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Abstract

In the market where inattentive buyers can fail to notice some feasible choices, the
key role of marketing is to make buyers aware of products. However, the e¤ective
marketing strategy is often subtle since marketing tactics can make buyers cautious.
This paper provides a framework to analyze an e¤ective marketing strategy to per-
suade an inattentive buyer in an adverse selection environment. We investigate how
an attention-grabbing marketing can �back�re�and when it can be e¤ective.
Keywords. Signaling game, Consideration set, Counter signaling, Limited atten-

tion, Marketing, Advertising
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�Silence is golden, speech is silver�- Thomas Carlyle

�Don�t you know that silence supports the accuser�s charge?�- Sophocles

1 Introduction

A decision maker with limited attention can fail to notice the existence of some feasible

choices. Thus, one of the main purposes of marketing and other self promotion activities is

to make decision makers aware of a feasible choice. For example, �rms try to get consumers�

attention by advertising. Job candidates contact their potential employers to promote them-

selves.

Even though such an �attention-grabbing marketing�often works, the e¤ective marketing

strategy can be more subtle in other situations. Consider a situation where a salesperson

visits a potential customer�s house to sell his product. Even if such a marketing strategy can

make the potential customer aware of his product, this strategy often makes the consumer

cautious and discourages her from buying it, that is, an attention-grabbing marketing can

back�re. This paper provides a simple framework to investigate how an attention-grabbing

marketing can back�re and when it can be e¤ective.

If a buyer can fail to notice the existence of feasible choices, such an attention-grabbing

marketing seems to be a natural strategy for the seller. Thus, the buyer�s negative reaction

to the attention-grabbing marketing is seemingly �irrational�response. However, our paper

shows that when the buyer�s search technology for products depends on the product quality,

the buyer�s negative reaction can be consistent with a rational reasoning. To see the idea,

suppose that the buyer tends to get to know high quality products through her friends or

neighbors, i.e., word-of-mouth. Then, the buyer might think that the seller needs to catch

her attention because he knows the chance that she already knew his product is low. That is,

the fact that he has to catch her attention reveals his product quality. A higher quality type

is con�dent that she already knew his product and he does not try to catch her attention

intentionally in order to distinguish himself from lower types. Hence, the buyer�s negative

response to the attention-grabbing marketing can be, indeed, consistent with the equilibrium

belief in a signaling game.

In Section 2, we introduce the model. The game is a signaling game. There is a seller
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who wishes to sell a product to a buyer. The value of the product is the seller�s private

information. The buyer�s attention is limited and can fail to notice some feasible choices.

Then, the buyer chooses the best product from her consideration set which consists of prod-

ucts she is aware of. The formation of her consideration set depends on her search outcome

and the seller�s marketing strategy. Concretely, the buyer searches high quality products to

construct her consideration set. The search technology is assumed to be stochastic and she

�nds the seller�s product with higher probability if the product quality is higher. On the

other hand, without knowing whether the buyer already noticed the seller�s product, the

seller decides whether to make her notice his product by sending a costless message, i.e., an

attention-grabbing marketing. The buyer then chooses a product from her consideration set.

In Section 3, we analyze the equilibria and characterize them. Since the seller�s payo¤

function is independent of his action and type, the game always has uninformative equilibria.

Hence, our �rst question is whether any informative equilibrium can exist. It is shown that

if the buyer�s search technology can �lter out low quality products with a high probability,

an informative equilibrium exists. Furthermore, it is shown that any informative equilibrium

is a countersignaling equilibrium, that is, lower types send a message, while the higher types

remain silent.

As other signaling games, our game has multiple equilibria. In Section 4, we analyze

which equilibrium is best for each player. First, on the contrary to Spencian signaling

models, the receiver can prefer a pooling equilibrium to informative equilibria in our model.

This situation occurs when the search technology often fails to �nd the seller�s product for

any quality and the seller�s informative signal, i.e., remaining silent, �costs�too much for the

buyer. On the other hand, if the search technology can sort out high quality products with

a high probability, the buyer can prefer a countersignaling equilibrium to pooling equilibria.

Thus, in this case, the buyer�s �limitation of attention�makes the marketing strategy an

e¤ective signaling device and it can improve e¢ ciency of the transaction in the adverse

selection environment.

In Section 5, we analyze the re�nement of the equilibrium set with perfect sequential

equilibrium (PSE). Since there is no o¤-the-equilibrium action in informative equilibria, any

informative equilibrium is a PSE. Then, our question is whether each pooling equilibrium is

a PSE. First, we show that the pooling equilibrium in which all types remain silent is not a

2
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PSE. Second, it is shown that if the buyer�s search rarely misses a product with very high

quality, any PSE can be a countersignaling equilibrium.

The rest of the paper proceeds as follows. In section 6, we extend the basic model. First,

we show that the main result is preserved as long as the cost of messaging is relatively low

given the payo¤ from selling. Second, we extend our model to a multi-seller setting. In

section 7, based on our framework, we discuss situations in which an attention-grabbing

marketing works without back�ring. Section 8 summarizes the paper.

Related literature. Our model is a signaling game in which the sender�s payo¤ function

is independent of the choice of a signal. Hence, our model is not a Spencian signaling model

where the single crossing property of the payo¤ function makes the signal informative. On

the other hand, our signaling game departs from cheap talk game in Crawford and Sobel

(1982) in two aspects. First, our sender�s payo¤ function is independent of the sender�s type.

Second, the sender�s message can make the receiver aware of a feasible choice, that is, the

message can a¤ect the receiver�s choice set in our model.

In our game, any informative equilibrium is a countersignaling equilibrium, that is, higher

types remain silent, while lower types send a message. Feltovich et al (2002) analyzes a

countersignaling equilibrium in a Spencian signaling model. The key ingredient of their model

is an exogenous signal which statistically re�ects the sender�s type. When the exogenous

signal is su¢ ciently accurate for the high type, he does not need to signal his type. On

the other hand, the middle type, who cannot rely on the exogenous signal, sends a costly

signal to distinguish himself from the low type. Our model also has an element which can

be interpreted as an exogenous signal. Our receiver infers the quality not only from the

sender�s signaling but also her search outcome. Then, since the probability of �nding the

seller�s product depends on the product quality, the search outcome is an exogenous signal

of the product quality. On the other hand, even though an exogenous signal plays a key role

in both models, the mechanics behind the countersignaling is di¤erent between two models.

While the existence of informative equilibria relies on the single crossing property of the

payo¤ function in Feltovich et al (2002), our informative equilibria can exist even though the

sender�s payo¤ function is independent of his signal and type. Moreover, unlike their model,

any informative equilibrium is a countersignaling equilibrium in our model.

3
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Our paper contributes to models of advertising in which advertising a¤ects the purchasing

decision through the buyer�s belief, i.e., informative advertising. Stigler (1961) and Nelson

(1974) explain the role of advertising as a provision of information about products such as

their existence and price. Milgrom and Roberts (1986) analyzes advertising as a Spencian

signaling. Our paper also contributes to the literature which analyzes how a seller can

manipulate boundedly rational consumers. Rubinstein (1993) analyzes how a monopolist

can get a higher pro�t from bounded rational consumers through a price setting strategy.

Mullainathan et al. (2008) analyzes the role of salient messages in persuasion when the

decision maker is a �coarse thinker.�Shapiro (2006) develops a model in which advertising

a¤ects the buyer�s recall process of the consumption experience. Our paper is closest to

Eliaz and Spiegler (2011a, 2011b) which analyze how marketing can manipulate consumers�

choices through their consideration sets.

Consideration set is an important concept in marketing. The basic idea is that the

consumption decision follows a two-step decision process. Consumers �rst form a small set

of options that they will consider for their consumption decision. Then, they evaluate the

options in this set and choose the one they prefer the most. There are two types of papers on

consideration sets in economics. The �rst type focuses on the individual choice problem to

understand the property of consideration set procedures, e.g., Manzini and Mariotti (2007),

Masatlioglu and Nakajima (2008), and Masatlioglu et al (2009). The second type analyzes

economic interactions given a speci�c rule of the consideration set formation, i.e., Eliaz and

Spiegler (2011a, 2011b). Our paper is categorized as the second type. In their seminal

work, Eliaz and Spiegler analyze a complete information game where the consideration set

is perfectly determined by the marketing strategy. Given a consideration set function, each

seller chooses the marketing strategy to �stand out�in the market. On the other hand, our

paper focuses on the situation where the product quality is the seller�s private information,

i.e., the product is an experience good in the sense of Nelson (1974). We assume that the

consideration set consists of products the buyer is aware of and it is determined by the buyer�s

search outcome and the seller�s marketing strategy. Given this rule of the consideration set

formation, we analyze the e¤ective marketing strategy which takes into account the signaling

e¤ect. Hence, in our model, the e¤ective marketing strategy is not all about �standing out.�

4
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2 Model

There is a seller who wishes to sell product x1 to a buyer. The value of x1, denoted by �;

is the seller�s private information and � is drawn from distribution F (�):1 We assume that

F (�) has a continuous density function f with supp(f) = � = [�min; �max]:

The buyer�s attention is limited and she uses the following two step decision procedure.

In the �rst step, she forms her consideration set X which consists of feasible products she

is aware of.2 In the second step, she chooses a product from her consideration set X. We

assume that the buyer has two ways to notice a feasible product. The �rst way is a search.

Here search means any activity whose aim is to �nd high quality products. For example, she

may ask her friends or use the internet to search high quality products. Then, the buyer�s

search technology �(�) is de�ned as the probability that she �nds product x1 conditional

on �.3 Since the buyer searches high quality products, we assume that the probability of

�nding x1 is higher if the quality is higher.4 Formally, we assume the following.

Assumption 1. �(�) is continuous and strictly increasing in �: Moreover, �(�) 2 (0; 1)
for any � 2 �:

To interpret this assumption, consider a buyer who searches a high quality product. The

assumption says that if she searches with her friends, her friends tend to mention x1 with

higher probability if the quality is higher, i.e., word-of-mouth. On the other hand, if she

searches with the internet, she tends to encounter x1 more frequently if the quality is higher.

For competing products of x1 inX, we only specify the distribution of the best competing

product. Formally, let x0 be the best competing product of x1 in X: Since the seller cannot

observe products the buyer is aware of, the value of x0, denoted by �0; is the buyer�s private

information and drawn from distribution G(�0): We assume that G(�0) has a continuous

1Since the buyer cannot evaluate the product quality � in advance, product x1 can be interpreted as an
"experience good" in Nelson (1974).

2Shocker et al (1991) de�nes consideration set as a subset of �awareness set,�that is, the decision maker
may not evaluate some choices even if she is aware of them. Since the main interest of our paper is in how
the buyer notices the existence of choices, we focus on the case in which the consideration set is the same as
the awareness set.

3For simplicity, we assume the search is costless. In more general setting, the buyer can choose the search
intensity given a cost function. In such a case, �(�) is interpreted as the search technology given the optimal
search intensity.

4In Section 7, we discuss the case where this assumption does not hold.
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density g with supp(g) = �0 = [�min; �max]: Note that the buyer always chooses either x0 or

x1: Hence, without loss of generality, we assume that X is either fx0g or fx0; x1g:
The second way to notice product x1 is receiving a message from the seller. Concretely,

by sending a costless message, a =M , the seller can make the buyer aware of x1.5 In other

words, the seller�s message can ensure that the buyer is aware of his product. Here sending a

message means any kind of action which can make the buyer aware of x1. For instance, if the

seller is a salesperson, sending a message can mean visiting the buyer�s house. If the seller

is a job candidate, sending a message may mean sending an E-mail to a potential employer.

If the seller is a company, sending a message can mean advertising. On the other hand, if

the seller remains silent, a = N; whether x1 is in the buyer�s consideration set or not only

depends on her search outcome.

To clarify how her consideration set X is determined by the search and the seller�s action,

note that there are three possible scenarios for X = fx0; x1g. To see this, let ! 2 f0; 1g be
the buyer�s search outcome, that is, ! = 1 if the buyer found x1 before the seller chooses

action a, and ! = 0 if the buyer could not �nd x1 before the seller chooses a. First, when

! = 0; X = fx0; x1g only if the seller chooses a = M . Second, if ! = 1; X = fx0; x1g for
both a = M and N . Hence, X = fx0; x1g if (a; !) 2 f(M; 0); (N; 1); (M; 1)g: On the other
hand, X = fx0g if (a; !) = (N; 0): Thus, given the seller�s action a and the value of x1;

X =

8>>><>>>:
fx0; x1g with probability 1 if a =M

fx0; x1g with probability �(�) if a = N

fx0g with probability 1� �(�) if a = N

:

The payo¤ function of each player follows the standard adverse selection setting. The

seller always wants the buyer to choose his product x1: Concretely, if the buyer chooses x1;

the seller�s payo¤ is 1 for any type, while his payo¤ is 0 if the buyer does not choose his

product. On the other hand, the buyer�s payo¤ depends only on the value of her choice, that

is, if she chooses x0, her payo¤ is �0; while her payo¤ is �1 if she chooses x1:We assume that

each player maximizes one�s expected payo¤.

Our game is a signaling game and the time line is as follows. First, the seller observes �
5Meanwhile, we assume that sending a message is costless for simplicity. In Section 6, we introduce a

cost to show the robustness of our result.
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and the buyer searches feasible products. Then, the seller decides whether to send a message

without knowing her search outcome !. Formally, let A = fN;Mg be the set of the seller�s
actions. The seller�s strategy is then a mapping6

� : �! A:

After the seller chooses his action, the buyer chooses a product from her consideration set

X: If (a; !) 6= (N; 0) and X = fx0; x1g; the buyer infers � conditional on (a; !) and chooses
one whose expected value is higher. On the other hand, if (a; !) = (N; 0) and X = fx0g; the
buyer chooses x0: Formally, let H = f(M; 1); (M; 0); (N; 1);?g where ? denotes the case in
which the buyer does not notice the existence of x1: The buyer�s strategy is then a mapping

s : H ��0 ! X

such that s(?; �0) = x0 for any �0:
We employ perfect Bayesian equilibrium to analyze our game. Formally, (��; s�; ��)

is equilibrium if

(i) for any �; ��(�) maximizes the seller�s expected payo¤ given s�.

(ii) for any (h; �0) such that h 6= ?; s�(h; �0) maximizes the buyer�s expected payo¤, and
(iii) the buyer�s belief �� is updated according to Bayes�rule whenever possible.

Remark 1. Alba et al (1991) categorizes the consideration set procedure based on

whether relevant choices are physically present at the time of choice. If choices are physically

present, the consideration set may be determined by a stimulus such as a cue and a visual

salience. On the other hand, if choices are not physically present, the consideration set may

be determined by the decision maker�s memory. In our model, the buyer�s consideration

set formation is not passively determined by a salience or memory. Instead, the buyer

actively searches high quality products and her consideration set is determined by her search

technology and the buyer�s action. Since her search technology depends on factors such as

her social network and online search engines, whether choices are physically present or not

plays less important role in our setting.

6We focus on pure strategies since, whenever a mixed strategy equilibrium exists, the set of types who
use the mixed strategy has measure zero.
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Remark 2. There is another interpretation of our model. Unlike our basic setting,

suppose that the buyer has already consumed x1 but she forgets x1 in the beginning of the

game.7 Then, the buyer searches high quality products in her �memory�and thus �(�) is

de�ned as her recall probability of x1 conditional on experience �: Assumption 1 then means

that when the buyer tries to recall high quality products she consumed, she recalls x1 with

higher probability if � was higher. In this situation, the seller decides whether to remind her

of the existence of x1 without knowing whether she could recall x1, i.e., reminder advertising.

3 Equilibrium

We start with the analysis of the buyer�s behavior. Recall that if (a; !) = (N; 0); then

X = fx0g and the buyer chooses x0: Thus, consider the case X = fx0; x1g. As we mentioned
in the last section, there are three possible cases for X = fx0; x1g. The �rst case is

(a; !) = (M; 0): In this case, the buyer�s consistent posterior belief about � given strategy �

is

��(�jM; 0) =
(1� �(�))1f�00j�(�00)=Mg(�)f(�)R

�0(1� �(�
0))1f�00j�(�00)=Mg(�

0)f(�0)d�0

where 1f�00j�(�00)=Mg(�
0) is the indicator function of f�00j�(�00) =Mg.

The second case is (a; !) = (M; 1): In this case, her consistent posterior belief given

strategy � is

��(�jM; 1) =
�(�)1f�00j�(�00)=Mg(�)f(�)R

�0 �(�
0)1f�00j�(�00)=Mg(�

0)f(�0)d�0
:

The third case is (a; !) = (N; 1): Her consistent posterior belief given strategy � is then

��(�jN; 1) =
�(�)1f�00j�(�00)=Ng(�)f(�)R

�0 �(�
0)1f�00j�(�00)=Ng(�

0)f(�0)d�0

where 1f�00j�(�00)=Ng(�
0) is the indicator function of f�00j�(�00) = Ng.

Then, the expected value of � conditional on (a; !) is

��(a; !) =

Z
���(�ja; !)d�:

When X = fx0; x1g; the buyer compares ��(a; !) with �0 and chooses one with a higher
7Shapiro (2006) analyzes advertising with consumers who forget their consumption experiences.
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value. Thus, given �; her optimal reaction is

s(h; �0j�) =

8>>><>>>:
x1 if h 6= ? and �0 � ��(a; !)

x0 if h 6= ? and �0 > ��(a; !)

x0 if h = ?

:

Turning to the seller�s problem, let U�S (a; �) denote type � seller�s expected payo¤ from

a given the buyer�s optimal reaction and �: Since the seller�s payo¤ from selling x1 is 1, his

expected payo¤ from a is the probability that the buyer chooses x1 conditional on � and a;

that is,

U�S (a; �) =

8<: �(�)G(��(M; 1)) + (1� �(�))G(��(M; 0)) if a =M

�(�)G(��(N; 1)) if a = N
:

In the rest of this section, we analyze the existence of equilibria and characterize them.

A pooling equilibrium is M-pooling if �(�) = M for all � in the equilibrium. Similarly, a

pooling equilibrium is N-pooling if �(�) = N for all � in the equilibrium.

Recall that the seller�s payo¤ function is independent of the seller�s action a: Thus, it

is easy to see that uninformative equilibria, i.e., the M -pooling and N -pooling equilibria,

always exist.8 Then, the �rst question is the existence of an equilibriumwhere the equilibrium

strategy depends on �, i.e., informative equilibrium. To investigate this question, consider a

class of partial pooling strategies. A strategy is a cuto¤ countersignaling if

�(�) =

8<: N if � > �̂

M if � < �̂
:

In short, the seller sends a message if the value of his product is lower than a certain

level. On the other hand, he remains silent if the value of his product is higher than the

certain level. An equilibrium is a cuto¤ countersignaling equilibrium if he uses a cuto¤

countersignaling strategy in the equilibrium.

The next proposition states that some informative equilibrium can exist even though the

seller�s payo¤ function is independent of his action and type.9

8In Section 5, we re�ne the pooling equilibria.
9Recall that the standard cheap talk game has informative equilibria since the sender�s payo¤ function

depends on the type.

9
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Proposition 1. There exists a cuto¤ countersignaling equilibrium if �(�) is su¢ ciently

low for some � 2 (�min; �max]. On the other hand, there is no cuto¤ countersignaling equilib-
rium if �(�) is su¢ ciently high for any �:

Proof. See appendix.

An intuition of the �rst part of Proposition 1 is as follows. Suppose that the seller

plays a cuto¤ countersignaling strategy. If �(�) is su¢ ciently low for some type and lower

types remain silent pretending higher types, the buyer rarely chooses x1 since it is rarely

noticed, i.e., �(�) is low. On the other hand, higher types know that the buyer �nds x1 with

higher probability even if he remains silent. Hence, higher types can di¤erentiate themselves

from lower types by remaining silent. Thus, in this equilibrium, the buyer interprets the

silence as a signal of �con�dence,�while messaging as a signal of �lack of con�dence.�For an

intuition of the second part, suppose that the seller uses a cuto¤ countersignaling strategy

even though the buyer can �nd x1 with a high probability for any �. Then, since the buyer

�nds the product with a high probability even if the seller remains silent, a low type has an

incentive to remain silent pretending a higher type.

In the informative equilibrium, the equilibrium cuto¤type is determined so that the cuto¤

type�s expected payo¤ from sending a message and that from remaining silent are indi¤erent

given the cuto¤ countersignaling strategy. The existence of such a cuto¤, i.e., a �xed point,

is guaranteed if �(�) is su¢ ciently low for some � > �min: Then, by the increasingness of

�(�); all types who are higher than the cuto¤ type prefer to remain silent, while all types

who are lower than the cuto¤ type prefer to send a message. On the other hand, if �(�)

is su¢ ciently high for any �, such a �xed point does not exist and thus there is no cuto¤

countersignaling equilibrium.

The next question is whether other classes of informative equilibria can exist. The fol-

lowing proposition states that the answer is no.

Proposition 2. Any informative equilibrium is a cuto¤ countersignaling equilibrium.

We prove Proposition 2 by establishing the following lemma.

Lemma 1. There is no equilibrium in which �(�0) = N and �(�00) =M if �0 < �00:

10
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Proof. See appendix.

Since it is di¢ cult to provide an intuition for Lemma 1, we give a sketch of the proof.

Suppose that there exists an equilibrium such that �(�0) = N and �(�00) = M if �0 < �00:

Observe the probability that the buyer chooses x1 given (a; !) does not depend on � given

a strategy. Hence, given a strategy, � a¤ects the seller�s payo¤ only through the search

technology �(�): Hence, whenever ! = 1; the ratio of the seller�s expected payo¤ from M to

that from N is constant in �: On the other hand, the expected payo¤ from M is decreasing

in � if ! = 0; while the expected payo¤ from N is always 0. Hence, given any strategy �;

the ratio of the expected payo¤ from M to that from N is decreasing in �. Hence, whenever

�0 prefers N to M; �00 also prefers N to M:

Remark 3. Even though an intuition behind the countersignaling result in our model

is similar to that in Feltovich et al (2002), the equilibrium structure of our game is entirely

di¤erent from theirs. In their model, the single crossing property of the payo¤ function plays

a crucial role, while our sender�s payo¤ function is independent of his type and his choice of

a signal. Thus, unlike our model, their game has a separating equilibrium in addition to the

countersignaling equilibrium.

Remark 4. We can consider a richer message space for the seller, i.e., A = fN;M1;M2; ::g
where fM1;M2; ::g can be interpreted as a set of �sales pitches.�However, as long as each
sales pitch can make the buyer aware of x1; any equilibrium is �sales pitch neutral,�that is,

if there exists an equilibrium in whichM 0 is chosen with a strictly positive probability, while

M 00 is never chosen, we can construct an equilibrium with the same equilibrium payo¤ by

replacing M 0 with M 00: To see the reason recall that the seller�s payo¤ is independent of his

type and the choice of a sales pitch. Hence, wheneverM 0 is more pro�table thanM 00 for one

type, M 0 is also more pro�table than M 00 for any other types. Hence, any two sales pitches

are equivalent in terms of informativeness when the seller uses them in equilibrium.

In the rest of this section, we analyze how the change of the search technology a¤ects

the equilibrium cuto¤ type. For the sake of this comparative statics, we focus on the case in

which there exists a unique informative equilibrium. To parameterize the search technology,
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let e�(�) = ��(�) where � 2 (0; 1=�(�min)): Thus, if � > 1; the search technology e�(�) �nds
x1 with higher probability than �(�) for each �: On the other hand, if � < 1; the search

technology e�(�) �nds x1 with lower probability than �(�) for each �:
Let �̂j�0 be the unique equilibrium cuto¤ under search technology �0 and U

��̂
S (M; �̂)�0

denote the cuto¤ type�s expected payo¤ from a given cuto¤ countersignaling strategy ��̂ and

search technology �0:

Note that

U
��̂
S (M; �̂)�

U
��̂
S (N; �̂)�

=
�(�̂)G(���̂(M; 1)) + (1� �(�̂))G(���̂(M; 0))

�(�̂)G(���̂(N; 1))
:

First, observe that if � 2 (0; 1); then U
�
�̂j�

S (M;�̂j�)�
U
�
�̂j�

S (N;�̂j�)�
= 1 <

U
�
�̂j�

S (M;�̂j�)��
U
�
�̂j�

S (N;�̂j�)��
: In this case, it is

easy to show that whenever there exists a unique informative equilibrium, we have �̂j�� < �̂j�.
That is, the set of types who send a message in the equilibrium becomes smaller.

Second, note that if � 2 (1; 1=�(�min)); then U
�
�̂j�

S (M;�̂j�)�
U
�
�̂j�

S (N;�̂j�)�
= 1 >

U
�
�̂j�

S (M;�̂j�)��
U
�
�̂j�

S (N;�̂j�)��
: In this case,

we can show that �̂j�� > �̂j� whenever a unique informative equilibrium exists. Thus, the set
of types who send a message in the equilibrium becomes larger.

4 Equilibrium payo¤ comparison

As other signaling games, our game also has multiple equilibria. This section analyzes which

equilibrium is best for each player. Let ��(a; !) denote the buyer�s expected value of x1

conditional on (a; !) given a strategy �:

First, note that

���̂(N; 1) =

Z
�>�̂

�
�(�)f(�)R

�0>�̂ �(�
0)f(�0)d�0

d�

where ��̂ is the cuto¤ countersignaling strategy with �̂:

Second, let �NP be the N -pooling strategy and �MP be theM -pooling strategy. Observe

that

��NP (N; 1) = ��MP
(M; 1) =

Z
�

�
�(�)f(�)R

�0 �(�
0)f(�0)d�0

d�:

Then, it is easy to see that ���̂(N; 1) > ��NP (N; 1) = ��MP
(M; 1):
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Finally, note that

��MP
(M; 0) =

Z
�

�
(1� �(�))f(�)R

�0(1� �(�
0))f(�0)d�0

d�:

Since �(�) is increasing in �; ��NP (N; 1) > ��MP
(M; 0):

The next proposition clari�es how the buyer�s best equilibrium depends on �0 and �(:)

Proposition 3. Suppose there exists a unique cuto¤ countersignaling equilibrium.

(i) If �(�max) is su¢ ciently low, the M-pooling is the best equilibrium for the buyer with

�0 < ��MP
(M; 0):

(ii) The cuto¤ countersignaling equilibrium is the best equilibrium for the buyer with

�0 2 (��NP (N; 1); ���̂(N; 1)].
(iii) All equilibria are indi¤erent to the buyer with �0 > ���̂(N; 1):

Proof. See appendix.

The idea of Proposition 3 is as follows. If the buyer�s type is �0 < ��MP
(M; 0); she chooses

product x1 in any equilibrium whenever x1 2 X. Hence, if the probability that she �nds
x1 is su¢ ciently low for any �, she prefers the equilibrium where the seller always sends a

message, i.e., the M -pooling equilibrium. If �0 2 (��NP (N; 1); ���̂(N; 1)]; the buyer chooses
product x1 only in the cuto¤ countersignaling equilibrium. Since the choice set is larger and

the decision is optimal given information, her expected payo¤ in the cuto¤ countersignaling

equilibrium has to be higher than that in other pooling equilibria. Finally, if �0 > ���̂(N; 1);

the buyer never chooses x1 in any equilibrium. Thus, all equilibria are indi¤erent to her.

When �0 2 (��MP
(M; 0); ��NP (N; 1)); the buyer always prefers the M -pooling equilibrium

to the N -pooling equilibrium. However, whether she prefers the cuto¤ countersignaling

equilibrium to the M -pooling equilibrium is sensitive to the parameters.

The buyer�s best equilibrium in the ex ante stage, i.e. before the buyer observes �0, also

depends on the search technology. For instance, if the buyer often fails to �nd the seller�s

product for any �; i.e., �(�max) is low, theM -pooling is the buyer�s ex ante best equilibrium.

Note that this is contrary to Spencian signaling models in which the receiver always prefers

an informative equilibrium to pooling equilibria. This is because the receiver pays nothing
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for the informativeness of the signal in Spencian signaling models, while the informativeness

of the signal requires lower probability of x1 2 X and thus does cost the receiver in our

signaling model.

On the other hand, if the search technology can sort out high quality products with a

high probability, the informative equilibrium can be the buyer�s ex ante best equilibrium. To

see the idea, suppose the search technology follows a logistic function �(�) = 1

1+e��(��e�) wheree� 2 int(�): Note that, for large �; �(�) is a good approximation of a step function with a
jump at e�: Thus, the search technology sorts out a product with � > e� more accurately if � is
larger. By Proposition 1, the existence of a cuto¤ countersignaling equilibrium is guaranteed

for a large �. Now, for simplicity, assume that distribution G(�0) and F (�) are both uniform

over �. Then, we can show that one of equilibrium cuto¤s can be arbitrarily close to e� for
large �: In this cuto¤ countersignaling equilibrium, the buyer�s consideration set includes x1

with a high probability since the buyer �nds x1 with a high probability for most of � > e�:
Thus, if � is large, in almost all cases, the buyer chooses a product from fx0; x1g based on a
signal which essentially tells her whether � > e� or not: Hence, the buyer�s ex ante expected
payo¤ in the informative equilibrium is higher than that in the M -pooling if � is su¢ ciently

large.

Turning to the seller�s perspective, the next proposition clari�es that how the seller�s best

equilibrium depends on � and �(:):

Proposition 4.

(i) The cuto¤ countersignaling equilibrium cannot be the best equilibrium for the seller

with � < �̂: On the other hand, it is the best equilibrium for the seller with �max if �(�max)

is su¢ ciently large.

(ii) If �(�max) is su¢ ciently low, the M-pooling is the best equilibrium for any �.

Proof. See appendix.

To provide an intuition for (i), observe that when there exists an informative equilibrium,

the lower types send a message in both the M -pooling equilibrium and the informative

equilibrium. Hence, for the buyer, the expected value of x1 conditional on the message is

lower in the informative equilibrium. Thus, the lower types always prefer the M -pooling
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equilibrium. On the other hand, for � > �̂; the expected value of x1 conditional on ! = 1

in the informative equilibrium is higher than that in any uninformative equilibrium. On the

other hand, the expected value of x1 conditional on ! = 0 in the informative equilibrium

is lower than that in the M -pooling equilibrium. Hence, if �(�max) is su¢ ciently high and

the probability of ! = 1 is high, type �max seller prefers the informative equilibrium to

any uninformative equilibrium. By continuity, this argument holds for any seller with a

su¢ ciently high �:

To provide an intuition for (ii), suppose the probability that the buyer �nds x1 is very

low even for �max. Then, if the seller remains silent, the buyer rarely notices the existence

of x1. Thus, the expected payo¤ in the M -pooling equilibrium in which the buyer always

notices the existence of x1 can be higher than in the informative equilibrium.

Remark 5. At �rst glance, the limitation of attention seems to be a �market friction�

which makes the transaction less e¢ cient. However, there is a positive aspect of this market

friction. To see the point, suppose the buyer�s attention is unlimited and she can identify all

feasible products, i.e., �(�) = 1 for any �: Then, since the seller�s message plays no role, all

equilibria are uninformative and thus the buyer has to make a decision based on her prior

probability, that is, the equilibrium payo¤ is the same as that in theM -pooling equilibrium.

On the other hand, when the buyer�s attention is limited and she can fail to be aware of

some feasible products, whether to send a message becomes an e¤ective signaling device for

the seller. As we discussed earlier in this section, the informative equilibrium can be the

buyer�s best equilibrium in the ex ante stage. Thus, in such a case, the buyer and the seller

with high � can be better o¤ when the buyer�s attention is limited.

5 Re�nement

This section re�nes the set of equilibria. Since the sender�s payo¤ function is independent of

the choice of a signal, �equilibrium dominance based re�nements�are not e¤ective. Thus,

we employ perfect sequential equilibrium (PSE) introduced by Grossman and Perry

(1991). PSE re�nes the set of perfect Bayesian equilibria by restricting o¤-the-equilibrium

beliefs to be �credible.�That is, once a deviation has occurred, the receiver tries to rationalize

the deviation by trying to �nd a set of types C � � that would bene�t from the deviation if
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it is thought C deviated, but � =2 C loses from the deviation. More preciously, suppose the

seller chooses an o¤-the-equilibrium action. The receiver then tries to �nd C � � such that,
if the buyer chooses the optimal action believing the sender�s type is in C; the set of types

whose expected payo¤s are strictly higher than the equilibrium payo¤ is exactly C: If such

C exists, the credible updating rule given o¤-the-equilibrium action a0 is

��(�ja0; !) =

8>>><>>>:
�(�)f(�)R

�02C �(�
0)f(�0)d�0 if � 2 C and ! = 1

(1��(�))f(�)R
�02C(1��(�

0))f(�0)d�0 if � 2 C and ! = 0

��(�ja0; !) = 0 if � =2 C:

An equilibrium is a PSE if the sender has no incentive to deviate under the credible

updating rule. In a PSE, the updating rule has to follow Bayes� rule whenever possible.

Thus, whenever there is no o¤-the-equilibrium action in a PBE, the equilibrium is always a

PSE. Hence, any cuto¤ countersignaling equilibrium is a PSE in our model. Our question

is therefore whether each pooling equilibrium is a PSE.

Proposition 5.

(i) The N-pooling equilibrium is not a PSE.

(ii) If �(�max) is su¢ ciently large and a cuto¤ countersignaling equilibrium exists, the

M-pooling equilibrium is not a PSE.

Proof. See appendix.

Proposition 5 implies that all equilibria are informative if �(�max) is su¢ ciently large

and there exists some informative equilibrium. The idea of Proposition 5-(i) is as follows.

Note that, since the seller can ensure that the buyer notices the product, the seller�s expected

payo¤ in theM -pooling equilibrium is always higher than that in the N -pooling equilibrium.

Thus, whenever the buyer receives a message in the N -pooling equilibrium, he may believe

that the seller can be any type. In fact, if the buyer makes his decision based on such a

belief, all types have an incentive to deviate from the N -pooling equilibrium.

To provide an intuition for Proposition 5-(ii), suppose that, by choosing N , the seller

with a high type tries to di¤erentiate himself from lower types in theM -pooling equilibrium.

When �(�max) is high, the buyer may speculate that the seller who might try such a deviation
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should belong to a set of high types. In fact, when �(�max) is su¢ ciently high and there

exists a cuto¤ countersignaling equilibrium, we can always �nd a set of high types such that,

when the buyer believes that the seller who deviated belongs to the set of high types, the

seller has an incentive to deviate from the M -pooling equilibrium if and only if the seller�s

type belongs to the set of high types.

6 Extensions

This section provides two extensions. First, we investigate the robustness of our results with

respect to a messaging cost. Second, we extend the model to a multi-seller setting.

6.1 Costly message

In our basic setting, there is no exogenous cost to send a message. However, since marketing

is often costly, e.g., advertising, it is important to analyze the robustness of our result with

respect to a messaging cost. To investigate the question, suppose that the seller has to pay

c > 0 if a = M and the seller�s payo¤ from selling x1 is b � 1: Then, let �(b; c) be our

signaling game given (b; c):

The following proposition states that the equilibrium structure can be preserved if c=b is

su¢ ciently small.

Proposition 6. Given b; suppose there exits a cuto¤ countersignaling equilibrium in

�(b; 0) and let ��̂� be the equilibrium strategy. If c is such that

(i)
c

b
< �(�max)[G(��MP

(M; 1))� 1] + (1� �(�max))G(��MP
(M; 0));

(ii)
c

b
< G(��

�̂
� (M; 0));

then there exists a cuto¤ countersignaling equilibrium in �(b; c). On the other hand, there

is no cuto¤ countersignaling equilibrium if c
b
> G(��MP

(M; 0)):

Proof. See appendix.

For a large �(�max), condition (i) cannot be satis�ed for any c > 0: However, the existence

of a cuto¤ countersignaling equilibrium is still guaranteed as long as c=b is su¢ ciently low,

that is, condition (i) is not a necessary condition.
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As another candidate of an equilibrium strategy in this costly messaging setting, we may

consider a cuto¤ strategy in which only higher types send a message. Formally, de�ne a

cuto¤ signaling strategy as �(�) = M if � > �̂ and �(�) = N if � < �̂: We can show that

if c=b < G(��
MP
(M; 0)); there is no cuto¤ signaling equilibrium. On the other hand, if

c=b > G(��
MP
(M; 0)), a cuto¤ signaling equilibrium can exist for some parameters. Finally,

given any c=b; if �(�max) is su¢ ciently low, there is no cuto¤ signaling equilibrium.

6.2 Multi-seller

Suppose there are seller 1 and 2 who are ex ante identical, that is, the product quality of

each seller is independently drawn from distribution F (�): As the basic setting, let �(�i) be

the search technology given �i, i.e., the probability of �nding xi conditional on �i: Note that

the search technology is symmetric in the sense that it depends only on the product quality.

One interpretation of this setting is that two sellers are similar in terms of the brand power.

Now we specify the formation process of the consideration set. In the multi-seller setting,

we de�ne x0 as the best competing product of x1 and x2: Then, �0 is drawn from G(�0) as

the basic setting. How each seller can a¤ect the buyer�s consideration set is analogous to

the basic setting. First, if both sellers send a message, i.e., (a1; a2) = (M;M); the buyer

becomes aware of both products.10 Then, X = fx0; x1; x2g with probability 1. Second, if
(a1; a2) = (N;N); xi 2 X when her search outcome is !i = 1, while xi =2 X when her search

outcome is !i = 0: Then, since the probability of !i = 1 condition on �i is �(�i);

X =

8>>>>>><>>>>>>:

fx0; x1; x2g with �(�1)�(�2)

fx0; x1g with �(�1)(1� �(�2))

fx0; x2g with (1� �(�1))�(�2)

fx0g with (1� �(�1))(1� �(�2))

:

Third, if (a1; a2) = (M;N); the buyer becomes aware of x1; while whether she notices x2

or not depends on her search outcome. Hence,

X =

8<: fx0; x1; x2g with �(�2)

fx0; x1g with 1� �(�2)
10This setting is contrary to Eliaz and Spiegler (2011b) in which two products compete to get the buyer�s

attention. Note that their interest is in the process of "attention-grabbing," while our interest is in the
process of "awareness." It is possible for the buyer to be aware of multiple products.
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Similarly, if (a1; a2) = (N;M);

X =

8<: fx0; x1; x2g with �(�1)

fx0; x2g with 1� �(�1)

We focus on symmetric equilibria of the game, i.e., in equilibrium, �i(�i) = �j(�j) when-

ever �i = �j: Note that when (a1; !1) = (a2; !2) 6= (N; 0); the expected value of two products
are the same for the buyer. Thus, we assume that if (a1; !1) = (a2; !2) and the expected

value of x1 is higher than �0; the buyer chooses x1 and x2 with the same probability.

The following proposition states that our main results are preserved even if there are two

sellers.

Proposition 7. In the two-seller setting, there exists a cuto¤ countersignaling equi-

librium if �(�) is su¢ ciently low for some � 2 (�min; �max]. Moreover, any informative

equilibrium is a cuto¤ countersignaling equilibrium.

Proof. See appendix.

We can also show the same result with any �nite number of sellers. On the other hand, it

is not obvious how the number of sellers a¤ects the equilibrium cuto¤ type. Note that, given

a strategy, a larger number of sellers makes the seller�s expected payo¤ from each action

lower. Thus, the net e¤ect of larger number of sellers on the equilibrium cuto¤ type depends

on the parameters.

In general, it is not easy to analyze the case with ex ante heterogeneous sellers. On the

other hand, an extreme case is relatively easy to analyze in our framework. Suppose seller 2

has a very strong brand and the buyer �nds seller 2�s product with probability 1 given any

�2: On the other hand, seller 1 has a weaker brand and the buyer�s search technology for x1

satis�es Assumption 1. In this case, it is easy to see that there is no equilibrium in which

seller 2�s strategy depends on �, that is, seller 2 uses a pooling strategy in any equilibrium.

Then, seller 1�s equilibrium strategy is analogous to that in the basic setting since seller 1

can treat x2 as x0 in the basic setting.
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7 Discussion

So far, we analyze the situation in which silence can be more persuasive than an attention-

grabbing marketing. Based on our framework, this section discusses situations in which an

attention-grabbing marketing can be an e¤ective strategy for any type.

7.1 Mature vs. New product

Our model implicitly assumes that the seller�s product is relatively mature. To see the

point, suppose the seller is introducing a new product in the market. Then, since there is no

consumer who knows the product, neither her friend�s suggestion nor a search engine re�ects

the quality of the product. Thus, for a new product, the buyer�s search technology may be

independent of the product quality, that is, a violation of Assumption 1.

It is easy to show that if the search technology is independent of the product quality,

any generic equilibrium in our model is uninformative. In other words, the M -pooling is

a reasonable equilibrium prediction when the seller�s product is new in the market. This

prediction is consistent with the casual observation of new product campaigns. A company

launches a campaign for a new product even if the product quality is high.

7.2 Direct vs. Mass marketing

Let q be the probability that the seller�s message can make the buyer aware of the product.

Note that, in our basic model, q is assumed to be 1. Such an assumption may be reasonable

for a direct marketing strategy. For example, when a salesperson approaches a customer to

introduce his product, i.e., direct selling, it is easy to make her aware of his product. On the

other hand, if a �rm advertises a product through a mass media, i.e., mass marketing, the

probability that the buyer listens or watches his advertisement can be low, i.e., a small q.

It is easy to show that our main result is preserved as long as q is su¢ ciently high.

On the other hand, there is no informative equilibrium if q is su¢ ciently small given the

buyer�s search technology. Thus, when we analyze a mass marketing strategy with a low q;

a reasonable equilibrium prediction may be the M -pooling equilibrium, that is, the seller

advertises his product even if its quality is high.
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7.3 Experience goods vs. Search goods

Nelson (1974) categorizes goods into two types to analyze informative advertising. The �rst

type is experience goods whose quality is hard to observe in advance, e.g., foods, drinks,

and books. The second type is search goods which can be easily evaluated by observable

features and characteristics, e.g., clothes and furniture. Since the product quality is the

seller�s private information in our model, our model implicitly assumes that product x1 is

an experience good. On the other hand, if the seller�s product is a search good and the

buyer can observe �, the seller does not need to take into account the signaling e¤ect of

his marketing strategy. Hence, for search goods, the goal of the marketing strategy can be

simply �standing out.�

8 Summary

This paper analyzed how an attention-grabbing marketing can �back�re�and when it can

be e¤ective. To investigate the question, we analyzed a signaling game in which the receiver

can fail to notice some feasible choices and follows a consideration set procedure.

Even though the seller�s payo¤ function is independent of his choice of a signal and type,

we show that:

� If the search technology can �lter out low quality products with a high probability, there
exists a countersignaling equilibrium, that is, lower types use an attention-grabbing

marketing, while higher types remain silent. Moreover, any informative equilibrium is

a countersignaling equilibrium in our game.

Thus, silence is more �persuasive� than an attention-grabbing marketing in the infor-

mative equilibrium. Since the game also has uninformative equilibria, we compared the

equilibrium payo¤s. We then found the following.

� If the buyer�s search technology can sort out high quality products with a high prob-
ability, the buyer�s best equilibrium in the ex ante stage can be a countersignaling

equilibrium.
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That is, the possibility of failing to notice some feasible products makes the marketing

strategy an e¤ective signaling device. Thus, the buyer�s �limitation of attention�can improve

e¢ ciency of the transaction in the adverse selection environment.

On the other hand,

� when the buyer�s search technology often fails to �nd the seller�s product even if its
quality is very high, the buyer prefers a pooling equilibrium to any informative equi-

librium.

Note that this is contrary to Spencian signaling models where the receiver prefers infor-

mative equilibria to pooling equilibria.

Finally, we obtain the following implications based on our framework.

� Silence can be more persuasive than an attention-grabbing marketing if (i) the seller�s
product is a relatively mature �experience good�and (ii) the marketing strategy can

e¤ectively make the buyer aware of his product, e.g., a direct selling.

� If the seller is promoting a new product or a �search good�through a mass media, an
attention-grabbing marketing may be the e¤ective strategy.

9 Appendix

This section provides the omitted proofs.

9.1 Proof of Proposition 1

Let ��̂ be the cuto¤ countersignaling strategy with cuto¤ �̂: Then, the expected value of x1

given (a; !) = (N; 1) and ��̂ is

���̂(N; 1) =

Z
�>�̂

�
�(�)f(�)R

�>�̂
�(�0)f(�0)

d�:

Note that the buyer never chooses x1 if (a; !) = (N; 0): Thus, type � seller�s expected

payo¤ from N given ��̂ is

U �̂S(N; �) = �(�)G(���̂(N; 1)):
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On the other hand, let

��NP (N; 1) =

Z
�

�
�(�)f(�)R

�0 �(�
0)f(�0)d�0

d�;

that is, this is the expected value of x1 given (a; !) = (N; 1) when the seller uses the N -

pooling strategy.

Note that

lim
�̂!�min

U �̂S(N; �̂) = �(�min)G(��NP (N; 1)) > 0:

On the other hand, the expected value of x1 given (a; !) = (M;!) and ��̂ is

���̂(M;!) =

8<:
R
�<�̂
� �(�)f(�)R

�0<�̂ �(�
0)f(�0)d�0d� if ! = 1R

�<�̂
� (1��(�))f(�)R

�<�̂(1��(�
0))f(�0)d�0d� if ! = 0

:

Hence, type � seller�s expected payo¤ from M given ��̂ is

U
��̂
S (M; �) = �(�)G(���̂(M; 1)) + (1� �(�))G(���̂(M; 0)):

Moreover, observe that lim�̂!�min G(���̂(M; 1)) = lim�̂!�min G(���̂(M; 0)) = 0: Hence,

lim
�̂!�min

U
��̂
S (M; �̂) = 0 < lim

�̂!�min
U �̂S(N; �̂):

Now, �x any �̂
0 2 (�min; �max]:Note that, by choosing a low search technology for �̂

0
; we can

make U �̂
0

S (N; �̂
0
) arbitrarily close to 0. On the other hand, since �(�) is strictly increasing in �;

we have G(���̂(M; 1)) > G(���̂(M; 0)): Then, U
��̂
S (M; �̂

0
) � G(���̂(M; 0)) > 0 for any search

technology and thus U
�
�̂
0

S (M; �̂
0
) > U

�
�̂
0

S (N; �̂
0
) for a su¢ ciently low search technology �(�̂

0
):

Observe that ���̂(N; 1); ���̂(M; 1) and ���̂(M; 0) are continuous in �̂: Thus, both U
�̂
S(N; �̂) and

U
��̂
S (M; �̂) are also continuous in �̂: Then, since lim�̂!�min U

��̂
S (M; �̂) < lim�̂!�min U

�̂
S(N; �̂); the

continuity guarantees the existence of �̂
� 2 (�min; �̂

0
) such that U

��̂
S (M; �̂

�
) = U

��̂
S (N; �̂

�
):

We claim that the cuto¤ countersignaling with cuto¤ �̂
�
is an equilibrium strategy. To

see the claim, note that

U
�
�̂
�

S (M; �)

U
�
�̂
�

S (N; �)
=

�(�)G(��
�̂
� (M; 1)) + (1� �(�))G(��

�̂
� (M; 0))

�(�)G(��
�̂
� (N; 1))

=
G(��

�̂
� (M; 1)) +

1��(�)
�(�)

G(��
�̂
� (M; 0))

G(��
�̂
� (N; 1))
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Since1��(�)
�(�)

is strictly decreasing in �; U
�
�̂
�

S (M;�)

U
�
�̂
�

S (N;�)
is also strictly decreasing in �: Then, since

U
�
�̂
�

S (M;�̂
�
)

U
�
�̂
�

S (N;�̂
�
)
= 1;

U
�
�̂
�

S (M;�0)

U
�
�̂
�

S (N;�0)
< (>)1 for �0 > (<)�̂

�
, that is, no type has incentive to deviate

given ��̂�. This establishes the �rst part of Proposition 1.

To show the second part of Proposition 1, note that, since �(�) is strictly increasing

in �; G(���̂(N; 1)) > G(���̂(M; 1)) > G(���̂(M; 0)): Thus, when �(�min) is su¢ ciently high,

U
��̂
S (M; �̂) < U

��̂
S (N; �̂) for any �̂, that is, there is no cuto¤ type which can make two actions

indi¤erent for the seller. Q.E.D.

9.2 Proof of Lemma 1

Suppose there exists �0; �00 such that �(�0) = N; �(�00) = M and �0 < �00 in an equilibrium.

Then, the following conditions have to be satis�ed. Given the equilibrium strategy �;

�(�0)G(��(N; 1)) � �(�0)G(��(M; 1)) + (1� �(�0))G(��(M; 0));

�(�00)G(��(N; 1)) � �(�00)G(��(M; 1)) + (1� �(�00))G(��(M; 0)):

By rearranging the condition, we have

�(�00)G(��(M; 1)) + (1� �(�00))G(��(M; 0))
�(�00)G(��(N; 1))

� 1 � �(�0)G(��(M; 1)) + (1� �(�0))G(��(M; 0))
�(�0)G(��(N; 1))

:

that is,

G(��(M; 1)) +
1��(�00)
�(�00) G(��(M; 0))

G(��(N; 1))
� 1 �

G(��(M; 1)) +
1��(�0)
�(�0) G(��(M; 0))

G(��(N; 1))
:

However, since �(�) is strictly increasing in �; 1��(�
00)

�(�00) < 1��(�0)
�(�0) ; a contradiction. Q.E.D.

9.3 Proof of Proposition 3

To prove (i), suppose the buyer�s type is �0 < ��MP
(M; 0): The buyer chooses x1 with prob-

ability 1 in theM -pooling equilibrium. Thus, the buyer�s expected payo¤ in the equilibrium

is

UMP
B (�0) =

Z
[�(�)��MP

(M; 1) + (1� �(�))��MP
(M; 0)]f(�)d�:

On the other hand, in the N -pooling equilibrium, the buyer chooses x1 with probability �(�);

while she chooses x0 with probability 1� �(�). Thus, her expected payo¤ in the N -pooling
equilibrium is
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UNPB (�0) =

Z
[�(�)��NP (N; 1) + (1� �(�))�0]f(�)d�:

Since �0 < ��MP
(M; 0); UMP

B (�0) > U
NP
B (�0):

Next, in the cuto¤ countersignaling equilibrium with �̂; the buyer chooses x1 with prob-

ability �(�); while she chooses x0 with probability 1 � �(�) if � � �̂. Thus, her expected

payo¤ in the cuto¤ countersignaling equilibrium is

U �̂B(�0) =

Z
���̂
[�(�)���̂(N; 1) + (1� �(�))�0]f(�)d�

+

Z
�<�̂

24 �(�)max
�
���̂(M; 1); �0

	
+(1� �(�))max

�
���̂(M; 0); �0

	
35 f(�)d�:

Note that ���̂(M; 0) < ��MP
(M; 0): Then, since �0 < ��MP

(M; 0); UMP
B (�0) > U

�̂
B(�0) for

su¢ ciently low �(�max): This establishes (i).

To show (ii), suppose the buyer�s type is �0 2 (��NP (N; 1); ���̂(N; 1)]. Then, obviously,

UMP
B (�0) = UNPB (�0) = �0. On the other hand, the buyer�s expected payo¤ in the cuto¤

countersignaling equilibrium is

U �̂B(�0) =

Z
���̂
[�(�)���̂(N; 1) + (1� �(�))�0]f(�)d�

+

Z
�<�̂

�0f(�)d�:

Then, since ���̂(N; 1) > �0; we have U
�̂
B(�0) > U

MP
B (�0) = U

NP
B (�0) for �0 2 (��NP (N; 1); ���̂(N; 1)]:

To prove (iii), suppose the buyer�s type is �0 > ���̂(N; 1): Then, obviously, U
�̂
B(�0) =

UMP
B (�0) = U

NP
B (�0) = �0: Q.E.D.
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9.4 Proof of Proposition 4

For (i), note that

���̂(M; 1) =

Z
�<�̂

�
�(�)f(�)R

�0<�̂ �(�
0)f(�0)d�0

d�;

���̂(M; 0) =

Z
�<�̂

�
(1� �(�))f(�)R

�<�̂
(1� �(�0))f(�0)d�0d�;

��MP
(M; 1) =

Z
�

�
�(�)f(�)R

�0 �(�
0)f(�0)d�0

d�;

��MP
(M; 0) =

Z
�

�
(1� �(�))f(�)R

�0(1� �(�
0))f(�0)d�0

d�:

Observe that ���̂(M; 1) < ��MP
(M; 1) and ���̂(M; 0) < ��MP

(M; 0): Thus, for � < �̂;

U �̂S(�) = �(�)G(���̂(M; 1)) + (1� �(�))G(���̂(M; 0))

< �(�)G(��MP
(M; 1)) + (1� �(�))G(��MP

(M; 0)) = UMP
S (�)

That is, type � < �̂ seller always prefers the M -pooling to any cuto¤ countersignaling

equilibrium.

To show the second part of (i), note that, for any � > �̂;

���̂(N; 1) =

Z
�>�̂

�
�(�)f(�)R

�0>�̂ �(�
0)f(�0)d�0

d�;

��NP (N; 1) =

Z
�

�
�(�)f(�)R

�0 �(�
0)f(�0)d�0

d�

and

U �̂S(�) = �(�)G(���̂(N; 1))

UNPS (�) = �(�)G(��NP (N; 1))

UMP
S (�) = �(�)G(��MP

(M; 1)) + (1� �(�))G(��MP
(M; 0));

Observe that

���̂(N; 1) > ��NP (N; 1) = ��MP
(M; 1) > ��MP

(M; 0):

Hence, U �̂S(�) > UNPS (�) for � > �̂: Moreover, if �(�max) is su¢ ciently large, then

U �̂S(�max) > U
MP
S (�max):
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To show Proposition 4-(ii), note that

UMP
S (�)� U �̂S(�) = �(�)[G(��MP

(M; 1)�G(���̂(N; 1))]

+(1� �(�))G(��MP
(M; 0):

Since G(��MP
(M; 0) > 0; UMP

S (�) > U �̂S(�) for su¢ ciently low �(�max). On the other hand,

UMP
S (�) > UNPS (�) since UMP

S (�) � UNPS (�) = (1 � �(�))G(��MP
(M; 0)) > 0: Then, since

UMP
S (�) > U �̂S(�) for any � < �̂ from (i), the M -pooling is the best equilibrium for the seller

if �(�max) is su¢ ciently small. Q.E.D.

9.5 Proof of Proposition 5

To prove (i), consider the N -pooling equilibrium. Suppose the seller deviates from the

pooling equilibrium and chooses M: Let

�C(M;!) =

Z
�

��C(�jM;!)d�

be the expected value of � when the buyer believes that the seller who chooses M is in C:

Then, the seller�s expected payo¤ from this deviation given C is

UCS (�) = �(�)G(�C(M; 1)) + (1� �(�))G(�C(M; 0)):

Now, suppose C = �: Then, the credible posterior belief is

�C(�jM;!) =

8<:
�(�)f(�)R

�02� �(�
0)f(�0)d�0

(1��(�))f(�)R
�02�(1��(�

0))f(�0)d�0

Then, since �(�) is strictly increasing in �; ��(M; 0) < ��NP (N; 1) = ��(M; 1): Thus,

U�S (�) = �(�)G(��(M; 1)) + (1� �(�))G(��(M; 0))

> �(�)G(��NP (N; 1)) = U
NP
S (�)

for all �: That is, any � 2 � has incentive to deviate. Thus, the N -pooling is not PSE.
To prove (ii), consider the M -pooling equilibrium. Suppose that �(�max) is su¢ ciently

large so that

�(�max) >
G(��MP

(M; 0))

1�G(��MP
(M; 1)) +G(��MP

(M; 0))
:
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Then,

lim
�̂!�max

�(�̂)G(���̂(N; 1)) > �(�max)G(��MP
(M; 1)) + (1� �(�max))G(��MP

(M; 0)):

Suppose there exists a cuto¤ countersignaling equilibrium with cuto¤ �̂
�
. From the

equilibrium condition,

�(�̂
�
)G(��

�̂
� (N; 1)) = �(�̂

�
)G(��

�̂
� (M; 1)) + (1� �(�̂

�
))G(��

�̂
� (M; 0)):

Then, since

�(�̂
�
)G(��

�̂
� (M; 1)) + (1� �(�̂

�
))G(��

�̂
� (M; 0))

< �(�̂
�
)G(��MP

(M; 1)) + (1� �(�̂�))G(��MP
(M; 0));

the continuity guarantees the existence of �̂
0 2 (�̂�; �max) such that

�(�̂
0
)G(��

�̂
0 (N; 1)) = �(�̂

0
)G(��MP

(M; 1)) + (1� �(�̂0))G(��MP
(M; 0)):

Now, suppose if the seller deviates from the pooling equilibrium and chooses N; the buyer

believes that his type is in C = (�̂
0
; �max]: Then, the credible posterior belief has to be

�C(�jN; 1) =

8<:
�(�)f(�)R

�>�̂
0 �(�0)f(�0)

if � � �̂0

0 if � < �̂
0 :

By construction of �̂
0
,

UMP
S (�̂

0
)

U
(�̂
0
;�max]

S (N; �̂
0
)
=

�(�̂
0
)G(��MP

(M; 1)) + (1� �(�̂0))G(��MP
(M; 0))

�(�̂
0
)G(�

(�̂
0
;�max]

(N; 1))

=
G(��MP

(M; 1)) + 1��(�̂0)
�(�̂

0
)
G(��MP

(M; 0))

G(�
(�̂
0
;�max]

(N; 1))
= 1

Then, since 1��(�)
�(�)

is strictly decreasing in �;

UMP
S (�)

U
(�̂
0
;�max]

S (N; �)
� 1 if � 2 C

UMP
S (�)

U
(�̂
0
;�max]

S (N; �)
> 1 if � =2 C

That is, any � 2 C has incentive to deviate, while any � =2 C has no incentive to deviate.
Q.E.D.
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9.6 Proof of Proposition 6

If sending a message costs c > 0; the seller�s expected payo¤ from M given ��̂ is

U
��̂
S (M; �) = b[�(�)G(���̂(M; 1)) + (1� �(�))G(���̂(M; 0))]� c:

Moreover, observe that lim�̂!�min G(���̂(M; 1)) = lim�̂!�min G(���̂(M; 0)) = 0: Hence,

lim
�̂!�min

U
��̂
S (M; �̂) < 0:

On the other hand, the cost does not a¤ect the seller�s expected payo¤ from N: Then,

since lim�̂!�max ���̂(M;!) = ��MP
(M;!);

lim
�̂!�max

U
��̂
S (M; �) = b[�(�)G(��MP

(M; 1)) + (1� �(�))G(��MP
(M; 0))]� c:

On the other hand, lim�̂!�max ���̂(N;!) = �max: Thus, if condition (i) is satis�ed,

b�(�max) < b[�(�max)G(��MP
(M; 1)) + (1� �(�max))G(��MP

(M; 0))]� c:

Hence, under condition (i), we have

lim
�̂!�max

U
��̂
S (M; �) > lim

�̂!�max
U
��̂
S (N; �):

Since lim�̂!�min U
��̂
S (N; �̂) > 0; by continuity, there exists at least one �̂

�� 2 (�min; �max)
such that U

��̂
S (M; �̂

��
) = U

��̂
S (N; �̂

��
):

Observe that, given a strategy and b, c reduces the expected payo¤ fromM; while c does

not a¤ect the expected payo¤ from N: Hence, it is easy to see that the largest solution of

U
��̂
S (M; �̂) = U

��̂
S (N; �̂) is strictly larger than the largest equilibrium cuto¤ in �(b; 0): Then,

without loss of generality, let �̂
��
be the largest solution of U

��̂
S (M; �̂) = U

��̂
S (N; �̂). We claim

that ��̂�� is an equilibrium strategy if condition (ii) holds. To see the claim, note that

U
�
�̂
��

S (M; �)

U
�
�̂
��

S (N; �)
=

b[�(�)G(��
�̂
�� (M; 1)) + (1� �(�))G(��

�̂
�� (M; 0))]� c

b�(�)G(��
�̂
�� (N; 1))

=
G(��

�̂
�
(c)
(M; 1)) +

h
1
�(�)

� 1
i
G(��

�̂
�� (M; 0))� 1

�(�)
c
b

G(��
�̂
�� (N; 1))

=
G(��

�̂
�
(c)
(M; 1)) +

G(��
�̂
�� (M;0))� c

b

�(�)
�G(��

�̂
�� (M; 0))

G(��
�̂
�� (N; 1))
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Note that since �̂
�
< �̂

��
; G(��

�̂
� (M; 0)) < G(��

�̂
�� (M; 0)): Thus, c < bG(��

�̂
�� (M; 0)) if

condition (ii) is satis�ed: Then, since 1
�(�)

is strictly decreasing in �; U
�
�̂
��

S (M;�)

U
�
�̂
��

S (N;�)
is also strictly

decreasing in �: Hence, when U
�
�̂
��

S (M;���)

U
�
�̂
��

S (N;���)
= 1;

U
�
�̂
�
(c)

S (M;�0)

U
�
�̂
�
(c)

S (N;�0)
< (>)1 for �0 > (<)�̂

��
. Moreover,

since c < bG(��
�̂
�� (M; 0)); U

�
�̂
��

S (M; �) > 0 for any � < �̂
��
: This establishes the �rst part of

the proposition.

For the second part, note that G(���̂(M; 0)) < G(��MP
(M; 0)) for any �̂: Thus, if c >

bG(��MP
(M; 0));

U
�
�̂

S (M;�)

U
�
�̂
�

S (N;�)
is strictly increasing given any solution of U

��̂
S (M; �̂) = U

��̂
S (N; �̂).

Q.E.D.

9.7 Proof of Proposition 7

Suppose there are two sellers and they use a cuto¤ countersignaling strategy with cuto¤ �̂:

The probability that seller i�s product has the highest value conditional on (!i; �j; ai; aj) is

�ai;aj(�j; !ij�̂) =

8>>>>>><>>>>>>:

�(�j) Pr
�
�i
�̂
(ai; !i) > maxf�0; �j�̂(M; 1)g

�
+(1� �(�j)) Pr

�
�i
�̂
(ai; !i) > maxf�0; �j�̂(M; 0)g

� if aj =M

�(�j) Pr
�
�i
�̂
(ai; !i) > maxf�0; �j�̂(N; 1)g

�
+(1� �(�j)) Pr

�
�i
�̂
(ai; !i) > �0

� if aj = N

Then, seller i�s expected payo¤ from M is

U
��̂
S (M; �i) = �(�i)

"Z
�j<�̂

�M;M(�j; 1)f(�j)d�j +

Z
�j>�̂

�M;N(�j; 1)f(�j)d�j

#

+(1� �(�i))
"Z

�j<�̂

�M;M(�j; 0)f(�j)d�j +

Z
�j>�̂

�M;N(�j; 0)f(�j)d�j

#

= �(�i)

Z
�j<�̂

�
�(�j)G(�

i
�̂
(M; 1))

1

2
+ (1� �(�j))G(�i�̂(M; 1))

�
f(�j)d�j

+�(�i)

Z
�j>�̂

(1� �(�j))G(�i�̂(M; 1))f(�j)d�j

+(1� �(�i))
Z
�j<�̂

(1� �(�j))G(�i�̂(M; 0))
1

2
f(�j)d�j

+(1� �(�i))
Z
�j>�̂

(1� �(�j))G((�i�̂(M; 0))f(�j)d�j
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On the other hand, seller i�s expected payo¤ from N is

U
��̂
S (N; �i) = �(�i)

"Z
�j<�̂

�N;M(�j; 1j�̂)f(�j)d�j +
Z
�j>�̂

�N;N(�j; 1j�̂)f(�j)d�j

#
= �(�i)

Z
�j<�̂

�
�(�j)G(�

i
�̂
(N; 1)) + (1� �(�j))G(�i�̂(N; 1))

�
f(�j)d�j

+�(�i)

Z
�j>�̂

�
�(�j)G(�

i
�̂
(N; 1))

1

2
+ (1� �(�j))G(�i�̂(N; 1))

�
f(�j)d�j:

First, by analogous reasoning to the single seller case, lim�̂!�min U
��̂
S (M; �̂) = 0 and

lim�̂!�min U
��̂
S (N; �̂) > 0: Moreover, observe that if �(�) is su¢ ciently small for some �0;

U
��̂
S (M; �

0) > U
��̂
S (N; �

0): Then, since US(N; �̂ij�̂) and US(M; �̂ij�̂) are both continuous in �̂;
there exists at least one �̂

� 2 (�min; �0) such that U
�
�̂
�

S (N; �̂
�
i ) = U

�
�̂
�

S (M; �̂
�
i ):

Now, let

Wi(M; 1) =

Z
�j<�̂

�M;M(�j; 1)f(�j)d�j +

Z
�j>�̂

�M;N(�j; 1)f(�j)d�j;

Wi(M; 0) =

Z
�j<�̂

�M;M(�j; 0)f(�j)d�j +

Z
�j>�̂

�M;N(�j; 0)f(�j)d�j;

Wi(N; 1) =

Z
�j<�̂

�N;M(�j; 1j�̂)f(�j)d�j +
Z
�j>�̂

�N;N(�j; 1j�̂)f(�j)d�j:

Then,

U
�
�̂
�

S (M; �i)

U
�
�̂
�

S (N; �i)
=

�(�i)Wi(M; 1) + (1� �(�i))Wi(M; 0)

�(�i)Wi(N; 1)

=
Wi(M; 1) +

1��(�i)
�(�i)

Wi(M; 0)

Wi(N; 1)

Since1��(�)
�(�)

is strictly decreasing in �; U
�
�̂
�

S (M;�)

U
�
�̂
�

S (N;�)
is also strictly decreasing in �: Thus,

U
�
�̂
�

S (M;�0)

U
�
�̂
�

S (N;�0)
< (>)1 for �0 > (<)�̂

�
, that is, no type has incentive to deviate from ��̂�.

To show that any informative equilibrium is a cuto¤ countersignaling equilibrium, sup-

pose there exists �0; �00 such that �(�0) = N; �(�00) =M and �0 < �00 in an equilibrium. Then,

the following conditions have to be satis�ed.

�(�0)Wi(N; 1) � �(�0)Wi(M; 1) + (1� �(�0))Wi(M; 0);

�(�00)Wi(N; 1) � �(�00)Wi(M; 1) + (1� �(�00))Wi(M; 0):
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Thus,

�(�00)Wi(M; 1) + (1� �(�00))Wi(M; 0)

�(�00)Wi(N; 1)
� 1 � �(�0)Wi(M; 1) + (1� �(�0))Wi(M; 0)

�(�0)Wi(N; 1)
:

or
Wi(M; 1) +

1��(�00)
�(�00) Wi(M; 0)

Wi(M; 1)
� 1 �

Wi(M; 1) +
1��(�0)
�(�0) Wi(M; 0)

Wi(M; 1)
:

However, since 1��(�
00)

�(�00) < 1��(�0)
�(�0) , the above inequality cannot be satis�ed, a contradiction.

Q.E.D.
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