). Roughly speaking, the idea is as
follows. Assume a simple model with real-valued parameter in which a real-valued
statistic T, is sufficient and asymptotically normal. Then, by small distortions,
involving some additional randomization, one smoothes T,, in such a way that the
"randomized” statistic has a density. This density then should reasonably converge
to a normal density, entailing total variation convergence of the laws. The recipe

is then ”take the sufficient statistic, randomize, and pretend the resulting data are



Gaussian”. Versions of such a theory (local and global) have been developed in
parametric models by Le Cam (1986, Chapter 11.8) and by Miiller (1981), and
in a more indirect fashion in Shiryaev and Spokoiny (1993). In the framework of
nonparametric asymptotic equivalence, a first result of this type was given by Brown
and Low (1996b) for nongaussian regression. Our result pertains to the i.i.d. model,
and takes the empirical distribution function as a sufficient statistic to start with.
Apart form the initial smoothing, our proof is totally different from that of Brown
and Low; it is inspired by Miiller (1981), building upon rates of convergence in the
functional central limit theorem. We do not attain the optimal smoothness index
1/2, but our method has a potential of being applicable wherever improved functional

CLT’s hold.

Before stating the main results, we have to give preliminary definitions.

Definition 1 (i) A measurable space (2, A) is called STANDARD BOREL if there
is @ measurable space (Qo, Ao), such that Q € Ay, A is the trace of Ay on Q,
i.e. A={ANQ: A€ Ay}, and there is a metric on Qg such that Qg becomes
a Polish space and Aq is the Borel sigma-algebra generated by the metric.

(ii) An experiment £ = (Q, A, (Py,0 € 0)) is called POLISH if the measurable space
(Q, A) is standard Borel.

(ii1) An experiment E = (Q, A, (Py,0 € O)) is called DOMINATED if there exists
a o-finite measure v on (Q, A) such that Py < v, 0 € 0.

(iv) Given two measurable spaces (2;, A;), ¢+ = 0,1, « MARKOV KERNEL is a
mapping K : Qg x Ay — [0, 1] such that

(a) K(w,-) is a probability measure on Ay for each w € Qq,

(b) K(-,A) is a measurable function on (o, Ag) for each A € A;.

(v) The TOTAL VARIANCE DISTANCE between probability measures P and Q) is

|P = Qllrv = sup [ g(dP —dQ).

|9||<>0§1

Given experiments F; = (Q;, A;, (P.,0 € ©)), ¢ = 0,1, the set of Markov kernels
associated with the measurable spaces (€;, 4;) is denoted with R(FEy, E1). Given K €
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R(Fo, F1) and a probability measure P on (£, Ag), K P is a probability measure on
(1,A41), defined by KP(A) = [ K(w, A)dP(w).

Definition 2 Let F; = (4, A, (P,0 € 9)), ¢ = 0,1, be two Polish dominated

experiments.

(1) The DEFICIENCY of Ey with respect to Fy is

6( g, I11) = inf KPyyg— P .
( 05 1) Ke?zl(lT}EmEl)ZlelgH \ 190 9,1HTV

(i1) The A-pseudodistance of Fy and Fy is

A(Eo, Ey) = max {8(Eo, £1), §(Ey, Eo)} .

We say that the sequence of experiments F, , is asymptotically less informative
than the sequence FEy,, if 6(Fo, F1,,) — 0. We say that the sequences of experi-
ments Fy, and Ey, are asymptotically equivalent, if A(Fo,, E1,,) — 0. Now we are
ready to give a definition of central importance to this article. According to this def-
inition, a sequence of Markov kernels is asymptotically sufficient, if they achieve the
infimum in the definition of the deficiency and the Markov kernels of the sequence

are between two asymptotically equivalent experiments.

Definition 3 Let E;,, = (Q?,A?, (Pg:,0 € @)), 1 = 0,1, be two Polish dominated
experiments. A sequence of Markov kernels K,, € R(FEon, F1,) is ASYMPTOTI-
CALLY SUFFICIENT «f

(i) lim, SUPgco "I(NP£O - P£1 |7v =0,
(ii) hmn_wo A(Eom, El,n) =0.

There are different ways of defining asymptotic sufficiency of a statistic or a sub-
o-field, stemming from Le Cam (1986). See for example Strasser (1985, Definition
81.3) or Laredo (1990, Corollary 1). One can define for example, that a statistic
is asymptotically sufficient for an experiment if there is an experiment defined on
the same probability space, which is asymptotically equivalent for the original ex-
periment, and for which the statistic is exactly sufficient. This case is contained in

Definition 3.



The usefulness of a sequence of asymptotically sufficient Markov kernels K, lies
in the fact that if we have a sequence of statistics 7T}, ; for the experiments E,, 1, that
is, measurable maps defined on (07, A7) to some other measurable space, then the

sequence of statistics for the experiments £, o, defined by

Toolw) = [ Tl Koo, deoy ),

has the same asymptotic minimax risk and Bayes risk for bounded continuous loss
functions, as the sequence T}, ;1. Also, if we have a sequence of procedures L, ; for
the experiments F,;, that is, Markov kernels defined on (07, A7) to some other
measurable space, then the sequence of procedures for the experiments £, o, defined
by

Lo(wo, A) = / Lt (w1, A) K (w0, deoy ),

has the same asymptotic minimax risk and Bayes risk for bounded continuous loss
functions, as the sequence L, ;.

Define a parameter space ¥ of densities as follows. For s €]1,2] and M > 0, let
A*(M) be the set of functions [0, 1] — R satisfying the condition

[F(t) = f(to) = £ (to)(t — to)| < Mt —to|". (1)
For ¢ > 0 define a set Fs, as the set of densities on [0, 1] bounded below by ¢:
Feo={r: [ f=1 1@z crchf.
Define an a priori set, for given s €]1,2], M > 0, ¢ > 0,
Y =Yome=N(M)NFs..

In Nussbaum (1996) it was shown that density estimation with i. i. d. observations
and Gaussian signal recovery are asymptotically equivalent when the Holder smooth-
ness index s > 1/2 but we will have to assume that s > 3/2.

Let X1,...,X, bei.i. d. random variables with the density function f € X. Let
Py, be the distribution of X3,..., X, and

EO,TL = ([07 1]n78{6,1]7 (Pfﬂ”mf S Z)) : (2)



A simple experiment which is asymptotically equivalent to the experiment E,, is

the following experiment of discrete Gaussian regression. Let
L /N2
=I5 (5) &=t (3)
n
where & are i. 1. d. N(0,1), s; = (t,-1 +1;)/2, and t; = ¢/N. Let

veey

and let ()5, be the distribution of Y,,. Let E; , be the corresponding experiment,

Ern= (RY,BY,(Qn. [ €Y)) . (4)

The main theorem states roughly that the recipe for transforming density data
to regression data without loosing information asymptotically, is to first calculate
relative frequencies over the intervals [¢;_1,¢;], multiply with N, add certain small

randomization, and take square root from the result. Indeed, let
w; = /;bzdﬁn(l + n_l/zzo) + n_1/25nzi, 1=1,....,N (5)
where
¢i = N][ti_l,ti]v
Fn(t) = > Tjo,q(X;) is the empirical distribution function, z; are i. i. d. N(0,1),

and 6, > 0.

Theorem 1 Let s > 3/2 and N = [nU+)/9)] where 0 < ¢ < 25/3 — 1. The

Markov kernel
(X1,...,X,) — (y/max{wi,()})' (6)

i=1,....IN
from the density experiment Fy,, to the Gaussian experiment Ey, is asymptotically

sufficient, when we choose 0, in the definition of w; as

bp=0(1), 61 =0 (n_3(1+51)/(45)n1/2(10g n)_l) . (7)

n

A recipe, almost similar to the one given in Theorem 1, was suggested by Donoho,
Johnstone, Kerkyacharian, and Picard (1995, page 327).



Remark. Suppose we observe Y,, which has Poisson distribution with the inten-

sity function nf, f € ¥. Let

i = Yalifn) — Yo((i —1)/n), i=1,...n,

and let Fn(t) be the partial sum process formed from y;,

. [n]
E,(t)=n""Y i =n7'Yo([nt]/n).
=1
Let Py, be the distribution of Fn and

EOn = (D[Ov 1]7“47 (Pfﬂ”mf € Z))

)

where D]0, 1] is the space of functions on [0, 1], continuous from the right and with the
left side limits. Replacing the modified empirical distribution function Fn(l—l—n_l/220)
by F, in the definition of w; in (5), the statement of the Theorem 1 will hold also
for the experiment Eo,n- O

In the course of proving Theorem 1 we will also give an asymptotically sufficient
Markov kernel from the density experiment to the following heteroscedastic Gaussian

experiment. Let

Ui = f(s6) + (E)l/z fY3(si) &, i=1,...,N

n

where & are i. 1. d. N(0,1), s; = (t,-1 +1;)/2, and t; = ¢/N. Let

Y, = (gi)izl,...,N

and let Qf,n be the distribution of Y,. Let Elm be the corresponding experiment,

Ern=(RY,BY,(Qrn. [ €Y)) . (8)

The heteroscedastic experiment Elm might be considered a bit more complicated as
the homoscedastic experiment Fy ,,. The following theorem states that the otherwise
similar Markov kernel than defined in Theorem 1, but this time we do not take
square roots, is asymptotically sufficient from the density experiment E, ¢ to the

heteroscedastic Gaussian experiment F, ;.



Theorem 2 Let s > 3/2 and N = [nU+)/29)] where 0 < ¢ < 25/3 — 1. Let w; be
as defined in (5). The Markov kernel

(Xiss Xo) = (Wi)icy (9)

=1,

from the density experiment Fy, to the heteroscedastic Gaussian experiment Elm is

asymptotically sufficient, when we choose 6, in the definition of w; as in (7).

1.1 Proof of Theorems 1 and 2

We will start by proving in Section 2 that if K, € R(FE.0, Enl) 1s the Markov kernel
defined in (9), where E, o is the density experiment defined in (2) and En,1 is the

heteroscedastic Gaussian experiment defined in (8), then

lim su]gz) Hf(npfﬂ”b — Qf,nHTV =0. (10)

Secondly, we will prove in Section 3 that if K, € R(Eml, FE,1) is the Markov kernel

defined by
(¥i)iz=1,. N — (Vmax{g]i,()}) .

i=1,....IN

where F, 1 is the homoscedastic Gaussian experiment defined in (4), then

hm su]gz) HKan,n — Qf,nHTV = 0 (11)

Thirdly, we will prove in Section 4 the following theorem which states that the
homoscedastic Gaussian experiment £y ,, is asymptotically equivalent to a continuous

(Gaussian white noise model.

Theorem 3 Let
E2,n = (C[Ov 1]780[0,1]7 (Qggﬂ)m f S Z))

where Qg?)l is the distribution of the process
1
dX, (1) =/ f(t)dt + 5n—l/%ZM/(t), t€0,1]. (12)
The experiments Ey,, and Es,, are asymptotically equivalent, that s,

A(El,na Ezm) — 0



Theorem 1 is proved by noting that from (10) and (11) it follows that the con-
dition (i) of Definition 3 is satisfied with the Markov kernel defined in (6). Thus we
have also proved that the homoscedastic Gaussian experiment is asymptotically less
informative than the density experiment, that is, 6(Eon, F1.,) — 0. We need still
to prove that 6(Eq ., Fo,) — 0. From Theorem 3 we have that 6(F4 ., F2,) — 0.
We know from Nussbaum (1996) that 6(Fs,,, Fo,) — 0. Thus we have proved also
6(F1 1, Eon) — 0, and thus A(FEon, F1,) — 0. Thus also the condition (ii) of Defi-
nition 3 is satisfied.

Theorem 2 is proved by noting that from (10) it follows that the condition (i)
of Definition 3 is satisfied with the Markov kernel defined in (9). Thus we have
also proved that the heteroscedastic Gaussian experiment is asymptotically less in-
formative than the density experiment, that is, 6( o, Eln) — 0. We need still to
prove that 5(E17H,E07n) — 0. From (11) it follows that 5(E17H,E17n) — 0. From
Theorem 3 we have that 6(Fi,, F2n) — 0. We know from Nussbaum (1996)
that 6(Fs2n, Fo,) — 0. Thus we have proved also 6(Fi,, Eo,) — 0, and thus
A(FEon, F1,) — 0. Thus also the condition (ii) of Definition 3 is satisfied.

1.2 Inequalities for the Hellinger Distance

In the following, the A-distance will be mostly estimated using Hellinger distance.

The Hellinger distance between probability measures P and () is defined as

#r.Q) = [ (7 =15

where fp and fg are probability densities of the distributions P and () with respect
to any dominating measure. Note that ||P — Q|lrv = %f |fr — fol- It holds that

1
LHA(P.Q) < 1P = Qllov < H(P.Q). (13)
When P and @ are product measures, P = [~ p;, @ = [T, ¢, then it holds that
N
HY(P,Q) <237 H?(pi,qi). (14)
=1

The following inequalities hold:

H? (N (1,0, N(pa,0%) < P 120 (19

402

9



From Golubev and Nussbaum (1998),
1
HE (N (s ), N 52) < el 2 IR IHZ s = [Zelia)” (16)

where

|%]] = sup z'Ya < Const x > I
[Jz]| <1 k1l

A special case of the previous inequality is

H? (N (g, diag(o)), N, diag(03)))
N 12 , N 1/2 N ,
< (Const x (Z 01_2»2) (Z 02_2»2) Z (O'%Z» — 0'%2») ) (17)
=1 =1 =1
Finally we need that
1 (L (ft)dt +n72dW (1)) L (g(t)dt +n ="/ 2dW (1))

§Con3t><n/(f—g)2. (18)

2 The Heteroscedastic Experiment

In this section we will prove (10). That is, we will prove constructively that the
heteroscedastic Gaussian experiment Elm is asymptotically less informative than the

density experiment Ey,. The proof will take as a starting point the weak convergence
n'?(F, — F)= BoF, (19)

where B is a Brownian bridge process, and F(t) = [} f(s)ds. From (19) one will

move to the space of finite dimensional sequencies,
/;/;Z»an ~ /;/;Z»dF—l—n‘l/Q/;bid(BoF), i=1,....N. (20)

which suggests the accompanying heteroscedastic Gaussian experiment Eml, defined
in (8).

In Section 2.1 we will prove the weak convergence with a rate for certain finite
dimensional sequencies, in Section 2.2 we will strengthen the weak convergence to
the convergence in the total variation norm, and in Section 2.3 we will move from

(20) to the accompanying experiment Eml, defined in (8).

10



2.1 'Weak Convergence

We will modify the empirical distribution function E, to

F, = Fn(l + n_l/zzo)

where zo ~ N(0,1) is independent from the Xi,..., X,,. Now we will have instead
of (19),
n(F, - F)=WoF (21)

where W is a Wiener process, or Brownian motion, on [0, 1]. We will start by proving

a rate for the weak convergence of certain finite dimensional sequencies, to be defined

in (25) and (26). For z € RY, let the norm be
[2]lseq = sup N7Hai.
1,.,N

The rate of the weak convergence will be given in terms of the bounded Lipschitz
distance. The bounded Lipschitz distance between probability distributions P and
Q on RY is defined by

1P = Qllis = sup [ g(dP — dQ) (22)
geEBL
where
BL={g:R" — R||gll~ <1, |lg]ls < 1} (23)
where
gl = sup 14 =9

vty |18 = Yllseg
The bounded Lipschitz distance metricises the weak convergence.

We can write

nHE—F)—WoF = n'*(F—F)—(WoF —zF)+ z(F — F)
= 'V} (F—F)=BoF + z(F —F)

where B is a Brownian bridge, which is defined in terms of the Wiener process W

as B(t) = W(t) —tW(1). By Bretagnolle and Massart (1989),
P (||n"*(F = F) = Bo Fll > n™*(x + 12log n)) < 2exp(—z/6)

11



where z > 0 and for & in Skorohod space D[0,1], ||G||oc = sup,¢p7|G(¢)]. Thus,

choosing for example x = 6logn,

P (Hnl/z(ﬁ —F)—WoFl|« > 36n"?1og n)

< P(IIn"2(F = F) = Bo Fllos + ||l F = Fle > 360~ log n)

< P (|2~ F) = Bo Fll > 18272 logn)
+P (|20l 1" = Flloo > 1807 log )

Const x n™" (24)

o

IA

where r > 1/2 and Const does not depend on the unknown distribution F. Here we

used an estimate

P (|z0l|[F = Flloc > 18071/ log n)
< P(lzlln'*(F = F) = Bo Flla > 9logn) + P (|z][| B o || > 9logn)

and then the facts that
P (|Zo| > (91og n)l/Z) <702
and
P (||B o Fllo > (9logn)'/?) < n=/

which follows from Talagrand (1988, Lemma 4). Now we will move to the space of

sequences. Let

B, — ( [ i [ (E - F)D (25)

i=1,....,\N

where, as before,
bi(t) = Nl (1),
t; =1i/N. Let also
T, = (/ d (W o F)) . (26)

i=1,....IN
For YV = nl/z(Fn — F) and for Y = W o F we have

[wdnavin = t: dY (1) = N(Y (tir) — V(1)

and thus
[ vty ()| < 28

12



Thus
190, — YTullseg < 2|n'*(F, — F) = Wo Flls

and thus, by (24),

P (Hq)n — Ty, > Const x n~%log n)

< P (H\/E(F—F) = VVOFHOO > Const x n_l/zlogn)

< (Const xn™".

Now, for sufficiently large n,

1£(®s) = L(To)ll5r

= sup E |g ((I)n) - g(Tn)|
geEBL

< Const x n~/? logn + 2P (HCI)n — Tn”seq > Const x n~'/? log n)
< (Const x n~1/? logn 4+ Const x n™"
< Const x n"Y?logn.

Because C'onst does not depend on the density f, we have proved that

sup 1£(®,) — £(X)|[5 = O (n™*logn) . (27)
€

2.2 Total Variation Convergence

In this section we will strengthen the convergence in (27) to converegence in the
total variation distance, but the convergence in the total variation distance will be
without a rate.

Let @, be as defined in (25) and let T,, be as defined in (26). We will add to &,
a certain small random disturbation U, to strengthen the convergence in (27) to the

convergence in the total variation norm. A similar kind of reasoning has been used

by Miiller (1981). Let
Uy = (6nzi)i=1,..N

where z; are i. 1. d. N(0,1) and ¢, is defined in (7). Now

[£(®n + Un) = L(T)||l7v <

13



[£(®n + Un) = L(To + Un)l1v (28)
HIL(Tn + Un) = L(T0) |7 (29)

The term (28) can be characterised as a variance term and (29) can be characterised

as a bias term. To estimate (28),

1£(®s + Up) = L(T0 + Un)ll1v
= sup |EMEYg(@, +U,) = BT EYg(T, + U,)

[lg]]oo <1

. (30)

We should establish that when g : RY — R, ||¢|lcc < 1, then the function =
EYg(x 4+ U,) can be made a bounded Lipschitz RY — R with || - ||se, norm.

Lemma 4 Let g : RY — R be such that ||g]|oc < 1. Then for z,y € RY,
(B g(x + Un) = E% gy + Un)| < Lall = yllseq

where

Ln — 2—1/25;1]\/’3/2‘
Proof. Now, using (13), (14), and (15),

|[EVg(a + Un) = BV gy + U,)

< swp |EVg(a +U) = E™gly + Us)

[lg]]oo <1

1£(z + Un) = Ly + Un)llzv
H ('C(x + Un)v'/:(y + Un))

IA

IA

[2 é H? (L(x; + 6,2:), L(y: + 5n2i))] 1/2

1/2

IA

=1

272N e — y e

IA

O
From the Lemma 4 we have that the function x — EUg(z + U,)/ max{L,,1} is
in BL, where BL was defined in (23). From (22), (27), and (30) we have an upper
bound for (28):
sup [[£(®n + Un) = L(Ty + Un)ll7v < max{Ly, 1} sup |[£(®,) — L(T,)|[5L
fex Jex
= max{L,,1} 0 (n_1/2 log n) . (31)

14



Let us then estimate (29). We have

10T+ U = L0l = 5 [ Vo fu = Fr.]
1 N
< 33 [athu (e [ 1D,

where the inequality is proved in Holmstrém and Klemeli (1992).
Now £(T,) = N(0,() where for i = 1,2,..., N,
(s = Var (/ (W o F)) = [wtar = N [war
and [C; = 0 when i # j. Thus fori = 1,..., N,
Const x N < [C];; < Const x N.

Thus

‘[0_1]“’ < Const x N71

and [C~'];; = 0 when ¢ # j. Secondly,

Difr,(z) = fr,(z) [— li + Zl‘kl'l ik C_l]u]

= fra(@) [=[C7ii + 2] [O-lm]

and thus
1021, < 20| < Const x N~

where C'onst does not depend on f. Finally we get

wup I£(T+U) = LT)lzy < Ssupd / o, (a)de [ D x|

fex 4 fex =
< sup
fex 2 Z ‘
< Const x 52. (32)

The two estimates, (31) for (28) and (32) for (29), will now be put together. For
sufficiently large n:

sup ||[L(®, + U,) — L(To)||[zv £ L, O (n_1/2 log n) + Const x 52
FEZ
= (Const % 5;1N3/2n_1/2 logn 4+ Const x 52.

The upper bound converges to zero by the definitions of N and ¢,.

15



2.3 The Final Step

We have proved that

sup [|L(®r, + Up) — L(T0)|l7v — 0

fex
where ®,, was defined in (25) and T, was defined in (26). Let L, ; : RY — RY be
defined by

Ly s(x) = (n_l/Q:Jci + /@/}ZdF)

i=1,....,\N
Let

i=1,....,\N
and

TO = L, (T,) = (/ GidF 0 [ gd(w o F))

Because the total variation distance is invariant under the affine-linear map L, s, it

follows that

i=1,....,\N

sup L) +n7120,) = LX) v — 0. (33)
€

Let us denote

N 1/2
T = ( idF + (-) fl/z(si)fi)
/ n i=1,..N
Applying (17) with o7, = n™! [2dF = N [v¢;dF/n and o3; = Nf(s;)/n we have
that
L0 = 2Ty < HE (LX), £(XE)

n n

N 12 , N 1/2 ,
< Const x (Z 01_2»2) ( 02_2»2) (Ufi - Ugi)
=1

< Const x né (g/;/)zdF — %f(sl))2
< Const x n”'N? supN (/ P dF — f(sz))2 (34)

i=1,...,

According to (1) we can write f(s;+1) = f(s;)+ f (si)t + R(t) where |R(t)| < M|t]°.
Denote K = Ij_y/21/9 so that ¢(t) = NK(N(t — 5;)). Then, because [K = 1,

16



[HE(t)dt =0,

‘/%/%f — f(s:)

_ N/A (t —s)) f(t)dt — f(sy)
_ /K (t)f( si+N‘1t)dt—f(8i)
J B (Fs)+ N7 (52) + RINT'0) dt = f(s:)
— M/|N‘1t| K (1)|dt

< Const x N°°
— Const x n~(+a)/2, (35)

Combining (34) and (35) we have,

sup [£(TD) = LX) |lzv — 0. (36)

n
fEXT

Let us denote, as before,
N N 1/2
7= (s (3) o)

where ¢; are i. i. d. standard normal random variables. Now, using (13), (14), (15),

and (35),

i=1,....IN

LX) — LV 5y < H* (L(XP), L(Y,))

A IA
(N] (N]
M= 1iM
S
J&/\
&.
ﬁj =
;_g
S
:3\ ~—
32
=
=

INA
Q
S
=
[Va)
o~
X
3
)
i
’U
A
—
=
&.
ﬁ
i
C/
[\]

...,

< Const x nn (1""51) — 0. (37)
Combining the results (33), (36), and (37),

?ug’\/v’( YT = LYV |lrv — 0.
S

The formula (10) is proved because

(1)7(11) +n U, = (wi)izl (/ YudFy 407, ZZ) '
N =1,...,.N

=1,...

17



3 Variance Stabilising Transform

Let us prove (11) in this section. That is, we will prove constructively that the
homoscedastic Gaussian experiment £ ,, is asymptotically less informative than the

heteroscedastic Gaussian experiment Elm. The experiment generated by the obser-

vations
ymax{y;, 0}, e=1,....N
where
. N 1/2 1o
Bo= I+ (5) s

is equivalent to the experiment generated by the observations
yi, i=1,...,N

where
: Ny 2 :
vi=fs)+ (T) S
, i when & > —h
@Z{f =

0, otherwise

where & ~ N(0,1) are i. i. d. and

p=ntin )= ()" ).

Let us prove that this experiment is further asymptotically equivalent to the exper-

iment generated by the observations

n

: 1 (NNY2
A= +5 (=) € (35)
Let us denote for shortness, ¥ = (N/n)"/2. Then

v) = 22, (?)
f FY sy exp { - ;[f‘”z(sz')v‘l(xz—f(Si))]z}m][Om[(x)‘




Write

1/2 1

I74(s1) ( o)+ 2_173’) =1- gf_l/z(sz')w + RW(yy)

and
exp {i (27172 (si)vy® + 2_4f_1(8i)72y4)}
= b (@ s 4 2 o)
+R? G (27 (s + 2‘4f‘1(8¢)72y4))

where |RMV ()], |[RP)(1)| < Const x 12, so that

1/2

exp {i (27172 (s0)vy” + 2_4f_1(8i)72y4)}

1, 1 ,
=1 = {7 sy + g s’ + R (3 w)

Y0 ( flsi) + 2_1731)

where R’ is such that

o0 1) 1 )
/_h exp{—§y } ‘R (’y,y)‘alyp(5 S < Const x v~
Now, making the change of variables y = 2y~!(z — 1/ f(s:)),

SH (L2, £(:)

- 1—/@

V= [ R e e [f‘”?(sz')v‘l(x?—f(sz'))r}
ol Ao e
= —/ eXp{——y} o z)< flsi)+27 vy)m

« exp{—i (—27 7 (i) — 4f‘1<8i>vzy4)}dyp<f ; iy
| 1 5
S B
x (1 = if—m(sz')w + %f‘l/z(sz')vy?’ + R (7, y)) dy

P> —h)

19



o] 1 1 1 1
< - 2} <__ “1/2( gy 4+ = F1/2( s, 3) dy—
< -, meXp{ R gl ey b g ey s
—|—Const><72

N
< Const x v* < Const x —.
n

Thus,

!

H? (£((21)im1,.,8), £((2))iz1,..v))

/ N
< 2NH? (,C(Zl),ﬁ(zl)) < Const x — < Const x nUt)/sp=1 .
n

Let us finally prove that the experiment generated by the observations (38) is
equivalent to the homoscedastic Gaussian experiment Fy,, defuned in (4). This

holds because

!

H? (L((2)imto) L((g)iz1n)) = 2NH (L(z), L(11))

< AN|L(2) = Ly)|lrv
— QN/ L= Tu

- ZN/‘fgi —Ja

< 4N/_:jf£1

1
< 2Nexp {—ﬁhz} — 0

where we used the fact that f, = Jedi—n oot/ J55, Jeo - Formula (11) is proved.

4 Continuous White Noise

Let us prove Theorem 3 in this section. That is, we will prove that the continu-
ous Gaussian white noise model is asymptotically equivalent to the homoscedastic

discrete Gaussian regression model.

4.1 From Continuous to Discrete

Let us start with proving that the discrete observations in (3) contain asymptotically

less information than the continuous white noise model (12). This is the easier

20



direction. Let K (t) = Ij_1/21/)(t) and
pi(t) = NK(N(t —s:)) = N,y (1)
where, as before, t; = ¢/N and s; = (t;_1 +1;)/2. Let

.....

Now Var((Y,);) = Var(y;) = N/(4n) and Var((S,):) = Var([ :dX,) = [¥?/(4n) =
N/(4n). Thus,

1£(S0) = LY ) 7v ? (,C(S ), £(Y7))
22H2 i), L((Ye):))

glwf F]

IA

IA

IA

< 2n '_supN (/ @/h\/} — JC(SZ))2 _ (39)

Let us denote ¢ = \/f. Then ¢ satisfies the condition (1) with different constant

replacing M. Thus we can write

g(si+1) = glsi) + g (s)t + R(1) (40)
where |R(t)| < Const x |t]*. Exactly the same inference as in (35) will lead to
/;/)ig — g(si)| < Const x n~(+a)/2, (41)

Thus, combining (39) and (41),

sup [|£(8,) = £(Y,)[lrv — 0.
fEXT

We have proved that 6(E, 2, Fr1) — 0.

4.2 From Discrete to Continuous

Let us then prove that the continuous observation (12) contains asymptotically less
information than the discrete observations (3). Let us divide the interval [0, 1] to n

intervals [v;_1,v;] where

v:[L]i 7 =20 n—1, vg=1
I n+e)/(2s) | N’ T rr
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where 0 < €2 < €1 and ¢ was involved in the definition of N. Now the length of one

interval is k™1 = /ij_l,
N 1 N n—1
-1 _ - S o 71 — _
/fj - |:n(1+52)/(25):| N7 J 17-.-7” 17 /in 1 |:n(1+52)/(25):| N .
Also n = [k] + 1 and there are
[N/n(1+ez)/(2s)] ~ N/k ~ ple=e2)/(25) o
points s; in the interval [vj_1,v;], 7 = 1,...,7n—1. In the interval [vi_1,vz] = [v7-1, ]

there are N — (7 — 1)[N/nU+)/29)] points. Let
uj = (vji—1 +v;)/2, j=1,...,n
Let
[((t) = ][_1/271/2](t), L(t) = 12t][_1/271/2](t),
hi(t) = kK(K(t —uj)) = /i][vj_w](t),
and
g9i(t) = K2 L(k(t —uj)) = w7120t — uj) L, 0(1),

j =1,....7. Now it holds that [ K = 1, [tL(t)dt = 1, SN (s; — u;)h;(si) = 0,
Sy gi(si) = 0, 30 hy(si)g;(si) = 0.

Let us move from the discrete observations towards the continuous observation

through the following steps. The first step is to transform the observations from (3)

to
_ () ()
= () 2
where
1) 1 &
= T a7 h; 1 )Y
[E] ClNZ»Z:; ](S )y
1 X 1 /N2 1 X
=S T () S e 5= 1
CINZZ:; ](S) f(3)+2 n ClNZ»Z:; ](S)f ] n
1) 1 &
z; 0 = CQN;%(S:)%
1 X 1 /NN\NY?2 1 X
— _ : 2 - - AT ; 7 ’i7 .:17“‘7~7
s SUCIIESEE S G B ST i



where

where r;; = k(s; — u;),

- kX sl ueklet— )

= rijL(ri;)

Generally, for every function GG : [—1/2,1/2] — R satisfying G(t) = G(ri;)+ R(t—ri;)
where |R(t)] < Const x |t|°, 0 < ¢ < 1, and denoting ¢,; = min{r;; + «/(2N),1/2},
Qai = max{rij - /i/(QN)v _1/2}7

=] =

IA

IA

IA

<

<

{izrg€[-1/2,1/2]} —1/2

> G(ri;) — /1/2 G

K Qyi
WG(T.Z]) B ‘/qai G‘

[ Rt =)

Qat

{izriye[—1/2,1/2]}

2.

{izriye[—1/2,1/2]}
Gy 2
Const x > / ’ |t—rij|cdt-|-_/€HGHoo
]} at N

{izriye[—1/2,1/2

+ —HGHoo

. 2K
Const X |ga — qa|® + WHGHOO

Const x (%)c — 0, (43)

because [—1/2,1/2] = Ui, e[-1/2, 1/2]}[qai,qy2] |qyi — qail < /N, and card{e : r;; €
[—1/2,1/2]} ~ N/k. Because e 1 = flﬁzt[/( ) = 1, we have from (43) that

ClNCQNl.
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The second step is to approximate (42) with

T(2) — (:1;(2) 2(2))
n j=1,...,7

J 277
where
(2) 1 & 1 -1/2 .
v ZCI—N;%‘(&) flsi) + 5n /hidW,le,---
and

Zg] D f(si) + nl/z/gdej—l...

The third step is to approximate (44) with
3) (3
- (94,

where

1 |
:/hjdxn:/hjﬁ+§n 1/2//1de, j=1

and

1 .
) = /gjan = /g]\/}—l' §n_1/2/gde, J=1...

where X,, was defined in (12).

(44)
(45)

Let us start with the proof of equivalence of (42) and (44). The random vector

T is normally distributed with the 27 x 27 covariance matrix

Cy = diag (Clj)

g7l

where

| nc%N valh?( )

¢ =
L n011c2N Zf\il h( Z)g](sz) nc%N Zf\il g?(Sz)
_ | nc%N val h?( ) 0
L 0 @Zﬁl 9]2‘(52')

ncllcgN Zf\il h](Sl)g](SZ) ]

The random vector T?) is normally distributed with the covariance matrix

Cy = diag (02])

g7l
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where

= 0T R T kg, ]
n~! [hig; n7'[g
[ etrez oo ]
0 n~' [ g2

where [h? = &, = [g? = 12, [hjg; = & [g; = r [tL(t)dt = 0. Now, because

n~ K,
n
ICHP = olCs?
7=1

— <n—1/h§)_2 + <n—1/gf)_2 |

= nn? (/4;_2 + 12_2/43_6) < Const x n_
K

Also,

les = Z eI
- $ (b ()

71=1

2
< Const x ||C7Y|? < Const x ay
K

Thus, using (16) and (43),

1£(T) = £(T) 17y
H2 (L), £(1))

n

HC HIESH I (Cues = [Calra)®

k.l

IA

IA

AN
Q
S
=
[Va)
o~
X
|3
1
[]=
N
=
S| =
=
=
AR )
B
|
=
L
—
=
AR )
S—
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Let us move on to the proof of the asymptotic equivalence between (44) and (45).

We have that

Var(:zjgz)) Var( ;3 = _1/h2 =n"
and
Var(zj(?)) Var( ](3) = /g] =n"112%.
Thus, because k ~ n,
1T = £(T) 7y

n

< HE (L1, £(1))

7=1
< gy [EED - BE) (B - BT
- et n-lk n-1g3
< (Const x n]:slupn [(E(Q;;?)) _ E(;pES))Q + k72 (E(Z](Q)) _ E(Z](,S))Q] . (46)

Denoting g = /[, using the decomposition (40) and the fact that [¢K (¢)dt = 0,
1
B = [ hig

— ﬁ/ol K(a(t — u))g(t)dt
1/2

L,
/

K(t)g(u; + /i_lt)dt
(1) (

1/2 )
— s I g(u;) + kg (u;) + R(/i_lt)) dt
1/2
= g(u; +/ R(x™1t)dt.
1/2

Similarily, defining r;; = k(s; — u;), using condition (1), and using the fact that

Z{i;rije[—1/2,1/2]} rij K (rij) =0,

E(2?)
1 N
— th
ClN
1

= > KK (k(si —uj))f(s:)

{izsi€fvj—1,v5]}
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K

- > K (ry) f(uj + &7 i)

AN (i eTy20/20)
K . B , ~
= m Z K (Tij) (g(uj) + K lrijg (u]) + R(/i 17“2']‘))
VY L e[—1/2,1/2])
/i 7 p—
= g(uj) + Cl—N Z K (Tij)R(KJ 17“2']‘).

{izriye[—1/2,1/2]}
Thus,

K 1/2
= |ow Z K(ri)R(x™'ri;) —I—/ R(x™'t)dt
CLY firgel-1/2,1/2]) 1/2
< Const x L > K(ri) e ryl® —I—/ (t)|&~ "2 dt
ClN

{izriye[—1/2,1/2]}

< Const x k7°

K
cl—N Z TZJ |7“”| ‘|'/ |t| dt]

{izriye[—1/2,1/2]}
< Const x k7° < Const x n~(1H2)/2, (47)

Also, using the fact that [ L(t)dt = 0,
@y _ [
E(z7) = /0 9i9
1
— 52/ L(r(t — u;))g(t)dt
0

1/2
= /i/ L(t)g(u; + /i_lt)dt

—-1/2

. ,f/m L(t) (g(u;) + w79 (u)) + R(s71)) dt

—-1/2

= JWD+K/U2MﬂRw*wﬁ.

—-1/2

Similarily, using the fact that 3. ci_1/21/2 L(ri) = 0,
B(”)

- czNZg]
= v X Ll uals)

{izsi€fvj—1,v5]}
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K _
= N > L(rij)g(u; + £~ ;)
24V Lrgel-1/2,1/2])

/{2

= N > L(riy) (g(u;) + 57 rigg (u;) + R(x™'riy)
24 Lo e[—1/2,1/2]}
2
' K _
= g(u)+— > L(ri)R(£ ;).
{izriye[—1/2,1/2]}
Thus,

1 X L
- CQ—N ;gj(si)g(sz) - / g:9
K? 1/2
< Y LewRGT ) 4 [ LR e
N G et/ 1/2
K? 1/2
< Const X — > L(rg)| & by |* + /i/ L(t)|~1t|*dt
Ca -1/2

{izriye[—1/2,1/2]}

< Const x &'

Z TZJ |7“”| ‘|'/ |t| dt]

LQN {irrg;€[—1/2,1/2]}
< Const x £'7° = Const x kn~(1F2)/2, (48)

From (46), (47), and (48) it follows that
1T = LT v — 0.

Let us finally prove that the continuous white noise model (12) contains asymp-
totically less information than the observations T'®) defined in (45), or actually, that
these observations contain asymptotically the same amount information. Let us

denote, as before, ¢ = /f, and let us denote,

9(6) = 32 [ous) + 9/ ()t = )] Ty a(8) + 0Ly ().

Let
ETM? = (C[O 1] BCOI (Qg nvf € Z))

where ng)l is the distribution of the continuous white noise observation (12). Now

dQﬁﬁl { /
—oyy) =expq [ gdy — - / }
d@é%l
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and

/gdyzél

g(

o) o)+ ) [ = wiantn).

Thus T is sufficient statistics in Emg. Thus the experiment generated by the

observations T\*), defined in (45), is equivalent to the experiment Emg. Finally, by

n

(18),

1 (Q), Q%)

Thus

IA

IA

IA

Const x n/(g —g)?

Const x ni/% [g(t) —g(uj) —yg

U]—l

!

(uj)(t = uy)] dt

Const X nZ/U]

]:1 Vj—1

(v]‘ — v]‘_l)zsdt

Const x nn™2 < Const x n=%2 — 0.

A(Enp. Enp) — 0 (49)

We have proved that 6(E, 1, F,2) — 0.
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