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1. Introduction 

The general setting examined in Mirrlees (1971) seminal paper provides fairly limited 

insights regarding the desirable properties of the optimal non-linear tax schedule, except 

that its marginal rate is nonnegative. When confining attention to bounded skill 

distributions, Sadka (1976) and Seade (1977) were nonetheless able to demonstrate that 

the marginal tax rate levied on the individual with the highest skill level is optimally set to 

zero (known henceforth as the zero-tax at the top result). This led Sadka (1976) to 

conclude, assuming that the tax schedule is continuous in income,  that the marginal tax 

rate cannot be monotonically rising with respect to income; that is the marginal tax rate 

must decline at high incomes [see also the elaborate discussion in Mankiw et al. (2009)]. 

Later simulations [see Tuomala (1990)] demonstrate the desirability of setting declining 

marginal tax rates for a broad range of high incomes.  

Prima-facie, the zero tax at the top property and its implied marginal-tax regression 

within the range of high income levels, stands in sharp contrast to observed patterns of 

progressive income tax schedules in most OECD countries, where, as is often the case, the 

statutory marginal tax rates increase with respect to income (usually in a piece-wise linear 

fashion). However, the optimal tax analyzed in the literature refers to the overall tax-

transfer system and not merely to the statutory tax system.  Indeed, with this broader look 

at the tax system, the marginal-progression may dampen considerably in practice. In most 

countries, where the bulk of welfare (transfer) programs are means-tested (e.g., 

guaranteed subsistence income level programs), the effective (implicit) marginal tax rates 

at the bottom of the income distribution are fairly high, and may well exceed the statutory 

marginal income tax rates at the high end of the income distribution.  
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Nonetheless, the zero tax at the top result still remained highly controversial. In two 

influential papers, Diamond (1998) and Saez (2001) challenged this result. Diamond 

(1998), examining a quasi-linear utility and Saez (2001), extending the analysis to 

incorporate income effects, have demonstrated that with unbounded distributions, the zero 

tax at the top fails to hold under reasonable parametric assumptions regarding the skill 

distribution. Diamond and Saez (2011) conclude that the result is of little policy relevance 

and in any case, is only a local property which applies to the very top earner, even when 

bounded distributions are allowed for. 

  

In this paper we revisit the zero tax at the top result. We deviate from the standard 

Mirrleesian setting and the bulk of the subsequent literature which focus on the closed 

economy case, by allowing for labor migration. Incorporating this extensive margin 

consideration into the standard framework, we examine the role played by international 

tax competition in shaping the optimal tax-and-transfer system. We show that the optimal 

asymptotic marginal tax rate is zero when migration is taken into account. We further 

demonstrate by simulations that there exists an income threshold above which the optimal 

marginal tax rate is approximately set to zero. Notably, the 'lump-sum' tax over this range 

of high income levels is set at its Laffer rate, maximizing tax revenues against the 

backdrop of the disincentive associated with migration.    

 

The structure of the paper is as follows: in the next section we describe the analytical 

framework.  We describe the tax-transfer choice of each national government in Section 

3.  Section 4 characterizes the optimal tax-transfer policy in the international tax 

competition equilibrium. Some useful numerical simulations are offered in Section 5. 

Section 6 concludes.  
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2. The Model 

We consider a global economy which is comprised of two identical countries (i=1, 2). 

World population is normalized to a measure of 2. Each country produces a single 

consumption good employing labor inputs with different skill levels. We follow Mirrlees 

(1971) by assuming that the production technology exhibits constant returns to scale and 

perfect substitutability across skill levels.  

We assume that individuals differ in two attributes: (i) innate productive ability 

(skill-level), (ii) mobility costs (between the two countries). The individual skill level is 

denoted by θ  and is distributed according to the cumulative distribution function ( )F θ  

with strictly positive densities, ( )f θ , over the support [ , )θ ∞ . We follow Mirrlees (1971) 

by assuming that skill levels are private information unobserved by the government. 

Notice that we are allowing for general skill distributions and, in particular, allow for an 

unbounded support.  

Turning next to mobility costs, we assume that in the absence of any differences 

between the two countries (in terms of the fiscal policy implemented by the respective 

local governments) the world population of each skill-group is equally divided between 

the two countries (population in each country would be given by a unit measure in such a 

case). The mobility cost, measured in consumption terms, incurred by a resident of 

country i  who migrates to the other country, is denoted by m . In order to render our 

analysis tractable m  is assumed to be distributed uniformly over the support [ ]0, / 2δ for 

each skill levelθ .  
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Individuals share the same preferences. Following Diamond (1998), we simplify 

by assuming that preferences are represented by some quasi-linear utility function of the 

form: 

(1) mdlhcdlcU ⋅−−= )(),,( , 

where c denotes consumption (gross of migration costs), l denotes labor, d is an indicator 

function assuming the value of one if the individual migrates and zero otherwise, and )(⋅h  

is strictly increasing and strictly convex. To ensure interior solutions throughout INADA 

conditions are assumed to hold. 

 For later purposes, as is common in the optimal tax literature, we reformulate the 

utility function (gross of migration costs) and represent it as a function of gross income 

(y), net income (c) and the individual skill-level (θ ): 

(2) ( , , ) ( / )V c y c h yθ θ≡ − . 

Hence, utility (net of migration costs) is given by:  

(2’)  ( , , , , ) ( , , )U m c y d V c y d mθ θ≡ − ⋅ . 

 

3. The Government Problem 

We turn next to formulate the government problem. For concreteness we will focus on 

country i=1, that takes as given the fiscal policy (tax and transfer system) implemented by 

country i=2. We will then solve for the symmetric Nash equilibrium of the fiscal-

competition game formed between the two countries. We first introduce some useful 

notation. Denote by ( )  V θ the utility level (gross of migration costs) derived by an 
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individual of skill level θ  in country 1. Further denote by
 

( ) ( ) and yc θ θ , 

correspondingly, the net income and gross income chosen by an individual of skill level 

θ  in country 1.  

 By virtue of our quasi-linear specification, an individual who incurs mobility cost 

m  will migrate from country i=2 if, and only if, the following condition holds: 

(3) ( ) ( )2V m Vθ θ− ≥ , 

where 
2( )V θ denotes the utility level derived by the migrating individual in the source 

country, i=2.  

Denote by ( ) ( ) ( )*

2m V Vθ θ θ≡ − , the cost of migration incurred by an individual of type 

θ  who is just indifferent between staying in country 2, or, migrating to country 1. Thus, 

any individual of type θ  who incurs a cost of migration lower than or equal to the above 

threshold will migrate to country 1. Recalling our assumption that migration cost is 

distributed uniformly over the support ]2/,0[ δ  in both countries, and that world 

population is normalized to a measure of 2 (hence, in the absence of differences between 

the two countries, each is populated by a measure of 1), it follows, by symmetry, that the 

term 
( ) ( )*2 f mθ θ

δ
⋅ ⋅

 represents the extent of migration of individuals of skill level θ  

between the two countries. If the term is positive there is migration from country 2 to 

country 1, and vice-versa.   

Clearly, a more generous policy of the government in country i=1 towards 

individuals of any given skill level will attract a higher migration rate of that skill level, 

ceteris paribus, and vice versa. In a symmetric equilibrium no migration will take place    

( * 0m = ). 
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 The government in country i=1 is seeking to maximize the following welfare 

function: 

(4) ( )( ) ( )V t dF t
θ
ϕ

∞

∫ , 

by choosing a twice continuously differentiable tax schedule, ( )T y , subject to the 

revenue constraint (assuming with no loss of generality no revenue needs for the 

government): 

(5)  ( ) ( ) 0T t t dt
θ

η
∞

⋅ ⋅ =∫ , 

where ( )η θ is the measure of individuals of type θ  in country 1, which, by virtue of the 

earlier derivations, is given by: 

(6) ( )( )2( ) ( ) 1 2 ( ) ( ) /f V Vη θ θ θ θ δ= ⋅ + ⋅ − , 

and subject to the self-selection constraint [given by the individual envelope condition, 

see Salanie (2003) for details]: 

(7) 
2

( ) '( ( ) / )
'( )

y h y
V

θ θ θ
θ

θ
⋅

= . 

Several remarks are in order. First, notice that the welfare function we invoke is assumed 

to depend on the utilities of the 'permanent residents' (individuals residing in the country 

in a laissez-faire allocation absent of government intervention in both countries) and not 

on the utilities of migrants. Clearly, in a symmetric equilibrium the latter would be of 

measure zero. Note further, that unlike in the standard optimal tax problem, the population 

in our setting is endogenously determined rather than being fixed. The standard case of no 

migration is obtained for the special limiting case whereδ →∞ , in which case
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( ) ( )fη θ θ≡ . Finally notice that each government is taking the tax policy of the other 

country as given; namely, country 1 takes as given
 

( )2V θ , the utility derived by an 

individual of type θ  in country 2, when choosing its tax policy. We will look for a 

symmetric Nash equilibrium for the fiscal-competition game between the two countries. 

Note, that symmetry implies that in equilibrium the same tax schedule will be 

implemented by both countries, that is, ( ) ( )fη θ θ= , which immediately follows from 

condition (6) when symmetry is imposed. 

For later purposes, it would be useful to re-formulate the revenue constraint in  

(5), employing the condition in (2) and the identityT y c≡ − , to obtain the following 

expression: 

(8) ( )( ) ( ) ( ( ) / ) ( ) 0y t V t h y t t t dt
θ

η
∞

− − ⋅ ⋅ =∫ . 

  

4. Characterization of the Optimal Policy in Equilibrium 

We next turn to solve the optimization program as an optimal control problem employing 

Pontryagin’s maximum principle.  We choose ( )y θ as the control variable and ( )V θ  as 

the state variable. Formulating the Hamiltonian yields: 

(9) ( ) ( ) ( )( )( )2 2

'( / )
( / ) 1 2 /

y h y
H V f y V h y V V f

θ
ϕ λ θ δ µ

θ
⋅ = ⋅ + ⋅ − − ⋅ + ⋅ − ⋅ + ⋅   

Formulating the necessary conditions for optimality yields: 

(10)   
2

' ' ''/
1 0

H h h y h

y

θ
λ η µ

θ θ
∂ + ⋅ = ⋅ − ⋅ + = ∂  

,    
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 (11)  ( ) ( )( ) ( )
2

2 ( / )
' 1 2 / '( )

y V h yH
V f f V V

V

θ
ϕ λ δ µ θ

δ
⋅ − − ∂

− = − ⋅ + ⋅ ⋅ + ⋅ − − = ∂  
. 

In addition the two transversality conditions hold: 

(12)   ( ) lim ( ) 0
θ

µ θ µ θ
→∞

= = . 

We let  ( )( ) ( )( ) ( )( ) ( )( )2 2 2 2
ˆ ˆ ˆ ˆ, ,   and  c V y V c V y Vθ θ θ θ  denote the optimal solution for 

the government problem in country 1 (and in country 2, respectively) as a function of the 

utility derived by individuals in country 2 (correspondingly, in country 1). A symmetric 

equilibrium for the game between the two countries is given by the implicit solution to the 

following equation: 

(13) ( ) ( )( ) ( )( ) ( )2 2 2
ˆ ˆ[ , ,  ]V V c V y V Vθ θ θ θ θ≡ = . 

In order to simplify our exposition, we will henceforth focus on the Rawlsian government 

case; namely, the case in which the government is seeking to maximize the well-being of 

the least well-off individual. Employing the first-order conditions in (10) and (11), the 

transversality conditions in (12) and the symmetry property, yields, following some re-

arrangements (see appendix A for details), the following expression that characterizes the 

optimal marginal tax rate: 

 (14) 
( )
( )

( )' 2 ( / ) 1 1
1 ( ) 1

1 ' ( )
y

T y y V h y t
f t dt

T y fθ δ ε θ θ

∞   ⋅ − − 
= − ⋅ ⋅ + ⋅   − ⋅     

∫   , 

where y
ε denotes the labor supply elasticity. 
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It is straightforward to verify that in the limiting case of no migration (an autarky), where

δ →∞ , the condition in (14) reduces to the standard condition found in the literature [see 

Diamond (1998) and Salanie (2003)]: 

(14') 
( )
( )

' 1 1 ( )
1

1 ' ( )y

T y F

T y f

θ
ε θ θ

  −
= + ⋅ 

− ⋅  
 

The additional component, given by the first term of the expression on the right-hand side 

of condition (14), captures the restraining effect of migration on the extent of re-

distribution, reflected by reduced marginal tax rates relative to the autarky setting with no 

migration in place.  

The expression in (14) is quite complex, as the income-distribution is endogenously 

determined and is affected by the (optimally designed) non-linear labor income tax 

schedule. Following Saez (2001), instead of using the (actual) density of income 

associated with the tax schedule, T(y), we simplify the expression in (14) by introducing 

( )g y , the (virtual) density of income (at the pre-tax income level, y ) assuming a local 

linear approximation of the tax schedule; namely, assuming that the tax schedule, ( )T y , 

is replaced by a (locally) linear schedule tangent to the schedule, ( )T y , at the pre-tax 

income level, y . Denoting by G the cumulative distribution function associated with g 

[that is, ( ) / ( )G y y g y∂ ∂ ≡ ],  it follows by construction that: 

(15) [ ( )] ( )G y Fθ θ= . 

Differentiating the expression in (15) with respect to θ , employing the individual first-

order condition and following some algebraic manipulations (see appendix B for details), 

one can obtain the following condition that relates the densities f and g [which replicates 

condition (13) in Saez (2001)]: 
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(16) ( ) (1 ) ( )
y

g y y fε θ θ⋅ ⋅ + = ⋅ . 

 Substituting from the conditions in (15) and (16) into (14) and re-arranging, yields:  

(17)  

2 ( )
( )

'( ) 1 1 ( )
1

1 '( ) 1 ( ) ( )

y

y

T t
g t dt

T y G y

T y G y g y y

δ
ε

∞ ⋅ ⋅  −
= − ⋅ ⋅ − − ⋅ 

 

∫
. 

Whereas the differential equation given in (17) is fairly complex and does not admit for a 

general closed-form solution, one can still provide some partial characterization of its 

properties, summarized in the following proposition (the proof is relegated to appendix 

C):
1
 

Proposition: (i) '( ) 0T y ≥  for all y; (ii) lim '( ) 0
y

T y→∞ = .    

The proposition indicates that the asymptotic marginal tax rate is zero. In 

simulations we demonstrate that the zero-marginal tax result is far from being a local 

property by showing that there exist a whole range of income levels at the higher end of 

the income distribution for which the optimum tax is approximately given by a lump-sum. 

Our results stand in sharp contrast to previous results in the optimal tax literature. The 

zero tax at the top property [Sadka (1976) and Seade (1977)] only applies to the top-

earner and is restricted to bounded income distributions. The subsequent literature 

[Diamond (1998) and Saez (2001)], focusing on unbounded distributions, suggests that a 

zero marginal tax cannot be part of the optimal schedule for empirically reasonable 

income distributions. The economic rationale behind the result we derive is 

straightforward. In the absence of migration, the incentive constraint faced by the local 

                                                           
1
  In the proof of the proposition we invoke an additional technical assumption that

[ ]lim [1 ( )] ( ) /y yG y g y y ε→∞ − ⋅ < ∞ . This assumption is supported by standard assumptions in the literature 

[e.g., assuming an iso-elastic disutility from labor and that the income distribution is approximated by a 

Pareto distribution above a certain income level, as in Diamond (1998), amongst others].   
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government is related to the intensive margin, that is, the tax schedule is designed in a 

way that ensures no mimicking by the high skilled (attempting to mimic their low-skilled 

counterparts in order to reduce their tax liability). With migration in place, an extensive 

margin comes into play, as the local government attempts to attract high-skill migrants 

from the neighboring country (or, alternatively, to mitigate the incentive of high-skill 

residents to migrate to the other country). For the very high skill population (the top range 

of the income distribution) the extensive margin becomes highly manifest and hence the 

dominant one. In this range of incomes, the government is approximately levying a lump-

sum tax given by / 2δ  (see the proof of the proposition in appendix C). The lump-sum 

tax is set at its Laffer rate; namely, set at the rate which maximizes total tax revenues 

(taking into account the disincentive effect on migration). Notice that over the range in 

which the tax is set to be lump-sum, (local) no mimicking incentives are trivially satisfied. 

Thus, the only focus is indeed on migration (extensive margin) incentives. To see why the 

Laffer rate is indeed given by / 2δ , denote by ( )V θ  the utility (gross of migration costs) 

derived by a typical individual of skill level θ  in country 1 in the absence of taxes. 

Further denote by T the lump sum tax set by country 1. By virtue of quasi-linearity (and 

the nature of a lump-sum tax that induces no substitution effect) the net-of-tax utility 

(gross of migration costs) derived by a θ -type individual in country 1 is given by ( )V θ -

T. Denoting by 2( )V θ  the utility (gross of migration costs) derived by a typical individual 

of skill level θ  in country 2, by virtue of the earlier derivations [condition (6)], the 

measure of individuals of type θ  in country 1, is given by: 

(18)
 

( )( )2( ) ( ) 1 2 ( ) ( ) /f V T Vη θ θ θ θ δ= ⋅ + ⋅ − − . 

The total tax revenues associated with a lump-sum tax, T, raised from individuals of skill 

level θ , denoted by ( , )TR Tθ , is then given by: 
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(19) ( )( )2( , ) ( ) 1 2 ( ) ( ) /TR T T f V T Vθ θ θ θ δ= ⋅ ⋅ + ⋅ − − . 

Differentiating the expression in (19) with respect to T and equating to zero, imposing the 

(symmetric) equilibrium condition [ 2( ) ( )V T Vθ θ− = ] yields: 

(20) ( , ) / ( ) [1 2 / ] 0 / 2TR T T f T Tθ θ δ δ∂ ∂ = ⋅ − = ⇔ = . 

  

5. Numerical Simulations  

As we were unable to obtain a closed-form solution for the differential equation in 

equation (17), we resort to numerical solution of the optimal tax schedule. This will 

enable us to examine the effect of migration on the tax schedule, and specifically on the 

marginal tax rate which the higher skilled individuals are faced with. We make several 

parametric assumptions. We first assume that the skill level is distributed according to a 

Pareto distribution; namely, 
1

( ) ,f

α

α

αθ
θ θ θ

θ +
= > , which implies that 

1 ( )
1/

( )

F

f

θ
α

θ θ
−

=
⋅

. 

Employing (15) and (16), it then follows that: 

 (21) 
11 ( ) 1 ( )

( ) ( ) / (1 )

y

y

G y F

g y y f

εθ
θ θ ε α

+− −
= =

⋅ ⋅ +
.  

We further assume, as is common in the literature [see Diamond (1998) and Salanie 

(2003), amongst others], that the disutility from labor takes an iso-elastic functional form, 

namely,

1 1/

( )
1 1/

y

y

l
h l

ε

ε

+

=
+

; hence, the pre-tax income elasticity, yε , is constant. Letting 

1 1y

y

B
ε

ε α

 +
= ⋅ 

  
 and substituting into (17) yields: 
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(22) 
( ) ( )'( ) 2

1 '( ) 1 ( )

y
T t g t dtT y

B B
T y G yδ

∞
⋅

= − ⋅ ⋅
− −

∫
, 

where B is a constant. Further simplifying the differential equation in (22) to eliminate the 

integral expression, we fully differentiate the expression in (22) with respect to y, 

yielding: 

(23)  
( )2

( ) ( )''( ) 2 ( )
( )

1 ( ) 1 ( )1 '( )

y
T t g t dtT y g y

B T y
G y G yT y δ

∞ ⋅
 = − ⋅ ⋅ ⋅ − +
 − −−
  

∫ . 

Employing (21) and (22) and re-arranging yields, 

(24) 
( )2
1 '( ) 2 '( )

''( ) ( )
(1 ) 1 '( )y

T y B T y
T y T y B

y T y

α
ε δ

⋅ −  ⋅
= ⋅ ⋅ − + ⋅ + − 

. 

We let the function J(y) denote the total tax revenues from individuals whose income 

level is lower than or equal to y, formally given by: 

(25) ( )( ) ( )
y

y
J y T t g t dt≡ ⋅∫ .  

Hence, 

(26) ( )'( ) ( )J y T y g y= ⋅ . 

The revenue constraint faced by the government is characterized therefore by the 

differential equation given in condition (26) and the associated boundary condition, 

lim ( ) 0
y

J y
→∞

= .  

The optimal tax schedule is the solution to the system of differential equations given by 

(24) and (26) and three boundary conditions: 
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(27) lim ( ) 0, lim '( ) 0  and  '( ) .
1

y y

B
J y T y T y

B
→∞ →∞= = =

+
        

Notice that the second boundary condition follows from the fact that by virtue of the 

proposition the asymptotic marginal tax is zero. Further notice that the latter boundary 

condition is obtained by substitution into (22), employing our assumption that the total tax 

revenues raised by the government is zero.  

We follow Gruber and Saez (2002) by assuming that the pre-tax income elasticity 

is 0.4
y

ε = , and follow Saez (2001) by assuming that 2α = . Finally, we assume that the 

support for of the income distribution is given by [ ]100,1000y ∈ . We turn next to 

investigate the effect of migration on the optimal schedule.  

Figure 1 below depicts the optimal tax schedule for different costs of migration. As can be 

readily observed from the figure, there exists an income threshold above which the tax 

schedule becomes approximately flat; namely, individuals are faced with a zero marginal 

tax rate, where the lump-sum tax in this income range is given by / 2δ . Moreover, the 

interval of incomes over which individuals are faced with a zero marginal tax rate is 

expanding as the costs of migration decrease. In the limiting cost-less migration case, the 

optimal schedule converges to the (laissez-faire) zero-tax schedule reflecting an extreme 

race to the bottom, in which, trivially, all individuals are faced with a zero marginal tax 

rate. Finally, the figure indicates that the marginal tax rates are declining over the entire 

range of incomes. In fact, this latter property can be proved under our parametric 

assumptions (see appendix D). 
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Figure 1: The effect of migration on the optimal tax schedule 
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zero tax at the bottom as well as at the top (a property holding for large migration costs as 

well). The (lump-sum) tax levied on the high-skill residents in this case is set (optimally) 

at the Laffer level; namely, the tax is set so as to maximize the total revenues raised from 

the high-skill population. Piaser thus demonstrates that the range in which individuals are 

faced with a zero marginal tax rate is expanding as migration costs decrease. To see the 

intuition for this result, recall that an egalitarian government seeking to redistribute wealth 

from the high-skill towards the low-skill residents is essentially faced with two 

challenges. The first one is the standard one on the intensive margin (which applies in the 

case of an autarky, as well) and derives from the mimicking threat of high skill 

individuals. The second one on the extensive margin (which applies only when tax 

competition takes place) derives from the migration threat of high-skill residents. With 

large enough migration costs, the impact of the extensive margin consideration (the 

potential threat of a massive migration of the high-skill) is relatively small; hence, the 

standard result (as in the case of autarky) applies. When migration costs are small enough 

the migration incentive comes into play. Although the government can increase the tax 

burden shifted on the high-skill residents without inducing the latter to mimic, the 

reduction in the tax base due to the ensued migration is large enough to offset the gain 

from increasing the tax rate. We find in the continuum case similar patterns. Most 

importantly, we show that a case for levying a zero marginal tax at the top is established, 

even when the skill distribution is unbounded. Moreover the property holds over an 

interval of skill levels, rather than being a local property holding for the top-earning 

individual only (as is the standard argument in the literature with no migration and a 

bounded skill distribution). 

An alternative way to illustrate the relationship between the costs of migration and 

the desirability of levying a zero marginal tax rate is given in figure 2 below. The figure 
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depicts for different costs of migration the income threshold above which individuals are 

faced with a marginal tax rate lower than or equal to 1%. As can be observed, reduced 

migration costs imply that a higher fraction of the population is faced with an (almost) 

zero marginal tax rate. 

 

 

Figure 2: The relationship between zero marginal tax and migration 

  

 

6. Conclusion  

One of the most controversial results in the optimal tax literature was the zero tax at the 

top property due to Sadka (1976) and Seade (1977), arguing that when the underlying 

skill distribution is bounded, the optimal marginal tax rate levied on the top earning 

individual should be set to zero. A corollary of this result is the desirability of setting 

declining marginal tax rates at the top end of the income distribution. Diamond (1998), 

examining the quasi-linear utility specification and Saez (2001), extending the analysis by 
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incorporating income effects, have challenged the zero tax at the top property, showing 

that for empirically relevant unbounded skill distributions, the asymptotic optimal 

marginal tax rate should be bounded away from zero. In this paper we revisit the result, 

demonstrating that when migration consideration are taken into account, in a simple tax 

competition framework, there exists an income threshold above which the optimal 

marginal tax rate should be approximately set to zero. The optimal lump-sum tax levied 

on income levels at the top end should be set at its Laffer rate, maximizing tax revenues 

against the backdrop of migration threats. Moreover, we show that the range in which the 

optimal marginal tax is set to zero is widening, as migration costs decrease. 

 

Appendix A: Derivation of Condition (14) 

In the symmetric equilibrium, by construction, the tax schedules implemented by both 

countries are identical and, therefore, no migration takes place. By virtue of the symmetry 

property the condition in (11) simplifies to: 

(A1) ( ) ( )2 ( / )
' 1 '( )

y V h yH
V f f

V

θ
ϕ λ µ θ

δ
⋅ − − ∂

− = − ⋅ + ⋅ ⋅ − = ∂  
 

Integrating the expression in (A1) and employing the transversality condition for the 

limiting skill level given in (12), yields:       

(A2)  ( ) ( )2 ( / )
( ) ' ( ) 1 ( )

y V h y t
V f t dt f t dt

θ θ
µ θ ϕ λ

δ

∞ ∞ ⋅ − − 
= ⋅ − ⋅ − ⋅ 

 
∫ ∫ . 

Employing the revenue constraint in (8) and the transversality condition for the lower-

bound skill level, given in (12), yields:  
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(A3)  ( )' ( ) ( )V t f t dt
θ

λ ϕ
∞

= ⋅∫ . 

Next we define the following function, which measures the average social marginal utility 

of income over the interval [ , )θ ∞ : 

(A4) ( )1
( ) ' ( ) ( )

1 ( )
D V t f t dt

F θ
θ ϕ

θ

∞
= ⋅ ⋅

− ∫ .  

Notice that ( )Dλ θ= . Employing (A4), one can re-formulate the expression in (A2) to 

obtain:   

(A5)  
( )2 ( / )

( ) ( ) [1 ( )] ( ) 1 ( )
y V h y t

D F D f t dt
θ

µ θ θ θ θ
δ

∞ ⋅ − − 
= ⋅ − − ⋅ − ⋅ 

 
∫  

The first order condition for the individual optimization program implies, 

(A6)  ( )1 ' '/T y h θ− = . 

Denoting the net hourly wage-rate earned by an individual of skill-level θ  by

( )(1 ' )n T yθ θ≡ − , the first order condition in (A7) can be re-written as:  

(A7') '( / ) nh y θ θ= .  

Differentiating the first-order condition in (A7') with respect to the net hourly wage-rate, 

n
θ , it is straightforward to derive the elasticity of the pre-tax income, which is then given 

by: 

(A8)  
''

n
y

n

n

y

y

y h

θ θ
ε

θ
θ

∂
⋅

= =
∂ ⋅

  . 
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Employing (A7), (A7') and (A8) yields: 

(A9) ( ) ( ) ( )1 1
' ''/ (1 ' ) (1 ' ) (1 ' ) 1

y y

h y h T y T y T yθ θ θ θ
ε ε

 
+ ⋅ = − + − ⋅ = − + 

  
 

Substituting from (A5), (A6), (A7) and (A9) into (10) yields after re-arrangement: 

 (A10) 
( )
( )

( )' 2 ( / ) ( ) (1 ( )) 1 1
1 ( ) 1

1 ' ( ) ( )
y

T y y V h y t D F
f t dt

T y D fθ

θ θ
δ θ ε θ θ

∞   ⋅ − −  ⋅ −
= − ⋅ − ⋅ + ⋅   − ⋅     

∫ ,    

We will hence focus our attention on the Rawlsian case, in which social welfare is given 

by ( )V θ , the utility level derived by the least well-off individual. Invoking a Rawlsian 

objective implies that ( ) 0  for all D θ θ θ= > . Substituting into the expression in (A11) 

then yields: 

(A12) 
( )
( )

( )' 2 ( / ) 1 1
1 ( ) 1

1 ' ( )
y

T y y V h y t
f t dt

T y fθ δ ε θ θ

∞   ⋅ − − 
= − ⋅ ⋅ + ⋅   − ⋅     

∫
 

 

Appendix B: Derivation of Expression (16) 

By fully differentiating the individual first-order condition in (A6) with respect to θ , 

assuming a local linear approximation of the tax schedule, one obtains: 

(B1) ( ) 2

'( )
1 ' '' ,

y y
T y h

θ θ
θ
⋅ − − = ⋅ 

 
 

which upon re-arrangement holds if-and-only-if: 

(B2) 
( )( )2

1 ' '( )
1

''

T y y

h y y

θ θ θ⋅ − ⋅
= −

⋅
. 
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Substituting from (A8) into (B2) implies that: 

(B3)

 

'( )
1y

y

y

θ θ
ε

⋅
= − .   

Differentiation of the expression in (15) with respect to θ yields: 

(B4) [ ( )] '( ) ( )g y y fθ θ θ⋅ = .   

Substituting for the term '( )y θ  from (B3) into (B4), and re-arranging, yields the 

expression given in (16).  

 

Appendix C: Proof of the Proposition 

We prove the proposition in several steps organized into a series of lemmas.  

Lemma 1: When '( ) 0T y =   then ( ) / 2T y δ= . 

Proof: Assume by negation that ˆ'( ) 0T y =  and ˆ( ) / 2T y δ< .  Re-arranging the expression 

in (17) yields, 

(17')  
( ) ( )'( ) 2

( ) ( )
1 '( ) 1 ( )

y
T t g t dtT y

B y B y
T y G yδ

∞
⋅

= − ⋅ ⋅
− −

∫
, 

where 
1 1 ( )

( ) 0
( )y

G y
B y

g y yε
−

= ⋅ >
⋅

 . Fully differentiating the expression in (17') with respect 

to y  yields, 

(C1) ( )2

( ) ( ) ( ) ( )''( ) 2 ( ) 2
( ) ( ) '( )

1 ( ) 1 ( ) 1 ( )1 '( )

'( )

y y
T t g t dt T t g t dtT y g y

B y T y B y
G y G y G yT y

B y

δ δ

∞ ∞ ⋅ ⋅
 = − ⋅ ⋅ ⋅ − + − ⋅ ⋅ − − −−
  

+

∫ ∫
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Substituting from (17') into (C1) yields, 

(C2)

( )2

''( ) ( ) 2 '( ) 1 '( ) '( )
( ) ( ) 1 ( ) '( )

1 ( ) 1 '( ) ( ) ( ) 1 '( )1 '( )

T y g y T y B y T y
B y T y B y B y

G y T y B y B y T yT y δ
   

= − ⋅ ⋅ − ⋅ − ⋅ + + ⋅ − +  − − −−    
 

Substituting '( ) 0T y =  into (C2) and re-arranging yields, 

(C3) ( ) 2
''( ) ( ) ( ) 1

1 ( )

g y
T y B y T y

G y δ
 = − ⋅ ⋅ − ⋅ + −  

 

It follows from (C3) and by our presumption that ˆ( ) / 2T y δ< , that ˆ''( ) 0T y < ; hence, by 

continuity (invoking a first-order approximation), ˆ'( ) 0T y ε+ <  for sufficiently small 

0ε > . That is, the marginal tax rate is negative within a small neighborhood to the right 

of ŷ . As the marginal tax rate is zero at ŷ , it follows from the condition in (17') that: 

(C4) ( )
ˆ

ˆ( ) ( ) 1 ( )
2y

T t g t dt G y
δ∞

⋅ = −∫ . 

It follows by virtue of (C4) and our presumption that ˆ( ) / 2T y δ<  that there exist some 

income level ˆ'y y>  for which ( ') / 2T y δ> . Hence, there exists some income level 

ˆ '' 'y y y< ≤  for which '( '') 0T y > . Then, by the intermediate value theorem there exists 

an income level for which the marginal tax rate is zero within the interval ( ŷ , y''). Let A 

denote the (non-empty and bounded) set of all income levels within the interval                 

( ŷ , y'') for which the marginal tax rate is zero, and further denote by y�  the greatest lower-

bound of the set A. By construction, it follows that ˆy y>� . By virtue of (17') and the 

definition of y� , it follows that: 

(C5) ( )( ) ( ) 1 ( )
2y

T t g t dt G y
δ∞

⋅ = −∫ � � . 
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It further follows that '( ) 0T y <  for all ŷ y y< < � . Hence, it follows that ( ) / 2T y δ<  for 

all ŷ y y< < � , which, by virtue of (C5), implies that: 

(C6) ( )
ˆ

ˆ( ) ( ) 1 ( )
2y

T t g t dt G y
δ∞

⋅ < −∫ . 

Thus we obtain a contradiction to (C4).  

In exactly the same manner (the formal steps are therefore omitted) one can prove by 

negation that it cannot be the case that '( ) 0T y =  and ( ) / 2T y δ> . This concludes the 

proof. 

Lemma 2: If 
*'( ) 0T y =  and *

y < ∞  then
*,  ,  '( ) 0y y y T y∀ ≤ = .   

Proof: Suppose by negation that for some y, *ŷ y> , ˆ'( ) 0T y ≠ . For concreteness, we 

assume that ˆ'( ) 0T y <  (the other case can be proved by symmetric arguments and is hence 

omitted). We first turn to show that ˆ( ) / 2T y δ> . Suppose by negation that ˆ( ) / 2T y δ≤ . 

As ˆ'( ) 0T y < , it follows by virtue of (17') that: 

(C7) ( )
ˆ

ˆ( ) ( ) 1 ( )
2y

T t g t dt G y
δ∞

⋅ > −∫ . 

Thus, by our presumption that ˆ( ) / 2T y δ≤ , it necessarily follow that ( ) / 2T y δ>  for 

some ˆy y> . Hence, there exists some y, ˆy y> , for which '( ) 0T y > . By virtue of the 

intermediate value theorem, it follows that there exists an income level y, ˆy y> , for 

which the marginal tax rate is zero. Let A denote the (non-empty and bounded from 

below) set of all income levels within the interval ( ŷ ,∞ ) for which the marginal tax rate 

is zero, and further denote by y�  the greatest lower-bound of the set A. By construction, it 

follows that ˆy y>� . By virtue of (17') and the definition of y� , it further follows that: 
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(C8) ( )( ) ( ) 1 ( )
2y

T t g t dt G y
δ∞

⋅ = −∫ � � . 

It further follows that '( ) 0T y <  for all ŷ y y< < � . Hence, it follows that ( ) / 2T y δ<  for 

all ŷ y y< < � , which, by virtue of (C8), implies that: 

(C9) ( )
ˆ

ˆ( ) ( ) 1 ( )
2y

T t g t dt G y
δ∞

⋅ < −∫ . 

Thus we obtain a contradiction to (C7). Thus we have established that: 

(C10) ˆ( ) / 2T y δ> . 

By virtue of lemma 1 and as 
*'( ) 0T y = , it follows that 

*( ) / 2T y δ= . It therefore follows 

that there exists some level of income y', 
* ˆ'y y y< < , for which '( ') 0T y > . Hence by our 

presumption that ˆ'( ) 0T y < , it follows that there exists some level of income y, 

* ˆ'y y y y< < < , for which '( ) 0T y = . 

Let A denote the (non-empty and bounded) set of all income levels within the interval       

(y', ŷ ) for which the marginal tax rate is zero, and further denote by y�  the least upper-

bound of the set A. By construction, it follows that ˆy y<� . By virtue of the definition of y� , 

it follows that: 

(C11) '( ) 0T y =� . 

It further follows by the definition of y�  that '( ) 0T y <  for all ˆy y y< ≤� . By virtue of 

lemma 1, ( ) / 2T y δ=� , hence ( ) / 2T y δ<  for all ˆy y y< ≤� , which implies that: 

(C12) ˆ( ) / 2T y δ< . Thus we obtain a contradiction to (C10). 

This establishes the claim. 
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Lemma 3: '( ) 0T y ≥  for all y.   

Proof: By virtue of (17') the marginal tax rate faced by the individual with the lowest 

income level is given by: 

(C13) 
'( ) 1 ( )1

0
1 '( ) ( )

y

T y G y

T y g y yε

−
= ⋅ >

− ⋅
. 

Suppose by negation that there exists an income level for which the marginal tax rate is 

negative. By the intermediate value theorem there exists an income level for which the 

marginal tax rate is zero. Let A denote the (non-empty and bounded from below) set of all 

income levels for which the marginal tax rate is zero, and further denote by y�  the greatest 

lower-bound of the set A. By construction, it follows that y y>� . By virtue of (17') and the 

definition of y� , it follows that: 

(C14) ( )( ) ( ) 1 ( )
2y

T t g t dt G y
δ∞

⋅ = −∫ � � . By virtue of lemma 2, it follows that '( ) 0T y = for 

all y y≥ � . By construction, '( ) 0T y > for all y y< � . Thus we obtain the desired 

contradiction. 

Lemma 4: lim '( ) 0y T y→∞ = . 

We first establish that ( ) / 2T y δ≤  for all y. To see this, suppose by negation that there 

exists some income level, y', for which ( ') / 2T y δ> . Then, as the marginal tax is non-

negative for all y (by lemma 3) it follows that ( ) / 2T y δ>  for all 'y y≥ . It follows that,  

(C15)
 

( )
'

( ) ( ) 1 ( ')
2y

T t g t dt G y
δ∞

⋅ > −∫ .  
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By virtue of (17') it then follows that '( ') 0T y < , which contradicts lemma 3. We 

conclude that ( )T y  is bounded from above by / 2δ . As T(y) is non-decreasing, it follows 

that T(y) converges to some finite limit. Let lim ( )
y

T y T
→∞

= < ∞ . We turn next to examine 

the marginal tax rate as y → ∞ .  Taking the limit of the expression in (17') implies: 

(C16) 
( ) ( )'( ) 2

lim lim ( ) lim 1
1 '( ) 1 ( )

y

y y y

T t g t dtT y
B y

T y G yδ

∞

→∞ →∞ →∞

 ⋅
 = × − ⋅ − −
  

∫
 

By our earlier assumption (see the discussion in footnote 1 in the main text), 

lim ( )
y

B y B
→∞

= < ∞ . Applying ˆ' 'L Hopital s Rule then implies: 

(C17) 
'( ) 2

lim 1
1 '( )y

T y
B T

T y δ→∞

 = ⋅ − ⋅ < ∞ −  
.  

As both T(y) and T'(y) converge to a finite limit when y goes to infinity, it follows that

lim '( ) 0
y

T y→∞ = . This concludes the proof.   

 

Appendix D: The marginal tax rate is declining with respect to income under a 

Pareto skill distribution and an iso-elastic disutility from labor  

Re-arranging the expression in (17) yields, 

(17')  
( ) ( )'( ) 2

( ) ( )
1 '( ) 1 ( )

y
T t g t dtT y

B y B y
T y G yδ

∞
⋅

= − ⋅ ⋅
− −

∫
, 

where 
1 1 ( )

( ) 0
( )

y

G y
B y

g y yε
−

= ⋅ >
⋅

 . Fully differentiating the expression in (17') with respect 

to y  yields, 
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(D1) ( )2

( ) ( ) ( ) ( )''( ) 2 ( ) 2
( ) ( ) '( )

1 ( ) 1 ( ) 1 ( )1 '( )

'( )

y y
T t g t dt T t g t dtT y g y

B y T y B y
G y G y G yT y

B y

δ δ

∞ ∞ ⋅ ⋅
 = − ⋅ ⋅ ⋅ − + − ⋅ ⋅ − − −−
  

+

∫ ∫
 

With a Pareto skill distribution and an iso-elastic disutility from labor, B’(y)=0, hence, 

substitution into (D1) yields: 

(D2)   
( )2

( ) ( )''( ) 2 ( )
( ) ( )

1 ( ) 1 ( )1 '( )

y
T t g t dtT y g y

B y T y
G y G yT y δ

∞ ⋅
 = − ⋅ ⋅ ⋅ − + − −−   

∫   
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Now consider some level of income y’, for which T’(y’)>0. By virtue of lemma 3, 

'( ) 0T y ≥  for all y, hence, as T’(y’)>0, it follows that: 

(D3) 
( )
'

( ) ( )
( ')

1 ( ')

y
T t g t dt

T y
G y

∞
⋅

>
−

∫
. 

Substituting into (D2) implies that ''( ) 0T y < . This concludes the proof. 

 

References  

Diamond, P. "Optimal Income Taxation: An Example with a U-Shaped Pattern of 

Optimal Marginal Tax Rates", American Economic Review, 88, 83-95. 

Diamond, P. and E. Saez (2011) "The Case for a Progressive Tax: From Basic Research 

to Policy Recommendations", Journal of Economic Perspectives, 25, 165–90. 

Gruber, J. and E. Saez (2000) “The Elasticity of Taxable Income: Evidence and 

Implications”, Journal of Public Economics, 84, 1-32.   

Mankiw, G. et al. (2009) "Optimal Taxation in Theory and Practice", Journal of 

Economic Perspectives, 23, 147-174. 

Mirrlees, J. (1971) “An exploration in the Theory of Optimum Income Taxation”, Review 

of Economic Studies, 38, 175-208. 

Piaser, G. (2007): “Labor Mobility and Income Tax Competition”, In: Gregoriou, G., 

Read, C. (Eds.), International Taxation Handbook: Policy, Practice, Standards and 

Regulation, CIMA Publishing, Oxford, 73-94.  

Saez (2001) “Using Elasticities to Derive Optimal Income Tax Rates”, Review of 

Economic Studies, 68, 205-229. 



 30

Sadka, E. (1976) "On Income Distribution, Incentive Effects and Optimal Income 

Taxation", Review of Economic Studies, 43, 261-268. 

Salanie, B. (2003) "The Economics of Taxation", MIT Press.    

Seade, J. (1977) "On the Shape of Optimal Tax Schedules", Journal of Public Economics, 

7, 203-236. 

Tuomala, M. (1990) "Optimal Income Tax and Redistribution", New York, Oxford 

University Press.  


	CESifo Working Paper No. 3820
	Category 1: Public Finance
	May 2012
	Abstract

