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Abstract

We study the impact of unobservable replacements on the sustainability of reputation
effects in frequently repeated games played by a long run player facing a sequence of short
run players. At the beginning of every period the long-run player is replaced with a new long
run player with probability (1 —\) € (0,1). The new long run player is either a commitment
type who plays the same strategy in every period when he is in the game, or a normal type.
The long run player’s choice of stage game strategy is imperfectly observed by the short run
players. We show that the long run player’s payoff, in any Nash equilibrium, is bounded
below by what he could get by committing to his most favorite commitment type strategy
after every history of the game, even as his rate of impatience (1 — §) vanishes at the same
rate as his replacement probability. Hence arbitrarily infrequent replacements are sufficient
to prevent reputations and their effects from disappearing when the stage game is played

frequently enough.

*We thank Umberto Garfagnini and Nuh Aygun Dalkiran for excellent research assistance. We also thank Alp
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Introduction

Consider a dynamic relationship between a large firm and a large pool of myopic buyers. At
every period, the firm decides how much to invest for a higher quality production technology,
and the myopic buyers make a purchase decision before they observe the quality level of the
product. The quality of the product is stochastically determined by the production technology,
higher investments produce higher quality products more frequently. The buyers would like to
incentivize the firm to invest, but since they are myopic, they can’t coordinate their behavior in
later periods to punish the firm for low quality products. On the other side, the firm may suffer
from the lack of efficient punishments, since then he loses his commitment to investment, and the
whole trade possibilities may be destroyed/l]

In credit markets, long lived borrowers periodically seek to borrow money. They choose whether
to invest in a high risk project or a low risk project. The only information publicly observed is the
outcome of the project. If the credit market is sufficiently large, then the borrower at every period
may interact with a different lender, hence wriggling out of a potential punishment from the same
lender in the future interactions. The ability to escape punishments may harm the borrower, since
then the moral hazard problem inherent in the absence of dynamic interactions appears again ]

In both of our opening examples, the long run player would like to commit to a variety of
stage game strategies in the one shot game. The dynamic nature of the problem would resolve the
commitment problem, even under imperfect monitoring, if the opponents were long lived too, since
then efficient punishment schemes could be sustained in equilibrium. However if the opponents are
short lived, or if the opponents are a continuum of infinitesimal long-lived players and only their
aggregate play is observed publicly, then punishments may be inefficient and the moral hazard
problem and commitment issues arise again.

In this paper we consider repeated games played with a long run player and an infinite sequence
of myopic opponents. The long run player is either a normal type who takes actions optimally
considering the current and future consequences of his actions, or a commitment type who is
committed to playing a particular stage game action at every period he is interacting with an
opponent. The actions of the long run player are imperfectly and publicly observed. At the begin-
ning of every period the long run player may be replaced by a new long run player, possibly with a
small probability. The new player may also be a normal type, or a commitment type. Replacement
correponds to a management change in the firm, or a change of the economic situations that change
the commitment possibilities of the borrower. In our model, neither replacements nor the type
of the long run player are observed by the myopic players, hence there is perpetual uncertainty
on the long run player’s type. However in equilibrium the myopic players learn about the type of

their opponent from the public signals.

!This is the classic Klein and Leffler (1981) model.
2See Fudenberg and Levine (1994), Celentani and Pesendorfer (1996) and section 3.6 of Mailath Samuelson
(2007) .



Our main result shows that, along a sequence of games with varying discount factors and
replacement rates, if the replacement rates are vanishing, but at a rate not faster than that by
which the discount factor is approaching to one, then the long run player receives his highest
possible commitment payoff after every history of the repeated game.

Our method of proof delivers a new insight in the study of repeated games and reputations as
a by product. We show that for every small replacement rate, there is a 7" such that for every
block of T" periods, the long run player can guarantee that the ratio of the periods at which his
payoffs fall short of his commitment payoff is small. This ratio decreases (and eventually vanishes
to zero) as the replacement rate vanishes. Hence, if replacements are non negligible with respect
to impatience, yet still very small, then an arbitrarily patient long run player gets his commitment
payoff after every history of the repeated game.

Our result fits very nicely in applications where the same stage game is played very frequently.
Sometimes the exercise of increasing the discount factor to one corresponds to increasing the
frequency with which the stage game is repeated. If the period length between two periods, A,
becomes small, then the effective discount factor between the two adjacent periods becomes very
close to one (i.e., 6(A) = e for some 7). Now consider a situation where the replacement
events follow a Poisson distribution with a hazard rate p. Then the expected time between two
replacement events is 1/p. In this case, as the period length A becomes small, the probability of a
replacement event between two periods also becomes very small (to be exact, pA). As A vanishes,
the impatience rate (i.e., 1 —d = 1 — e™™®) vanishes at a rate proportional to A. Therefore
the conditions that our thorem require are satisfied. Hence our result says that no matter how
infrequent replacements are (or how small p is), if the stage game is played frequently enought, then
the long run player receives his commitment payoff after every history of these repeated games.

We view replacements as a perturbation of the complete information game. Fudenberg and
Levine (1989) and (1992) (FL from hereon) studied a similar problem. Unlike FL’s model where
the long run player’s identity is fixed once and for all at the beginning of the game, we assume
that at the beginning of every period, the long run player is replaced by a new long run player
with some small probability, 1 — A. If the long run player is replaced, the new player may be one of
several commitment types, or a normal type. The replacement event is not observed by the short
run players.

There are couple of subtleties we solve when we prove our result. The first one is that, we know
from FL’s result that for any initial prior u, there is a critical discount factor such that for discount
factors higher than this critical level, long run player’s equilibrium payoffs are not lower than his
commitment payoffs. However the result is silent on how fast this critical number should increase
if the prior probability of the commitment types gets smaller. In our model, the replacement
probability (and hence the lowest possible reputation level after all possible histories) is allowed
to vanish at the same rate or at a slower rate than the rate at which the discount factor goes to

one. Hence, we extend FL’s result in a model with replacements and where the prior uncertainty



on types vanishes as the discount factor goes to one.

Second, replacement possibility may have an adverse effect on the long run player’s ability to
build a reputation. When long run player almost convinces his opponent that he is the Stackelberg
type, his reputation for being this type decreases next period since he might be replaced by a normal
type, or some other commitment type that he wouldn’t like to mimic. We show that the adverse
effect of replacements disappears rapidly as the replacement probability vanishes.

We elaborate on both of these issues, and why the replacement rate is not allowed to vanish
much faster than the impatience rate in the section where we sketch the argument for a perfect
monitoring stage gameﬁ

Next we discuss related literature. After the introduction, we present our model, and then
we present the main result of the paper. Later we provide a sketch of the proof with a perfect
monitoring stage game example, and discuss how perfect monitoring case is extended to stage
games with imperfect monitoring. We discuss some of the assumptions of our model, and present

a complete proof in the Appendix.

Discussion of Related Literature The first papers that introduced the idea that adverse
selection approach to repeated games may create reputation building dynamics are Kreps, Milgrom,
Roberts, and Wilson (1982), Kreps and Wilson (1982) and Milgrom and Roberts (1982). Their
results show that reputation effects may explain cooperation in early rounds of the finitely repeated
prisoners’ dilemma and entry-deterrence in early rounds of the chain store game. In infinitely
repeated games, the multiplicity of equilibria provided by the folk theorem contrasts with the
intuitive attraction of equilibria that provide relatively high payoffs. Reputation effects can again
rescue such intuition by imposing lower bounds on equilibrium payoffs.

Our paper is most closely related to FL, where they show that an arbitrarily patient long run
player can guarentee himself a payoff that he could get by publicly committing to playing any
of the commitment type strategies, in any Nash equilibrium of the infinitely repeated game. In
particular if the commitment types have full support, long run player’s equilibrium payoffs get
arbitrarily close to his Stackelberg payoff, as his discount factor approaches one.

The incomplete information game can be seen as a perturbation of the complete information
game. In particular the complete information game is the limit of incomplete information games as
the ex ante commitment type probabilities approach to zero. From this point of view FL’s result
highlights two of the reputation effects: i) Many equilibria of the complete information game don’t
remain equilibria in the nearby incomplete information games ii) There are equilibrium payoffs

in the incomplete information game that are not sustained by any equilibrium of the complete

31t is very intuitive that for a fixed discount factor d, if the replacement rate is arbitrarily small, then there may
be some histories after which the long run player’s equilibrium continuation payoffs are very close to his equilibrium
payoffs in the complete information repeated game. We don’t have a proof of this, however we offer this "continuity
argument" only to clarify why our result requires the replacement rate to be not "much" smaller than the impatience
rate.



information game.

However Cripps, Mailath and Samuelson (2004) (CMS from hereon) showed that this reputation
phenomena is only temporary if monitoring is imperfect. In particular, they show that, fixing the
parameters of the game, there exists a period 7" such that in the continuation game starting at 7T,
long run player’s payoff is close to some equilibrium payoff of the complete-information game, with
probability close to one. Moreover the equilibrium play of the game after period 7" resembles some
equilibrium of the complete information repeated game. Therefore all reputation effects (both
payoff and behavior effects) eventually disappear.

There are examples in the literature that sustain persistent reputation effects by assuming
replacements as in our model, that is, the type of the player is governed by a stochastic process
and changes through time, rather than being determined once and for all at the beginning of
the game. Holmstrom (1999), Cole, Dow and English (1995), Mailath and Samuelson (2001),
Phelan (2006) and Vial (2008) maintain permanent reputations by assuming particular types of
replacement in their models. Liu (2009) studies a model where short-run players must pay a cost
to observe past signals. Bar-Isaac and Tadelis (2008) studies reputation effects in markets. Liu
and Skrzypacz (2009) study reputation dynamics when short run players have bounded recall and
Ekmekei (2010) studies sustainability of reputation effects when the short run players observe a
summary statistic about the history of the play, such as in online markets.

Most of these papers construct a particular equilibrium (or a class of equilibria) that has
interesting equilibrium dynamics. However none of these papers find bounds on long run player’s

equilibrium payoffs as in FL.

Model

The setup of the model closely resembles the setup of FL (92) and CMS (04). A long run player
plays a fixed stage game against a new short run player in every period of an infinitely repeated
game. Player 1 is the long run player and player 2 is the short run player in the stage game G.
Player 1 selects an action a; from a finite set A; while player 2 selects from a finite set A;. An
action profile is denoted a € A; x As. The stage game is a simultaneous move game. However
our results easily generalize to sequential move games as in FL. At the end of each period a public
signal y is observed, and y is drawn from a finite set Y according to the probability distribution
p(-|a) ] Note that perfect monitoring is a special case of this setup. For any set X, let A(X) be
the set of all probability distributions on X. The set of mixed actions for player i is A(A4;), and «a;
represents a typical element of this set. A mixed action profile is a = (a1, az) € A(A1) x A(Ag).

We denote p(y|la) = > p(yla)as(ar)az(az). We assume an identification assumption as in CMS.
acA

4We make this assumption for notational simplicity. Our results would still be true if monitoring technology
were private.



Assumption: (Identification)p(-|a), as) # p(-|ay, az) for any a; # o/, € A(A;) and ay € A,.
Identification assumption ensures that player 2 learns any stage game strategy of player 1 after

observing sufficiently many signals.

Histories, Strategies and Payoffs

Let R = {r,nr} denote the the set of events "replaced" or "not replaced". We assume that a long
run player at time ¢ observes all replacement events that occurred before period .

Both the long-run and short-run players can observe and condition their play at time ¢ on the
entire history of the realized outcomes. Let H! be the set of player i’s histories at period ¢. In
particular H} = {A; x Ay x Y x R} denotes a t-period history for player 1, and Hi = {Ay x Y}
denotes a t-period history for player 2. Let {H!}3, denote the filtration on {A; x Ay X Y x R}®
induced by player 1’s histories, and {]Tlé}fi o denote the filtration on { Ay x Y }*° induced by player
2’s histories. A pure strategy for a player 2 is a map s, : H) — Ay, while the set of all such
strategies is denoted Si. A pure strategy s; for player 1 is a sequence of maps s¢ : Hi — Aj;, and
the set of all pure strategies is denoted S;.

Let ¥, and X% be the sets of probability distributions over S; and S% (equivalantly the set of
all behavioral strategies), let 3o = [];2, ¥5. Each strategy profile o = (04, 03) = (01,0%,03,...) €
Y1 X Yo gives rise to a probability distribution over infinite sequences of actions and signals.
Let E, denote the expectation with respect to this distribution (and we denote the conditional
expectations in the standard way), and the expected average discounted payoff to player 1 from

the strategy profile o is:

thlo) = (1= 0)E, | £ d'ur(eh. o). 1)

where a' is the action profile at period ¢, and a is player 1’s action at period t and u; : A; XY —
R is the stage game payoff function of player 1. Let vi(a) = >_,_ (4, anyeayey Wi(a1, y)p(yla)ai(ar)az(as)
denote the expected stage game payoff to player 1 of a mixed action profile a. For every hl € H,
let oyt denote the continuation strategy of player 1 at history ht € H} for any t > 0 ﬂ Similarly,
let

Uhlol) = (1= DB, |5 us(ah. o)
s=t
be the expected average discounted payoff of player 1 at history hf.
All short run players have the same expected utility function us : Y x Ay — R, and each

maximizes her expected payoff vy : A(A;) x A(A2) — R, where

va(a) = Z uz(y, az)p(yla)on (ar)as(as)

a=(a1,a2)€A,ycY

SFor a definition of continuation strategy, see page 20 in Mailath and Samuelson (2007).



denotes the expected payoff from the mixed action profile .

The payoff function of the short run players is common knowledge. On the other side, only
player 1 knows his own type. Player 1 is either a simple commitment typd‘| or a normal type with
an expected utility function specified as in equation (1} Let W = {wq, w1, ..., wy} be a finite set
of types. Each w; € A(A;) with ¢ > 1 corresponds to a commitment type who is committed to
playing the strategy w; at every period, and wy corresponds to the normal type with the payoff

function U as in equation [I}

Player 2’s Beliefs

A reputation function p : U HE — A(W) describes the beliefs of short-run players about the
type of their opponent after every history. A belief function 0%t : HY — A(A;) describes the beliefs
of the short run players about player 1’s play after every history. Each pair of reputation function

and strategy profile induces a belief function, in particular

" (hy)(a) =Y u(hy)(wiwi(a) + p(hy) (wo) E(o1(hi)(a)lhy) Va € A (2)

1>0

The set of all sequences of all such belief functions is ¥, = {o® : U HE — A(A;)}.

Uncertainty and Replacements

At period t = 0, the type of the long run player is drawn from a probability distribution p € A(W)
with p(w;) > 0 for each w; € W. At the beginning of every period with probability (1 — A) player
1 is replaced by a new player 1 whose type is drawn from a probability distribution n* € A(W)
with n*(w;) > 0 for each w; € W. With the remaining probability A player 1 is not replaced, so
the same player 1 remains in the game. Player 1’s discount factor ¢ may incorporate both his
intertemporal time preference and the likelihood of being replaced, and we allow this, but we don’t
require it[] Moreover we assume that player 1 observes the occurrence of all past replacement
events. This corresponds for example to a situation where the new owner of a firm has access to

all information about previous owners and previous transactions about the ﬁrmﬁ

6 A simple commitment type plays a fixed mixed action at every stage of the repeated game until he is replaced.

"One could think of player 1’s intertemporal discounting to be 3 < 1, and his total discount factor § = B\. We
don’t restrict ourselves to this particular formulation.

8 Alternatively we could assume that a long run player at time ¢ does not observe any of the replacement events,
or some of them before the period he joined the game. The observational assumptions about past replacement
events by player 1 are irrelevant for our results.



Equilibrium

A Bayesian Nash equilibrium, (o, i) is the combination of a strategy profile ¢ = (01,03) and a
reputation function p such that:

i) oy is a best response to os.

ii) ol is a best response to player 2’s belief o> about player 1’s play, as defined in equation

iii) The reputation function is updated via Bayes’ rule. In particular for each hl, € HE for ¢ > 1:

(b ) (w)p(ylay (bt w), ab ™)
> wew 1hs ) (W) p(yloa (b w), a5 ™)

p(hy)(w) = A + (1= X" (w) (3)

whenever Z (RS ) (W) p(ylea (RS w), ab™') > 0
w'eW

where,

hy = (hy ' ay ' y),
ai(hy ' wo) = E(ou(hy )by )
ay(hs ™t w) = w; fori>1

w@) = p.

The first 2 conditions describe optimality of behavior for all players. We express optimality of
player 2’s actions by requiring her stage game strategy to be a best response to her beliefs about
her opponent’s current period play. This belief has two components, the probability with which
player 1 is a commitment type (captured by the reputation function ;) and the probability with
which he is a normal type and he follows the strategy o;. The third condition states that updating

is Bayesian when possible.

Permanent Reputations

Let G*°(\,0) be the repeated game where every period a long run player 1 plays the stage game
G with a short run player who serves as player 2 in the stage game. The replacement probability
for player 1 is (1 — A), and his discount factor is § < 1. In the following, B(a;) denotes the best

reply set of player 2 to player 1’s mixed action a;.
Fix any w € W\{wo}. Let

bo(ay) € B(ai), and by(ay) = arg min  vy(aq, ag),

az€B(ay)
u(w) = vi(w,ba(w)).
Verbally, bs(aq) is one of the most upsetting (to player 1) strategy of player 2, among player 2’s

8



best responses to player 1’s strategy «;. ui(w) is the payoff that player 1 would guarantee himself
if he could almost convince player 2 that he is the commitment type w. Note that the stage game
is a finite simultaneous move game, so the expression with arg min is well defined. Moreover, by
upper hemicontinuity of the best response correspondence, there is an € > 0 such that for every
az € B(ay) for any a; with [|a; — w|| <& vi(w, as) > ug(w)[]

In our main theorem, we show that, if the replacement rate and the impatience rate are com-
parably small, then player 1’s payoffs, calculated after every history of the repeated game, in every

Bayesian Nash equilibrium is bounded below by almost u;(w). Our main theorem is stated below:

Theorem 1 Let v(\,d) be the infimum of the set of all Bayesian Nash equilibrium payoffs of the

long run player in G™(\,8) after all histories h} € U H;. Let (A, 0,)r—01.. be a sequence of
s=0
replacement probabilities and discount factors such that i) lim, ., A, = 1 i) liminf, % > 0.

Then liminf, . v(A.,6,) > uy(w) for all w € W\{wp}.

Proof. See Appendix B. =

In this theorem we show that if the replacement probability (1 — \) vanishes at the same rate

or at a slower rate than the impatience rate (1 — ¢) (in particular if ((i:;\)) does not go to zero as

(1 — \) goes to zero), a lower bound on the long run player’s Nash equilibrium payoffs calculated
after every history of the game approaches u;(w). Since this is true for any w € W, the long run
player guarantees himself a payoff that is almost what he could get by fully mimicking his most
favorite commitment type.

The most natural economic environment in which conditions i) and ii) are satisfied is a repeated
game played very frequently. Consider a game which is played in periods ¢t = 1,2, ... in which the
time between the periods is A > 0. Suppose the long run player is replaced according to a Poisson
probability distribution that has parameter p, and his instantenous time preference is » > 0. Then
his effective discount factor between two periods is 6(A) = exp(—(r + p)A) and the replacement
probability at any period is pA. As the time between periods, A, goes to zero, pA — 0 and
#?A) — ;”p, hence player 1’s impatience and replacement probability go to 0 at the same rate.

As we argue in the sketch of argument for a perfect monitoring example, we may strengthen
the theorem by replacing condition i) by the following weaker condition that Ind, In(1— \,) — 0.
This weaker condition is satisfied, for instance if lim inf % > 0 for some § > 0. In other
words, we can allow the log of the replacement rate to explode at the same rate as the log of the
impatience rate.

In order to gain some intuition for the result, consider a game with perfect monitoring and
with only one commitment type. Moreover assume that 6 = A\. Whenever player 2 plays an action
that is not a best response to the commitment type’s strategy, mimicking the commitment type

increases player 1’s reputation level by a multiple that is bounded from below by a positive number.

9For any two vectors = and y, ||z — y|| denotes the Euclidean distance between x and y.

9



If there were no replacement possibility, then along a sequence of periods where player 2 is playing
an action different from a best response to the commitment type strategy, player 1 can increase his

reputation level from 1 — § to any number 7 < 1 in O (ln (1175)) periods The first observation

1

) increases to co more slowly than In § approaches to zero.

we make is that as § goes to one, In(
In particular lims_,; sn(35) — 1
The possibility of replacements makes the previous argument easier when the reputation level
is low, since then replacement event increases the reputation of player 1. However, when the
reputation of player 1 is relatively high, the argument is challenged by the fact that replacement
possibility may decrease the reputation of player 1. Here we observe that when the replacement
probability is low, if player 2 is not best responding to the commitment type, the reputation
level will still increase significantly if player 1 mimics the commitment type. However at higher
reputation levels, if player 2 best responds to the commitment type strategy, and if player 1 mimics
the commitment type, then the reputation will decrease by at most an amount proportional to
1 — 0. Combining these observations we show that the fraction of periods in the repeated game
where player 2 may not be best responding to the commitment type decreases to zero as § goes
to one. We give a more detailed sketch of the argument for the perfect monitoring case in the
next section. The most challenging part of the proof is to show that the arguments above continue
to hold when monitoring is imperfect. We give the details of the argument for the imperfect
monitoring case in the Appendix, and a less detailed outline of the steps of the proof before the

Appendix.

Perfect Monitoring Case: A Sketch

Consider the product choice game, whose payoff matrix is depicted in figure 1. Player 1 is the
row player and player 2 is the column player in the stage game. The set of actions for player 1 is
A, = {H, L}: High quality production and Low quality production. The set of actions for player
2 is Ay = {B, N}: Buying the product and Not buying the product.

Players who are playing at period ¢ observe the entire history of the action profiles played
before period ¢, hence this is a game of perfect monitoring. At the beginning of each period, player
1 is replaced with a new player 1 with probability 1 — A € (0, 1), and player 1’s discount factor is
0 € (0,1). There are 2 types for player 1; a simple commitment type who plays a; = H at every
period of the game in which he is in the game and a normal type who maximizes his expected
discounted payoffs in the repeated game where the stage game payoffs are given in the payoff
matrix above. The probability that player 1 is a commitment type at the beginning of the game
is # > 0, and the probability that player 1 is a commitment type at any period ¢ conditional on

YO(z) denotes at the order of z.
1'To see this, let Y (§) = g, Taking logs on both sides gives InY (6) = Indln (ﬁ) Using L’Hopital’s rule
twice delivers lims_.; In Y (§) = 0, hence the desired result holds.

10



B N
H 1,1 0,0
L 2-100

Figure 1: The payoff matrix for the product choice game.

him being replaced at the beginning of period ¢ is . Note that the commotment payoff of player
1is 1, and in the remainder of this section we will find a lower bound on his equilibrium payoffs

that is close to 1 and that holds uniformly over all equilibria and after all histories.

Bellman Equation: We start by introducing a Bellman equation, that serves a lower bound
on the set of all Nash equilibrium payoffs for player 1. Let p = (1-\)0, 1 = A+(1-\)0, S = [p, 7]
and let V : S — R be a function satisfying{’|

V(p) = inf {(1—980)ui(H,az(aq))+ 6V (i (ar,p))} where 4)

1>a1>p

wiag, p) = A4 (1 —X\)6 for a; > p.
aq

s.t. as(ay) = B fora; >1/2and ay(a;) = N for a; < 1/2

The interpretation of the above program is simple. V' is the payoff player 1 would get if i) he
always plays H (i.e. mimics the commitment type) and i) player 2 has a belief about player 1’s
play that minimizes player 1’s total payoff (i.e., his current payoff and continuation payoff) from
mimicking the commitment type.

We will argue that V' is a lower bound on player 1’s equilibrium payoffs. Consider any belief o
that player 2 has about her opponent’s play at period . In equilibrium this belief should coincide
with player 1’s equilibrium behavior (which incorporates o and player 1’s reputation for being
a commitment type, p). In particular, the equilibrium requires that actions in the support of of
be either optimal for player 1’s normal type, or be coming from the commitment type’s strategy.
However, the Bellman program is relaxing the equilibrium constraint that player 2’s belief indeed
coincides with player 1’s equilibrium play (hence the set from which player 2’s belief is chosen is
larger compared to the set of beliefs consistent with any equilibrium). However there is still the
requirement that player 2’s action choice is a best response to this "arbitrary" belief. Since V' is the
infimum of a function over all possible beliefs, relaxing a constraint might only make the objective

function better: in this case make the value function lower. Since mimicking the commitment type

2Since A+ (1 —A\)0 > p/ () > (1 — \)B, our restriction to the state space S = [(1—\)0, A+ (1 — \)f] is without
loss of content.
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is an available strategy for player 1, the set of equilibrium payoffs for player 1 is bounded from
below by V.

This is a deterministic Bellman equation.E] Note that there is a policy function «;(i), and
as(p) such that V(u) = (1 — d)ur(H, az(p)) + 0V (1 (aa (), 1)), a1(p) > p and that as(ay) = B
for a; > 1/2 and as(aq) = N for oy < 1/2. Moreover, for any p € S,

M1
o (py_1)

Every p € S induces an infinite sequence of reputation levels {yu, }$°2, with u, = p as described

s.t. g = p, and g, = A + (1 =X fort > 1. (5)

in Equation |5 above. We say that a sequence of reputation levels {y,}$°, is admissible if u, € S
Hi—1
o (1)
the (t + 1)st element of an admissible sequence.

and g, = A + (1 —\)d for t > 1. In the following, when we use the term period ¢, we mean

We can actually solve for a closed form expression for the functional form of the function V().
However, to explain the way the proof for the imperfect monitoring case operates, we will first
proceed by putting bounds on V'(u) at various subintervals of the state space S. We form our
inequalities and bounds in a very generous way. Although we could make our bounds tighter in
the case of perfect monitoring, the methodology we use to prove our main result becomes tight in

the case of imperfect monitoring.

Belief Dynamics: We start by analyzing how reputations evolve on admissible sequences.
If az(p) = N, then aq(p) < 1/2 and hence p/(ar, p) = AL + (1 = A)0 > 2Apu + (1 — A)f > 2Ap.
Intuitively, on the outcome paths where player 1 plays H, if at some period t player 2 is playing
N, i.e., as(p,) = N, then she is expecting player 1 to play H with a probability at most 0.5, i.e.,
ai(p,) < 1/2, and therefore, 11, ; > 2Ap,.

Similarly, if a(p) = B, then a;(p) < 1 and hence p/(ay, 1) = A2+ (1= M) > A+ (1-A)0 >
Ap. Intuitively, if player 2 is playing B at some period t, i.e., as(u,) = B, then a;(y,) < 1 and
hence 11, 1 > Ay,

Fix a number of periods K > 2. Then there exists a length 7" such that during a block of T’
periods, if player 2 plays N more than K periods, then at the end of T" periods player 1’s reputation
level doubles up compared to its starting level. The following claim formalizes this reasoning. In

the following, for any number x, || denotes the largest integer not larger than x.

Claim 1 For any K > 2, 3 A < 1 such that for every A € [\, 1), 3 a positive integer T(\) =

{%J such that for any admissible sequence {,}320: If oy < 1/2, and if the K™ time at

13For the more general case of imperfect monitoring, the Bellman equation we work with is a stochastic Bellman
equation.
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which as(p,) = N happens at some period t < T(\), then p, > 2uy. If py > 1/2, then there are a
total of less than K times at which as(u,) = N at or before period T(N).

Proof. The reputation level gets multiplied by at least 2\ if as(p,) = N (ie. pppq > 2Ap,), and
by at least A if as(p,) = B (i-e. p.41 > Ay). Since by the beginning of period ¢, there has been
K — 1 times when player 2’s action is N, p, > 2571(\)p,, so if T(\) = L%J then the first
assertion in the claim is satisfied. In order to ensure that 7'()\) is positive, we need % > 1.
If A > A\ = 227X then indeed % > 1. The second assertion in the claim follows from the
fact that if there was a period ¢t when as(u) = N for the K time, then u, > 2u, = 1. However

py < A+ (1 —X\)0 < 1, which is a contradiction. =

Partitioning the State Space: We partition the state space by first defining a sequence
of reputation thresholds: py, =1 /2, M1 = %,..., My = g:,f Let n be the smallest integer for which
Hy < p. The collection of subintervals [pig, 1], [f1, ftg)ye-+» [fs f1,—1) cover the state space S. Next
we will put lower bounds on V(i) for every interval, by consi?ring admissible sequences {p,}$2,,

with various initial reputation levels. Let inf,>, V(1) = v.

Bound on the Reward Phase: Fix K > 2 and let 7 = T(\) as in claim [, Our first
observation is that, for p, > 1/2,

Vi(pg) = Fo=(1—9) Z 61+ 6" . (6)

s 1

The inequality uses two observations. When the initial reputation level is sufficiently high, then
for the initial 7'+ 1 periods (from period 0 until period T'), player 2’s actions can be N at most
K —1 times. The permutation of payoffs across the periods that minimizes the average discounted
payoffs is when during the first K — 1 periods, i.e., during s € {0, 1, ...., K — 2} player 1 receives a
payoff 0, and afterwards, until and including 7" if he receives a payoff 1. The continuation payoff
at time 7' + 1 is bounded below by the least possible value of the value function across the whole
range of the state space, delivering the inequality.

If v > 1, then we have a very tight lower bound on v. In the following development, we will

put a less tight lower bound on v, hence we will assume that v < 1.

Bounds on the Reputation Building Phases If y, € [ﬂ , @), then either player 2 plays
N less than K times during the first T' periods, or plays N for the K*" time at some period t < 7.
T

In the first event, V(1) > (1 — 0) Z 6°1 + 07 v = Fy because there are at most K — 1 times
s=K-1
when player 2 plays IV, and the lowest possible permutation of payoffs is if these periods occur at

the beginning of the sequence, i.e. at periods t € {0, 1, ..., K — 2}. Moreover, at period T' + 1, the
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continuation payoff is some value from the set of all possible values of the value function, we put

the lowest value in this set. In the second event however,

t—1 t—1
Vi) > (1=06) > 81406 inf V(u) > (1-6) > 551+5tF0.
=K-1

>
s=K-1 h=lto s —

This is because until ¢, there are at most K — 1 times when player 1’s payoff is zero, and his payoff
is one for all the other times until ¢. Moreover, by the beginning of ¢, y, is at least 2p, > p,. Since
the continuation payoff belongs to the set of values where the state variable is at least p,, putting

the lower bound of this set using inequality [0] establishes the lower bound above. Therefore,

t—1
. . s t
V(19) > min {K—Hllg:l<T ((1 —9) _gK 15 1+9 F0> ,FO} .

Since Fy < 1, we deduce that

t—1
min <(1 —6) Y 51+ 5%) > 651y = F.
s=K

K—1<t<T )

Therefore V (po) > 6% 1 F, for p, € (f11, fo]. A similar argument shows that if ug € [11;,1, p1;) then

t—1
V(1) > min {Knlli?<T ((1 —9) ; 6°1 + 0" inf V(,u)) ,FO} .

HZp
_1 fal3

At this point, we use induction (we’ll skip the induction step in this section) to show that
V(o) > Fron = (65 R,

The Number of Reputation Building Phases: Since ;1 = (1)), to back out n, we use

the inequality that (211#_21) > (1 —)\)#, and rearranging gives n < W and so n = W -1
i =In[(1=10] —In[(1=))0]

53 53 J otherwise.

is an integer and n = L
Inequality on v: Since Fy is decreasing in k, V(u) > (6% 1)"E, for every u € S, and
therefore inf,cs V(1) = v > (6% 1) Fy. Rewriting, we get
T
—K—

v > (§K1y ((1 —5) 51+ 5T+1v> . (7)

s 1

An interpretation of Equation [7]is as follows. The state variable (reputation level) doubles up

t—1
4 Note that t > K — 1. We use the convention that if t = K — 1, then Z 0°1=0.
s=K-—1

14



if there are K — 1 periods within 7" periods where player 2 plays N and if player 1 has been playing
the action H. The worst possible scenario for player 1 is if there are consecutive K — 1 periods
where player 1 suffers from player 2’s action N, but in this case he doubles up his reputation
level. Since there is a positive lower bound on the state space, in a finite number of n steps, the
reputation level reaches above a critical level, which is 1/2. The number of steps n depends on
the lower bound of the state space, and hence the replacement probability. The critical level of
the state variable, 1/2 has the feature that at this reputation level, for a long number of periods,
player 1 gets his commitment payoff of one and at the end of these periods, possibly he gets some
different payoff, that is non-negative. When his reputation level drops below 1/2, obviously a lower
bound on his continuation payoft is v.

We would like to stress again that this bound is very generous, since we know that once the
reputation level drops below 1/2, if it is still close to 1/2, then there may be only one non-best
response to H before player 1 may increase his reputation significantly (i.e. multiply by 2A) and
move it above 1/2. However this non-tight lower bound reflects the methodology used to prove
the imperfect monitoring case.

The ratio (K —2)/(T +1) measures the adverse effect on player 1 of the replacement possibility
when his reputation level is high. K is fixed and doesn’t depend on the parameters of the model
(but is at least 3), however T' depends on the probability of replacement. The higher the probability
of replacement is, the smaller T is, therefore the magnitude of the "guaranteed" rewards at high
reputation levels becomes lower with more frequent replacements. In particular 7" increases at the
order of (1 — \)7%

The number of steps n required to reach the rewarding reputation level of 1/2 is essentially
the number of subintervals that should be passed before reaching the reward phase. The number
of such intervals, n is at the order of —In(1 — A). As the replacement probability gets lower n
gets larger. The multiplicative term (6" )" measures the time cost of building a high reputation.
Whether reputation building is easy or not depends on the relative speeds by which the discount
factor reaches one (6 — 1) and the replacement probability reaches zero (—In(l — X) — oo or
n — o0). Confirming the usual intuition, for any fixed probability of replacement, as player 1
gets arbitrarily patient (6 — 1), reputation building becomes arbitrarily costless. Recollecting the

terms in equation [7] we get

v (1= (51T > (551 — ) (

> 581) . (8)

In order for a sequence of lower bounds on v, to converge to 1 along sequences of 9, and A, the
following should be true: (6%)* — 1, and % — 0 along the sequence. Since T'(\,) = L(K—+&I;()2)J’
Ii — 0 only if A, — 1. On the other side, n is at the order of In(1 — \), so for a fixed K,

T
(651 — 1 only if (6,)=*) — 1, or Ind, In(1 — \,.) — 0. This is satisfied, for instance, when

S
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1 -9, and 1 — )\, disappear at the same rate, or if 1 — ¢, disappears and A, either stays constant
or goes to one more slowly than 1 — ¢, disappears. Note that the critical property here is that
Ind, In(1 — A.) — 0, hence if lim inf % > 0 for some 3 > 0, then Ind, In(1 — A,) — 0.

On the other side, even as ¢, goes to 1, if A, is not converging to 1, then % remains bounded
away from zero. In this case, the reputation bound is weakened by the fact that when the reputation
level is high, then replacement possibilities may indeed lower the reputation levels. On the other
side, since TK approaches to zero as the replacement probability approaches to zero, we can make
our result a bit stronger by saying that for every € > 0, there exists a A* < 1 such that if A\, > \*

for every r > 1, §, — 1 and if In§, In(1 — \,) — 0, then liminfv, > 1 —¢.

Imperfect Monitoring A Sketch:

In this section, we outline how the arguments work if the stage game actions are imperfectly
observed.

Step 1: We express the stochastic Bellman Equation using the likelihood ratio L = 1—/‘#
as the state variable instead of u. This equation is the imperfect monitoring counterpart of the
Bellman equation [4f We do this in Appendix B.1. Lemma [I] shows that policy functions as (L)
and a1 (L) which identify a stage game strategy for player 2 and a belief for her about player 1’s
play for each value of the state variable exist.

Step 2: We define the stochastic process {L;}$°, induced by the infinite sum representation of
V(L) and by the policy functions as(L) and a;(L) and the commitment type strategy. Next we
define the "adjusted" process {S;}}_, by S = L;+m — (1 — \)zt for some constants m and z, and
specify T' to be the largest integer such that m — (1 — X\)zT > 0 (definition [4)). We look at blocks
of T'/2 periods, and evaluate the payoff streams within each block.

Step 3: Lemma [5| shows that the adjusted process S; is a supermartingale with respect to the
probability measure induced by the policy functions and the commitment type strategy. The heart
of this step is to show that if at any period ¢, player 1 receives a lower payoff than u(w), i.e. if
v(w,as(Ly)) < uyg(w), then Spyq/S; is expected to "jump" by at least a certain amount ¢ > 0 with
at least probability .

We prove this by first showing in Lemmalf|that if L, is not expected to move, then v(w, as(Lt)) >
uy(w). Lemmata |7 and (8| show that if L; is expected to move, then S;,1/5; is expected to "jump"
as in the supposition of this step. Hence we conclude that if v(w,as(Ls)) < ui(w) then L; is
expected to move, and if this is the case, then S;.1/S; is expected to "jump".

Step 4: We define a stopping time 7, that picks certain periods, which includes periods in
which S;;1/5; is expected to jump. In particular, if 75 does not pick a period t, then by step 3
v(w, az(Ly)) > uy(w) (by lemma [11)).

Step 5: We define a faster process TS’; = S:,. By the definition of the stopping process 7y, 3’;

is an active super martingale. Hence we use Theorem [2f (this is FL’s theorem that is restated in
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Appendix A) to argue that, if within 7°/2 periods, the process S has stopped for the K time
at a period ¢, then S; < Sy/2 with a probability at least 1 — . Combining this with step 4, and
showing that S; < Sp/2 implies L; < Ly/2, we argue that if the supposition is true, then:

V(L) > (1—¢)|[(1-9) i §uy(w) + 6

s=K-1

L'<L/2, afld L'es V)| +ed Ll'Ig; VL) 9)

Step 6: We put bounds on the value function at several intervals, using inequality [9]in step 5[
The first bound is for an interval that contains very high reputation levels (i.e. very low values of
the state variable, likelihood ratio). This is similar to the lower bound for the reward phase of the
perfect monitoring example, in Inequality [6l We put further bounds for lower reputation levels by
successively using Inequality [9}

Step 7: In the last step, we collect terms, and get an inequality for infrcs V' (L), inequality
This is similar to Inequality [§] of the perfect monitoring case. In Appendix C we show that
this lower bound converges to ui(w) when the discount factor goes to one and the replacement

probability goes to zero not faster than the discount factor.

Discussion

In this section, we would like to discuss some of the assumptions of our model. We assume that a
short run player at period t observes the public outcomes of the stage game play of every period
that precedes period t. We form our bounds using the probability measure on histories induced
by the commitment type strategies. Therefore our bound does not depend on whether the beliefs
of the short run players (or the reputation of the long run player) are public (or are known by
the long run player) or private. This is particularly important since Cripps et. al. (2007) show
that reputation effects disappear even if the long run player doesn’t know his own reputation (i.e.,
the short run players observe a different history than the long run player, and the long run player
does not know this history, but makes inferences using his own history). Hence all our results and
proofs would go through if the outcomes of the stage game were not publicly observed, but instead
the short run players observed a signal that is informative about the long run player’s actions.

In this paper we focus attention to stage games that are finite and simultaneous move. We could
generalize our results easily (though with a lot of additional notation) to extensive form games,
with the commitment bounds replaced by the self confirming equilibria and limit (as € — 0) of €
best responses as in FL. After all, the current paper applies the learning lemmata in FL repeatedly
to achieve a sequence of bounds on the lowest possible equilibrium of the long run player uniformly
across all Nash equilibria. In the same vein, we can dispense with identification assumption by

defining the commitment payoff through the player 2’s anticipation of the outcomes (i.e., the

5There is also the possibility that the process S has not stopped for K times within the first 7/2 periods. This
possibility gives us a lower bound which is less tighter than the bound in inequality @] as we show in the Appendix.
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probability distribution function he assigns to the outcomes), instead of the current form where
they are defined as payoff functions of the action profiles.

We assume that replacement events are stationary, and transition probabilities from a type to
another one is independent of the current type. The role of the replacement events is to prevent the
uncertainty about the long run player to disappear. Any stochastic process that changes the type
of the long run player with full support, and uniformly with a small probability (or a probability

that vanishes uniformly with the impatience rate) would be sufficient for our results.

Appendix A: Active Supermartingales

Consider an abstract setting with a probability measure P on a set of histories H* and a filtration

{f[ ke, Where each H,, is generated by a finite partition, with generic element denoted Kk

Definition 1 A positive supermartingale {Sk} is active with activity ) > 0 (under P) if
o . Sk Tk—1
P{h®:|— —=1|>¢|h" "} >0
Sk-1

for almost all histories with Sy_1 > 0.
Fudenberg and Levine (1992, Theorem A.1) showed the following remarkable result:

Theorem 2 For everye >0, ¢» € (0,1), R > 1 there is a time K < oo such that

P(h™ : sup Sy < &) >1-—¢
k> K R

for every positive active supermartingale {Sy} with activity ¥ and Sy > 0.

The power of the theorem comes from the fact that the integer K, which depends on the
parameters ¢, 1, and R is otherwise independent of the underlying stichastic process P. Intuitively,
Sk being a supermartingale is weakly decreasing in expectations. The assumption that it is active
says that it must be jumping significantly up or down relative to Sy_; with a significant probability
each period. The theorem says that if {S;} is an active supermartingale, then there is a fixed time
K by which, with high probability, Sy drops below % and remains below this number for all future

pertods.

Appendix B: Proof of Theorem 1

Theorem 3 Let v(\,9) be the infimum of the set of all Nash equilibrium payoffs of the long run

player in G™®(\,0) after all histories hl € UH{ Let (A, 0,)r—01.. be a sequence of replace-
=0
ment probabilities and discount factors such that i) lim, oo A, = 1 i) liminf, =M > 0. Then

1o,
liminf, o v(\, 0,) > ui(w) for all w € W\{wg}.
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First we normalize the stage game payoffs (without loss of generality) such that u;(ai,y) > 0
for any a; € Ay and y € Y. Fix w € W\{wo}.

Appendix B.1: Bellman Equation as a Lower Bound

In order to find a lower bound on the set of Nash equilibrium payoffs of player 1, we look at the
values of the program described below. This program calculates the payoffs to player 1 from fully
mimicking type w. Since mimicking type w is an available strategy for player 1, his equilibrium
payoffs are weakly higher than this payoff. The payoff to player 1 from mimicking type w depends
on the actions chosen by player 2 throughout the play of the game. There is a restriction, however,
on player 2’s actions that they each be a best response to the equilibrium strategy of their opponent.
The only restriction the below program puts on player 2’s actions is that they be a best response
to some strategy of player 1, and this action is chosen to be the worst possible choice for player 1
supposing he is mimicking type w.

Note that because of the replacement possibiliy, player 1’s reputation for being a type w can

never be below p = (1 — A\)y*(w). Let L = m — 1,8 = [0, L] and consider the following
Bellman equation V : S — R:
V(L) = inf (1—=08)v(w,a2)+ 0Eya{V (L (y,a1,a2))} (10)
a1 €W (L)
such that
1 Do € B(Cﬁ)
1 L
2 W(L)={a] € A(A))| o} € A(A)) st of = Tt +7 n Lo/l}

1 . ﬁp(yhi),ag)

1+Ll(ya Ofl,aQ) N p(y|a17a2)

A+ (1= XN)n*(w) for ag(az) > 0 and p(y|as,az) > 0.

In this program, L is the state variable of the value function. This is the likelihood ratio for
player 1 being a w type. If player 2 believes that player 1 is a w type with probability u, then
the likelihood ratio associated with this belief is L = 1_7“ The first constraint in the program
says that player 2’s strategy «s is a best response to some strategy a; of player 1. The second
constraint says that this strategy, a;, should be feasible; in particular it should be consistent with
the fact that player 1 is a commitment type w with a probability u = HLL The last condition is
the law of motion for the state variable. The likelihood ratio next period is obtained via Bayes’
rule considering player 1’s strategy to be a;. The objective function minimizes player 1’s expected
utility if he were to fully mimick type w given the conditions 1, 2 and 3. The term E,, ,, corrseponds
to expectation over the set of possible realizations of public outcomes (Y x As) under the strategy

profile (w, ). More precisely,
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Eyp o {V(L'(y,01,09))} = Z V(L' (y, o, az)) oz (az) p(y|w, az)

yeY,a2€ar

In lemma (1| we show that the value function there exists policy functions oy : S — A(A;) and
ag 1 S — A(Ajz) such that V(L) = (1 — 0)vi(w, az(L)) + 6By apy {1V (L' (y,01(L), a2)) }.

Lemma 1 There ezists a policy function a1(L) and as(L) such that:

V(L) = (1=08)vi(w, az(L)) + 0Ew,am){V (L (y, 01(L), a2))}
st ag(L) € B(ay(L))
a;(L) € W(L)

Proof. See Appendix D. m

First observe that the policy functions a4 (L) and a3 (L) induce a Markovian stochastic process
with a transition function ) on the state variable L € S. Let the set of outcomes be O =Y x A,,
the set of ¢ period outcomes be O' = (Y x A,)!, the set of infinite sequence of outcomes be
0 = (Y x A3)>, and let {O, o2 be the filtration on O*. Any Ly > 0 induces an admissible
stochastic process {L;} that is measurable with respect to the sigma algebra generated by {O"}2°,

with the corresponding probability measure Q> and that for as(as(L;)) > 0 and p(y|ay, az) > 0,

ﬁIO(y’w? CL2)

p(ylaa(Ly), az)

Ly (0 = (o' y, az)]0") = At (1= X" (w).

We can alternatively express V(L) as an expected discounted sum of a sequence whose elements

are vy (w, az(L)). In particular,

V(L) = (1—-90)Ege~

Z 8y (w, O[g(Lt))]

t=0

Ly = L and {L;} is induced by Ly and Q.

In the remaining of the paper, P corresponds to probabilities of events and E denotes expec-

tations under the probability measure (Q>°.

Definition 2 Let {1, }+>0 be the stochastic process where

Wy = 11 L for every t > 0.

In the following lemma we show that the lowest possible value of the value function V(L) on the
state space S constitutes a lower bound for player 1’s Nash equilibrium payoffs after any history

of the repeated game with replacement probability 1 — A and discount factor § (i.e. v(\,d)).
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Lemma 2 inf; 7 V(L) < v(},9)

Proof. Note that V(L) is the payoff to player 1 of the strategy profile where he always plays w and
player 2 best responds to some belief about player 1’s strategy which doesn’t necessarily coincide
with player 1’s equilibrium strategy. This belief is chosen to minimize player 1’s payoft, if he were to
always play w. So any equilibrium strategy profile has one more restriction on how player 2 forms
beliefs (they should coincide with the equilibrium strategies), and player 1’s available strategies
are chosen from a larger set. Since player 2 is choosing the beliefs to minimize player 1’s payoff,
making the set where player 2 chooses her beliefs from smaller and enlarging player 1’s strategy

set may only increase player 1’s payoff. m

Appendix B.2: Adjusted process {5;} is a supermartingale, and S, "jumps" if v(w, as(L;)) <

uy (w).
Definition of the adjusted process {S;} and showing {S;} is a supermartingale:

Definition 3 Let f: [0,1] — [(1 — \)n*(w), A + (1 — N)n*(w)] be the function:
fla) =Aa+ (1 =A)n"(w)

If player 2 assigns probability a to player 1 being a type w at the end of some period ¢, then
in the beginning of period ¢ + 1 she assigns probability f(a) = Aa+ (1 — A)n*(w) to player 1 being
a type w. Alternatively, if player 2 assigns probability s, to his opponent being a type w in the
beginning of period ¢ + 1, then she assigns probability f~'(sx, ;) to her opponent being a type w
at the end of period t. In the following lemma we restate a well known fact that the expected
value of the likelihood ratio (for player 1 being a type w) at the end of any period ¢ is equal to the
likelihood ratio at the beginning of ¢.

1= (pey1) i| _ L1y
Lemma 3 E|: f_l(/‘t+1) |Nt T

Proof. This is a well known fact. We give a proof for completeness. Fix o' € Of. Using Equation
3 in the Bellman program , and replacing 17 with p we obtain for every o'*! = (of,0) € O'*!
with P(o']o") > 0 that (let 0 = (y, az))

P(o"* 0", (0")
yla (L), az)az(as)

puga (o) = Ap( + (1= )" (w).

Using the definition of f above, we get

P(o" o),
ylon (Ly), az)az(as)

FH eg) = o , and
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1— f" Y1) _ pylaa(Ly), ag)as(az) — P(o"* o),

f‘l(ut_H) - P(ot*t o) and
Ll(/“btﬂ) 1 _ L= p {P(?Aal([/t), az)as(as) — Pt o), ]
" { S (1) g oy o P(ott1|ot) (1 — p) |1

T —py Z p(y|a1(Lt)a a2)042(a2) - P(Ota 0|0t)ﬂtp(0t 0|0t)
He 720 P(o, 0l0")(1 — puy) 7

=y (ZoeoE(yXAQ) p(ylar(Le), az)as(as) 37 P(Ot,OIOt)ut>

1y (1= ) (1= m)

_ 1_Mt( 1 L ):1_Nt
My (1 — py) (1_Nt) My

This last step follows from the fact that 3 co— vy ,) P(Y[1(Lt), a2)az(az) = 1and 3
1. m

0eO

In the following lemma, we attain an inequality that bounds how much in expectation the
likelihood ratio at the beinning of a period ¢t + 1 can exceed the likelihood ratio at the beginning
of period t. Let

Lemma 4 E[L; |L;] < L, + (1;)\)2

Proof. For each number satisfying (1 — \)p*(w) < z < n*(w), we have f~1(z) = =01 < o)
hence X
1o L= (5E) ) 1 -y
r <w—(1—:\\)n*(w)> fYz) — Yo A

For 1 > z > n*(w), we have

Lo () 0N rw)
T (m—(l—:\\)n*(w)> z(x — (1= N (w))

Replacing z by 1 in the nominator, and by n*(w) in the denominator yields

L () g rw) 1w 0oy

= +
- z—(1-N)n*(w * 2 -1
T ( (=2 )) n*(w)?\ () A

z
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Hence,

L — fen < 1— 7 (penr) + (1-X) _ pylaa (L), ag)as(ag) — P[0, + (1- )\)z

L =
T e T i) X P(o o), )
(11)
1-— Mht+1 1-— fﬁl(ut-u) (1 — )\)
ElLiq|Ly| = F|—— <F +
[Lt1]Ls] [ fieon |/flt} = [ F (e \ 2|y
1=, (1= (1=
= :L
1 + \ z ¢+ T+ \ Z,

proving the claim. m

If there was no replacement possibility, then the likelihood ratio would be a martingale under
the measure induced by the commitment type strategy. In our model with replacements likelihood
ratio is not a martingale, however we still have a bound on how much the likelihood ratio on average
may increase. This bound becomes very tight when A is close to one (or when replacements are
very unlikely), and not tight when A is away from one (when replacements are very likely).

In the following, we make use of change of variables technique and introduce a time dependent
variable S; that differs from the likelihood ratio L; by a time dependent term. For any real number
x, | x| denotes the largest integer less than or equal to z. Fix any m > 0. We specify the exact

value of m in definition Bl

Li+m— (3290t ift<T = {,LJ
Definition 4 S; = ! (52t it < (}3%2)
ST(%)IFT th > T
The process S; resembles the process L, for t < T'. In fact as we show below using lemma 4| .S;

is a positive supermartingale.
Lemma 5 E[St+1|St] < St

Proof. For ¢ S T — 17 St+1 — St = Lt+1 — Lt — (%2’) I—Ie].’lce7 E[St+1 — St|St] = E[Lt+1 — Lt —
(%zﬂ[]t] By using lemmawe obtain E[Ly — Ly — (%zﬂ[]t] < 0. Hence E[S;11 —Si|S;] <0.

To prove the claim for ¢t > T', we observe that Sr > 0 and then the result follows immediately. m

To show that if v;(w,as(L:)) < ui(w), then S; is expected to jump: This subsection
explores the relation between the expected amount by which the process S; jumps at periods
where player 1 receives low payoffs. Let p,(L;—1) € A(O) be the probability distribution over
outcomes generated by the strategy profile (w, as(L;—1)). Remember that ay(L;—1) € W (Li_1),
hence there is a aj(L;_1) € A(A;1) such that ay(L;_1) = wp,_y + @ (Li—1)(1 — p,—;). In words,
we can decompose the strategy «;(L;_1) into two parts. The first part is the strategy of type w
multiplied by the probability that player 1 is a type w, and the second part is a strategy aj(L;_1)
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multiplied by the probability that player 1 is not a type w. Let p_(L;—1) € A(O) be the probabil-
ity distribution function over outcomes generated under the strategy profile (o (L;_1), aa(Li—1)).
In words, p_(L;_1) is the probability distribution function over outcomes conditional on player
I’s type being different fromw. For notational convenience we sometimes use p(0) to denote
the probability of outcome o when the state variable is L;_; when it doesn’t cause a confusion.
Note that the strategy profile (cq(Ls_1), aa(Li_1)) generates the probability distribution function
p(Li—1) = pr(Li—1)py—q + p—(Li—1)(1 — py_y) € A(O) over outcomes.

Let d(L;_1) be the maximum difference in the probabilities of the outcomes between p, (L; 1)
and p(L;_1). d(L;_1) serves as a measure of how the probability distribution functions generated
by the commitment type strategy w and the strategy «; are apart from eachother. In particular,
let

d(Li—1) = max|p.(0) = (ky_1p+(0) + (1 = py_1)p-(0))|, or (12)
d(Li—1) = max(l —p,_y)[p+(0) = p-(0)]-

Note that when the likelihood ratio L is very close to zero, pu is close to one, and d(L) becomes
very close to zero. This is very intuitive since if player 1 is believed to be type w with a very
high probability, then the probability distribution function over outcomes generated by player 1’s
strategy will be very similar to the probability distribution over outcomes generated by type w.
The following lemma shows that player 1 receives at least his commitment payoff u;(w) at period
t — 1 if the player 2 believes that the probability distribution over outcomes at period ¢ is very

close to the probability distribution over outcomes generated by type w.
Lemma 6 There ezists £ > 0 such that whenever d(Li—1) < &, vi(w, as(Li—1)) > uy(w).

Proof. This follows from assumption 1. To be more precise, the set of best responses is upper

hemicontinous hence we can choose £; > 0 sufficiently small so that

min v1(w, ag) > ug(w)
a2€B(a1) for some a1 €A(A1) satisfying ||a1 (L)—wl||<e1
Assumption 1 and the finiteness of the stage game imply that for every £ > 0, 3y > 0 such that
d(L) < v implies that ||a1(L) — w|| < e. Now choose € = ¢; and pick the corresponding v > 0. If
we set & = -y, then the claim is proven. m
The following remark points out that if the reputation level is sufficiently high (or if the like-
lihood ratio is sufficiently close to zero), then the probability distribution function over outcomes

will be very close to the probability distribution function induced by the strategy of type w.

Remark 1 If L; < (1 —&)™' — 1 (or equivalently if p, > 1 — &), then d(L;) < & by equation
above and by lemma[f] above vi(w, as(Ly)) > ui(w).
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Definition 5 Let m in deﬁm'tion be equal to % > 0.

In the following development we show that if player 1 gets a payoff lower than his commitment
payoff u; (w), then the adjusted process S jumps by a non-trivial amount with a non-trivial prob-
ability. In particular, if vy (w, as(Li—1)) < uy(w) then P (i —1<—(2/3)% o7 |5y 1) > (2/3)% o7

or equilvalently that P <% -1< —(2/3)%'|St_1> (2/3) - implies v (w, aa(Li—1)) > uy(w).

Lemma 7 If d(L;_,) > ¢ then 3o € O such that =2 <1 — & and p,(0) > -5 ; and hence

p+(0) — O] [O]
p(=lo) o &y, ) £
<p+<o> ="ot) 2o

Proof. If d(L,_) > £ then by equation |12} max, [(1—p,_;)(p+(0)—p—(0))| > €. Since 1—p,_; <1,
max, |(p1(0) — p_(0))| > &. Let 01 € O be an outcome such that |(p;(01) —p_(01))| > &. Either
p+(01) — p-(01) > & or p_(o1) — py(01) > &.
case 1) If py(01) — p—(01) > &, then py(01) > & > |0\7 and i;gglg <l—-¢<1-—
case 2) If p_(01) — p4(01) > &, then 3 o\ 51 (P+(0) — p—(0)) > &, and hence

IO\

(|0] - 1)06%1\a{>§1} (p+(0) —p_(0)) > &.

Let 02 = arg maXon\{ol}{P+(0) —p-(0)}, then p,(02) — p—(02) = \of_l > fa and so p.(02) > ﬁ,

p=(02) 1 _
and 225 <1 5.
Note that P(0!, 0| L;_1) = py (Li—1(0""1))(0) so we have P( gog <1 — il L 1) > 5. =

Lemma [7] shows that if the distribution over outcomes induced by strategies of type w and
strategies of all remaining types differ from eachother significantly, then it is significantly likely
that the likelihood ratio will jump down significantly. We next prove a similar result for the
adjusted process S;. If the distribution over outcomes induced by the strategy of type w and that
induced by the strategies of all remaining types differ significantly (i.e. d(L;—1) > &), then it is
significantly likely (i.e. with probability at least (2/ 3)ﬁ)that Sy will jump down significantly (i.e.
will be multiplied by 1 — (2/3) |O|)

Lemma 8 Ifd(L;,_,) > € then P (S% 1< _(2/3)%\) > &> (2/3)5.

Proof. Consider an outcome o' = (o'™1 0) for t < T,

Si(of) Li+m—(522)t
Si-1(0'71) Liy4+m— (522) (t—1)
1- - Lty 1 p—(Li-1)(0) 1A
s m— (52 - e tm— (52) (= 1)
1—p, _ — 11—, _
S m— (1522) (1 - 1) ot m— (1522) (1 - 1)
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The first two equalities follow from the definitions, and the last inequality is attained by the
following argument. Note that
1=y _ plylaa(Li-r), as)as(az) — P(o']o" )y n (1=2)

i P(o'|0"") A

z

from inequality [II] Since player 1 and player 2’s mixing probabilities are independent, and since

a1 (Li-1) = ppqw + (1 = py_y)oi(Ly-1), we have

p(ylai(Li—1), az)aa(az) — P<0t‘0t_l)/vbt—1 - 1 — p; 1 p—(Li—1)(0)

P(ot|o 1) ;4 M p+(Lt71)(0>.

Therefore we get get the inequality by replacing - “ t+m— (522)t by 1/; = . +E§::38 +m —
(1522) (¢ — 1). Note that d(L;—y) > & implies that H,—1 < 1 — & by equation (12, and hence
Lioi>(1-&'—1=2m

Let o be the outcome that satisfies £ g g 1-— % and py (o) > ‘%'. Such an outcome exists by

lemma [l We have
1—pyq p—(Lt—1)(0)

p—(0) 1 Pt (L 1)(0) 3
—1= - —-1< ——= (13)
p+(0) 1/:—:1 @
Then,
I=py1 p_(Li—1)(0) _(1=x B T—py1q
hs piinie T (52)(E 1) (=) +m
1 _ > 1 >
Mft11+m (¥2)(t_1) Ntﬂtll—i_m
l—py_y 1 & l—py 11 _ £
I—py_y | 1=pyq1 - 1.5 - ]O|
Hi—1 e 2

The first 1nequahty is attained by using inequality |13/ to replace 2 M by 1— o O‘ , using the

p+(Le—1)
fact that 1 — 5 < 1 and by adding (:522)(t — 1) to both the numerator and the denominator.

\O
The second 1nequahty follows from setting m = %, and using the fact that u,_; <1 —¢
implies that “tl L > (1 —-¢&)7! —1 = 2m, and then replacing m with the larger number 1;5:1 %
Since P(0'"!, 0l0"™ 1) = p(Li_1)(0) we have that P (% (2/3)|O|) > pi(Li-1)(0) > %

when ¢t < T and d(L;_1) > &.

For t > T, St1<1/2 sofor£<mwehaveP(
P (le —-1< (2/3)\0|) |O‘ (2/3)|O‘ when d(L;_1) > £ as desired. m

In the following lemma we show that if the adjusted process S; is not expected to jump down
(i.e. multiplied by 1 — (2/3) |O‘)W1th a non-trivial probability ((2/3) |0\) at time ¢, then player 2’s
play (a2(L¢—1)) gives player 1 at least his commitment payoff u;(w).

0]

(2/3)%) > £ Hence,

Lemma 9 If P (SS— 1< (2/3)‘()') (2/3) & then vi(w, an(Li1)) > i (w).
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Proof. Suppose to the contrary that vy (w, as(Li—1)) < us(w), then by lemma[6] we have d(L;_;) >
€. Then using lemmawe have P < S 1< —(2/3)%) > (2/3)%| which is a contradiction. m

St-1

Appendix B.3: Generating active supermartingales and the faster process §k

We define an increasing sequence of stopping times {74 }%2, relative to {S;}:°, and ¢ as follows.

Definition 6 Let ¢ = (2/3)% > 0, and set 7o = 0. Let 71(0™°) = 0o whenever T;_1(0>°) = oo.

If T—1(0) < 00, let T(0°) be the smallest integer t > Tj_1(0°°) such that either:
Criterion 1 Py(o'™') > 0 and Pg(0™ : S;/S;-1 — 1 < =2¢|o"™) > 24 or
Criterion 2 S;/S,, , —1>1.

If there is no such ¢ that satisfies either Criterion |1 or [2| then set 7,(0>°) = oo.
Let the process {gk}zozo be the stopped process with the stopping times {74}7°, and with the

associated filtration o, i.e., Sy = S, if 74 < 0o and §k = 0 otherwise.

Lemma 10 The stochastic process {gk}?’:g 1S a positive active supermartingale with activity v > 0
(under P).

Proof. {S;} is a positive supermatingale by lemma |5 {74}, is a stopping time, so the stopped

process {g'k}zozo is a positive supermartingale. We will show in the following development that

{gk}zo:o has activity v, i.e., that P <‘§S" — 1‘ > @/J|§k_1> > 1) when Sp_1 > 0.

k—1

If 74,1 = o0, then S;_1 = 0, hence the claim is true vacuously. Suppose 741 < co. If 7, = 00
then the claim is again true, so suppose 7 < 0.

Let e; be the event that 7, — 1 = 74,_;. Then either Criterion [I] or [2] is used to pick 7.
Conditional on Criterion [2| being used to pick 75 we have
Ok

P
Sk-1

trivially. Conditional on Criterion [I| being used to pick 7, we have

> ¢|§k_1, e1, Criterion ’ > )

S, ~
P <~ F_1< —21)|Sk_1, €1, Criterion ’ > 21,

k—1

and hence P ( gg’“ — 1‘ > @Z)|§k_1,el, Criterion > ).
k—1

Let ey be the event that 74, — 1 # 71 and S;, /S;,_, —1 > 1. Then again trivially

‘

> ¢!§k1,€2> > 1.
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Let e3 be the event that 7, — 1 # 7,1, S;,/Sr,_, —1 < 9. The fact that 74, — 1 # 75,1 implies
Sr.-1/S7._, — 1 < 1 because otherwise Criterion [2 would have been satisfied for 74, — 1, and the
process would have stopped at 7, — 1. We know that Criterion [I]is used to pick S, , so

P (SSTk —1<L —2’17ZJ|S7—I€_1,63) > 2@[1

Tr—1
I S_,. ST S-,— —1 . Sq— S‘r —1 g
Note that =k = 27 — 2% 2%l Qo if 2 < 1 — %) and 2% < 1 4 ), then =% =
Sk—l STk_l S‘rkfl STk—l S"'k*I — ¢ STk—l ¢7 Skfl

S Sreel (1 o) (141h) = 1 — ) — 2% < 1 — o). Therefore

Srp—=1 Sy

~§’“ 1

P(s

k-1

> ¢|§k—1, 63) > 29 > 1.

Since the claim is true conditional on each of the above three events (e, e and e3), and the three

events exhaust all possibilities, the claim is true unconditionally. m
Lemma 11 If time t < T is omitted (not picked) by S from S, then vy (w, aa(Ly)) > ug(w).

Proof. Note that if ¢ < T' is omitted (not picked) by S from S then Criterion [1| of the 2 criteria
used to pick the stopping time is not true for ¢t. Therefore P (ng—f —-1< —2¢|0t> < 2. Since

2 = 2/3|§—‘, by lemma@vve have vy (w, as(Ly)) > ui(w) as desired. m

Appendix B.4: Bounds on the value function by successive use of Theorem

In the following development, we will put bounds on the value function for different regions of
the state variable L. For a reminder, let’s express V(L) as the infinite discounted sum of the
expected payoffs of player 1, when he is mimicking type w, and player 2’s action at each period ¢
is determined by the policy function as(L;), and the stochastic process {L;}:°, follows Q> defined

on the space of histories of outcomes O, with an associated filtration {6t}fio~ In particular,

V(L) =E [(1-06))_ 6*vi(w, a(Ly))

We start by putting a bound when L is very small, i.e., when the reputation level of player 1
is very close to 1. One thing to remember before we proceed is that, we restricted our state
space to [0,L], and V(L) is bounded, so v = inf, 7 V(L) exists and —oo < v < oo. Note
that if inf;, V(L) = v > w;(w), then we have our desired result. So from hereon we assume

that v < u;(w). Moreover for the following development, we’ll make a working hypothesis that
v < (1-9) Zst/igjl 5*uy (w) + 672w,

Condition 1 (Working Hypothesis) v < (1 —9) ZZﬁ(__ll 5*uy(w) + 07,
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Let Lo = (1 — &)™t — 1, Ly = 2Ly,..., L, = 2¥Ly, and let n be the integer such that L €
(Ln-1, ﬁ]m In the following development, we’ll partition the state space into intervals of the
form [0, Lo, (Lo, L1];-+; (Ln—1, L], and put lower bounds on V(L) for each of these intervals. Also
for the following, we fix £ > 0 and choose R = 2 in theorem [2, and pick the K whose existence is
claimed in the theorem. Let the process {S;} be defined as in Definition [4] stopping times {7}
and the corresponding stopped times {:9;} be defined as in Definition @

min{rx—1,T/2—1}=N
Claim 2 V(L) > E | (1 —6) 3 Suy(w) | + 0NV (L)

s=K—-1

Proof. For any t < T'/2, if t is not picked by the stopping time, then vy (w, as(L;)) > uq(w). Until
time NV, the process has stopped at most K — 1 times since N < 7g. Therefore, the summation is
lower when we replace player 1’s payoff by 0 at exactly K — 1 periods, and if these K — 1 periods
are at the beginning of the sequence, at periods {0,1,..., K — 2} instead of some later periods,

delivering the desired inequality. m
Definition 7 We define the following four events:
o [ :7x <T/2 and Si > §0/2.
o Fy:7x>T)/2.
o By:7x <T/2and Sk < Sy/2.
e £y C Es:7x <T/2 and gk < §0/2 for every k > K.

Also for an event e, e¢ denotes the complement of e and let V' (L|e) denote

E

(1=0))  vi(w, an(Ly))|e

Claim 3

i) V(L|Ey) > min (1 —-19) ( i: 5Su1(w)> + 6%

K—1<k<T/2
T/2-1
i) V(LIEy) > (1=0) | Y Sw(w) |+
s=K-—1

K—-1<k<T/2 L/g%

iii) V(L|E;) >  min (1-5)( i 55u1(w)> + 6% inf V(L)

16We can actually calculate the integer n, by using the inequalities that 2"*Lg < L and 2" Ly > L.
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Proof. i) The event F; says that the period t = 7, at which the process stopped for the K"
time is not larger than 7/2, and Sk = S > §0/2 = % In such a case, using claim [2f we get

t—1
( Z (5SU1 > + (5 V(Lt+1)|TK = t] ( 5SU1 ) + 5t
] 1

s=K—1 =K-—

> i o° 5Fv.
- K—1H§111£T/2 (SZ u1 )+

1

V(LIE,) > E

ii) The event E, says that the period ¢ at which the process stopped K time is larger than
T'/2. Then, using Claim [2] we get:

T/2-1
V(LIE) > (1=0) | Y u(w) |+,
s=K-1
iii) The event F3 says that the period t at which the process stopped K time is not larger
than 7/2, and S,, < Sp/2, s0 S; < . For t < T/2, Sy < 2 implies L, +m — t(122) < im,
Rearranging, we have L, — £ < —% +t(1522). Note that since ¢ < T'/2, we have — % +1(522) <0,
hence L; < % Then, using the bound in Claim [2[ we get:

k-1
s t > : . ] k / .
V(L|E3) > (S E & up (w )+5 V(L) > Kflnglir%T/Q(l J) <s 16 ul(w)> +0 1n{ V(L)

-1

Claim 4 Interval [0, Lo]: For L < (1 —&)~' — 1, we have the following lower bound:

T/2—1
V(L) > (1—¢) 8) Y Sur(w) +6"v| + 265w

sKl

Proof. By Theorem [2[ and the fact that S is a positive supermartingale with activity ¢ (by
Lemma [10) we deduce that P(S), < Sp/2 for every k > K) > 1 —z. The event Sj, < Sp/2 for every
k > K is a subset of EyU FEy, therefore P(FyUFE,) > 1—¢. Now note that, conditional on the event
E,, during the first T'/2 periods, the process stops at least K times, and let ¢ be the K" time the
process stops. At any time ¢’ such that 7//2 > ¢’ > ¢, if ¢’ is not picked by the stopping process,
then vy (w, aa(Ly)) > uy(w). If ¢’ is picked by the process, let’s say for the &™* time where &' > K,
then by the definition of the event Fj, Sy < §0/ 2. The implication of this is Sy < Sp/2, and
Ly+m—t'(1522) < I Using ¢ < T/2 yields Ly < L/2. Now notice that since L < (1—-¢)~!—

Ly, < % and therefore d(Ly) < & by equation |12] and vy (w, aa(Ly)) > uy(w) by lemma @

1TRemember that 79 = 0, hence §0 = 5.
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Therefore, conditional on Fj, during the first 7'/2 periods, player 1 gets a payoff less than u;(w)
for at most K — 1 periods. Conditional on FEjy, there are less than K periods where the process
is stopped before 7'/2. Conditional on the complement of (Fy U Ey), during the first 7'/2 periods
(note that periods start from zero), the first time when the process is stopped for some k" time
where k£’ > K and §k, > §0 /2 occurs at some period ¢ < T'/2.Until period ¢, player 1’s payoffs are
less than u;(w) at ost K — 1 times since a period ¢’ < t is either not picked by the process, or if
picked, then Sy > Sy/2. We have therefore:

T/2—1
V(L|(Ey U Ey)) > 8) Y Sua(w) + 6",

s=K—1

k-1
V(L|(E2 U Ey)S) > min ((1 —9) uy(w) + 5%) = 551y,

The last equality follows from the assumption that v < ui(w). Note that under Condition [1
5ty < (1 -90) Zfﬁgjl 5*ui(w) + 67/%v. The total probabilty of E, and Ej is at least 1 — ¢,
therefore we get:

T/2—1
V(L) > P(E,UEy) [(1—6) > &ui(w)+6"7%0| + (1 P(EyUEy)) (6 'v)
s=K—1
T/2—1
> (1—¢) 8) Y Sur(w) +6"v| 4265w
s=K—1

Definition 8 Let F), be a sequence defined recursively by F,, = (1 —€)0™ ' min{F, ..., F,,_;} +
0% 1w form > 1 and

T/2—1
Fy=(1-¢) 0) Y Sua(w) + 6" v| + 265w

s=K-—1

Note that Fy < uj(w) because v < ul(w).ﬁ Moreover F,, < uy(w) for every m > 0 from the
definition of the sequence.

Claim 5 Interval (Li, Liy1): For L € (Li,Liy1|, if Condition |1 holds true, then we have the

following lower bound:

V(L) > Fiy = (1 —¢)d" *min{Fy, Fy, ..., Fi} + 6% v

18To see this more clearly, note that the sum of the coeffiecients that multiply period payoffs and the continuation
payoff v is less than one, and period payoffs are not more than u;(w) and v is less than wu; (w).
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Proof. We'll prove the claim by induction. E;, Es, F3 exhaust all possibilities, so P(F1UFE;UE3) =
1, moreover by Theorem [2| we have P(E;) < ¢, therefore P(Es U E3) > 1 —¢.

Using claim [3| we have

. > . s k
i) V(LIE)) > Kflrglch%Tﬂ ( Z *uy (w ) + 6"

—1
T/2—1
i) V(ILIE) > (1=0)| Y dui(w) | +6™

s=K-1

i1i) V(L|E3) > min ( Z & uy (w )—i—ék inf V(L)

K—lgksm ‘. r<k

Note that V(L|E;) > 6" v for i € {1,2,3} since v < uy(w).
For i = 0: V(L|E3) > Fy using the definition and the Condition [l Hence we have V(L|E,)

6" 'Fy. We also have V(L|F3) > ming_j<p<r/a(l — 8) ( Z 8 ug (w )) + o inf/, o V(L) >

Vv

k—1
ming _1<x<r/2(1—10) ( > (55u1(w)) + 0" Fy) using claim {4l
s=K-1

§%'F,. Hence we have V(L) > P(FE, U E5) max{6" v, 6" ' Fy} + P(E,)(6" 'v). Combining
with the fact that P(Ey U E3) > 1 — ¢ yields V(L) > (1 — )" ' Fy + 6% 1o,
Assume the claim is true for all ¢ < I. Then for i = I + 1, we first have V(L|E3) >
k-1 k-1
minK_1Sk§T/2(1—5) ( Z 5SU1(U})> +(5k infL'S% V(L/) Z HliHK_lékST/g(]_—(S) ( Z (5SU1<U))>+
s=K—1 s=K—-1
§* min{Fy, F, ..., F1} by the induction hypothesis, and then V(L|Es) > 6% ' min{Fy, I}, ..., F;} by

Since Fy < up(w), we have V(L|E3) >

T/2-1
the fact that Fy < uj(w). Second, we have V(L|Es) > (1—9) [ > 0wy (w)> +67/2y. Note that
s=K-1
under Condition , the definition of the sequence F,, = (1 — )6 " min{Fy, ..., Fj_1} + 6% v
T/2-1
implies that F,, < (1 —46)( > 6Su1(w)> + 672y for every m > 0. Combining the above
s=K—-1

two lines, we get V(L|Ey) > 6% 'min{Fy, Fy, ..., F;}. Now using the fact that V(L) > P(E, U
E3) max{6" ' min{Fy, 1, ..., Fy}, 6% "0} + P(F)6" ', and that P(Ey U E3) > 1 — ¢, we get:

V(L) (1 —e)0® T min{Fy, F1, ..., Fi} + 0% v

= Fig

Proposition 1 Under Condition[1] we have:

[y

n—

v ((1—e)6" Ry + 2650 Y (1 —e)dk 1)

w»
Il
=)
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Proof. Suppose the Proposition is not true. Then collecting terms and rearranging, we get

v |1 —ed®! X_:((l — &) — (1 =)o) ((1 — )0 4 €5K1>] <
T/2-1

(1=e)((1 =) "1 =08) Y  u(w)

s=K—1

K—1\n T/2—-1 ¢s
L (1= o)((1 = )6 ) (1 = 9) S5 S (w) 14)

1— 051 (1 = 2)68 ) — (1 — )6k 1) ((1 — )07/ 4 55K—1) '

(1=e)(1=2)dK 1)1 (1=0) /5 8% ua (w)
L-edM 1 b (1-e)8 K )= ((1-e)8 % )i ((1-e)8" /2 426" )
ing function in i. Therefore, v < g(i) for every i < n.
The first step of the proof is to show that F), < F,,_1, m = 0,1, ...n. We will use induction. To

see this, let’s first consider m = 0 and m = 1. We can see that v < Fy, F} < Fy and v < F; from

Our first observation is that g(i) = is a decreas-

direct calculation, using inequality [I4Moreover,

Fy = (1 —¢)0" ' min{Fy, Fy} + 0% v
=(1—e)d"'F +e6% (15)
1
=((1=e)d" 2P+ 6" ) (1 —2)d" )
s=0
We can thus see that Fy < Fy (from the second line), as well as F» > v using inequality [14 Now,
suppose by induction hypothesis that F; < F;_1, [ = 3, ..., m. This implies

Fi=(1—-¢e)d" 'R 14+, 1=1,..m

and recursive substitution leads to

I—
F = (1 =) HE +e% v (1 —£)0"1)* > v by inequality [[4 for every [ = 1,...,m

S

[y

Il
=)

In particular, F,, > v. Therefore, F,,.1 = (1 — ¢)6**F,, + ¢6" ‘v < F,,, proving the induction
step.

Finally, since F;, is a decreasing sequence, by recursive substitution we get:

[y

n—

E,=((1—e)d" HFy+ &6 v ) ((1—e)d" ).

©
Il
o
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On the other side since v = inf;cg V(L), using claim [5| for every interval contained in S we get
v > min{ Fy, F1, ..., F,,} and we have

n—1

v> ((L—e)d" )" Fy+e6" 0 Y (1 —e)d" )

s=0
which is a contradiction. =

~[In(1=X)+n(n* (w))+In((1-¢) 1 -1)]

Claim6 n—1< 3

Proof. since L = % and Ly = (1 —&) 1 —1,
1 (=) _

A =Xn(w) (1= N (w)’

—[In(1 - A) +In(y*(w)) + In((1 - §)~' — 1)]

In 2 '

hence

n—1

Note that the choice of £ is independent of § and A, so we can do the same analysis for every
discount factor § and replacement probability A. Moreover, remember that we fixed ¢ and picked
the K from Theorem , so the only variable that e affects is K. Let {v.} be the sequence of
numbers, each corresponding to the infimum of player 1’s Nash equilibrium payoffs in a sequence
of repeated games parameterized by A, and 9,.. Let

T./2—1
=(1-g)6f  and C(A,0,) = (1—6,) [ D &

s=K-—1

Then we have a sequence of inequalities,

n—1
v, > 0! (Z mi) v +my [(1 —)C (A, 6 )uy (w) + (1 — )82/ 20, + 2651, (16)

for every ¢ > 0, where T, = 222 and K depends on ¢ and neither n nor 7, depends on «.

Recollecting terms we have,

oy (1 _mee Lmmy m" ((1 — )0/ 4 g(sff—l)) > m"(1 —)C(\, 0, )us (w).

l1—¢l—m,

Note that, if the replacement rate is constant along the sequence r, A\, = A < 1 and T, = T and

m?(1—)C(Ar.6,) T2 (K-1)
_ mpe 1—mp m"<(17€)6z’r/2+€6§_1>> - (1—€)T/2+€(K—1)' NOte that the

1—e 1—myp

if 0, — 1 then we have lims,

limit points approach to one if A — 1 (and hence if T — o0). For the following, we will however

show that, even if the replacement rate is approaching to zero as the discount factor is approaching
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to one, v, in the limit is bounded below by w;(w). In particular assume that A\, — 1 and that
(1-X,)

-5 > 0. We show in Appendix C that in this case

inf lim

lim inf v, > u;(w).

Note if Condition [1]is not true, then we have a tighter bound (a larger lower bound) for v then
inequality hence liminf, ., v, > uy(w).

Appendix C

Suppose lim inf, o, v, < ui(w). Then there exists a subsequence {r*} of {r} such that the subse-

quence {v,+} is convergent and that limy_ ., v+ < u;(w). Rename the sequence to be {r}. Now

L7k — % with

we can pick a subsequence of the new sequence r, r*, such that either limy_ o 5,
i

1-A
1-5
Rename this subsequence r again, and note that since this is a subsequence of the second sequence

= 00. We can choose this subsequence since liminf,_, % > 0.
T

oo > k* > 0 or limy_,o
we have lim, . v, < uj(w). We will now prove that, on the contrary, along the sequence r,
lim, .o v, > ui(w). Fix € > 0. In the following, for any sequence of numbers x,, lim x, denotes
lim,_, x,. Note that limm, =1 —¢.

Rearranging inequality [16] we get:

v <1 _ e lomy o ((1 )T gaffl)> > m(1 — &)C(Ar, 0 )us (w),

or:
(1—6"" T, /2 € K1 ey
r - — {9, —) > C(\, 0 :
v ((1—mr)mﬁ(1—5) AT ) T A aa o mya g ) 2 GO uw)
Case 1: lim i:g‘: € (0,00) :
Claim 7 lim C(\,,d,) =lim1 — 67/ > 0.
K—2 K—2
Proof. First note that C'(\,,d,) — (1 —67/%) = (1 —4,) 3 6% and lim(1 — 6,) 3 6% = 0, so
s=0 s=0

1
lim C'(\,,6,) = lim1 — 67"/2. Moreover, limd; > < 1 by L’Hopital’s rule and by lim i:g: > 0.
herefore liml—0"/2>0. m

(1-85-1) ) ) )
= 0 if € is sufficiently small.

Claim 8 lim A—mymr(——2)

1
Y7To see this, let y, = §; . Taking logs gives Iny, = =5~ Ind,. Note that under case 1, limdA,/dé, € (0,00)
and hence applying L’Hopital’s rule yields limIny, = lim % < 0 and hence limy, < 1.
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Proof. lim — (=" ) _ L b ) and L Let
Trool. lmm = l1m (17mr)(17€) 1m me , an 1m (1777747')(1*6) = (175)5 < OQ. [§]

K1
(o) _ Yr, then Iny, = In(1 — 65°') — nlnm,. Note that limlny, < lim{In(1 —¢6%) +

In(1—=A)In(l —¢) + (K — 1)Ind, In(1 — \,)} = —oo if £ is sufficiently close to zero[] Therefore,
limy, = 0, and hence lim 02" ) _ g

m Yy, = U, an ence lmm— .

Claim 9 lim S — —(5K =1 for each € > 0.

(1—e)(1—m,)(1—¢)

5K1_

Proof. limm, =1 — ¢ and lim = 1, therefore the result follows. m

Claim 10 limwv, > u(w)

Proof. We first get for every ¢ > 0, limv, > Mul(w) and noting that lim C(\,,d,) =

- mil— (STT
5;{17‘/2“1’1

lim1 — , we conclude that limv, > ui(w). =

—“Ar
—6r

Case 2: hrn = o0 : This case is a bit more tricky.

(=55 1)

. M 1
Claim 11 lim A—m)mr(1—c) C(A07)

= 0 of € is sufficiently small.

(1-sK—1) - (o
_m)ymr(1—e) C(AT,(S) = lim 7=~ )(1 —5 I sy

and lim < 00.

. 1 _ 1
Proof. hm( A—mn)(1—2) — (1-e)

K-1
Since C'(A,, ,) = 0"~ —6™/?, lim sup Tr(l Ar) < oo and lim inf (5TT/2 =1, lim sup =) o <

C)\ 50) 1=Ar
o0o. Moreover if A, — 1, then lim R il)é’\T&( sy = 0 if € is sufficiently Small Therefore,
o) (=or) 1y, (1-A) i (=0 )
lim sup O D) = = lim sup COngy Ton lim (5 i (DR = 0, and therefore lim WO =

0. m

Claim 12 limwv, > uy(w).

Tr/2 K—1
e

S S—
Proof. Let’s first show that lim = guim=a = 1. Simplification delivers that

0w,
EMy T, 2 e (K-1
=) (i—m)(1=e) (5r R ) . .
C(A,0y) B (1 _ 5Tr/2—<K—1>> ’

and lim % = 0 delivering the first step. Since

(155 1

A= mymr(—2) o) "

lim

20This step uses the fact that lim inf % > 0.

21T see this, we take the log of the expression whose limit we are taking, and we get In(1 — \,.) +In(1 —\,.) In(1 —
)+ (K -1) ln(l — Ar)Ind,. Or equivalently, In(1 — A.)[1 4+ In(1 — &) + Iné,]. The term within the square brackets
is positive for small ¢ and §, close to one, and In(1 — A,) goes to —oo. Since this is the log of the expression, the

expression goes to zero.
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for small €, and
em, <5T’r/2 + L5K71>

(1—e)(1—m)(1—e) 1—e"r

y
”n Ch. o))

=1, so

lim v, > u(w).

Appendix D

Proof of lemma
There exists a policy function «;(L) and as(L) such that:

V(L) = (1=0)vi(w,as(L)) + 0w apwy{V(L'(y, n(L), a2)) }
st ag(L) € B(ay(L))
ar(L) € W(L)

Proof: Let’s define the following

w(L):{aeA(Al):Ha’eA(Al)s,t_a: LI }

1+ T 1+L”
and
I(L) = {(a,a2) € A(A;) x A(A2) : a € w(L) and ay € B(a)}
" L 2P (ylw, az)
1+ L'(y,ay, L, ) - HP(?JT@) + (1= Nn*(w)

We can reformulate the optimization problem as

V(L)= inf {(1-9)vi(w,a2) 40 Eypa, [V(L(y,as2,L,a))]}

(a,a2)€(L)

Lemma 12 T'(L) is nonempty, compact and uhc.

Proof. First, note that w(L) is compact. Nonemptiness is obvious. Next, since I'(L) C
A(A;)xA(Asz), we just need to show closedness. Take a convergent sequence from I'(L), (o™, af) —
(o, aig). By definition, for each n, o™ € w(L) and of € B(a™). Since w(L) is compact, o € w(L).
So, we are left to show that as € B(«) but this follows from the w.h.c. of B(:), which is a
consequence of the Maximum Theorem. Finally, uhc follows from uhc of B(+).

However, to apply Theorem 9.6 in S&L we need lhc as well. So, we will generalize that result.
First of all, Let LSCy(X) = {f: X — R: fislsc and bounded}, where X is a metric space.
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Lemma 13 Let f : X — R be bounded. Then, f is lsc <= for any sequence {x,} C X with
z, — x and ¥ e >0, 3N such that f(z) — f(xz,) <€, Vn > N.

Proof. Take a sequence {z,} C X such that z,, — = € X. By lemma 2.39 in Aliprantis &
Border (A&B from now on), f € LSC(X) if and only if

lim inf f(z,) > f(x)

=) Suppose not, that is, 3 € > 0 such that f(z) — f(z,) > € infinitely often. Let {x,, } be such
a subsequence. Then, —K < f(z,,) < f(z) — €, V k. By Bolzano-Weierstrass, we can extract a

further subsequence, let’s call it {f(x,,)} as well, so that f(x,, ) — z* but
2 < f() — e < f(&) < limin f(z,)
thus reaching a contradiction.

(<= Suppose by way of contradiction that liminf, f(z,) < f(x) and let ¢ > 0 be such that
liminf, f(z,) < f(z) —e. By assumption, 3 N such that f(z,) > f(z) — ¢, V n > N but this

implies liminf, f(x,) > f(z) — ¢, which is a contradiction.

Lemma 14 The uniform limit of a sequence of lsc real-valued functions is lsc.

Proof. Let K > 0 be such that sup,.y |f(z)] < K. Next, take a sequence {z,} C X such

that z, — = € X. Suppose {f,} C LSC(X) is such that f, — f. Fix € > 0, then 3 N such that

sup |fn(2) — f(2)| <€, VYn>N

zeX

Furthermore, since fy is lhe, by lemma there exists M such that fy(zn,) — fy(zm) < €,

VY m > M, whenever z,, — z. So,

f(@) = flzn) = [f(@) = fn(@)] + [fn(x) = [n(@n)] + [[n(@n) = flzm)]
<|f(@) = fv(@)| + [fn(@) = fn(zn)] + [fn(zm) — f(2m)]
< 3¢

for any m > M. Since this is true V ¢, applying lemmal[13|again, we can conclude that f € LSC(X).

Lemma 15 LSC, ={f € LSC(X) : f is bounded} is a complete metric space under the supnorm.

Proof. See page 74 in A&B together with lemmas [13] and [14]
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Lemma 16 If f,g € LSCy(X), then f + g € LSCy(X)

Proof. Take z,, — x, then

limninf[f(xn) + g(z,)] > linzinff(xn) + hrr;infg(xn)

> f(z) + g(x)

and the result follows from lemma 2.39 in A&B.

Lemma 17 Let ¢ : X = Y be a nonempty, uhc and compact-valued correspondence and f :
Graph(¢) — R be lsc. DefineV: X — R by

Vi(r) = yga) f(z,y)

Then, V(-) is well-defined and lsc.

Proof. This is just a modification of the proof of lemma 16.30 in A&B.

Lemma 18 If f € LSCy([0, L]), then

(M ean )= [ F(Ea2 L)) Qs dy,doo
YXAQ
18 bounded and lsc, where
Q(az2,y, az) = p(ylw, az)az(az)
Proof. Boundedness is obvious. Next, let’s take a sequence (", o, L") — (a, g, L). Then,
(Mf)(a,a, L) = (M [f)(a", a5, L") <

(M f)(a, z, L) = (M f)(ev, a5, )| + [(M f)(ev, a5, L) = (M f)(a", a3, L")] (17)
= [(Mf)(a, oz, L) = (M f)(ev, 5, L)|

+ / (L (yaan, L, @) — F(E (g az, 17, a")] Q(of, dy, das)

Let’s consider the first term on the rhs. Since |Y X As| < oo and o — g, there must exist N such
that |(M f)(a, az) — (M f)(a,ah)| < §,Vn > N. Next, since L'(+) is continuous in both a and L
and f is Isc, by lemma Ve> 0,3 N >0such that f(L'(y,as, L, ) — f(L'(y, a2, L,a")) < &,
V n > N’'. Therefore,

(M f)(e, 0, L) — (M f)(a™, a5, L") <€, VY n>max{N,N'}
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and the same lemma implies that M f is Isc.
Remark 2 We need M f to be Isc in L as well to apply lemma |17,

We can now state the following result.

Theorem 4 Define the operator T on LSCy([0, L]) by

(TAHL)= min {(1—0)vi(w, )+ (Mf)(a,as, L)}

(ov,a2)€(L)
Then, T : LSCy([0, L]) — LSCy([0, L]) is well-defined and has a unique fived point.

Proof. The fact that the operator is well-defined follows from the previous lemmas. For the

rest of the proof, we can just apply Blackwell’s theorem (see the proof of Theorem 9.6 in S&L).

Corollary 1 There exist policy functions (a(L),as(L)) € T'(L) such that

V(L) = (1 =06) vi(w, az(L)) + 6 Euaywy [V(L'(y, a2, L, a(L)))]
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