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ABSTRACT

A Counting Approach for Measuring Multidimensional Deprivation*

This paper is concerned with the problem of ranking and quantifying the extent of deprivation
exhibited by multidimensional distributions, where the multiple attributes in which an
individual can be deprived are represented by dichotomized variables. To this end we first
aggregate deprivation for each individual into a “deprivation count”, representing the number
of dimensions for which the individual suffers from deprivation. Next, by drawing on the rank-
dependent social evaluation framework that originates from Sen (1974) and Yaari (1988) the
individual deprivation counts are aggregated into summary measures of deprivation, which
prove to admit decomposition into the mean and the dispersion of the distribution of multiple
deprivations. Moreover, second-degree upward and downward count distribution dominance
are shown to be useful criteria for dividing the measures of deprivation into two separate
subfamilies. To provide a normative justification of the dominance criteria we introduce
alternative principles of association (correlation) rearrangements, where either the marginal
deprivation distributions or the mean deprivation are assumed to be kept fixed.

JEL Classification: D31, D63, 132

Keywords: multidimensional deprivation, counting approach, partial orderings, rank-
dependent measures of deprivation, principles of association rearrangements

Corresponding author:

Rolf Aaberge

Research Department
Statistics Norway

P.O. Box 8231 Dep.

N-0033 Oslo

Norway

E-mail: rolf.aaberge@ssb.no

" We would like to thank Halvard Mehlum and Magne Mogstad for useful comments.


mailto:rolf.aaberge@ssb.no�

1. Introduction

Since the seminal papers of Sen (1976) and FosesrG horbecke (1984), a flourishing
literature has extended the normative approacloeéy measurement to the
multidimensional case. In this paper we focus oftidimensional poverty measurement in
situations where the multiple attributes in whichiadividual can be deprived are
represented by dichotomized variables. This pradgiconventionally adopted by statistical
agencies, where information on whether people Iraa@mne below a poverty threshold,
suffer from poor health, lack social network, etcollected (see e.g. Guio et al., 2009, or
Alkire and Santos, 2010). The number of dimensfonsvhich each individual suffers from
deprivation may be summarised in a “deprivationntd(see Atkinson, 2003). Bossert et al.
(2007) use the counting approach to analyse sexd@iision in a dynamic context. Bossert et
al. (2009), Lasso de La Vega and Urrutia (2011) Alkde and Foster (2011) provide
alternative axiomatic foundations of deprivationasgres based on the counting approach.

Being deprived on a single dimension could resolinfthe combination of a threshold and a
continuous or discrete variable (e.g. income, aniber of healthy days for year). In what
follows it is supposed that available data onlytaoninformation on whether an individual is
deprived or not on each dimension. This simplifaatllows us to delve into the question
underlying the “identification’df the poor. Should we define poor only as thosmfee
suffering from deprivation on all dimensions orgbdhat suffer from at least one dimension?
These two opposite views correspond to the sodieersection” and “union” approaches
in multidimensional poverty assessment. A relagsde associated with multidimensional
poverty analysis concerns the order in which tliividual observations are aggregated (see
Weymark 2006). Let us consideindividuals and dimensions. Aggregating first
individuals’ deprivation on each dimension, theuiesg indicators can be subsequently
aggregated over tlredimensions generating an overall deprivation mesasthe Human
Poverty Index (HPI) is a prominent example of dgiproach. By contrast, this paper relies
on the opposite order of aggregation. First, byr@gating across the single dimensions for
each individual a “deprivation count” is identifie@presenting the number of dimensions for
which the individual suffers from deprivation. Sadpan axiomatic approach is used to
derive measures of deprivation that summarize isteifalition of deprivation counts across
individuals. As apposed to the HPI, this approamtoants for the association between
deprivation indicators. Moreover, these measuraetepfivation are shown to be
decomposable with regard to the mean and the dispeof deprivation counts, similarly as
the mean-inequality trade-off for rank-dependewtiaavelfare functions.

Atkinson (2003) investigated the relationship betwexpected utility type of summary
measures of deprivation and the correlation betvaiféerent attribute$.In the spirit of
Bourguignon and Chakravarty (2003), Atkinson siedgfie relevance of the sign of the cross
derivatives of the individual “utility” function v respect to its arguments, and expressed
doubts about the expected utility approach as th&t attractive method for analysing
counting data. By drawing on the rank-dependerdrthef inequality measurement (Yaari
1987, Aaberge 2001) this paper introduces altereatinking criteria for distributions of
deprivation counts, where the conditions on thévdaves of the utility function arising from
the expected utility model are shown to be repldnedimple conditions on a weight
function used to distort probabilities in the rashdpendent framework. The shape of the
weight function reveals whether the concern ofghaal planner is turned towards those

! See Anand and Sen (1997).
2 See also Duclos et al. (2006).



people suffering from deprivation on all dimensia@nghose suffering from at least one
dimension. This distinction is demonstrated alsbda@aptured by two alternative partial
orders; second-degre@ward and downwardount distribution dominance, which refines the
trivial ranking imposed by Pareto dominance (@tfitegree stochastic dominance) over the set
of deprivation count distributions. We show thats®l-degre@ipward dominance generalizes
the union approach whereas downwdothinance generalizes the intersection approach. In
order to provide a normative justification of thentinance criteria we introduce alternative
principles of association (correlation) rearrangetsgewhere either the marginal distributions
or the mean deprivation are assumed to be kepl.fikiee former case is analogue to the
correlation-based rearrangement principles discussthe literature (se e.g. Atkinson and
Bourguignon, 1982, Bourguignon and Chakravarty,280d Atkinson, 2003). However, as
apposed to the previous literature we will makeséirtttion between whether an association
rearrangement comes from a distribution chara&dr®y positive or negative association
between two or several deprivation indicatorshm$pirit of the statistical literature on
measurement of association in multidimensionaliogency tables (formed by two or
several dichotomous variables).The introduced aatoc increasing/decreasing
rearrangement principles will be proved to suppetond-degree downward/upward
dominance under the condition of unchanged margiisalibutions; i.e. the number of
people suffering from each of the deprivation iatlics are kept fixed. However, since real
world interventions normally concern trade-offsttabow reduction in one deprivation
indicator at the expense of a rise in another gapan indicator, we find it attractive to
introduce less restrictive association increasiegrelasing rearrangement principles that rely
on the condition of fixed number of total deprivats rather than on the condition of keeping
the number suffering from each of the indicatoxedi.

The paper is organized as follows. Section 2 pewigh axiomatic characterization of a
family of deprivation measures. These deprivati@asures generate linear orders on the set
of deprivation count distributions and are showaltow decomposition with regard to the
extent and spread of deprivation counts. Secongeneralize the “union” and intersection”
approaches, the criteria of second-degi@sard and downwardominance are introduced.
These criteria are shown to be equivalent to ttexsection of linear orders on the set of
deprivation count distributions generated by welfitled sets of deprivation measures.
Section 3 discusses various association intervemtimciples linked to second-degree
upward and downwardominance criteria and their relationship to twbfamilies of
deprivation measures. Section 4 explains how gmadwork can be extended to account for
different weights. A brief summary of the main ésis given in Section 5. Proofs are
gathered in the Appendix.

2. Ranking distributions of deprivation counts

We consider a situation where individuals mighfeufromr different dimensions of

deprivation. Le be equal to 1 if an individual suffers from depttion in the dimension

and 0 otherwise. Moreover, l&t=>" X, be a random variable with cumulative distribution
i=1

functionF and meanu, and letF ™ denote the left inverse &f Thus, X =1 means that the

individual suffers from one deprivatior =2 means that the individual suffers from two

deprivations, etc. We call the deprivation count. Furthermore, tgt=Pr( X = k) which

yields



2.1) F(k)zzk:qj, k=0,1,2...r

j=0

and
(2.2) M= Kq,.

AlthoughF is a discrete distribution function we will for tational convenience occasionally
use the integration symbol when we aggregate acms# distributions.

Axiomatic justification of deprivation measures
Next, letF denotes the family of deprivation count distribus. A social planner’s ranking
overF can be represented by a preference relatipwhich will be assumed to satisfy the

following axioms:
Axiom 1 (Order). Is transitive and complete ovét.

Axiom 2 (Continuity). For eachF OF the sets{F*DF:F:F*} and {F*DF:F}F} are closed
(w.r.t. Ly-norm).

Axiom 3 (First Stochastic Dominance FSD). [EetF, U F . If F (k)= F,(k) for all
k=0,1,2,...r thenF>F,.

Axiom 4 (Dual Independence). Let A~ and F; be members d&f and leta L [0,1] . Then
F,-F, implies(aF,* +(1-a) F3‘1)_15(0F2‘1+(1— a) Fg‘l)_1

The first three axioms are quite conventional. Axié was introduced by Yaari (1987, 1988)
as an alternative to the independence axiom aéxpected utility theory. This axiom
requires that the ordering of distributions is in&at with respect to certain changes in the
distributions being compared.Hf is weakly preferred t&,, then Axiom 4 states that any
mixture onF,* is weakly preferred to the corresponding mixtunero*. The intuition is that

identical mixing interventions on the inverse disition functions being compared do not
affect the ranking of distributions.

To illustrate this averaging operation, let us edeisthe problem of evaluating the average
deprivation within couples obtained by matching mad women with the same rank in the
male and female deprivation count distributions. ihe most deprived man is matched with
the most deprived woman, the second deprived mtntiae second deprived woman, and so
on). Dual independence means that, given any liniiséribution F; of deprivation over the
female population, if within the male populatiomstdbution F is deemed to contain less
deprivation than distributionyFthis judgement is preserved after the matchirty e

women. Axiom 4 requires this property regardlesthefinitial patterns of deprivation and of
the weights associated to male and female deprivatunts computing the average
deprivation at the household level.



THEOREM 2.1.A preference relatiorr onF satisfies Axioms 1-4 if and only if there exists
a continuous and non-decreasing real functiondefined on the unit interval, such that for
all F,F,0F

r-1 k r-1 k
I:1H:2 < zr(quj )er(zqa )
k=0 j=0 k=0 j=0

Whereg; , with i=1,2 is the proportion of people with j demtions in the two distributions,

respectively. Moreover/ is unique up to a positive affine transformation.

For a proof of Theorem 2.1 we refer to Yaari (198¥0te, however, that Axiom 3 differs
from the monotonicity axiom of Yaari (1987), whiekplains Why/_ is non-decreasing.
Summary measures of deprivation

Theorem 2.1 shows that a social planner who suppgotioms 1 — 4 will rank count
distributions of deprivation according to the deption measurd®, defined by

(2.3) D (F)=r-37(a,).
k=0 =0

where/”, with 77 (0)=0 and /(1) =1, isanon-decreasing function that represents the
preferences of the social planner. Sikogenotes the distribution of the deprivation count,
D, (F) can be considered as a summary measure of depnivathibited by the distribution
F. The social planner considers the distributtathat minimizesD, (F) to be the most
favorable among those being compared.

Atkinson et al. (2002) and Atkinson (2003) calkation to the distinction between the union
and intersection approaches for measuring depoivafi social planner who supports the
union approach is particularly concerned with thepprtion of people who suffers from at
least one dimension of deprivatioh<q,) , whereas a social planner in favour of the
intersection approach will focus attention on thepprtion of people deprived on all
dimensions §,) . By choosing the following specification far,

0 if O<st<q,
(2.4) r(t)=4q, ift=q,
1 ifg,<t<]

we getD,(F)=1-q,, which means that the union measure can be coesi@s a limiting
case of theD, -family of deprivation measures. The following attative specification of the
preference function,

0 if Ost<1-q,
(2.5) r(t)=<1-q ift=1-q
1 if1-q, <t<]

% Since the ordering relation defined on the sénwdrse distribution functions is equivalent to theering
relation defined oifr, the proof of Theorem 2.1 might alternatively tegided from the proof of the expected
utility theory for choice under uncertainty.



yieldsD,(F)=r -1+q, , which means that also the intersection measpresents a limiting
case of theD, -family of deprivation measures. Although the uns intersection
measures do not belong to tbe -family (which is generated by continuods functions)
these deprivation measures can be approximatethwiitis class (see Le Breton and Peluso
2010 for general approximation results).

Partial orders

To deal with situations where deprivation countribsitions intersect, weaker dominance
criteria than first-degree dominance (Axiom 3) eafled for. As will be demonstrated below
it will be useful to make a distinction between Bggating across count distributions from
below arld from above. We first introduce the “setdegree downward dominance”
criterion.

DEFINITION 2.1A. A deprivation count distributioffr, is said to second-degree downward
dominate a deprivation count distributidf, if

1 1
[F(®dt< [ R (bt for all uD[0,1]

and the inequality holds strictly for soré](0,1).

A social planner who implements second-degree daxthwount distribution dominance is
especially concerned about those people who stuéfer deprivation over many dimensions.
However, an alternative ranking criterion that fees attention on those who suffer
deprivation from few dimensions can be obtaine@dgregating the deprivation count
distribution from below.

DEFINITION 2.1B.A deprivation count distributioffr, is said to second-degree upward

dominate a deprivation count distributid if
j Fi(t)dt < j F,Y(t)dt for all ud[o0,1],
0 0

and strict inequality holds strictly for somel(0,1).

Note that second-degree downward as well as up@aandt distribution dominance preserves
first-degree dominance (Axiom 3) since first-degieeninance implies second-degree
downward and upward dominance.

The following example illustrates the differencevioetn the two principles: Consider two
counting distributiond, and F,. In distribution F, individuali suffers fromh deprivations
and individual from| (I<h) deprivations. In distributiorr, individuali suffers fromh+1

deprivations and individuglfrom I-1 deprivations. The remaining individuals of the
population have identical status i and F,. A social planner who supports the condition of

second-degree downward count distribution dominaviteonsider F, to be preferable to
F,. By contrast, a social planner who supports thelitmn of second-degree upward count
distribution dominance will prefeF, to F,. Accordingly, second-degree upward and

* Note that second-degree downward dominance i®goas to the notion of second-degree downward lzoren
dominance introduced by Aaberge (2009).



downward count distribution dominance might be abgred as generalizations of thieion
and thantersectionapproach, respectively.

Let © be a subset of thB, -family, defined as follows

@ ={r:r/(t)>0,r"(t)>0 foralltd(o,1],and/" (0 )= §.

Note that/'(0)=0 can be considered as a hormalization condition.fdll@ving result
provides a characterization of second-degree dowhdiatribution dominance.

THEOREM 2.2A.Let F, and F, be members d¢f. Then the following statements are
equivalent,

() F1 second-degree downward dominates F
(i) D.(F)<D,(F,) forall /7 0Q,.

(Proof in Appendix).

To ensure equivalence between second-degree downaleprivation dominance and, -
measures as ranking criteria, Theorem 2.2A showsttisanecessary to restrict the
preference functio™ to be increasing and convex. If, by contrast,s increasing and
concave then Theorem 2.2B provides the analogy toréhe 2.2A for upward dominance.
Let @, be defined by

Q,

{r:r®>o0,r"t)<ofortd{o} and/" (1= §.

THEOREM 2.2B.Let i, and F, be members &f. Then the following statements are
equivalent,

() F1 second-degree upward dominates F
(i) D.(F)<D,(F,) forall /7 OQ,.

(Proof in Appendix).

Note that even though members@f and (2, are strict convex and strict concave we will below
denote them as convex and concave functions.

Decomposition of deprivation measures

As is well-known social welfare measures derivexifithe expected and rank-dependent
utility theories allow multiplicative decompositisnvith regard to the mean and the
inequality of income distributions (see Atkinso870 and Yaari, 1988). An extension to the
multidimensional case has been considered by Wdy(2806). In this section we show that
the deprivation measures introduced above admanafogous decomposition in terms of the
mean and the dispersion of the deprivation cowsttidutions. Moreover, it is demonstrated
that the structure of this decomposition depend&loether the preferences of the social
planner are more in line with the union or with thirsection approach.



The following example motivates the methods intitlin this section:

Example 1Two alternative policies produce the followingtdibutions of two-dimensional
deprivation:F,, where 50 per cent of the population suffers fame dimension and the
remaining 50 per cent suffers from the other dinmnsF, where 50 per cent of the
population does not suffer from any deprivation #rremaining 50 per cent suffers from
both dimensions. Thus, the mean number of deporasi 1 for both distributions, but the
intersection measure ranks to be preferable té-, whereas the union measure rartsto
be preferable td~ . An interesting question is which restrictions onthat guarantee that

D, ranksF, to be preferable té-, or vice versa.

As it will be demonstrated below, the rankingfgfandF, provided byD, depends on

whether/ is convex or concave, which according to Theor2rda and 2.2B depend on
whether the social planner favors second-degreedawd or upward count distribution
dominance. This judgment can be equivalently exgg@® terms of the mean and the
dispersion of the deprivation count distributiofie intuition of this result is now presented
through the two-dimensional case, then the gemat@mhensional case follows.

Letr=2,ie. X=X+ X,, and let

P, = Pr((Xl= i)n(X,= j)) p. =Pr(X,=i), p,; =Pr(X, = j).
Thus, g =Pr(X = k) can be expressed Ly, i, j =1,2 in the following way:

U = Poo
(2.6) 4= Po™t Po
0; = Pu-

The 2x2 case can be illustrated by the followirgda

Table 2.1. The distribution of deprivation in twiongnsions

X2
0 1
X1 0 Poo Pos Po-
1 Puo Pu Pu
p+0 p+1 1
The distributionF of X is given by
k
(2.7) F(k)=Pr(X<k)=>q,k=0,1,2
j=0

where F(2) =1 and the meany =q, + 20, .

In this case the class of deprivation measDyg&) defined by (2.3) is given by

(2.8) Dr(F)=2-T(1-0,)-T ().



Note thatl" can be interpreted as a preference function otebkplanner that assigns lower
weights for one than for two deprivation counts.

To supplement the information provided by (F) and y, it will be useful to introduce the
following measure of dispersion,

le{iqj _/_(Zk:qj )}zq}‘/_(q) Y @-q >/ (- g ) wherd isconvex
(2.9) 4.(F)= kz" = =0

Z{ZF(ZQ; )—qu}/'(q) )-q+/ (1-q ) @- g ) whed isconca

i=0 i=0

It can easily be observed from (2.9) tl&t(F) =0 if and only if g,, g, or g, is equal to 1,
which means that every individual suffers from @r2 deprivations. Since

Q, +(1-0,)=2-0q-2q,= 2- u, by inserting (2.9) in (2.8) it follows that theptivation
measureD, admits the following decomposition

U+ A (F) when/ is convex
H“-A4-(F) when/ isconcav

(2.10) D,(F):{

Thus, by using (2.10) we may identify the contribotto D, from the average number of
deprivations (/) as well as from the dispersion of deprivation®ss the population.

Moreover, expression (2.10) demonstrates that ialggenner who is concerned about
reducing the mean number of deprivations as weahaslispersion of deprivations across the
population will use a measui®. with a convex/~ whenever he/she pays particular

attention to people who suffer from many deprivasioBy contrast, when the social planner
uses criterionD, with a concave™ , he/she is more concerned about the number ofi@eop

who are deprived on at least one dimension (theruapproach) as compared to individuals
deprived on all dimensions (the intersection apghpan this cased, can be expressed as

the difference between the mean number of deporatin the population and the dispersion
of deprivations across the population. Thus, withconcave,D, decreases whed,

increases.

By employing the criteriorD, (F) defined by (2.10) to Example 1, it follows th&t is
preferred if the social planner relies on a conyexBy contrast,F, is considered to be
preferable if a concavé represent the preferences of the social planner.

By inserting for/~(t) = 2t —t?or /(t) =t* in (2.8) and (2.9) we get the following expression
for the Gini measure of deprivation and the Ginesae of dispersion (which corresponds to
the Gini mean differenc@F( x)( =F(x))dx)>,

H+G(1-q)+26,(1- )~ 290G when ()= 1%

(2.11) D,(F)z{
H-G(1-q)-2q,(1- @)+ 2qq when (}= 2+ 7%

and

® Gini's mean difference was already used by vonraed1872) and Helmert (1876) as a measure of
dispersion.



(2.12) As(F)=0y(1-g)+ (1~ @)= q(1- q)* 2( g)- 2q¢.
Note that4, takes its maximum value whep = g, =%.
The r dimensional case

Next, we consider the r dimensional case formethbymultinomial distribution of

deprivation indicatorX,, X,,..., X. . In this casez g, =1 and the mean is given by (2.2).
k=0
Similarly as in the 2x2 case we get titat(F) admits the decomposition

U+ A (F) when/ is convex
H—-A-(F) when/" is concavg

(2.13) D,(F):{
where the dispersion measutgF) is defined by

r-1| k k N
qu‘/_(zclj) when/~ is convex
=0

=0

(2.14) A (F) = ki’
>| 7(.a,)-2 g |when isconcay

r-1 k
Note thatD,(F)=r-> >'q, =4 and u< D, (F) <r when/ is conve, and

k=0 j=0
0< D, (F)< u when/ is concave. When /™ is convey the minimum value oD, (F) is
attained wherd, (F) =0; i.e. when each individual of the population stgf'om the same
number of deprivations, whereas the maximum vafub,qF) is attained when
4,.(F)=0.5; i.e. when 50 per cent of the population doessaéfer from any deprivation
and the remaining 50 per cent suffer from evenyetision of deprivation. By contrast, for
concave/" the minimum and maximum values Df (F) are attained whed, (F) is equal
to 0.5 and O.

The decomposition (2.13) suggests tbai{F) obeys the principle of mean preserving spread
when/" is convex; i.e.D,(F) increases when the number of deprivations at tilles of

the count distribution is shifted towards the tailsder the condition of fixed total number of
deprivations. However, wherl is concave, the summary measube(F) decreases as a

consequence of a mean preserving spread. Thiseisodilne fact that such an operation will
increase the number of people who do not suffenfemy deprivation and/or suffer from a
few dimensions of deprivation.

As for the two-dimensional case, we get by insgrfor /- (t) =t*> and /() = 2t —t* in (2.13)
and (2.14) the following convenient expressiongier Gini measures of deprivation and
dispersion,

10



U+A,(F) when/ (d=t¢

(2.15) D/—(F):{/J_AE(F) when/ () =2t .

where

r-1 r-

(2.16) 4(F)=3ka-4)2> 3 jkaq.

j=0k=j+1

More generally, by inserting a parametric speciioa of I we can derive alternative
parametric subfamilies of andD. If the preference function is defined by

(217) /- ( ):ti,
then

Z >a- )| i1
(2.18) 4F=4@=

> [ a) -2 g |, 0<isL

Note that4 can be considered as a measure of left-spread Wker 1 and a measure of

right-spread whem >1. The next sub-section will clarify the relationshietween a mean
preserving spread, second-degree upward and dowrewant distribution dominance and
association rearrangements.

3. Association rearrangements

To provide a normative justification of upward afavnward count distribution dominance
as well as for employing the deprivation measubesfor concave and convex , we

introduce association intervention principles samib those discussed by Epstein and Tanny
(1980), Boland and Proschan (1988) and Tsui (12902). We will analyze rearrangements
in the achievement space that lead to mean-pregespireads/contractions in the space of
the deprivation counts. The previous literaturesdoet distinguish between positive and
negative association (or correlation). By contragt,make a distinction between whether an
association rearrangement comes from a distribui@macterized by positive or negative
association between two or several deprivationcetdrs, in the spirit of the statistical
literature on measurement of association in multesional contingency tables (formed by
two or several dicotomous variables). Various arglisee e.g. Yule, 1910 and Mosteller,
1968) have emphasized the importance of separttengformation of a 2x2 table provided
by the association between the social indicaXaendX, from the information provided by
the marginal distributionép,, ,p, ) and( p,,,p,; )- For 2x2 tables (see Table 3.1) this

objective corresponds to introducing measures sf@ation that are invariant under the
transformation

(3-1) pij - at? Fi?

1 1

for any set of positive numbefs} and{b} such thaty>>ab g = 1.

{
i=0 j=0
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The cross-product introduced by Yule (1900) and defined by

(32) a= pOO pll
Po1 Pio

is a measure of association that satisfies theismwee condition (3.1), whereas the
correlation coefficient does not. Thus, the assam measure and the marginal
distributions( p,, ,p, ) and(p,,,p,, ) together provide complete information of Table. 3.1

Note thata 0[0,«0), a =1 if the indicatorsX; andX; are independenty =0 when

P = P, =0 anda - « when p,, = p,, = 0. In the former case there is perfect negative
association between the two indicators, whereiagperfect positive association in the latter
case. Accordingly, it is required to make a digiot between positive association increasing
rearrangements, positive association decreasimgarggements, negative association
increasing rearrangements and negative associicneasing rearrangemehts
DEFINITION 3.1A. Consider a 2x2 table with parametgrg,,, p,,. Py, » P, Where

Y>> p, =1and a>1. The following marginal-free chandep,, + 3, p,,=9,p,,= 9 ,p,+J ) is
said to provide marginal distributions preservingsitive association increasing
(decreasing) rearrangementd>0 (5<0).

DEFINITION 3.1B. Consider a 2x2 table with parametergép,,,p,;.pPy, P, Where
Y>> p, =1and a <1. The following marginal-free chandep,, +J,p,~9,p,~ 9 ,p,+9 ) is

said to provide a marginal distributions preservingegative association increasing
(decreasing) rearrangement <0 (0>0).

An illustration is provided in the tables below, avl the right (left) panel of Table 3.1 is
obtained from the left (right) panel by a positagsociation increasing (decreasing)
rearrangement, whereas the right (left) panel @®ld 8.2 can be obtained from the left (right)
panel by a negative association increasing (deicigasearrangement.

Table 3.1. Rearrangement that increases a posass@ciation

0 1 0 1
0 .30 .20 .50 0 31 19 .50
1 .20 .30 .50 1 19 31 .50
.50 .50 1 0.50 0.50 1
Table 3.2. Rearrangement that increases a negetsaeiation
0 1 0 1
0 .20 .30 .50 0 19 31 .50
1 .30 .20 .50 1 31 19 .50
.50 .50 1 .50 .50 1

® For similar definitions of association increasiegrrangements based on the correlation coeffigientefer to

Atkinson and Bourguignon (1982), Dardanoni (199B3ui (1999, 2002), Bourguignon and Chakravarty
(2003), Duclos et al. (2006) and Kakwani and Si2808). See also Tchen (1980) who deals with pesit
association (or concordance) between bivariateghitity measures and Decancq (2011) for a recent

generalization of these principles and an analyiikeir links with stochastic dominance.




Mean preserving association rearrangements

The association increasing/decreasing rearrangepnieciples defined by Definitions 3.1A
and 3.1B prove to support second-degree downwasaigbdominance under the condition
of unchanged marginal distributions; i.e. the nurmddgoeople suffering from each of the
deprivation indicators are kept fixed. Howevercsimeal world interventions normally
concern trade-offs that allow reduction in one degtion indicator at the cost of a rise in
another deprivation indicator, we find it attraetito introduce association
increasing/decreasing rearrangement principlesréiybn the condition of fixed number of
total deprivations, rather than on the conditiolkke$ping the number suffering from each of
the indicators fixed. Since the correlation coedint does not satisfy the invariance condition
(3.1) it is not fully informative about the assdma between two variables, and consequently
inappropriate as a measure of association for ikgfimean preserving increasing
(decreasing) rearrangement principles. This linotabf the correlation coefficient motivates
our use of the cross-products a measure of association in the definitionth@principles

of mean preserving increasing (decreasing) reagraegt as well as in Definitions 3.1A and
3.1B, although the condition of fixed marginal distitions allows the use of the correlation
coefficient in the latter definitions.

DEFINITION 3.2A. Consider a 2x2 table with parametgrg,,, p,,. P, » P, Where
Y>> p, =1and a>1. The following changg py, + 3, p,, . p,= 2 . p,+0 | is said to provide

a mean preserving positive association increasdeg(easing) rearrangementdf>0
(0<0).

DEFINITION 3.2B.Consider a 2x2 table with parametdrp,,, p,,, P, , P, Where
> > p, =1and a <1. The following free changép,, +J,p,,. p,,— &, p,+J | is said to

provide a mean preserving negative associationgasing (decreasing) rearrangement if
0<0(9>0).

It follows straightforward from Definitions 3.2A drB8.2B that the mean preserving
association principles make a mean preservingaegement that reduces the number of
people suffering from indicatof; at the cost of increasing the number of peopléesnf

from indicatorX, when >0 and vice versa whed<0. As illustrated by Table 3.3 the right
(left) panel can be obtained from the left (righénel by a mean preserving positive
increasing (decreasing) rearrangement, since goei@ion is negative and the mean is kept
fixed equal to 1 under the rearrangement where01.

Table 3.3. lllustration of mean preserving decregsiegative association rearrangements

0 1 0 1
0 .20 .30 .50 0 21 .30 .51
1 .30 .20 .50 1 .28 21 49
.50 .50 1 49 51 1

Since the condition of fixed marginal distributiceiso implies that the means are kept fixed,
it follows that Definitions 3.1A and 3.1B can bensalered as a special case of Definitions
3.2A and 3.2B, respectively. Thus, we will focuteation on Definitions 3.2A and 3.2B
below.
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Definitions 3.2A and 3.2B can readily be extendedigher dimensions. However, for a
large number of dimensions the standard subsaooi@attion becomes cumbersome. Thus, we
find it convenient to introduce the following sirfigd subscript notatiop, , wherei andj

represents two arbitrary chosen deprivation dinterssandn represents the remainimng
dimensions ana,, is defined by

plim p"m
(3.3) @y, = —m
pljm pjim

wheremis a r-2 dimensional vector of any combinatiorzefoes and ones. In this case
association is defined byr-1)/2 cross-products.

In order to deal witli-dimensional counting data we introduce the follogvgeneralization
of Definitions 2.2A and 2.2B,

DEFINITION 3.3A. Consider a 2x2x...x2 table formed by s dichotomauabies with
parameters( p;,, , B » Bim - B Where> ' >" p,, = 1and a;,, > 1. The following change
(Pim+0,Bm »Bm — D R, +O | is said to provide a mean preserving positive aggmn
increasing (decreasing) rearrangemendi# 0 (J<0).

DEFINITION 3.3B.Consider a 2x2x...x2 table formed by s dichotomatiaiMes with
parameters( p;,, , B » Bim - B Where> > > p,, =1 and a;, <1. The following change

(Pim +9,0m Pim — D , R, +J | is said to provide a mean preserving negative @ssion
increasing (decreasing) rearrangemendik0(d>0).

As is demonstrated by Theorems 3.1A below, a sptaner who is in favour of second-
degree downward dominance will consider a meareprg®y positive association increasing
rearrangement as well as a mean preserving negasaeiation decreasing rearrangement as
a rise in overall deprivation. By contrast, a pkanwho favours upward second-degree
dominance will consider such rearrangement as w@ctieoh in the overall deprivation.
Moreover, it is proved that the principles of mgaeserving association
increasing/decreasing rearrangement are equivi@ené mean preserving spread/contraction
defined by

DEFINITION 3.4.Let i and F, be members of the famHiyof count distributions based on s
deprivation indicators and where land F, are assumed to have equal means. Theas F
said to differ from k by mean preserving spread (contractionjf(F,) > 4. (F,) for all

convex/~ (4-(F,)<A4-(F,) for all concave/").

Note that Definition 3.4 is equivalent to a sequeatthe mean preserving spread introduced
by Rothschild and Stiglitz (1970). This is easi#&er by combining statements (ii) and (iii) of
Theorem 3.1A and equation (A5) of the Appendix.
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THEOREM 3.1A.Let i, and F, be members of the famiyof count distributions based on s
deprivation indicators and assume thatdnd F, have equal means. Then the following
statements are equivalentt

(i) F1 second-degree downward dominates F

(i) F, can be obtained from;fMby a sequence of mean preserving positive assatiat
increasing rearrangements whern>1 and a sequence of mean preserving negative
association decreasing rearrangements whenl

(i)  F,can be obtained from;Mby a mean preserving spread.

(Proof in Appendix).

THEOREM 3.1B.Let i and F, be members of the famHiyof count distributions based on s
deprivation indicators and assume thatdnd F, have equal means. Then the following
statements are equivalent

(i) F1 second-degree upward dominates F

(i) F, can be obtained from;fby a sequence of mean preserving positive assatiat
decreasing rearrangements wher» 1and a sequence of mean preserving negative
association increasing rearrangements whegs1.

(i)  F2 can be obtained from;Fby a mean preserving contraction

(Proof in Appendix).

By combining Theorems 2.2A and 3.1A and Theorer2B 2nd 3.1B it follows that th®, -

measures satisfy the association intervention ymies introduced above, where a distinction
has been made between whether an associationmgamant comes from a distribution
characterized by positive or negative association.

4. Accounting for different weights

Replacing the outcome 1 by the weightsandw, as outcomes for the marginal indicator
distributions in the two-dimensional case, therdistion of deprivation for two dimensions
is given by the following table

Table 4.1. The distribution of weighted deprivatioriwo dimensions

X,
. 0 Wa
X, 0 Pao Pox Po.
Wi Pio Py P
P.o Py 1

Next, by assuming that; < w,, the variableX defined byX = X, + X, = w X+ w X, can be
considered as a weighted counting variable. Thigildision F of X is given by
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Poo if z=0

- + if z=
4.1) E(z)= Poo * Pro . W
pOO+ p10+ pOl If = W2
1 if z=w+w,.

Theorem 2.1 shows that a social planner who suppgotioms 1 — 4 will rank count
distributions of deprivation according to the aiib@ D, defined by

(4.2) D (F)=[(1-/(F(z))dz

where /-, with //(0)=0 and /(1) =1, is a non-decreasinfyinction that represents the

preferences of the social planner. Thus, the sptaaler considers the distributidh that
minimizes D, (F ) to be the most favorable among those being cordp&iaceF denotes

the weighted count variable distribution of deptien, D-(F ) can be considered as a

measure of the extent of deprivation exhibitedh®ydistributionF . Now, by inserting the
mean f1 = I( + F(z))dzin (4.2) we obtain the following decomposition

L i7+A.(F) when/ isconvex
(4.3) 5,(Fy=1" 4 (") |
p-4-(F) when/ isconcav

where 4. (F) is defined by

I J'(lf(z)—/'(li(z)))dz wher™  is convex
4.4 A/_ F)= . B
o ) [(r(F(z)-F(z) dz wher is conca

Expressions (4.3) and (4.4) demonstrate that Thenz2A, 2.2 B, 4.1A and 4.1B are valid
for weighted count distributions as well.

5. Summary and discussion

The conventional approach in official statisticsaal as in most empirical studies of
multidimensional deprivation is focusing on thetdmition of the number of dimensions in
which people suffer from deprivation. This papecasicerned with the problem of ranking
and quantifying the extent of deprivation exhibilgdmultidimensional distributions of
deprivation where the multiple attributes in wharhindividual can be deprived are
represented by dichotomized variables. By drawimghe rank-dependent social evaluation
framework that originates from Sen (1974) and Y&EB8) this paper introduces summary
measures of deprivation that proves to allow deamsition into extent of and dispersion in
the distribution of multiple deprivations. To prdei a normative justification of the proposed
deprivation measures two intervention principldeafng the association (correlation)
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between the different deprivation indicators arelspread of the deprivation counts are
adopted.

Notice that that the deprivation indicators arauassd to be perfect substitutes by
construction, since the counting approach attaahesgual weight to each of the single
indicators. As is demonstrated in Section 4, thenfework provided in this paper can be
extended to allow for different weighting profilasross the multidimensional distribution of
deprivations.

Appendix -Proofs
LEMMA 1. Let H be the family of bounded, continuous andmegative functions on [0,1]

which are positive 00,1 and let g be an arbitrary bounded and continuawrgfion on
[0.1]. Then

[a(t)n(t)dt>0  for all hO H
implies
g(t)z0 foralltd[o,]]

and the inequality holds strictly for at least orie(0,1) .

Proof of Theorems 2.2A and 2.2B. Using integration by parts, we get:
1
D-(F,) =D, (F) = [ (1= ()d(F;*(©) - F* (1)
0
1 1 1
=="(O)f (/) - R @)dt+ [ (W] (R () - F (1) dtdu
0 0 u

Thus, if (i) holds therD, (F,) < D, (F,) forall /7 0,

To prove the converse statement we restrict taepeate functions™ 0 Q,. Hence,

D, (F,)-D,(F) =] () (FH(t)- F*(t)dtdu,

and the result is obtained by applying Lemma 1.

The proof of Theorem 2.2B is analogous to the pofaftheorem 2.2A, and is based on the
expression
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D-(F,) =D, (F) = [~/ () (F;* (1)~ F (1)
== Of (70 - R a)dt- [ 7] (F(1) - F(0)didy

which is obtained by using integration by partsu3hby using arguments like those in the
proof of Theorem 2.2A the results of Theorem 2.28a@btained.

Proof of Theorems 4.1A and 4.1B.

As demonstrated by Hardy, Littlewood and Polya @)% equivalent condition of
Definition 2.1A is given by

00

(A1) TF(x)dxzj F(x)dx for all yo[0 ),

y

k B k
whereF(k)=F(k)=>'q and F(kyr E(kFr> 7.
i=0 i=0
By inserting forF and F in (Al) we get thaF second-degree downward dominafesf
and only if
r-1 r-1

(A2) quzzzl“qk fori=0,1,...,r—1.

i
j=i k=0 j= k=0

Next, assume that (ii) is true; i.e.
Pin = Pim ¥ 9,8 = Bm » Bm = Rn—20 and'p, = p,+J which we assume corresponds

to changes in the number of people suffering ftqm,, ), t+1 (p,, *+ p;, ) andt+2
( p;n )deprivations such that

(A3) G=9+9.9,=9,-20,¢.,= ¢,+0 andg= g forallk ttl ;*2,

which means that the mean bf is equal to the mean &t

Inserting for (A3) inF yields
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Kk
>q; fork=01,..,t-1

j=0

q,+o fork=t
(A4) F(k)=2 g =
g -0 fork=t+1

J

q; fork=t+2,t+3,..r.

M- 10 10

Il
o

It follows by straightforward calculations that (Anplies (A2) and thus that (ii) implies (i).

To prove the converse statement, assume thattf)easi.e. that (A2) is valid. Sindeand
F are step functions it can be demonstrated that tivdsts a sequence of discrete
distribution functionsF,”,F,...,F such thatF =F”, F =F and F, differs from F” by a
mean preserving positive association increasingaegement, i.eF;, -F" is given by

i+1

0 fork=01..t-1

o fork=t

0 fork=t+1

0 fork=t+2t+3..r.

(A5) Fo(K)-Fo(k)=1

Next, we use (A5) to constru€t” from F, F from F” and finally F from FZ,. The

required number of iterations (s) depends on timehau of steps exhibited by the difference
F-F.

The equivalence between (i) and (iii) follows ditgdrom Theorem 2.2 A.

The proof of Theorem 4.1B is analogous to the poddfheorem 4.1A. Thus, by using
arguments like those in the proof of Theorem 4 Aéresults of Theorem 4.1B are obtained.
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