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Abstract

The paper aims at reconsidering the famous Le Cam LAN theory. The
main features of the approach which make it different from the classical
one are: (1) the study is non-asymptotic, that is, the sample size is fixed
and does not tend to infinity; (2) the parametric assumption is possibly
misspecified and the underlying data distribution can lie beyond the

given parametric family.

The main results include a large deviation bounds for the (quasi) maxi-
mum likelihood and the local quadratic majorization of the log-likelihood
process. The latter yields a number of important corollaries for statistical
inference: concentration, confidence and risk bounds, expansion of the
maximum likelihood estimate, etc. All these corollaries are stated in a
non-classical way admitting a model misspecification and finite samples.
However, the classical asymptotic results including the efficiency bounds
can be easily derived as corollaries of the obtained non-asymptotic state-
ments. The general results are illustrated for the i.i.d. set-up as well
as for generalized linear and median estimation. The results apply for
any dimension of the parameter space and provide a quantitative lower

bound on the sample size yielding the root-n accuracy.
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1 Introduction

One of the most popular approaches in statistics is based on the parametric assumption
(PA) that the distribution IP of the observed data Y belongs to a given parametric
family ([Pp,0 € © C IRP), where p states for the number of parameters. This as-
sumption allows to reduce the problem of statistical inference about IP to recovering
the parameter 6. The theory of parameter estimation and inference is nicely developed
in a quite general set-up. There is a vast literature on this issue. We only mention the
book by Ibragimov and Khas’minskij (1981), which provides a comprehensive study of
asymptotic properties of maximum likelihood and Bayesian estimators. The theory is
essentially based on two major assumptions: (1) the underlying data distribution follows
the PA; (2) the sample size or the amount of available information is large relative to the

number of parameters.

In many practical applications, both assumptions can be very restrictive and limiting
the scope of applicability for the whole approach. Indeed, the PA is usually only an
approximation of real data distribution and in the most of statistical problems it is too
restrictive to assume that the PA is exactly fulfilled. Many modern statistical problems
deal with very complex high dimensional data where a huge number of parameters are
involved. In such situations, the applicability of large sample asymptotics is questionable.
These two issues partially explain why the parametric and nonparametric theory are al-
most isolated from each other. Relaxing these restrictive assumptions can be viewed as
an important challenge of the modern statistical theory. The present paper attempts at
developing a unified approach which does not require the restrictive parametric assump-
tions but still enjoys the main benefits of the parametric theory. The main feature of the
presentation is the non-asymptotic framework. The notions like asymptotic normality,
convergence or tightness are meaningless in the non-asymptotic setup, the arguments
based on compactness of the parameter space are not really helpful. Instead some exact
exponential bounds and concentration results are systematically used. The main steps
of the approach are similar to the classical local asymptotic normality (LAN) theory; see
e.g. Chapters 1-3 in the monograph Ibragimov and Khas’minskij (1981): first we estab-
lish a kind of large deviation bound allowing to localize the problem into a neighborhood
of the target parameter. Then we use a local quadratic expansion of the log-likelihood

to solve the corresponding estimation problem.

Let Y stand for the available data. Everywhere below we assume that the observed
data Y follow the distribution IP on a metric space Y. We do not specify any particular
structure of Y . In particular, no assumption like independence or weak dependence of

individual observations is imposed. The basic parametric assumption is that IP can be
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approximated by a parametric distribution Py from a given parametric family (Py, 0 €
© C IRP). Our approach allows that the PA can be misspecified, that is, in general,
P ¢ (IPy).

Let L(Y,0) be the log-likelihood for the considered parametric model: L(Y,60) =
log %(Y} , where pq is any dominating measure for the family (/Pg). The classical like-
lihood principle suggests to estimate @ by maximizing the corresponding log-likelihood

function L(Y,0):

0 Y argmax L(Y, 0). (1.1)
6co

Our ultimate goal is to study the properties of the quasi MLE 6. Tt turns out that
such properties can be naturally described in terms of the maximum of the process L(8)
rather then the point of maximum 6. To avoid technical burdens it is assumed that the
maximum is attained leading to the identity maxg L(6) = L(E) . However, the point of
maximum needs not to be unique. If there are many such points we take 0 as any of

them. Basically, the notation 8 is used for the identity L(8) = Supgee L(0) .
If IP ¢ (IPg) , then the (quasi) MLE estimate 6 from (1.1) is still meaningful and it

appears to be an estimate of the value 8* defined by maximizing the expected value of
L(Y,0):

o argmax IEL(Y ,0) (1.2)
0co
which is the true value in the parametric situation and can be viewed as the parameter
of the best parametric fit in the general case.

We focus on the properties of the process L(Y,0) as a function of the parameter 6.
Therefore, we suppress the argument Y there and write L(0) instead of L(Y,0). One
has to keep in mind that L(@) is random and depends on the observed data Y . We
also define the excess or maximum log-likelihood L(0,0%) = L(0) — L(6*). The results
below show that the main properties of the quasi MLE 0 like concentration or coverage
probability can be described in terms of the quasi maximum likelihood L(8) — L(6*) =
maxgeo L(0) — L(0"), which is the difference between the maximum of the process L(8)
and its value at the “true” point 6*.

The established results can be split into two big groups. A large deviation bound
states some concentration properties of the estimate 6. For specific local sets ©Op(r)
with elliptic shape, the deviation probability IP (5 ¢ @O(I)) is exponentially small in
r. This concentration bound allows for restricting the parameter space to a properly
selected vicinity Op(r). Our main results describe local properties of the process L(0)

within @y(r). They can be viewed as a non-asymptotic version of the Le Cam LAN
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theory.

The paper is organized as follows. Section 2 presents the list of conditions which are
systematically used in the text. The conditions only concern the properties of the quasi
likelihood process L(8).

Section 3 appears to be central in the whole approach and it focuses on local properties
of the process L(0) within Og(r). The idea is to sandwich the underlying (quasi) log-
likelihood process L(0) for 6 € Oy(r) between two quadratic (in parameter) expressions.
Then the maximum of L(0) over Oy(r) will be sandwiched as well by the maxima of the
lower and upper processes. The quadratic structure of these processes help to compute
these maxima explicitly yielding the bounds for the value of the original problem. This
approximation result is used to derive a number of corollaries including the concentration
and coverage probability, expansion of the estimate 5, polynomial risk bounds, etc. In
the contrary to the classical theory, all the results are non-asymptotic and do not involve
any small values of the form o(1), all the terms are specified explicitly. Also the results
are stated under possible model misspecification.

Section 4 accomplishes the local results with the concentration property which bounds
the probability that 6 deviates from the local set Og(r). In the modern statistical
literature there is a number of studies considering maximum likelihood or more generally
minimum contrast estimators in a general i.i.d. situation, when the parameter set @ is
a subset of some functional space. We mention the papers Van de Geer (1993), Birgé
and Massart (1993), Birgé and Massart (1998), Birgé (2006) and references therein. The
established results are based on deep probabilistic facts from the empirical process theory;
see e.g. Talagrand (1996, 2001, 2005), van der Vaart and Wellner (1996), Boucheron et al.
(2003). The general result presented in Section 7 follows the generic chaining idea due to
Talagrand (2005); cf. Bednorz (2006). However, we do not assume any specific structure
of the model. In particular, we do not assume independent observations and thus, cannot
apply the most developed concentration bounds from the empirical process theory.

Section 5 illustrates the applicability of the general results to the classical case of
an i.i.d. sample. The previously established general results apply under rather mild
conditions. Basically we assume some smoothness of the log-likelihood process and some
minimal number of observations pro parameter: the sample size should be at least of
order of the dimensionality p of the parameter space. We also consider the examples of
generalized linear modeling and of median regression.

It is important to mention that the non-asymptotic character of our study yields
an almost complete change of the mathematical tools: the notions of convergence and
tightness become meaningless, the arguments based on compactness of the parameter

space do not apply, etc. Instead we utilize the tools of the empirical process theory based



SPOKOINY, V. )

on the ideas of concentration of measures and nonasymptotic entropy bounds. Section 6
presents an exponential bound for a general quadratic form which is very essential for
getting the sharp risk bounds for the quasi MLE. This bound is an important step in
the concentration results for the quasi MLE. Section 7 explains how generic chaining and
majorizing measure device by Talagrand (2005) refined in Bednorz (2006) can be used

for obtaining a general exponential bound for the log-likelihood process.

2 Conditions

Below we collect the list of conditions which are systematically used in the text. It seems
to be an advantage of the whole approach that all the results are stated in a unified
way under the same conditions which are quite general and not very much restrictive.
We do not try to formulate the conditions and the results in the most general form. In
some cases we sacrifice generality in favor of readability and ease of presentation. In
some cases we indicate possible extensions of the results under more general conditions.
It is important to stress that all the conditions only concern the properties of the quasi
likelihood process L(8) .

The imposed conditions on the process can be classified into the following groups by

their meaning:

e smoothness conditions on L(0) allowing the second order Taylor expansion;
e exponential moment conditions;

e identifiability and regularity conditions;

We also distinguish between local and global conditions. The global conditions concern
the global behavior of the process L(6#) while the local conditions focus on its behavior

in the vicinity of the central point 6*.

2.1 Global conditions

The first global condition (£) assumes some exponential moments for the quasi log-
likelihood L(@) for each 8 € ©. The second condition (ED) assumes some smoothness
of L(0) and requires exponential moments of its gradient. The important identifiability
condition is stated later; see Section 4.2.

The formulation involves a subset M of IR, describing all possible exponents in the

moment conditions.

(E) For each 0 € O, there exists a positive value p € M such that

]Eexp{,uL(G, 9*)} < 0.
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Note that this condition is automatically fulfilled if I[P = [Py~ and all the IPy’s are
absolutely continuous w.r.t. Py« with p < 1. Indeed, L(0,0%) = log(dPg/dPg*)
and log [Fg-(dIPg/dIPy<) = 0. For u < 1, it holds by the Jensen inequality that
—log [Eg+(dIPg/dIPy<)" > 0.

Condition (F) enables us to define the function
M(y1,6,60%) < —log Eexp{uL(0,6%)} < . (2.1)

This definition can be extended to all p € M by letting 9MM(u,0,0") = —oco when
the exponential moment of uL(0,6%) does not exists. The main observation behind

condition (F) is that
IE exp{uL(0,6) + M(1,6,6%)} =1

provided that 9 (u, 0, 0) is finite. Note that 9t(0,8,0") = 0. The concentration results
established in Section 4 require some identification properties. A pointwise identifiability
means that one can separate the target measure Py« and the measure I[Py corresponding
to another point @ in the parameter space. This condition can be expressed in terms of
the function M (u,H,0%) from (2.1). Namely, this value has to be significantly positive
for some p € M:

m*(0,0") f sup M(u, 0,0) > 0.

peM
This condition, however, only ensures a pointwise separation between 6* and 6. A
strict identification requires a quantitative lower bound on the value 9t*(0,6*): it has
to grow at least logarithmically with the norm ||@ — 6*||. A precise formulation involves
some more notation and it is given in Corollary 4.3 below; see condition (4.9).
To bound local fluctuations of the process L(0), we introduce an exponential moment

condition on the stochastic component ((0):
(@) = L(O) — EL(O).

Suppose that the random function ((@) is differentiable in @ and its gradient V{(0) =
0¢(0)/00 € IRP fulfills the following condition:

(ED) There exist some constant g, a positive symmetric matriz V2, and constant

g > 0 such that for all |\ <g

Tve¢(o
sup sup loglEexp{)\W} < 1/3)3/2.
~€IRP 0O VAl
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This condition effectively means that the gradient V({(#) normalized by the matrix
V' has bounded exponential moments. It can be relaxed by allowing the matrix V?2

and/or the value g to be dependent of @ in a uniformly continuous way.

2.2 Local conditions

Local conditions describe the properties of L(€) in a vicinity of the central point 6*
from (1.2). First we refine condition (ED). It is fulfilled for all € including 6 = 6.

However, the matrix V' can be improved if the only point 6* is concerned.

(EDg) There exist a positive symmetric matriz V02 , and constants g > 0, vy > 1
such that Var{V¢(0*)} < V§ and for all || < g

sup log IF exp

{ )
~€eIRP

W) <72

In typical situation, the matrix VO2 can be defined as the covariance matrix of the
gradient vector V{(6%): V@ = Var(V{(6%)) = Var(VL(6%)). If L(6) is the log-
likelihood for a correctly specified model, then 6* is the true parameter value and Vi
coincides with the corresponding Fisher information matrix.

The matrix Vy shown in this condition determines the local geometry in the vicinity

of 0*. In particular, define the local elliptic neighborhoods of 8* as

Oo(r) ¥ {6 O |Vo(0 - 6% <} (2.2)

The further conditions are restricted to such defined neighborhoods ©g(r). In fact, they
quantify local smoothness properties of the log-likelihood function L(6).

(EDy) For some R and each t < R, there exist a constant w(r) < 1/2 such that it
holds for all 8 € Oy(r)

sup log IF exp
~YESP

{AVT{VC(O) — V((0%)}

< EN?)2, N <g.
S@OVor }— 0X/% Pl<e

The main majorization result also requires second order smoothness of the expected
log-likelihood IEL(0). By definition, L(6*,0") = 0 and VIEL(0*) = 0 because 0"
is the extreme point of IEFL(@). Therefore, —IFL(0,0%) can be approximated by a
quadratic function of —0* in the neighborhood of 8* . The local identifiability condition
qualifies this quadratic approximation from above and from below on the set @g(r) from
(2.2).
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(Lo) There are a positive matriz Do and for each ¥ < R and a constant 6(r) < 1/2,
such that it holds on the set Oy(r) = {0 : [|Vo(0 —0¥)|| < r}

—2[EL(0,6%)
oo ey 1| =

Note that if L(6,0%) is the log-likelihood ratio and P = [Py~ then —IEL(0,0") =
Eg- log(dlpg* / d]Pg) = K(IPy~, IPg) , the Kullback-Leibler divergence between [Pp+ and
IPy. Then condition (Lg) with Dy = Vj follows from the usual regularity conditions on
the family (IPy); cf. Ibragimov and Khas'minskij (1981).

If the log-likelihood process L(8) is sufficiently smooth in 8, e.g. three times stochas-
tically differentiable, then the quantities w(r) and d(r) are proportional to the radius
o(r) of the set Oy(r) defined as

= 06—07|.
or) 2 max |6 6|

1/2

In the important special case of an i.i.d. model one can take w(r) = w*r/n'/* and

(r) = 6*r/n'/? for some constants w*,d*; see Section 5.1.

3 Local non-asymptotic quadraticity

The Local Asymptotic Normality (LAN) condition since introduced by L.Le Cam in
Le Cam (1960) became one of the central notions in the statistical theory. It postulates
a kind of local approximation of the log-likelihood of the original model by the log-
likelihood of a Gaussian shift experiment. The LAN property being once checked yields
a number of important corollaries for statistical inference. In words, if you can solve a
statistical problem for the Gaussian shift model, the result can be translated under the
LAN condition to the original setup. We refer to Ibragimov and Khas'minskij (1981)
for a nice presentation of the LAN theory including asymptotic efficiency of MLE and
Bayes estimators. The LAN properties was extended to mixed LAN or Local Asymptotic
Quadraticity (LAQ); see e.g. Le Cam and Yang (2000). All these notions are very
much asymptotic and very much local. The LAN theory also requires that L(0) is the
correctly specified log-likelihood. The strict localization does not allow for considering
a growing or infinite parameter dimension and limits applications of the LAN theory to
nonparametric estimation.

Our approach tries to avoid asymptotic constructions and attempts to include a pos-
sible model misspecification and a large dimension of the parameter space. The presen-
tation below shows that such an extension of the LAN theory can be made essentially

by no price: all the major asymptotic results like Fisher and Cramér-Rao information
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bounds, as well as the Wilks phenomenon can be derived as corollaries of the obtained
non-asymptotic statements simply by letting the sample size to infinity. At the same
time, it applies to a high dimensional parameter space.

The LAN property states that the considered process L(0) can be approximated by
a quadratic in € expression in a vicinity of the central point 8*. This property is usually
checked using the second order Taylor expansion. The main problem arising here is that
the error of the approximation grows too fast with the local size of the neighborhood.
Section 3.1 presents the non-asymptotic version of the LAN property in which the local
quadratic approximation of L(0) is replaced by a local quadratic majorization of this
process from above and from below by two different quadratic in 6 processes. More
precisely, we apply the sandwiching idea: the difference L(0,0) = L(0) — L(0*) is put
between two quadratic processes L¢(0,0%) and L.(6,0%):

Le(6,0%) — Ge < L(6,0°) < Le(0,0%) + G, 0 € Op(x) (3.1)

where € is a numerical parameter, € = —€, and . and <. are stochastic errors which
only depends on the selected vicinity @g(r). The upper process L.(0,0") and the lower
process L¢(0,60%) can deviate substantially from each other, however, the errors e, e
remain small even if the value r describing the size of the local neighborhood ©g(r) is
large.

The sandwiching result (3.1) naturally leads to two important notions: value of the
problem and deficiency. It turns out that the most of statements like confidence and
concentration probability rely upon the maximum of L(6,6%) over @ which we call the
value of the problem. Due to (3.1) this value can be bounded from above and from below
using the similar quantities maxg L¢(0,0") and maxg Le(6,0") which can be called the
values of the lower and upper problems. Note that maxg{Le(6,0%) —Le(6,0%)} = co.
However, this is not crucial. What really matters is the difference between the upper
and the lower values. The deficiency A can be defined as the width of the interval
bounding the value of the problem due to (3.1), that is, as the sum of the approximation

errors and of this difference:

Ac = O+ O+ {maxLe(6,67) — maxLe(6,67)}.
The range of applicability of this approach can be described by the following mnemonic
rule: “The value of the upper problem is larger in order than the deficiency.” The further
sections explain in details the meaning and content of this rule. Section 3.1 presents the
key bound (3.1) and derives it from the general results on empirical processes. Section 3.2
presents some straightforward corollaries of the bound (3.1) including the coverage and

concentration probabilities, expansion of the MLE and the risk bounds. It also indicates
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how the classical results on asymptotic efficiency of the MLE follow from the obtained

non-asymptotic bounds.

3.1 Local quadratic majorization

This section presents the key result about local quadratic approximation of the quasi
log-likelihood process given by Theorem 3.1 below.

Let the radius r of the local neighborhood ©y(r) be fixed in a way that the deviation
probability ]P(a ¢ QO(r)) is sufficiently small. Precise results about the choice of r
which ensures this property are postponed until Section 4.2. In this neighborhood ©(r)
we aim to build a quadratic majorization of the process L(@). The first step is the usual

decomposition of this process into deterministic and stochastic components:
L(6) = IEL(6) + ¢(0),

where ((60) = L(0) — IEL(0). Condition (L) allows for approximating the smooth de-
terministic function IEL(6)—IEL(6*) around the point of maximum 6* by the quadratic
form —||Dy(60 — 6*)||>/2. The smoothness properties of the stochastic component ((8)
given by conditions (EDy) and (ED;) leads to linear approximation ((0) — ((0*) ~
(0 — 6*)TV((6*). Putting these two approximations together yields the following ap-

proximation of the process L(6) on Oy(r):
* %y def * * *
L(6,6") ~1(8,0%) = (6 —6%)TV((6") — [ Do(6 — 6)]%/2.

This expansion is used in the most of asymptotic statistical calculus. However, it does
not suit our purposes because the error of approximation grows quadratically with the
radius r and starts to dominate at some critical value of r. We slightly modify the
construction by introducing two different approximating processes. They only differ in
the deterministic quadratic terms which is either shrunk or stretched relative to the term
|Do(6 — 6%)2/2 in L(6,6%).

Introduce for a vector € = (9, ) the following notation:
Le(8.0") = (0 —07) VL(©O") — [ De(6 — 67) /2
= &I De(6 —6") — | De(6 — 67)]/2, (3.2)

where

D?=D3(1-06)—oVd, €& E DVL(O).

Here we implicitly assume that with the proposed choice of the constants § and g, the

matrix D? is non-negative: D? > 0. The representation (3.2) indicates that the process
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Le(6,0%) has the geometric structure of log-likelihood of a linear Gaussian model. We do
not require that the vector &, is Gaussian and hence, it is not the Gaussian log-likelihood.
However, the geometric structure of this process appears to be more important than its
distributional properties.

One can see that if §, 0 are positive, the quadratic drift component of the process
Le(0,0%) is shrunk relative to 1L(6,0%) and stretched if ¢, 0 are negative. Now, given
r, define § =0(r), 0 =w(r)/(3ry) with the value §(r) from condition (£Ly) and w(r)
from condition (ED;). Finally set € = —e, so that

D? = Dg(1+6) + oVy.

Theorem 3.1. Assume (EDy) and (Lo). Let for some r, the values p > 3vyw(r) and
§ > 6(x) be such that DE(1 —3) — oVZ > 0. Set € = (6,0), e = —€ = (—06,—0). Then

Le(0,0%) — $e(r) < L(0,0%) <Le(0,0%) + $e(r), 0 € Op(r), (3.3)
with Le(6,0%),1Le(0,0%) defined by (3.2). Moreover, the random variable $e(r) fulfills
P{o™"0e(r) 2 50(x,p)} < exp(—x) (3-4)
with 30(x,p) given for gy = gry > 3 by
o p) (14 vxFan) if 14+ vxFep < g,
1+ (1+ 2g61)2(g51(x +cap) + g0/2)2 otherwise.
where ¢ =2 for p>2 and ¢ =2.4 for p=1. Similarly for $e(r).

Proof. Consider for fixed r and € = (6, 0) a quantity

Gelr) = sup {L(8,0") ~ EL(6,6%) — (8 6" VL(8") — [|Vo(6 - 67)]°}.
0cOy(r)

In view of IEVL(6*) = 0, this definition can be rewritten in the form

Gelr) = sup {((8,6") — (8- 6")TVC(8") - Z[[Vo(8 — 6]},
6cOy(x)

Qe(r) ' sup {L(6%,0) — EL(6",0)— (6 —60)"VL(0") — QHVO(O -6}
6cOy(r) 2

= sup {¢(6%,60)— (6" —6)"V((6) - gHVb(@ -6}
0€6y(r)
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Now the claim of the theorem can be easily reduced to an exponential bound for the

quantities $e(r), $e(r). We apply Theorem 7.9 to the process

* 1 * * *
U, 0% = M{g(e,e )—(0—0%)TV¢(0")},  6€0(r),
and Hp = V. Condition (ED) follows from (ED;) with the same 1y and g in view
of VU(8,6%) = {V((0) —V((0")}/w(r). So, the conditions of Theorem 7.9 are fulfilled
yielding (3.4) in view of p > 3rpw(r). O

Remark 3.1. If x is not too big, then the value 30(x,p) is close to x+ ¢1p; cf. (7.7).
The bound (3.4) tells us that the errors $e(r) and $e(r) are of order w(r)p.

3.2 Local inference. Deficiency

This section presents a list of corollaries from the basic approximation bounds of Theo-
rem 3.1. The idea is to replace the original problem by a similar one for the approximating
upper and lower models. It is important to stress once again that all the corollaries only

rely on the majorization (3.1) and the geometric structure of the processes Le and L.

The random quantity supgLe(0,0%) can be called the value of the upper problem,
while supgLe(6,0%) is the value of the lower problem. The quadratic (in € ) structure
of the functions L¢(0,0%) and L¢(0,0") enables us to explicitly solve the problem of
maximizing the corresponding function w.r.t. 6. The value of the original problem
which is the maximum of the original process L(8,0*) over 6 is sandwiched between
the similar expressions for the two approximating processes in view of the approximation
bound (3.3). This suggests to measure the quality of approximation by the difference
between values of the upper and lower approximating problems. The approximating

quality is sufficiently good if this difference is smaller in order than the value itself.

3.2.1 Upper and lower values

First consider the maximization problem for the upper approximating processes L¢(6,0%) .
This is a quadratic optimization with the closed form solution ||€.||?/2. Moreover, the
Euclidean norm of the random vector &, behaves nearly as a chi-squared random vari-

able. The results below make these statements more concise. Define for

def De_lvv(?De_l def

Be lof ey ]Be 2 def
)\maX(Dgl‘/OQDgl)’ p I'( )’ v

e —

2tr(IB2). (3.5)
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Moreover, with the constant g from (EDy), define also u. = g?/(pe + g?), and

def
yg = 82/,“3 _Pe/Na

def
g = feYe = V&2 — HePe,

def
2%, = gcyc + logdet (Ip — ,uCIBz).

To gain some feeling of these quantities consider a special case with g? = pe .

te = 1/2, and the inequality x + log(l —z) > /3 for 0 < x < 1/2 implies

Ve = 48" — 2pe = 2p,
g = (v¢/2)” = pe/2,
2%c = \/Pe/2 - 2pe + log det (I, — Be/2) > pe/3.

Theorem 3.2. Assume (EDgy) with vg =1 and g? > 2pc . It holds

sup L€(9>0*) = H€e||2/2
OcIrr

Moreover, E”EEHZ < pe, and for each x >0
P(||lE|1* > 3(x,Be)) < 2e7™ + 8.4e7™,

where 3(x, Be) is defined by

Pe + V/2xve, x < ve/18,
3(x, Be) = 4 pe + 6x ve/18 < x < %,

|yc +2(x — xc)/gc‘Q, X > Xe.

13

Then

Proof. The unconstrained maximum of the quadratic form L¢(0,0%) w.r.t. 0 is attained

at @ yielding the expression (3.6). The second moment of &€, can be bounded from

condition (EDy). Indeed,

E|¢|? = Etre gl

= tr D, [EVL(6*){VL(6*)} ' |D;' = tr[D;? Var{ VL(6%)}]

€

and (EDy) implies ~' Var{VL(0*)}y < vV~ and thus, E||&_||> < pe. The devia-
0 €

tion bound (3.7) is proved in Corollary 6.12.

O]

Next result describes the lower value supgLe(0,0") and the difference between upper

and lower values. The proof is straightforward.
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Theorem 3.3. On the random set {||§.|| <}, it holds

sup Le(6,0) = [[€]°/2.
0c0y(r)

Moreover, H£§H < |||l and

I€cll® = 11€ll* = €] (I — DeD*De) € < el
with

def _ _
e = | Iy — DeD;*Dellos = Amax (Ip — DeDZ % D). (3.8)

If the value ae is small then the difference [|€.||* — [|€]|* is automatically smaller

than the upper value ||€.||.

3.2.2 Deficiency

In view of the results of Theorems 3.2 and 3.3, the sandwiching approach (3.3) bounds
the value L(0,0%) = supgee L(6, 6*) in the interval [[[€]]>—Oe(r), [|€c]|>+Oe(r)] - The
width of this interval describes the accuracy of the approach. By analogy to the general
Le Cam theory of statistical experiments, this value will be called the deficiency. Define

the value Ac(r) by

Ac(x) T Gelr) + Oelr) + (€17 — llEN?) /2 (3.9)

This quantity is random but it can be easily evaluated under the considered conditions.
Indeed, the approximation errors {(r), {e(r) can be bounded by pj30(x,p) with the
probability at least 1 — 2e™*; see (3.4). Also ||&||*> < 3(x,IBe) with a probability of
order 1 —2e™*; see (3.7). This yields for the deficiency A¢(r) with a probability about
1—4e™*

Ae(r) < 2030(x%,p) + acj(x, Be).
3.2.3 The regular case
The bound (3.9) can be further specified in the so called regular case under the condition
Vo < aDy. (3.10)

If the parametric assumption is correct, that is, IP = I[Py~ for a regular parametric
family, then the both matrices coincide with the total Fisher information matrix, and

the regularity condition is fulfilled automatically with a = 1. Otherwise, the regularity
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means that the local variability of the process L(#) measured by the matrix V} is not

significantly larger than the local information measured by the matrix Dy .

Theorem 3.4. Suppose (3.10). Then

B 2(6 + oa?
D> (1-6-oa)DR,  ac= I~ DDl < 01 0%)
€ 1—6— pa
Moreover, B2 = D;1VZD_! satisfies with ae = a(l— 68— oa?):
B <a’l,, pe<a.’p, vi<2a'p, Ae<a’ (3.11)

Proof. The results follow directly from the definition of D¢ and D¢ and (3.5) by making
use of (3.10). O

In particular, the matrices D and D, are close to each other if § and pa? are
small. So, all we need in the regular case, is a large deviation bound for the probability
P(é ¢ Op(r)) and that the quantities w(r) and §(r) are small.

3.2.4 Local coverage probability

Now we state some immediate corollaries of the exponential bound from Theorem 3.1.

First we study the probability of covering 8* by the random set E(3) = {0 : 2L(5, 0) <
3}

Theorem 3.5. Suppose (EDy), (ED1), and (Lo) on Oy(r), and let o > 3yyw(r),
§>6(r), and D3(1—68) — oV > 0. Then for any 3 > 0, it holds

P{E(3) # 6%, 0 € Oy(x)} = IP{2L(6,6") > 3,0 € Op(x)}

< P{IE]? > 5 — Oe(x)} (3.12)

Proof. The bound (3.12) follows from the upper bound of Theorem 3.1 and the statement
(3.6) of Lemma 3.2. O

The exponential bound (3.7) helps to answer a very important question about a proper
choice of the critical value 3 providing the prescribed covering probability. Namely, this

probability starts to decrease gradually when 3 grows over 3(x, Be) .

3.2.5 Local concentration

Now we describe local concentration properties of 0 assuming that 0 is restricted to

©o(r). More precisely, we bound the probability that 0 does not belong to the set
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Ae(z) of the form
Ac(z) = {0 :[|De(0 - 0")]| < 2}
It is obvious that
{0 ¢ Ac(2)} = {IIDe(6 - 67)] > =}

Theorem 3.6. Assume (EDy), (EDi), and (Lo) on Oy(r), and let o0 > 3vyw(r),
§ > 6(x), and DE(1 —38) — oV > 0. Then for any z > 0, it holds with a from (3.8)

P{||Dc(0 — 0%)|| > 2,0 € Op(r)} < P{||€]| > 2 — \/2Ac(x)} (3.13)
< P{(1 = Vag) €l > = — /20e(x) +20(x) }. (3.14)

Proof. Tt obviously holds on the set {6 € O(r)}

(0 ¢ Ac(2)} :{ sup L(9,0*>:supL(9,e*)}
OZAc(2) 0

C{ sup Le(8,67) + Oclr) > supLe(6,6%) — Oe(r) }.
HQ-Ae(Z) e

As L¢(0,60%) is a quadratic function of De(@ — 60%); cf. (3.2), its maximum on the
complement AE(z) of the set Ac(z) is attained at the point 0 satisfying De(0 — 0*) =
v€, with v = z/||&.||. This implies for all 8 ¢ A¢(z)

Le(0,0%) < AEl* — 72ll€c]?/2 = 2ll€c] — /2.
By Lemma 3.2 supg Le(0,0%) = [|€.[|?/2. Therefore,
{0 2 A(2)} € {218l = 2/2 2 [1€l*/2 = Oelx) — Oe(r)}
= {2%/2 = zll€]l + lI€]1%/2 < Ae(x)}

and (3.13) follows. Further, the bound |[€.]|* — [|€.[|* < ae||€]|* implies

V2AL(E) < 1/20e(x) +20e(r) + Vel
which yields (3.14). O

An interesting and important question is for which z the probability of the event
{|IDe(6 — 8| > 2} becomes small. We use that max{{e(r), Oe(r)} < 030(x,p) and
on a set of probability at least 1 —2e™*. This and the bound (3.14) imply

2Ae(r) < 2 QﬁO(Xap) + \/OTEHSF,H
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Now it follows from the local concentration result of Theorem 3.6:

P{||De(6 — 6%)]| > z, 8 € Op(x)}

< P{(1- vag)l&l > = - 2v/030(x,p) } + 27

The probability P(||€.|| > z) starts to vanish when z? significantly exceeds pe =
E||&||?. Under the regularity conditions, the value pe is of order p. Moreover, 30(x,p)
is also of order p for moderate x. If p and ae are small then the latter deviation
probability can be bounded by IP(||€,|| > 2’) with z/2' ~ 1 which can be evaluated by
(3.7).

3.2.6 Local expansions

Now we show how the bound (3.3) can be used for obtaining a local expansion of the

quasi MLE 6. The basic idea is to plug 0 in place of @ in the definition of {¢(r).

Theorem 3.7. Assume (EDy), (ED:), and (Lo) on Oy(r) and let o > 3rpw(r),
§ > 6(r), and DE(1 —68) — oV > 0. Then the following approzimation holds on the
random set Ce(r) = {0 € Op(x), €l <} -

1€ell?/2 = Oe(r) < L(8,67) < [[€c|*/2 + Oelr). (3.15)
Moreover, it holds on the same random set Ce(r)
I1De(6 — 6°) — £||° < 2Ac(x). (3.16)
Proof. The bound (3.3) together with Lemma 3.2 yield on Ce(r)

L(0,60") = sup L(0,0%)

06@0(1‘)
> sup Le(6,07) = Oe(r) = [[€]1°/2 — Oe(x). (3.17)
0€6y(r)
Similarly
L(6,6") < sup Le(0,0%) + Oclr) < [I€c]*/2+ Oclr) (3.18)
0Oy (r)

yielding (3.15). For getting (3.16), we again apply the inequality L(0,0") <L.(6,0") +
Oe(r) from Theorem 3.1 for 6 equal to 6. With &, = DZIVL(6*) and wu. % De(6 —
0%), this gives

L(6,6%) — &l uc + [uc]?/2 < Oclx).
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Therefore, by (3.17)

1€]1%/2 = Qelx) — & ue + [ue]?/2 < Oe(x)

or, equivalently

1€l?/2 — &l ue + uel?/2 < Qelx) + Oelx) + (€] — IEII) /2

and the definition of Ac(r) implies ||ue — £€H2 < 2A(x). O

3.2.7 A local risk bound

Below we also bound the moments of the excess L(8,0%) when 8 is restricted to the

local vicinity ©Oy(r) of 6*.

Theorem 3.8. Assume (EDgy), (ED1), and (Lo) on Oy(r) and let o > 3vyw(r),
§ > 6(x), and DE(1 —08) — oV > 0. Then for u >0

EL"(6,6") 1(0 € 6o(r)) < E[[&]7/2+ Ge(x)]". (3.19)
Moreover, for Ce(r) = {8 € Oy(x), ||€.|| < T}, it holds

E|De(6 — 67)[" L(Ce(x)) < E{[I€]l + v2Ac(x)}". (3.20)

Proof. The bound (3.19) follows from (3.18). Next, the expansion (3.16) yields on Ce(r)

1De(0 — 67| < [I€c]| + v2Ac(x)

and (3.20) follows. O

3.2.8 Range of applicability

The whole proposed approach relies implicitly on the two groups of assumptions: global
and local. These assumptions are linked to each other by the value r. From one side,
the global assumptions listed in Theorem 4.1 and its corollaries should ensure a sensitive
bound for the deviation probability IP {5 ¢ Oo(r)} . This particularly requires that r is
sufficiently large. In the contrary, the local conditions are based on the assumption that
the local set ©y(r) is sufficiently small to guarantee that errors of approximation {¢(r)
and $e(r) and the deficiency A(r) from (3.9) are small as well in a probabilistic sense.

More precisely, the obtained results are sharp and meaningful if the deficiency A¢(r)
2.

is smaller in order than the value of the upper problem ||&, The general results

of Section 6 state that [|&.[|> concentrates around its expected value pe o FE|&.|?.

Therefore, the latter condition about the deficiency can be decomposed into two others:
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e the values {e(r), $c(r) are smaller in order than pe;
o the difference [|€.]|* — [|€]|? is smaller in order than pe;

Due to the result of Theorem 3.1, the random quantity {¢(r) can be bounded with
a probability larger than 1 —e™™ by p30(x,p), where 30(x,p) = p+ x if x is not too
large. So, the first conditions requires that gp is smaller in order than pe. If pe is of
order p (see the regular case in the next section) then the condition “<¢(r) is small”
only requires that g, or equivalently, w(r) is small. The same holds for {(r).

Summarizing the above discussion yields that the local results apply if, for a fixed r:
e w(r)p/pe is small;
e « is small.

In the regular case studied in Section 3.2.3, these two conditions simplify to “w(r), d(r)

are small”.

3.2.9 Non-asymptotic efficiency

This section discusses the efficiency issues. The famous Cramér-Rao result describes
the lower bound for the estimation risk of an unbiased estimate. For linear models this
result implies that the true MLE is efficient while a quasi MLE for a misspecified noise
covariance is not. The Le Cam LAN theory transfers this result on the general statistical
model under the LAN condition; see e.g. Chapter 3 in Ibragimov and Khas'minskij
(1981). The results obtained in the previous sections provide a non-asymptotic version
of the LAN approach. As already mentioned in Section 2.2, if L(@) is the true log-
likelihood function of a regular parametric family and IP = IPy~, then both matrices
D(Q) and V02 are equal to the Fisher information matrix of this family. This implies
the regularity condition with a = 1; see (3.10). Suppose in addition that the values

w(r),d(r) are small, so that
ae=1-0—p=1-46(r) — 3rw(r)

is close to one. By (3.11) this implies that D¢ ~ Dy, the matrix IBe is close to the
identity matrix I, and pe = p, vZ ~ 2p, Ae ~ 1. This in turn implies that the twice
upper value ||€[* behaves as a x2 random variable and the deficiency A¢(r) is small
in probability. In particular, all the corollaries about confidence and coverage probability
for 6 reproduce the similar statements for the correct linear Gaussian model. Moreover,

the decomposition (3.16) can be rewritten as

Dy(6 — 6*) ~ Dy VL(6")
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and this is the famous expansion of the MLE in the LAN situation yielding the asymptotic
normality and all other asymptotic properties of 0 including its asymptotic efficiency.

We present a precise statement in Section 5.1 when studying the i.i.d. case.

4 Deviation bounds and concentration of the qMLE

A very important step in the analysis of the qMLE 0 is localization. This property means
that 6 concentrates in a small vicinity of the central point €*. This section states such
a concentration bound under the global conditions of Section 2.

Given a local vicinity ©y of @, the concentration result describes the deviation
probability ]P(5 ¢ 80) . The key step in this large deviation bound is made in terms of
a multiscale upper function for the process L(6,0%) def L(6) — L(#*) . Namely, we build
a deterministic function C(u,0,0") such that the probability

IP(sup sup[puL(6,0%) + C(k, 6,6%)] >x) (4.1)
040y peM

is exponentially small in x. Here p is a positive scale parameter and M is the discrete
set of considered scale values. Concentration sets for 8 can be naturally defined via level
sets of the function €*(0,0%) = max,ecm C(u,0,6%). The bound (4.1) is established by
some rather crude methods of the theory of empirical processes; see Section 7. Once
established, the concentration properties of 0 can be refined in the local vicinity 6y
using local majorization technique; see Section 3.2.

The other important result describes an upper function b(6,«a) for the non-scaled
process L(0,0%) providing that the probability

P<GS;£O{L(0, 6%) +b(0,%x)} > 0)

is exponentially small in x. Such bounds are usually called for in the analysis of the

posterior measure in the Bayes approach.

4.1 A multiscale upper function for the log-likelihood

This section presents a construction of the multiscale upper function C(u,8,6%). Then
it will be used for controlling the deviation probability of the estimate 0. Below we
suppose that the scaling factor u runs over some discrete set M and consider the process
ul(0,0%) for 8 € © and p € M. Assume that for each 6, there is some p € M such
that the exponential moment of ©L(6,0%) is finite. This enables us to define for each 0
the function 9 (u, 0, 0%) ensuring the identity

E exp{pL(6,6%) + 9M(11,0,0%)} = 1.
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This means that the process pL(0,6%)+9(u, 6,0) is pointwise stochastically bounded
in a rather strict sense. For each > 0 and 3 > 0 by the Markov inequality

P(L(6,6%) > 5) < exp{—p3} I exp{uL(6,6")}
In particular, with 3 =0,
P(L(0,6%) > 0) < exp{—gle%m(uﬁﬁ )}

So, a reasonable choice of p can be made via maximization of 9M(u,0,0%) w.rt. p.
The famous Chernoff result describes the asymptotic separation rate between these two
measures [Py« and IPp in terms of the value 9t*(0,0") with
M*(0,0%) = sup M(u, 0,0%). (4.3)
HEM
The larger 9t*(0,0%) is, the stronger is the pointwise identification.

If ©° is a subset of @ not containing 6*, then the event 0 € 0° is only possible
if supgego L(6,6%) > 0, because L(0%,0%) = 0. It is intuitively clear that the uniform
identification over ©° requires that the rate function 9t*(0,0*) is bounded away from
zero on ©°. The result of Theorem 4.1 below quantifies this condition.

We present a result for the smooth case which assumes the conditions (E), (ED),
and (EDg) to be fulfilled with the corresponding matrices V' and V;. The set ©° is
taken as the complement of the local set ©y(r) with a sufficiently large r. The result
also involves a value ry entering into the pilling device; see Section 7.3 for details. The
choice of r; is done by the equality det(r1_1V) = det(Vp) relating two matrices Vj and
V' to each others.

For stating the results, some further notations have to be introduced. Define ((0,60") =

¢(8) — ¢(0%) and
N(u,0,0%) € log IE exp{u((6,6")}.
Then it holds for the function 9(u, 0,0%):

M(u,0,0") = —log Eexp{uL(0,0")} = —uIEL(6,60%) — N(y, 6, 6%).
Further, consider for each 8° € © alocal ball B, (6°) o {0cO:||V(O-0") <11/1}.

Next, for the Lebesgue measure m on IRP, define the smoothing operator S, by
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Let vy and g be the constants from (ED). Define ¢; by ¢; =2 for p > 2 and ¢; = 2.4
for p=1. Let a constant s be selected under the condition 3vpri/s < gA+/2¢1p. The
value s =1 is a proper candidate in typical situations.

For shortening the notation assume that the discrete set M is fixed under the condi-
: — 2
tion M =3 P> <e/2.

Theorem 4.1. Suppose that (E), (ED), and (EDy) hold with some g,vy and with
matrices V and V. Let r1 be such that det(r;'V) < det(Vy), and s be such that

3vpr1/s < g A+2cp. For > \/p/2 and x > 0, it holds

]P{ sup  sup [uL(60,0%) + C(n, 6,6%)] >31(X)} < e (4.4)
0¢0o(r) peM

with 31(x) o 2scip+ (1 + s)x and

C(, 0,6%) ¥ —LIEL6,6%) — S, MN(1, 0,60%) — (1 + 5)¢(6) (4.5)

£0) < (p+2)log(|[Vo(0 — 0%)])).

Proof. First fix p € M and apply the general results of Theorem 7.10 to the process
(@) =¢(0,0") = L(6,0") — IEL(6,0%), M(0) =—IFL(#,0%), and Hy="Vy on 1° =
O§(r). The condition (&) is fulfilled, condition (ED) implies (ED) with H(0) =V,
and Theorem 7.10 yields (4.4) in view of [tV (0 — 0*)|| < ||Vo(0 — 6%)]|. O

Remark 4.1. The construction of the multiscale upper function C(u,0,0%) in (4.5) de-
serves some discussion. More precisely, it is interesting to compare this construction with
the pointwise upper function 9 (u,0,0%) = —plEL(0,0%) —MN(u, 6,0%) . The smoothing
operator in the term S,M(u,0,0) from (4.5) is only used for technical reasons and it
can be handled by simple rescaling arguments. The other term (1 + s)t(@) in (4.5) is
really important and it can be viewed as the price for uniform concentration. Simple
white noise examples show that this penalty term is nearly sharp if s is taken small and
p large. However, our aim is only to obtain a rough exponential bound because really

sharp results are stated by mean of local quadratic approximation; see Section 3.2.5.

4.2 Concentration sets and deviation probability

This section describes so called concentration sets for the estimate 6. Any such set
is deterministic ensuring that 0 deviates from this set with a small probability. Such
concentration sets are usually used in theoretical studies and their construction typically

depends on the unknown quantities the moment generation function 9%(u,0,6%). Let
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C(w, 0,0%) be the upper multiscale function from (4.5). Define

1(0,6%) < argmax €(u, 0, 6%), (4.6)
peM
€ (0,0%) < max (., 0,6%) = €(11(6,07),0,6"). (4.7)
HE

For simplicity we assume that the maximum in (4.7) is attained and w(0,0%) is well
defined. In the considered case of a discrete set M this is always fulfilled. The value
C*(0,0") shown in (4.7) replaces 9*(0,0") from (4.3) if one is concerned with uniform

non-asymptotic bounds. For any fixed subset A C © define the value g(A) by

g(A) inf €(6,0"). (4.8)

A particular choice of the set A is given by the level set of €*(6,0%): for every x >0,
define A(x,0%) with

Alx,0%) = {6:€7(0,0") < 51(x)} = {0 sup €(11,0,6") < 31(x) },
pneM

where 31(x) = 2sc1p+ (1 + s)x. Obviously g(A(x,0%)) > 3 (x).
Below we show that the bound (4.4) yields some concentration properties of the

estimate 6 in terms of the function g(-) from (4.8).
Corollary 4.2. Under (4.4), it holds for any set A with g(A) > 31(x)
PO ¢ A) <e ™t
In particular,
log P(é ¢ Ax,0%) < —x+ 1.

Proof. Denote Ji = u(0,0%) with p(0,6%) from (4.6). Then in view of L(6,6*) > 0
and C(fi,6,60%) > g(A) for 6 ¢ A
{0 ¢A} C {(‘B(M,B 6%) > g(A)}

C {HL(0,6%) +€(j1,0.0%) > g(A)},
and the result follows from (4.4). O

Corollary 4.2 presents an upper bound for the probability that 0 deviates from a set
A defined via the function C(u,0,0%). The local approach of Section 3.1 requires also

to bound the deviation probability for a local set Oy(r) = & {6: |Vo(0 — 6| > r} for
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r sufficiently large. It suffices to evaluate the quantity g(A) for A = Gy(r). This in
turns requires to bound from below the value C*(0,60%) for 0 € A.

The next result presents sufficient conditions ensuring a sensible large deviation prob-
ability bound in terms of the rate function 9*(6,6*) = max, {—log IE exp uL(6,6*)} .
Define

5,(0) < |N(w,0,6%) — S, N(w,0,0%)|.

Corollary 4.3. Suppose the conditions of Theorem 4.1. Let, given x > 0, there be a

value T = r(x), such that it holds
MH(0,0%) = (1+5)40) +0.(0) +51(x), 6 & Oo(x), (4.9)
with (8) = (p+2) log(|Vo(0 — 6%)|)) and 31(x) % 2sc1p+ (1 + s)x . Then
P(IVo(@ - 6] > x(x)) < e ",
Proof. The result follows from Corollary 4.2 by making use of the inequality
—pIEL(8,6") — S, M(11,0,0") > M(1,0,67) — 5,,(6)
for any p € M. O

Remark 4.2. Due to this result, a logarithmic growth of 9t*(8,0) as function of the

distance ||@ — 0*|| ensures a sensitive large deviation bound for the process L(8).

4.3 Probability bounds for the quasi log-likelihood

This section presents a uniform upper bound for process L(6,0") without scaling. Our
starting point is again a pointwise bound on L(6,8%) for a fixed 8 # 0" . Namely, given
x, we first try to find b(0,x) providing

IP(L(6,0") +b(8,x) >0) <e ™ (4.10)
Define

def -1 *
b6, x) & —x 4+ M, 0,0},
(6,x) me s {—x+M(u,0,6%)}

Then applying (4.2) with the corresponding value p yields (4.10). Now we aim to
establish an extension of this pointwise bound to a uniform bound on a subset ©° of @,
that is, to build a function b(6,x) such that

P(es;go{L(B, 0%) +b(6,%)} > o) < e 1, (4.11)
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Such bounds are naturally called for in the analysis of the posterior measure in the Bayes
approach. The function b(6,x) can be described via the multiscale upper function
C(u, 0,0%). Namely, for each 8 and x > 0 define

b(6,%) < max{—p~11(x) + 1 '€(1,0,0")}. (4.12)

Corollary 4.4. Assume the bound (4.4) for a function C(u,0,0%). Then (4.11) holds
with 6(6,x) from (4.12).

Proof. The bound (4.4) implies

IP(sup min{uL(6,60%) + C(1,0,0%)} > 31(x)) <e .
6coe neM

This yields that there exists a random set £2(x) with P(£2(x)) > 1 —e ™! such that
for any € M and any 6 € ©°, it holds pL(6,0%) 4+ C(p,0,0%) < 31(x) on 2(x). Let
w(0,x) fulfill

ef _ — %
(0, %) € argr{hl/ﬂaX{—u 31(x) + 7101, 6,6%) .
UE

Then particular choice p = u(0,x) yields on §2(x)

* 1 *
L(a’o ) + M(G’X){G(M(07X)7070 ) _31(X)} <0
or equivalently L(6,0%) +b(0,x) <0. O
5 Examples

The model with independent identically distributed (i.i.d.) observations is one of the
most popular setups in statistical literature and in statistical applications. The essential
and the most developed part of the statistical theory is designed for the i.i.d. model-
ing. Especially, the classical asymptotic parametric theory is almost complete including
asymptotic root-n normality and efficiency of the MLE and Bayes estimators under rather
mild assumptions; see e.g. Chapter 2 and 3 in Ibragimov and Khas'minskij (1981). So,
the i.i.d. model can naturally serve as a benchmark for any extension of the statistical
theory: being applied to the i.i.d. setup, the new approach should lead to essentially the
same conclusions as in the classical theory. Similar reasons apply to the regression model
and its extensions. Below we try demonstrate that the proposed non-asymptotic view-
point is able to reproduce the existing brilliant and well established results of the classical
parametric theory. With some surprise, the majority of classical efficiency results can be

easily derived from the obtained general non-asymptotic bounds.
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The next question is whether there is any added value or benefits of the new approach
being restricted to the i.i.d. situation relative to the classical one. Two important issues
have been already mentioned: the new approach applies to the situation with finite
samples and survives under model misspecification. One more important question is
whether the obtained results remain applicable and informative if the dimension of the
parameter space is high — this is one of the main challenge in the modern statistics. We
show that the dimensionality p naturally appears in the risk bounds and the results
apply as long as the sample size exceeds in order this value p. All these questions are
addressed in Section 5.1 for the i.i.d. setup, Section 5.2 focuses on generalized linear

modeling, while Section 5.3 discusses linear median regression.

5.1 Quasi MLE in an i.i.d. model

The basic i.i.d. parametric model means that the observations Y = (Y3,...,Y,,) are
independent identically distributed from a distribution P from a given parametric family
(Pg,0 € ©) on the observation space Y;. Each 6 € @ clearly yields the product data
distribution Py = Pga" on the product space Y = Y7 . This section illustrates how the
obtained general results can be applied to this type of modeling under possible model
misspecification. Different types of misspecification can be considered. Each of the
assumptions, namely, data independence, identical distribution, parametric form of the
marginal distribution can be violated. To be specific, we assume the observations Y;
independent and identically distributed. However, we admit that the distribution of each
Y; does not necessarily belong to the parametric family (Pg). The case of non-identically
distributed observations can be done similarly at cost of more complicated notation.

In what follows the parametric family (Pp) is supposed to be dominated by a measure
o , and each density p(y,0) = dPp/duo(y) is two times continuously differentiable in
0 for all y. Denote £(y,0) = logp(y,0). The parametric assumption Y; ~ Py« € (FPp)
leads to the log-likelihood

L(9) =) £(Y;,0),

where the summation is taken over ¢ = 1,...,n. The quasi MLE 6 maximizes this sum

over 0 € O:

oY argmax L(0) = argmax Z 0(Y;,0).
6co 6co

The target of estimation 6* maximizes the expectation of L(8):

or argmax IEL(0) = argmaxz E((Y;,0).
6co 6co
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Let Gi(0) % ¢(Y;,0) — IE4(Y;,0). Then ((8) = S¢i(0). The equation EVL(6*) =0
implies
VE(0) =) VG(0%) =) V(6. (5.1)

Lid. structure of the Y;’s allows for rewriting the conditions (E), (ED), (EDy),
(EDq), and (Lp) in terms of the marginal distribution. In the following conditions the

index 7 runs from 1 to n.

(e) For each 6 € O, there exists a positive value p € M such that
xy def *
m(y,0,60%) = —log IE exp{u[(Y;, 8) — £(Y;,6%)] }
is finite.

(ed) There exist some constants vy, and g1 > 0, and a positive symmetric p X p

matriz v, such that for all |\ < g1

T ; 0
sup sup logEexp{)\M} < UEN)2.
~eSP O Nadl

(edo) There exists a positive symmetric matriz vq , such that for all |A| < g1

T (O*
sup logIEexp{)\F)/vQ(e)} < 1/3)3/2.
~ESP |’V07”

A natural candidate on v is given by the variance of the gradient V/(Y7,0*), that is,
v3 = Var V{(Y1,0) = Var V(1 (0).

Next consider the local sets
Oo(r) = {0 : [|vo(8 — 07)|| < x/n'/?}.

The local smoothness conditions (ED;) and (L) require to specify the functions §(r)
and o(r). If the log-likelihood function ¢(y, @) is sufficiently smooth in @, these func-

tions can be selected proportional to r.

(ed1) For each r < R, there exists a constant w* such that for all i = 1,...,n and

Al < g1

sup sup loglF exp
~ESP 9cOy(r)

{)\YT [V¢i(0) — VGi(6")]

< 12N\%/2.
oz Vo } oA/

Further we restate the local identifiability condition (£Lg) in terms of the expected
value /£(0) e IE((Y;,0) of each £(Y;,0). We suppose that £(8) is two times differentiable

w.r.t. @ and define the matrix IFy = —V?2((0*).
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(Lo) For each r < R, there is a constant 6*, such that it holds on Oy(r)

7(0) — 1(6*) — (0 — 0°)TVI(6*)

_ < &*r.
0 — 0TI, (0 — 67)/2 =0

In the regular parametric case with IP € (Pp), the matrices v and IF, coincide

with the Fisher information matrix F'(8*) of the family (Pyg) at the point 6*.

Lemma 5.1. Let Y1,...,Y, be ii.d. Then (e), (ed), (edy), (ed)1, and (Ly) imply
(E)> (ED)? (EDO)} (ED)l? and (LO) with 937(#,9»9*) = nm(:uaeae*)z VZ = an’

V2 =nv2, D =nlFy, w(r)=w'r, §(r) = 6*r, the same constant vy, and
0 0 0

def
g = g1vn.

Proof. The identities M(u,0,0%) = nm(p,0,0%), V2 = nv?, VE = nvi, D} = nlF,

follow from the i.i.d. structure of the observations Y;. We briefly comment on condition

(ED) . The use once again the i.i.d. structure yields by (5.1) in view of V?2 = nv?
T T
v V(¢(6) A v VG(8) 242
logEexp{/\i} = nlE’eXp{—i} < ygAT/2
I U T
as long as A\ < n'/2g; < g. Similarly one can check (EDg) and (ED;). O

Below we specify the general results of Sections 3 and 4 to the i.i.d. setup.

5.1.1 A large deviation bound

First we describe the large deviation probability for the event {5 ¢ Op(r)} for a fixed
r. Corollary 4.3 provides a sufficient condition for such a bound: the rate function

M*(0,0") should grow at least logarithmic with the distance ||V (6 — 60%)||. Define
m*(0,0%) = mgxm(u,O,H*).
(Id1) There exist constants b > 0, such that it holds on the set OF(r)
m*(8,0%) > blog(1+ ||vo(6 — 6%)|?).
This condition implies by 9t*(0,0%) = nm*(0,6")
M*(6,0*) > nblog(1 + ||vo(6 — 6%)|?), 0 ¢ Op(x).

For the next result we assume that the value r1 > 1 is fixed by det(r;'v) < det(vy).
Further, the constant s has to be fixed such that 3vpri/s < gA/2cip.
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Theorem 5.2. Suppose (e), (ed), (ld1). For each x and r = r(x) such that
(2/3)br? > (1 +s)(p/2 + 1) log(1 +°) + 51 (), (5.2)
it holds for n > r?
P(vn|vo(0 — 6°)]| > ) <e ™.
Proof. Given r and x, (5.2) implies for all v > r
nblog(1+u?/n) > (14 5)(p/2 + 1) log(1 + u?) + 31(x).

because nlog(1+72/n) > 2r?/3 for r? < n. Now it follows from (Id;) for any 8 ¢ Oy(r)
that

Mm*(6,0%)

Vv

nblog(1 + [|[vo(6 — 6*)]?)

Y

(1+5)(p/2+ 1) log (L + [[Vo(6 — 07)%) + 51 (x)-

Now the result follows from Corollary 4.3.

(to be done) treatment of 4, . O

Remark 5.1. The presented result helps to quantify two important values r and n
providing a sensitive deviation probability bound: the radius r of the local neighborhood
should be large enough to ensure (5.2), while the sample size n should be larger than
r?. It is straightforward to see that (5.2) starts to hold for r? > Const. plogp for some
fixed constant Const. Therefore, for any r exceeding this value, a deviation probability

]P(é ¢ @o(r)) is negligible when n > r? > Const.plogp.

5.1.2 Local inference

Now we restate the general local bounds of Section 3 for the i.i.d. case. First we describe

the approximating linear models. The matrices Vg and IFy from conditions (edp),
(edy), and (¢y) determine their drift and variance components. Define

F. % Fy(1-6) — ov2.

Then D? = nlF, and

U D1ve(0Y) = (nire) TPy vy, 0). (5.3)

§e

The upper approximating process reads as

Le(8,6%) = (6 — 6") " Dek. — || De(6 — 67)|° /2.
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This expression appears as log-likelihood for the linear model §, = D¢0+¢ for a standard

normal error . The (quasi) MLE 6 for this model is of the form 6. = D; '€, .

Theorem 5.3. Suppose (edy). Given r, assume (edi), and ({y) on Oy(r), and let
0 = 3uw'r/n'/?, § = §(r) = 5 r/n'/?, and IF, def Fy(1 —6) — ov3 > 0. Then the
results of Theorem 3.1 through 3.8 apply to the case of i.i.d. modeling. In particular, for
any z >0, it holds

PA||[VnFe(® - )| > 2, 0 € O(x)}
< 1P{(1 — V)l > = - \/206(1”) + 205(1”)}’

where $e(r), $e(r) follow the bound (3.4) and ae is defined by

def 1

ae YL, — FPFFY? oo = Amax (I, — FPFVRN?).

Moreover, on the random set Ce¢(r) = {5 € O(x),|[€l <}, it holds

|VnFFe(8 - 67) — & || < 2Ac(x).

The presented results are stated via the probability bound for the squared norm of
the vector &, from (5.3). One can apply the general results of Section 6.4. For ease of

notation we consider the vector £ instead of £ :

def — * — *
£ X (nlF)"V?V¢(07) = (nlro) Y VY, 67). (5.4)
The necessary condition (6.18) coincides with (EDg). Now Corollary 6.13 implies that
the probability IP(||€||* > 3(x,1B)) is of order 2e™* for all moderate x and B =
F, Y 2V31F0_1/ 2 In particular, this probability starts to degenerate when 3 significantly

exceeds the value p = tr(B).

5.1.3 The regular parametric case and asymptotic efficiency

The conditions and the results become even more transparent in the regular situation
when [Fy > aQV%. An important special case corresponds to the correct parametric
specification with a = 1 and IFy = V(Q]. Under regularity one can use Fe = (1 — 9§ —
0a?)IFy . Here we briefly discuss the corollaries of Theorem 5.3 for the classical asymptotic
setup when n tends to infinity.

Under the imposed conditions, the quantities 6 and g can be taken of order r/ nt/2,
where r? > plog(p). If n grows then § and ¢ decreases to zero, and the matrix IF is
close to IFy. The value A¢(r) is close to zero in probability. Moreover, the random vector

¢ from (5.4) fulfills Var(¢) < FO_I/QV%FO_I/Q © B2 and by the central limit theorem &
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is asymptotically normal N(0, IB?). This yields by Theorem 5.3 that /nfFg (5 —6%) is
asymptotically normal N(0, IB?) as well. The correct model specification implies IB = I,
and hence 8 is asymptotically efficient; see Ibragimov and Khas’minskij (1981). Also
2L(6,6%) ~ ||&||2 which is nearly x2? r.v. with p degrees of freedom. This result is

known as asymptotic Wilks theorem.

5.2 Generalized linear modeling

Now we consider a generalized linear modeling (GLM) which is often used for describ-
ing some categorical data. Let P = (P,,w € 1) be an exponential family with a
canonical parametrization; see e.g. McCullagh and Nelder (1989). The corresponding
log-density can be represented as f(y,w) = yw — d(w) for a convex function d(w).
The popular examples are given by the binomial (binary response, logistic) model with
d(w) = log(e” + 1), the Poisson model with d(w) = e, the exponential model
with d(w) = —log(w). Note that linear Gaussian regression is a special case with
d(w) = w?/2.

A GLM specification means that every observation Y; has a distribution from the

family P with the parameter w; which linearly depends on the regressor ¥; € IRP:
Yi~ Pyrg-- (5.5)
The corresponding log-density of a GLM reads as
L(6) => {viw/ 6 —d(w6)}.

First we specify the data distribution allowing that the parametric model (5.5) is mis-
specified. Misspecification of the first kind means that the vector f ' BY cannot be
represented in the form W' whatever @ is. In this situation, the target of estimation

0" is defined by
« def
0" = argmax IEL(0).
6

The other sort of misspecification concerns the data distribution. The model (5.5) as-
sumes that the Y;’s are independent and the marginal distribution belongs to the given
parametric family P . In what follows, we only assume independent data having certain
exponential moments. The quasi MLE 8 is defined by maximization of L(8):

6 = argmax L(0) = argmaXZ{Yi%TB - d(WZTB)}
0 0

Convexity of d(-) implies that L(8) is a concave function of 8, so that the optimization

problem has a unique solution and can be effectively solved. However, a closed form
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solution is only available for the constant regression or for the linear Gaussian regression.

The corresponding target 6* is the maximizer of the expected log-likelihood:
0" = argmax IFL(0) = argmax Z{fﬂf@ - d(LPZTB)}
0 0

with f; = IEY;. The function IFL(6) is concave as well and the vector 6" is also well
defined.
Define the individual errors (residuals) ¢; = Y; — IEY;. Below we assume that these

errors fulfill some exponential moment conditions.

(e1) There exist some constants vy and g1 > 0, and for every i a constant n; such

that ]E’(ei/ni)Q <1 and for all |\ < g1

log IE exp(Ae;/n;) < v5A?/2, A < g1. (5.6)

A natural candidate for n; is o; where UZ-Q = EEZZ is the variance of &;; see

Lemma 7.12. Under (5.6), introduce a p x p matrix Vj defined by
VEE S v (5.7)

Condition (ej) effectively means that each error term ¢; = Y; — IEY; has some bounded
exponential moments: for A = gp, it holds f(}) def log IE exp(Xei/n;) < oo. This
implies the quadratic upper bound for the function f(\) for |A| < g;; see Lemma 7.12.
In words, condition (ej) requires light (exponentially decreasing) tail for the marginal
distribution of each ¢;.

Define also

AR
N-1/2 def max sup % v

i yere Vol

(5.8)

Lemma 5.4. Assume (e1) and let Vy be defined by (5.7) and N by (5.8). Then con-
ditions (EDg) and (ED) follow with V =V, g = g1 N2, and with the constant v
from (e1). Moreover, the stochastic component ((0) is linear in 6 and the condition

(ED7) is fulfilled with w(r) =0.
Proof. The gradient of the stochastic component ((6) of L(6) does not depend on 6:

with g; =Y; — IEY;. Now, for any unit vector v € IRP and A < g, independence of the

g;’s implies that

loglEexp{”V TZIPEZ} :ZloglEexp{)\H‘Z/’m Z/nz} (5.9)
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By definition ng|%,"~|/[|[Voyl < N~'/? and therefore, ;& ~|/[|[Voy|| < g1. Hence,
(5.6) implies

AT 21 T2 _ WA
logJEexp{H%ﬂﬂ ZEP&}_2HV ‘22“ &, ~|* = , (5.10)

and (EDy) follows. O

It remains only to bound the quality of quadratic approximation for the mean of the
process L(0,0%) in a vicinity of 8*. An interesting feature of the GLM is that the effect

of model misspecification disappears in the expectation of L(6,80%).
Lemma 5.5. It holds
~EL(6,0%) = Y {d(%'0)—d(#'6") —d' (¥ 0°)7 (6 —6%)}
= K(Pp~, IPp), (5.11)

where K(Pg*,lpg) is the Kullback-Leibler divergence between measures Py« and IPy .

Moreover,
_BL(0,6%) = %HDQO 0 — 6|2, (5.12)
where 6° € [6*,0] and
D*(0°) = > _d"(7'6°)w ;.
Proof. The definition implies
L(6,6%) =) {f (6 —6°) — d(; ) + d(¥; 6")}.

As 6* is the extreme point of IEL(0), it holds VIEL(0*) = Y [fi—d'(¥,'6*)]¥; = 0 and
(5.11) follows. The Taylor expansion of the second order around 6* yields the expansion
(5.12). O

Define now the matrix Dy by
D2 def D2 0* Zd// Q;Ta*)w WT

Let also V) be defined by (5.7). Note that the matrices Dy and Vj coincide if the model
Y; ~ Pyrg- is correctly specified and n? = d”(¥,"6*). The matrix V; describes a local
elliptic Illeighborhood of the central point 8* in the form Oy(r) = {0 : ||[Vo(0 — 67| <
r}. If the matrix function D?() is continuous in this vicinity ©y(r) then the value
d(r) measuring the approximation quality of —IFL(0,0%) by the quadratic function
|Do(6 — 6%)||?/2 is small and the identifiability condition (Lg) is fulfilled on Og(r) .
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Lemma 5.6. Suppose that
|I, — Dy 'D?*(0)Dy !t |oo < 6(x), 6 € Op(x). (5.13)

Then (Lo) holds with this 6(r). Moreover, as the quantities w(r), $e(r), Oe(r) vanish,

one can take o =0 leading to the following representation for De and &, :
Dg = (1_5)D(2)7 Ee:(1+5)1/2£

€ —

D? = (1+6)D§, €& =(1-0)"%
with

def

¢ = Dy'Ve =Dyt > w(Yi — EY;).

Now we are prepared to state the local results for the GLM estimation.

Theorem 5.7. Let (e1) hold. Then for € = (6,0) with 6 > 6(r) and any 0 € Op(r)
Le(0,60%) < L(6,0") <L(6,07). (5.14)
Moreover, for any z >0 and 3 > 0, it holds
P(|[Do(6 —6%)]| > 2, Vo (6 — 67)|| <x) < P{|I€]* > 221 — o(x)]}
P(L(6,6%) >3, [[Vo(6 — 67)|| < x) < P{[[&]*/2 > 5[1 — 6(x)]}

Linearity of the stochastic component ((€) in the considered GLM implies important
fact that the quantities {¢(r), Oe(r) in the majorization bound (5.14) vanish for any r.
However, the deterministic component is not quadratic in 6 unless the function d(w) is
quadratic. Therefore, the presented bounds are local and have to be accomplished with
the large deviation bounds.

An interesting question, similarly to the i.i.d. case, is the minimal radius r of the local
vicinity ©@p(r) ensuring the desirable concentration property. We apply the sufficient

condition (4.9) of Corollary 4.3 ensuring the concentration property. By Lemma 5.5, the
function M(u, 0, 0) can be decomposed as

i):)/t(:u’a 0, 0*) = /‘L:K(-ZPO*’JPB) - m(//ﬂ 0, 0*)

Let u = () be selected such that p|¥," (0 —0*)|n; < g; for all i. Then the arguments
from (5.9) and (5.10) yield

N(p,0,0%) <> log I exp{um? (6 — 0%)e;/n; }

10 a2 e )
IS st (0 - 0] = "0 v (0 — 07)]
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Therefore,

* VSMQ *\ |12
m(uagvo)zugc(PB*a]PG)_ 92 H‘/()(O_O)H

and a reasonable choice of p = u(0) is given by u(6) = VO_Q.‘K(]PQ*,PQ)/H%(B —0%)|?
leading to

Vo *K2(IPg+, IPp)
m* (6, 6%) > -2 O
0672 Sei0 - 02

So, the Kullback-Leibler divergence fK(Pg*,Pg) should of order at least

1o(6 — 6°)11y/ Iplog (Vo(6 — 6)])).

One can check that this condition is fulfilled if the convex function d(-) satisfies d'(t) >
Const. /t for some Const > 0 and if the effective sample size N from (5.8) is sufficiently

large.

5.3 Linear median estimation

This section illustrates how the proposed approach applies to robust estimation in linear
models. The target of analysis is the linear dependence of the observed data Y =
(Y1,...,Y,) on the set of features ¥; € IRP:

Y, =0 +¢; (5.15)

where ¢; denotes the ith individual error.

The study of the gMLE in the GLM (5.5) heavily relies on the assumption (e;).
If this assumption is not verified, then the proposed approach would not apply. An
explicit structure of the qMLE, especially in the linear regression case, allows for direct
study of the properties of 0 under weaker moment assumptions than (e;). However,
we aim at establishing some exponential bounds and therefore, the condition of bounded
exponential moments for each observation is really necessary within the least squares
or generalized linear approach. In the case of heavily tailed data with only polynomial
moments, one can obtain some convergence results for the LSE 0 , however an exponential
bound is not available. In such cases, it is natural to use a robustified version of the
contrast, e.g. the least absolute deviation (LAD) method. We consider the linear model
(5.15) and suppose for a moment that the errors e; are i.i.d. and follow the double
exponential (Laplace) distribution with the density (1/2)e~!¥!. Then the model (5.15)
yields the log-likelihood

1
LO) =33 V-0
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and 6 ¥ argmaxg L(0) is called the least absolute deviation (LAD) estimate. In the
context of linear regression, it is also called the linear median estimate. The target of
estimation 0" is defined as usually by the equation 0" = argmaxg IEL(0) .

It is useful to define the residuals &, = Y; — L!'/Z-TH* and their distributions
P(A) =P € A) = P(Y; — 7, 0" € A)

for any Borel set A on the real line. If Y; = W;H*—i—si is the true model then P; coincides
with the distribution of each ¢;. Below we suppose that each P; = L(Y; — lI/iTH*) has a
positive density p;(y) .

Note that the difference L(6)—L(6*) is bounded by % > &, (6 —6*)| and condition
(E) is fulfilled automatically. Next we check conditions (EDy) and (ED;). Denote
£(0) = 1(Y; —¥.'0 < 0) — ¢;(0) for ¢i(0) = IP(Y; —¥,'6 < 0). This is a centered

Bernoulli random variable, and it is easy to check that

VE0) = &0 (5.16)

This expression differs from the similar ones from the linear and generalized linear regres-
sion because the error terms & now depends on 6. First we check the global condition
(ED). Fix any g1 < 1. Then it holds for a Bernoulli r.v. Z with IP(Z = 1) = ¢,
E=Z—q,and |N <g

log IE exp(A§) = log[gexp{A(1 — )} + (1 — q) exp(—Ag)]

< 15q(1 — q)\?/2, (5.17)

where 1y > 1 depends on g; only. Let now a vector v € IRP and p > 0 be such that
pl¥. v <gi forall i=1,...,n. Then

1/2 2
log IE exp{py " V((8)} < % > ai(0){1 - ¢:i(0)}F v
< 50|V (0)71°/2, (5.18)
where
V2(0) = ai(0){1 - q:(6)} 7. (5.19)

Denote also

1
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Clearly V(0) <V for all 8 and condition (ED) is fulfilled globally with the matrix V'
and g =g NY2 for N defined by

vl
N~1/2 % max sup —— 7

; 5.20
S VA (5.20)

cf. (5.9).

5.3.1 A local central bound

Now we restrict ourselves to the elliptic vicinity Oy(r) = {0 : ||[Vo(0 — 6%)|| < r} of the
central point 6* for Vj = V(0*) and some r > 0. Define the matrix Vj = V(8%).
Then condition (EDy) with the matrix Vy and g = NV2g; is fulfilled on Oy(r) due to
(5.18). Next, for checking (ED;) suppose the following regularity condition:

V <V (5.21)

1/2|

for some vy > 1. This condition implies the inequality [, ~| < 11 N~Y2||Vyy| for any

vector v € IRP. By (5.16)
VE(0) - V((0%) = > W{&(6) - &(67)}.

If 9,6 > w6, then

&(0)—&(0") =1(F' 0" <Y <¥'0) - PV, 0" <Y; <9).
Similarly for ¥, < &."*

&i(0) - &(0") =17 0<Y;<¥'0%)+ P(¥'0 <Y; <¥'6%).
Define ¢;(6,0") o |2:(8) — ¢;(0")| . Now (5.17) yields similarly to (5.18)

y2 2
log B exp{py {VC(6) = V¢(6)}} < =% 4,(8,60) |07
< 25 p? max ¢i(9, 6") VA2 < w@)vg o IVorl* /2,

with

w(r) ©F g max sup ¢;(6,0%).
<1 9oy (r)

If each density function p; is uniformly bounded by a constant C' then
4:(0) — 4i(67)| < C|% (6~ 67)| < Cr N[V (6 — 0%)]| < CrvuN /.

Next we check the identifiability condition. We use the following technical lemma.
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Lemma 5.8. It holds for any 6

2
OSIELO) = D*(0) S (] (0 - 07w (5.22)

where p;(+) is the density of & = Y; — W,' 0% . Moreover, there is 6° € [0,0*] such that

~EL(,6%) = 310 (0 %) Pp] (6° - 6)

= (0 —6")"D*6°)(0 — 6%)/2. (5.23)
Proof. Obviously

ML) S (P < w0y 1/2)m

The identity (5.22) is obtained by one more differentiation. By definition, 6* is the
extreme point of IFL(0). The equality VIEL(0*) =0 yields

> {Pyi<wo%) - 1/2}w =0
Now (5.23) follows by the Taylor expansion of the second order at 6*. O

Define

def k
D§ = %16 — 67)7pi(0)

Due to this lemma, condition (L) is fulfilled in Gg(r) with this choice Dy for d(r)
from (5.13); see Lemma 5.6. Now all the local conditions are fulfilled yielding the general

majorizing bound of Theorem 3.1 and all its corollaries.

Theorem 5.9. Let Vo = V(0*); see (5.19). Assume (5.21) for V2 = (1/4) S 4w, .
Fiz any § > 6(r) and ¢ > 3vow(xr). Then Theorem 3.1 and its corollaries holds for the

linear median estimation.

This example is one more confirmation of the applicability of the the general approach:
as soon as the local conditions have been checked the main local statements follow for
free. It only remains to accomplish them by a large deviation bound, that is, to describe

the local vicinity ©g(r) providing the prescribed concentration bound.

5.3.2 A large deviation bound

A sufficient condition for the concentration property is that the rate function 2t*(6,0*)

grows at least logarithmic in [|@* — @||. For y > 0, define for A, = [y, o]

Aily) = —(2y) "' log[Pi(4y)] = —(2y) ' log[IP(Y; — &' 6" > y)].
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The case with A;(y) > Ag > 0 corresponds to light tails while A;(y) — 0 as |y| — oo
means heavy tails of the distribution F;. Below we focus on the most interesting case
when \;(y) is positive and monotonously decreases to zero in y > 0. For simplicity
of presentation we also assume that \;(y) is sufficiently regular and its first derivative

Xi(y) is uniformly continuous on IR. Define

(0,0 © {1y, —wlo| —|v, —w] 0%} /2

def *
fi(w) = log IE exp{p&i(0,6%)}.
As |£6(0,6%) < &1 (6 —6%)|/2 and f;(u) is analytic in g, it holds for any u > 0 with
pmax; |7 (0 —6%)]/2 <1

filp) > —pIE&(6,0%) — p? Var &(6, 0%).

This implies by independence of the &;’s

M(11,0,60%) = —log IEexp{uL(0,6%)}

= " filu) > ~pIEL(8,0%) — u? Var L(6,6%).

The choice pu = pu(0) = —IEL(6,6%) /{2 Var L(0,0")} yields

g g o JELO,6)]
MO0.9°) = N L0, 67

Note that the inequality |¢;(6,6%)| < |¥,(0 — 6*)|/2 implies

1
Var L(6,6%) < 5 max|¥;7 (0 — 67)] Y [|&i(6.6%)]

This easily yields that the sufficient condition (4.9) of Corollary 4.3 is fulfilled in this
situation if N from (5.20) is sufficiently large.

6 Deviation probability for quadratic forms

The approximation results of the previous sections rely on the probability of the form
IP(||€]| > y) for a given random vector & € IRP. The only condition imposed on this

vector is that

log Eexp(v'¢) <5llv)?/2,  ~ve R, ||v| <e.

To simplify the presentation we rewrite this condition as

log Fexp(v'€) < [|v[?/2, ~€eR, |v|<e (6.1)
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The general case can be reduced to vy =1 by rescaling £ and g:

log Eexp(y'&/vo) < 17|%/2, v € RP, || < vog

that is, vy Le fulfills (6.1) with a slightly increased g. In typical situations like in

Section 5, the value g is large (of order root-n ) while the value 1 is close to one.

6.1 Gaussian case

Our benchmark will be a deviation bound for ||£||? for a standard Gaussian vector &.
The ultimate goal is to show that under (6.1) the norm of the vector & exhibits behavior
expected for a Gaussian vector, at least in the region of moderate deviations. For the

reason of comparison, we begin by stating the result for a Gaussian vector &.

Theorem 6.1. Let & be a standard normal vector in IRP . Then for any u > 0, it holds

P(|€]* > p+u) < exp{—(p/2)¢(u/p)]}

with
o(t) 2t —log(1+ ).
Let ¢~Y(-) stand for the inverse of ¢(-). For any x,
P(IEN* > p+ ¢~ (2x/p)) < exp(—x).

This particularly yields with »x = 6.6

P(€]* > p+ Voexp V (3%)) < exp(—x).
Proof. The proof utilizes the following well known fact: for p <1

log IE exp (u[|€]|*/2) = —0.5plog(1 — p).

It can be obtained by straightforward calculus. Now consider any u > 0. By the

exponential Chebyshev inequality
P(JIElI* > p+u) < exp{—p(p +u)/2} I exp(u|€]*/2) (6.2)
= exp{—u(p +u)/2 — (p/2)log(1 — ) }.

It is easy to see that the value p = u/(u + p) maximizes p(p + u) + plog(l — p) w.r.t.
v yielding

p(p+u) — plog(l — p) = u — plog(1 + u/p).
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Further we use that x —log(1+x) > agz? for <1 and x —log(1+z) > apx for x > 1
with ap = 1 —log(2) > 0.3. This implies with x = u/p for u = ,/7xp or u = »x and
% =2/ag < 6.6 that

P(|€* > p+ /3P V (3x)) < exp(—x)

as required. ]

The message of this result is that the squared norm of the Gaussian vector £ con-
centrates around the value p and the deviation over the level p+ ,/xp are exponentially

small in x.

A similar bound can be obtained for a norm of the vector IBE where IB is some
given matrix. For notational simplicity we assume that IB is symmetric. Otherwise one

should replace it with (BT A)'/2.

Theorem 6.2. Let £ be standard normal in IRP. Then for every x > 0 and any
symmetric matriz IB , it holds with p = tr(IB?), v? = 2tr(IB*), and a* = ||IB?||~

P(|BE|* > p+ (2vx'/?) V (6a*x)) < exp(—x).

Proof. The matrix IB% can be represented as U' diag(ay, ... ,ap)U for an orthogonal
matrix U. The vector E = U¢ is also standard normal and ||B|? = ETU]BQUTE.
This means that one can reduce the situation to the case of a diagonal matrix IB? =
diag(ai,...,ap). We can also assume without loss of generality that a1 > a2 > ... > a,.

The expressions for the quantities p and v? simplifies to

p = tr(B*) =a; +...+ap,
v? = 2tr(BY) = 2(a? + ... + a?)).
Moreover, rescaling the matrix IB? by a; reduces the situation to the case with a; = 1.

Lemma 6.3. It holds
E||BE|* = tr(B*),  Var(||BE|?) = 2tr(IB*).

Moreover, for p <1

p
B exp{ | BE|? 2} = det(1 — uB) ™2 = [[(1 — pas) /2. (6.3)
=1
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Proof. If IB? is diagonal, then ||BE||? =", a;£? and the summands a;&? are indepen-
dent. It remains to note that IE(a;£?) = a;, Var(a;¢?) = 2a?, and for pa; <1,

]Eexp{,uaiff/Q} =(1- uai)*l/2
yielding (6.3). O
Given wu, fix pu < 1. The exponential Markov inequality yields

2
E%HB§R?>p+u)gem{_“@;””}ﬂwm%ﬂwgﬂ\)

P
< exp{—% — ;Z}[,uai + log(l — ,uai)] }

We start with the case when x1/2 < v/3. Then u = 2x1/2y fulfills u < 2@2/3. Define
p=u/v? <2/3 and use that t+log(1 —t) > —t? for t < 2/3. This implies

P(IBEI > p+)
pu 1 U
< P — 2 2 = — 2 2 = 7X. .
_exp{ 5 +2;u al} exp(—u’/(4v?)) = e (6.4)
Next, let x'/2 > v/3. Set p=2/3. It holds similarly to the above

Z[uai +log(1 — pas)] > — Z;ﬁa? > —2v?/9 > —2x.
31 jl

Now, for v = 6x and pu/2 = 2x, (6.4) implies
P(|BE|* > p +u) < exp{—(2x —x)} = exp(—x)
as required. ]

Below we establish similar bounds for a non-Gaussian vector & obeying (6.1).

6.2 A bound for the /5-norm

This section presents a general exponential bound for the probability P(HEH > y) under
(6.1). Define the value

x. = 0.5[g” — plog(1+g*/p)]. (6.5)
Theorem 6.4. Let € € IRP fulfill (6.1). Then it holds for each x < x.

P(||€]*> > p+ /3@ V (5x), |€]]> < p+ &%) < 2exp(—x),
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where » = 6.6. Moreover, for y* > y> aef p+ g2, it holds with g. = g*(p +g2)~/?

P(|€]* > y%) < 84exp{—gey/2 — (p/2)10g(1 — gc/y)}
< 84 exp{—xC — gy — yc)/2}.
Proof. The main step of the proof is the following exponential bound.

Lemma 6.5. Suppose (6.1). For any pu <1 with g*> > pu, it holds
2 2
Eexp(MEDY n (g2 < & —~2) < 21— . (6.6)
H K

Proof. Let € be a standard normal vector in IRP and w € IRP. Given r > 0, define

m(u,r) = IP(|le — u|| < r). This value can be rewritten as
m(u,r) = IP(|le — ul]? < r2)
= P(lle]? — Elel* - 2u'e < 2? — |[ul* — E|e|?),

and m(u,r) > 1/2 for r* > ||jul]®> + E|e|®> = |[ul|> + p. Let us fix some & with
wll€]|* < g?/p— p and denote by IP: the conditional probability given &. It holds with

¢p = (2m) P2

2
o [ew(ve- 20 111 < o1y
1
= cpexp(ul€]®/2) [ exp( 3l = 2) Ml < ')y
= 1% exp(ul|€*/2) Pe (|l + n'?€|* < p'g?)
> 0.50% exp(ul|€]1%/2),

because ||p'/2€)|> + p < p~'g?. This implies in view of p < g2/u that
exp(ull€l1*/2) L(IEN° < &°/1® —p/ 1)
B re N g < g
<2 [exp(y &= 5 ) (vl < g)dv.
Further, by (6.1)

1
ot [ exp (v~ oIl 1(lnl < gy

IA

-1
=1
G D T

-1
p—1
o [ exp(~H Il

(u=t—1)7P2

IA

IA
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and (6.6) follows. ]

Due to this result, the scaled squared norm p||€|?/2 after a proper truncation pos-
sesses the same exponential moments as in the Gaussian case. A straightforward impli-
cation is the probability bound IP(||€||* > p+u) for moderate values . Namely, given
u >0, define p = u/(u+ p). This value optimizes the inequality (6.2) in the Gaussian
case. Now we can apply a similar bound under the constraints ||&||? < g?/u® — p/p.
Therefore, the bound is only meaningful if p +u < g?/u? — p/p with p = u/(u +p).
One can check that the largest value u for which this constraint is still valid, is given by

u = g2. Hence, (6.6) yields for u < g?

P(IEI* > p+u, [€]° <p+g?)

oo 05 e () (e < % - 7)

< 2exp{—0.5[u(p + u) + plog(1 — p)] }

= 2exp{—0.5[u — plog(1 + u/p)] }.

IN

Similarly to the Gaussian case, this implies with s = 6.6 that

P(|E]* > p+ /rxp V (5ex), ||€]* < p+g°) < 2exp(—x).

The Gaussian case yields (6.1) with g = oo and the result is done. In the non-
Gaussian case with a finite g, we have to accompany the moderate deviation bound
with a large deviation bound IP(||€| > y) for y* > p+g?. This is done by combining
the bound (6.6) with the standard slicing arguments.

Lemma 6.6. Let uy < g?/p. Define y2 = g*/ué —p/uo and g = g — pop . It holds
for y =yo

P(|l¢] > y) < 8.4(1—go/y) "> exp(—goy/2) (6.7)
< 8.4exp{—xo — go(y — y0)/2}. (6.8)
with xo defined by
2% = poys + plog(l — po) = g2 /1o — p + plog(1 — po).

Proof. Consider the growing sequence yi with y; =y and goyig+1 = goy + k. Define
also ur = go/yk . In particular, pr < py = go/y. Obviously

P(€ll > y) = > P(I€] > yr €] < yi)-
k=1
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Now we try to evaluate every slicing probability in this expression. We use that

(goy + &k —1)2

w0y 1k >goy+k—2,

Hri1Yi =
and also g2/u? — p/ur > yi because y > yo and
g /i —p/i — v = 1 (87 — up — 88) = 1y (g” — gop/y — &8) 2 0.

Hence by (6.6)

P(lel >y) < ;P(nsu > Vi €1 < v )
< ;exp(—nglyk)Eexp<Mk+12”£H ) ]I(||£||2 < Yi-kl)
< 30201 — ) enp(—1225E)

T
I

/2 +k—2
<21 ) S e (S

— 2¢"2(1— e/ (1 = ) P2 exp(—goy/2)

< 8.4(1 — 1) "% exp(—goy/2)

and the first assertion follows. For y = yq, it holds

goyo + plog(1 — po) = poyg + plog(l — po) = 2xg

and (6.7) implies IP(||€]| > yo) < 8.4exp(—xo). Now observe that the function f(y) =

goy/2 + (p/2)log(1 — go/y) fulfills f(yo) = xo and f'(y) > go/2 yielding f(y) >
%0 + go(y — yo)/2. This implies (6.8). O

The statements of the theorem are obtained by applying the lemmas with pug = p. =

g?/(p+ g?). This also implies y? = p+ g2, geye = g2, 1 — pe = p/(p+g2), and x,
from (6.5). O

The statements of Theorem 6.8 can be represented in the form:
Corollary 6.7. Let & fulfill (6.1). Then it holds for x < x, = 0.5[g2 —plog(l +g2/p)} :
P > 3(x,p)) < 267 +8.de ™, (6.9)

aef | P+ /2xp, x<p/sx,
3(x,p) = (6.10)

D+ xx p/x < x < X
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For x > x,

P(E)? 2 5e(x,p)) < 84e™,  so(x.p) € |ye+2(x — x) /&e|”

This result implicitly assumes that p < »x. which is fulfilled if ug = g?/p > 1:
sxe = 0.53¢[ug — log(1 + ug)]p > 3.3[1 — log(2)]p > p.

In the zone x < p/» we obtain sub-Gaussian behavior of the tail of ||€]|> — p, in the
zone p/»x < x < x. it becomes sub-exponential. Note that the sub-exponential zone is
empty if g2 < p.

For x < x., the function 3(x,p) mimics the quantile behavior of the chi-squared
distribution X;% with p degrees of freedom. Moreover, increase the dimension p yields
growth of the sub-Gaussian zone.

Finally, in the large deviation zone x > x. the deviation probability decays as e—ex!/?
for some fixed ¢. However, if the constant g in the condition (6.1) is sufficiently large
relative to p, then x. is large as well and the large deviation zone x > x. can be ignored

at a small price of 8.4e7* and one can focus on the deviation bound described by (6.9)
and (6.10).

6.3 A bound for a quadratic form

Now we extend the result to more general bound for ||IB€||? = &' IB%¢ with a given
matrix B and a vector £ obeying the condition (6.1). Similarly to the Gaussian case

we assume that IB is symmetric. Define important characteristics of IB
2 2 4 x def 2 def 2
p = tr(IB?), v = 2tr(B"), A= | B|loc = Amax(B?).

For simplicity of formulation we suppose that A* = 1, otherwise one has to replace p
and v? with p/\* and v2/\*.

Let g be shown in (6.1). Define similarly to the fs-case u. = g?/(p + g?). Further
define the values y,g., and x. by

def
ve = g2 /ut —p/te,
def
g = Heye = Vg2 — pep,

2x. ¥ g.y. + logdet (I, — peB?). (6.11)
Theorem 6.8. Let a random vector € in IRP fulfill (6.1). Then for each x < %,

P(|[BE|* > p+ (2vx'"?) V (acx), | BE||* < y2) < 2exp(—x)
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with ac def gy (4p;t) . Moreover, for y >y, it holds

P(||BE|” > y*) < 8.4exp(—xc — g(y — yc)/2)-
Proof. The main steps of the proof are similar to the proof of Theorem 6.4.

Lemma 6.9. Suppose (6.1). For any p <1 with g?/u > p, it holds
I exp (| BEI?/2) T(IT€)° < g/ — p/ps) < 2det(T, — uB%) Y2 (6.12)

Proof. With c,(IB) = (2r) "/* det(IB~1)

oB) [ exp (376 = 5 IBIE) Wl < )iy

BE|)? 1
= ¢p(IB) exp(iu” 2£|| )/exp<2||ul/213€ — 2B ) (| < @)y
B 2
_ Mp/Q eXp(MH 25“ )Pg(HBs *HI/QB%H < g,u_l/z),

where e denotes a standard normal vector in IR and IP¢ means the conditional ex-
pectation given €. Moreover, for any u € IRP and r > p + ||u||?, it holds in view of
FE|Be|”> =p

IP(HBE —ul < r) = P(HBEHQ —p-— 2u' Be < r?— HuH2 — p)

> IP(||Be|® - [E||Be|?® — 2u Be < 0) > 1/2.
This implies
exp (| BEI?/2) (| B < g*/n® — p/ 1)
_ 1 _
< 272, (B) [ exp(v"€ - o IB ) Wl < g
Further, by (6.1)
1 _
AB)E [ exp(v7€~ 5 IB91) 1l < )iy
n
||’Y”2 1 —1.12
< 20
< o) [ e (1 - 1By
< det(B~ ) det(p B2 — I,)"V% = P2 det (I, — pIB?)~1/?
and (6.12) follows. O

Now we evaluate the probability IP(||B€| > y) for moderate values of y.
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Lemma 6.10. Let puy < 1A (g2/p). With y3 =g*/u? —p/po, it holds for any u >0
P(|BE|? > p + u. [| B*| < yo)
< 2exp{—0.5u0(p + u) — 0.5log det(I, — MOB2)}- (6.13)
In particular, if IB? is diagonal, that is, IB*> = diag(al, . ,ap) , then
P(|BE|? > p +u, [ B*] < yo)

1P
< 2exp{—M - = Z[uoai + log(l — uoai)] } (6.14)
i=1

Proof. The exponential Chebyshev inequality and (6.12) imply

P(||BE|” > p +u, | B*] < yo)

exp{—“f’(p; u)}Eexp<u0|IJQB£|2) H(,‘B%W < f:% B %)

IN

< 2exp{—0.5u0(p + u) — 0.5log det (I, — MOBZ)}.

Moreover, the standard change-of-basis arguments allow us to reduce the problem to the

case of a diagonal matrix IB? = diag(al, ... ,ap) where 1 =ay > a2 > ... > a, > 0.

Note that p = a1 +...+a,. Then the claim (6.13) can be written in the form (6.14). O

Now we evaluate a large deviation probability that || B&|| > y for a large y. Note
that the condition ||IB%|s < 1 implies ||B2¢|| < || IBE||. So, the bound (6.13) continues

to hold when |[|IB%£|| < yo is replaced by || BE|| < yo.

Lemma 6.11. Let pg < 1 and pop < g?. Define go by g = g*> — pop. For any
v > v0 = go/po , it holds

P(|BE|| >y) < 8.4det{I, — (go/y)B*}~"/* exp(—goy/2).

< 8.4exp(—x0 — go(y — ¥0)/2), (6.15)

where xg s defined by
2x0 = goyo + logdet{l, — (g0/y0)IB?}.

Proof. The slicing arguments of Lemma 6.6 apply here in the same manner. One has
to replace ||&| by |[BE|| and (1 — u1)"?/2 by det{I, — (go/y)B>}~'/?. We omit the
details. In particular, with y = yo = go/p, this yields

P(||BE|| > yo) < 8.4exp(—xo).



SPOKOINY, V. 49

Moreover, for the function f(y) = goy + logdet{I, — (go/y)IB*}, it holds f'(y) > go
and hence, f(y) > f(yo) + go(y —yo) for y > yo. This implies (6.15). O

One important feature of the results of Lemma 6.10 and Lemma 6.11 is that the
value g9 < 1A (g?/p) can be selected arbitrarily. In particular, for y > y., Lemma 6.11
with pio = pe yields the large deviation probability IP(||IB£|| > y). For bounding the
probability IP(||BE||* > p + u, |BE|| < y.), we use the inequality log(1 —¢) > —t — ¢
for ¢t <2/3. It implies for p < 2/3 that

—log IP(||BE||* > p + u, | BE|| < y.)

p
> p(p+u) + Y log(1 — pas)
=1

P
wlp +u) — Zuaz—i—ua > pu — p?v?)2. (6.16)
=1

Now we distinguish between . > 2/3 and p. < 2/3 starting with g, > 2/3. The
bound (6.16) with g = (u/v?) A (2/3) < pe and with u = (2vx!/2) v (6x) yields

IP(||BE|I* > p +u, | BE|l < ye) < 2exp(—x);

see the proof of Theorem 6.2 for the Gaussian case.

Now consider . < 2/3. For x'/? < pev/2, use u = 2vx'/? and po = u/v?. It
holds pp = u/v? < pe and u?/(4v?) = x yielding the desired bound by (6.16). For
x1/2 > p,v/2, we select again pig = pe. It holds with u = 4u_ 'x that pou/2— p2v?/4 >

2x — x = x. This completes the proof. O

Now we describe the value 3(x,B) ensuring a small value for the large deviation
probability IP(||BE||> > 3(x,1B)). For ease of formulation, we suppose that g? > 2p
yielding p.! < 3/2. The other case can be easily adjusted.

Corollary 6.12. Let & fulfill (6.1) with g? > 2p. Then it holds for x < x. with x.
from (6.11):

P(|BE|* > 3(x,1B)) < 2™+ 8.4e ™,

e +v2xv, x<v/18,
s(x,B) 24 F / (6.17)

p + 6% v/18 < x < x.

For x > x,

def

ZP(H]BSHQ > 3e(x, ZB)) < 84e ™, 3c(x, IB) ‘Yc +2(x — XC)/gC‘ .
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6.4 Rescaling and regularity condition

The result of Theorem 6.8 can be extended to a more general situation when the condition
(6.1) is fulfilled for a vector ¢ rescaled by a matrix Vp. More precisely, let the random

p-vector ¢ fulfills for some p x p matrix V the condition

v'¢

log I A—
vy S eXp{ Vor

}gﬁvm, N<e (6.15)
~€EIRP

with some constants g > 0, vy > 1. Again, a simple change of variables reduces the case
of an arbitrary 19 > 1 to vy = 1. Our aim is to bound the squared norm | Dy *¢|? of a
vector Dy 1C for another pxp positive symmetric matrix D% . Note that condition (6.18)
implies (6.1) for the rescaled vector & = ‘/(flC . This leads to bounding the quadratic
form || Dy 'Vp€|? = ||BE||? with B> = Dy'ViZDy'. Tt obviously holds

p = tr(1B2) = tx(D5 V).
Now we can apply the result of Corollary 6.12.

Corollary 6.13. Let ¢ fulfill (6.18) with some Vo and g. Given Dqy, define B> =
Dy'VEDy!, and let g? > 2p. Then it holds for x < x. with x. from (6.11):

P(|Dy'¢l? > 3(x, B)) < 27 +8.4e*,

with 3(x,B) from (6.17). For x > x.

— —x def 2
P(|Dy*¢|1? > 30(x, B)) < 8.4e™ %, 3e(x,B) = |ye +2(x — xc) /8|

Finally we briefly discuss the reqular case with Dy > aly for some a > 0. This

implies || Blloo < a~! and
v? = 2tr(B*) < 2a7%p.

This together with g2 > 2p yields

def
ve = g% /ul —p/ue > p/ul,

def
gc = Heye = \/f)y

2%, def g.yc + log det (Ip — ,uCZBZ).



SPOKOINY, V. ol

7 Some results for empirical processes

This chapter presents some general results of the theory of empirical processes. Under the
global conditions from Section 2 one can apply the well developed chaining arguments in
Orlic spaces; see e.g. van der Vaart and Wellner (1996), Chapter ?7?. We follow the more
recent approach inspired by the notions of generic chaining and majorizing measures due
to M. Talagrand. The chaining arguments are replaced by the pilling device; see e.g.
Talagrand (1996, 2001, 2005). The results are close to that of Bednorz (2006). We state
the results in a slightly different form and present an independent and self-containing
proof.

The first result states a bound for local fluctuations of the process U(v) given on
a metric space 7. Then this result will be used for bounding the maximum of the
negatively drifted process U(v) — U(vg) — pd?(v,vg) over a vicinity Y5 (r) of the central
point vg. The behavior of U(v) outside of the local central set 1, (r) is described using
the upper function method. Namely, we construct a multiscale deterministic function
u(u,v) ensuring that with probability at least 1 —e™* it holds pU(v) 4+ u(p, v) < 3(x)
for all v & Yo(r) and p € M, where 3(x) grows linearly in x.

7.1 A bound for local fluctuations

An important step in the whole construction is an exponential bound on the maximum
of a random process U(v) under the exponential moment conditions on its increments.

Let d(v,v’) be a semi-distance on 7". We suppose the following condition to hold:

(Ed) There exist g >0, r1 >0, vy > 1, such that for any A < g and v,v' €T with
d('U,’U/) <n

u v
lOg]Eexp{ M} S Vg)\2/2

Formulation of the result involves a sigma-finite measure 7 on the space 7" which
is often called the majorizing measure and used in the generic chaining device; see
Talagrand (2005). A typical example of choosing 7 is the Lebesgue measure on IRP.
Let 7° be a subset of 1", a sequence r; be fixed with rg = diam(2°) and rj = r¢27"*.
Let also By (v) & {v/ € T°:d(v,v") < rp} be the d-ball centered at v of radius ry

and 7 (v) denote its 7-measure:

(V) dﬁf/B ( )Tr(dv’) = /o I(d(v,v") < xp)7w(dv).
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Denote also

TO
M;, def max m(T7)
velre 7Tk( )

k> 1. (7.1)

Finally set ¢; = 1/3, ¢ = 27%2/3 for k > 2, and define the value Q(Y°) b

o (e}

oy def 1 4 k
Q(T°) = ;ck log(2My) = glog(2M1) + 3;_22 log(2Mj).

Theorem 7.1. Suppose (Ed). If Y° is a central set with the center v° and the radius
ry, d.e. d(v,v°) <ry forall veT°, then for A <go def Y0g

A

log]Eexp{ sup |U(v) — u(UO)\} < A2/2 4+ Q). (7.2)
30T vere

Proof. A simple change U(-) with v;'U(-) and g with gy = vpg allows for reducing

the result to the case with 1y = 1 which we assume below. Consider for £ > 1 the

smoothing operator S; defined as

P v)7(dv
S 0) = iy [ swrma)

Further, define
SoU(v) = U(v°)

so that SyU is a constant function and the same holds for SipSi_71...SeU with any
E>1.1f f(-) < g(-) for two non-negative functions f and g, then Sif(-) < Sgg(-).
Separability of the process U implies that limy SU(v) = U(v). We conclude that for
each v eT°

[U(v) = U(v°)| = kli_)n;JSkU(v) — Sk ... SoU(v)]

kli}n(}OZ‘Sk (I —Si—1) ka

IN

Here &; & SUPy,ero §k(v) for k> 1 with

* def

&1(v) = [S1U(v) = U(v7)], Skl =Sp-)Ww)|, k=2

For a fixed point !, it holds

’Uﬁ ; # v)— ’Ul ™ ’U/7T (¥
G < /Bk@,u) — /B“(U)\u( ) = U |w(de)r(dv)
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For each v' € By_1(v), it holds d(v,v’) < rp_1 = 2r; and

~
~—

d(v,v

This implies for each v# € T° and k > 2 by the Jensen inequality and (7.1)

A AU(v) = U@)| w(dv') \ 7(dv)
oo 6 < /wn) </B“(v> P (o, ) m_1<v>) T (0F)
)

< (oo i ) 7

As the right hand-side does not depend on v, this yields for & def SUPyero §k(V) by

condition (&d) in view of el*l < e¥ 4 ¢~*

A AMU(v) = UR@)| w(dv’) \ w(dv)
EexP(Egk) = Mk/o (/Ml(v)lEexp d(v,v’) Wk_l(v)> (1)

< 2Mj, exp(X?/2) / . ( /B“(U) 7:,:(_(11122)> ngfv;

= 2Mj, exp(A\?/2).

Further, the use of d(v,v°) <r; for all v € T° yields by (Ed)

]Eexp{r)\lﬂl(v) - u(v°)|} < 2exp(\?/2) (7.3)

and thus

1

m1(V) JB,(v)

Eexp{ Z[811U(v) - (") } < B exp{ 2U(v) - U(w?) Jr(dv)

M1 )\ !/ o /
< s _ .
< s [ Besn{ 2 — ) fr(av)
This implies by (7.3) for &} = sup,ero [S1U(v) — U(v°)|
JEexp<i§;*) < 2M; exp(22/2).
r

Denote ¢; = 1/3 and ¢, = rj_1/(3r1) = 27%+2/3 for k> 2. Then Y 22 ¢, =1 and it
holds by the Holder inequality; see Lemma 7.11 below:

log IF exp <3r1 Z §k> c1 log IE exp <r1€k> + Z c log IE exp <rk_1§k>
k=1

k=2

IN

N?/2+ ¢ log(2M1) + ) eplog(2My)
k=2

IN

< A/2+ Q).



54 PARAMETRIC ESTIMATION. FINITE SAMPLE THEORY

This implies the result. O

7.2 A local central bound

Due to the result of Theorem 7.1, the bound for the maximum of U(v,vy) over v €
Br(vo) grows quadratically in r. So, its applications to situations with r? > Q(7°)
are limited. The next result shows that introducing a negative quadratic drift helps
to state a uniform in r local probability bound. Namely, the bound for the process
U(v,v0) — pd?(v,v0)/2 with some positive p over a ball B,(vg) around the point
vo only depends on the drift coefficient p but not on r. Here the generic chaining
arguments are accomplished with the slicing technique. The idea is for a given r* > 1
to split the ball By«(vg) into the slices Byy1(vg) \ Br(vo) and to apply Theorem 7.1 to

each slice separately with a proper choice of the parameter \.

Theorem 7.2. Let r* be such that (Ed) holds on By«(vg). Let also Q(T°) < Q for
T° = By(vg) with x <x*. If p >0 and 3 are fized to ensure \/p3 < go = vpg and
p(3—1) > 2, then it holds

log1P< sup {1U(v,v0)—gd2(v,vo)}>3>

UeBr* (UO) Yo

< —p(3— 1) +1log(43) + Q. (7.4)

Moreover, if \/p3 > go, then

logIP< sup {1U(v,vo)—gd2(v,vo)}>3>

'UEBr* (UO) Yo
< —gov/p(3 — 1) +g5/2 + log(4;) + Q. (7.5)

Remark 7.1. Formally the bound applies even with r* = oo provided that (Ed) is
fulfilled on the whole set 7°°.

Proof. Denote

w0 s {Uw) - Uwo))

3vr vEB, (Vo)

Then we have to bound the probability

IP(sup {ru(r) —pr2/2} >3).

r<r*

For each r <r* and A < g, it follows from (7.2) that

log IE exp{Au(r)} < \?/2 + Q.
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The choice A = ,/p3 is admissible in view of |/p3 < go. This implies by the exponential
Chebyshev inequality
log IP(ru(r) — pr?/2 >3) < —A(3/T + pr/2) + A\*/2 +Q
= —pilz+2 ' —1)+Q, (7.6)
where u = /p/(23)r. We now apply the slicing arguments w.r.t. t = pr?/2 = 3a2.

By definition, ru(r) increases in r. We use that for any growing function f(-) and any
t >0, it holds

t+1

ft)—t< {f(s) —s+1}ds

t

Therefore, for any ¢ > 0, it holds by (7.6) in view of dt = 23z dx

41
P(sup{ru(r)—prQ/Q} >5> S/o ' P{ru(r)—t>;—1}dt

r<r*
t*+1
< 23/ exp{—p(;, —1)(z+ ! — 1)+ Q}:I:dx
0
< 236_b+Q/ exp{—b(z + L 2)} xdx
0

with b= p(3 —1) and t* = pr*?/2. This implies for b > 2

1P<sup{ru(r) —pr?/2} > 5> < 237010 /Ooo exp{—2(z +2 ' —2)}zdzx

r<r*

< 4dzexp{—p(3 — 1) +Q}

and (7.4) follows.
If \/p3 > go, then select A = gg. For r < r*
log P{ru(r) — pr?/2 > 3} = log IP{u(r) > 3/ + pr/2}
< =AG/r+pr/2)+2%/24+Q

< —Aps(z+ a7t —2)/2 — A+ A2/2 4+ Q,

where u = /p/3r. This allows to bound in the same way as above

P(sup{ru(r) — pr’/2} > 3) < 4dzexp(—AV/p(3— 1) + A\?/2+ Q)

r<r*

yielding (7.5). O



96 PARAMETRIC ESTIMATION. FINITE SAMPLE THEORY

This result can be used for describing the concentration bound for the maximum of
(3vo) 1 U(v, vo) — pd?(v,v0)/2. Namely, it suffices to find j ensuring the prescribed
deviation probability. We state the result for a special case with p = 1 and gy > 3

which simplifies the notation.

Corollary 7.3. Under the conditions of Theorem 7.2, it holds for x > 0 with x+Q > 4:

1 1
P sup —U(v,vy) — =d*(v,v >3 x,Q)Sexp —x),
<v€Br*(vg){ 2 (v, 00) 2 ( 0)} o= Q) (=)

where with gy = vpg > 2

ao | 1+ Vx+0Q)° if 1+ v+ Q < g,
30(x,Q) = ) 2 (7.7)
1+ (1+2g5") (gal(x +Q) + g0/2) otherwise.

Proof. In view of (7.4), it suffices to check that 3 = (1 + M)2 ensures
53— 1—log(43) —Q =x.
This follows from the inequality
(1+y)*—1-2log(2+2y) > y°

with y = vx+Q > 2. Similarly 3 = 1+ (1 +2gal)2y2 for y = gy (x + Q) + go/2

ensures
g0v/3 — 1 —g5/2 —log(43) —Q > x
in view of v — 1> y(1+2g,"), 45 < (1+2y +4g;'y)?, and
y — log(1 4 2y +4g,'y) > 0
for y>2 and gg > 3. U

If g > +/Q and x is not too big then 3¢(x,Q) is of order x + Q. So, the main
message of this result is that with a high probability the maximum of (3v9) ™ U (v, v) —
d*(v,vg)/2 does not significantly exceed the level Q.

7.3 A global upper function and concentration sets

The result of the previous section can be explained as a local upper function for the pro-
cess U(+). Indeed, in a vicinity B,+(vg) of the central point vy, it holds (31p) !U(v) <

d*(v,v0)/2 + 3 with a probability exponentially small in 3. However, an extension of
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this result on the whole set T is only possible under some quite restrictive conditions.
This section presents one possible construction of an upper function for the process U(-)
on the complement of the local set 71, (r*). For simplifying the notations assume that
U(vg) =0. Then U(v,vo) = U(v). We say that u(u,v) is a multiscale upper function
for pU(-) on a subset 1° of 1 if

P(sg& 55%{%(11) —u(p,v)} > 3(X)) <e™,

for some fixed function 3(x). An upper function can be used for describing the concen-
tration sets of the point of maximum © = argmax,,cyo U(v); see Section 7.3.1 below.

For constructing such an upper function, the following condition is used which extends
condition (&d):

(E) Forany v e there exists p € M such that

N(p, v) & log Eexp{pll(v)} < oo. (7.8)

This condition can be used for building a simple pointwise upper function for pU(v).
Indeed, (7.8) implies

E exp{pU(v) — N(p,v)} = 1. (7.9)

The next step is in extending this pointwise result to a uniform one. The standard
approach is based on the notion of a e-net which is a discrete set 12 providing that for
any point v € 1, there exists a point v° € 12 with d(v,v°) < e. The upper function
is first constructed on this discrete set 77 using (7.9) by increasing the pointwise bound
with log N, , where the covering number N, is the cardinality of 777 . Then it is extended
on the whole set 7° using stochastic continuity of the process U(-).

We apply a slightly different construction usually called pilling. Let the value r; be
fixed. Let also a measure 7 on 1" be fixed. By B,(v) we denote the ball of radius
ri/p at v €T, while 7,(v) denotes its m-measure. In our results the value 1/m,(v)
replaces the covering number N, with € = rj/u. Also define the constant v describing

the local variability of m(-):

vy def sup sup sup W”(UO) : (7.10)

HEM v°ET° veB,(v°) 7Tu(’U )
For any fixed point v°, the local maximum of the process pU over the ball B, (v°) can
be bounded by combining the pointwise result (7.9) and the result of Theorem 7.1 for
local fluctuations of the process pU within B,(v°). To get a global bound over 7°,

we introduce the so called penalty function t,(v) which accounts for the size of the set
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T° . In the next result this function is allowed to be p-dependent. However, in typical
situations, one can apply a universal function t(v); cf. the smooth case in Section 7.4.

Remind the definition of the smoothing operator S, :

o1 v)m(dv
S (0) = iy [, J@)ntaw)

The next result suggests a construction of the upper function u(u,v). The construction

involves a constant s which can be selected as the smallest value ensuring the bound
upri/s < g A V2Q.
Theorem 7.4. Let the process U(-) fulfill (§) and (€d) for all v,v' € T° with

d(v,v') <ry1. If s is such that 3vyr1/s < g A/2Q, then it holds for any x >0

]P(sup sup {pU(v) — SNk, v) — (1 + 8)Sutu(v)} > 51(}()) <27F  (7.11)
weEM veT°

where 31(x) is a linear function in x :

def

nx) = 1+ s){x + log(ylﬂ’)} + 2s5Q,

and

~—

. (7.12)

g def Z /TO exp{—t“(’v)}ﬂ(dv

peEM WH(U

~—

Proof. We bound pU(v) in two steps: first we evaluate S, [pU(v°®) —N(k, v°)] and then
,u["L((vo) — SMU(’UO)] . Convexity of the exp-function implies by the Jensen inequality

exp {8 [JU(v°) — N v%) — b,(v°)] }

< Spexp{pll(v°®) — N(p, v°) — t,(v°)}

B o) — (v m(dv)
< /B#(vo)exp{,uU(v) MN(p, v) — tu( )}Wu(vo)
B v v 7 (dv)
<y /EM(UO)GXP{MU(’U) M(p,v) — tu( )}77#(,0)
o -

As the right hand-side does not depend on v°, the bound applies to the maximum of

this expression over v°. This implies in view of IEexp{pU(v) — N(p,v)} =1

IFexp SSYPO{SH [pU(v) = N(p, v) — tu(v)]} <1y /’I‘O exp{—tu(v)}
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As the sup over pu € M is not larger than the sum of the exponential terms, it holds

IE exp sup sup{S“ [MU(U) —N(p,v) — tu('u)]} <7
veY° ueM

This bound implies for each x > 0 with probability at least 1 — e™*
Su[pU(v) — N(p,v) — t,(v)] < x+log(1nT), vel”. (7.13)
Now define

oy de o
wy(v°) = %ul() ),u,‘U(U) - U(v)|.
veB,(v°

With A % (3u9r1/5) A V2@, it holds by Theorem 7.1 in view of A2/2 < Q
logEexp{s_lw#(v)} < 2Q.

Then

o 1 0 — U] — £ (o m(dv)
= p/{ M[u( ) — W( )] tu( )}Wu(vo)
_1 (o m(dv)
< oy 100 = 00} 20
v exp{s T w,(v) — t,(v mldv)
< 1/%(1)0) p{ (V) = tu( )}WM(U)

As the right hand-side does not depend on ©°, the bound applies to the maximum of

this expression over v°. This implies

IE exp sup sup{s_lu[U(vo) = SU®)] = Sutu(v)} < 11T exp(20Q).
vETYC neM

X

This implies similarly to (7.13) with probability at least 1 —e™*:
s_lu[U(v) = SU(v)] = Sutu(v) < x+2Q + log(117), veT.
Combining these two bounds yields (7.11) with probability at least 1 — 2e™*. O

Remark 7.2. It is interesting to compare the uniform bound (7.11) of Theorem 7.4
and the pointwise bound (7.9): at which prise the pointwise result can be extended to

a global one. The proposed construction involves two additional terms. One of them is
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proportional to the local entropy @Q and it comes from the local bound of Theorem 7.1
as the price for taking the local supremum. The second term is proportional to t,(v) +
log(T) with T from (7.12) and it is responsible for extending the local maximum into

the global one over 7°.

7.3.1 Hitting probability

Let M(v) be a deterministic boundary function. We aim at bounding the probability
that a process U(v) on T hits this boundary on the set 7°°. This precisely means the
probability that sup,cyo{U(v) — M(v)} > 0. A particularly interesting problem is to

describe for each x > 0 the value 3;(x) ensuring that

P(jg})o{u(v) ~ M)} > 31(x)) <o,

Let u(u,v) be the multiscale upper function for U(v):

IP{EENE/)H Sup [ Uw) —u(p,v)] > al(X)} <27 (7.14)

cf. (7.11). Define

C(u,v) E —u(p, v) + pM(v),

w(v) def argmax C(u, v),
pneM

€*(v) & max €(u, v) = € (v),v).

The studied hitting probability can be described via the value

def . .
T°) = inf C* = inf — M .
o(1°) = inf € (v) = inf max{—u(yv)+uM(v)}
The larger this value is, the smaller is the bound for the hitting probability. More
precisely, let a fixed x and the corresponding 3;(x) in (7.14) be fixed. If for each
v € 1°, the inequality puM (v) > u(p,v) holds with a properly selected = p(v), then

the hitting probability is bounded by 2e™*.
Theorem 7.5. Suppose (7.14). If g(1°) > 31(x), then

P(USS%{U(U) -~ M(v)} > 0> <27
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Proof. For each v € 7°, in view of C*(v) > g(1"°), it holds

and the result follows from (7.14). O]

7.4 Finite-dimensional smooth case

Here we discuss the special case when T is an open subset in IRP, the stochastic pro-
cess U(v) is absolutely continuous and its gradient VU(v) f dU(v)/dv has bounded

exponential moments.

(ED) There exist g > 0, vg > 1, and for each v € T, a symmetric non-negative
matriz H(v) such that for any A < g and any unit vector v € IRP , it holds
7 VU(v)

log IE L T <2029,
o8 Bexp{ Mgt | <V

A natural candidate for H?(v) is the covariance matrix Var(VU(v)) provided that
this matrix is well posed. Then the constant vy can be taken close to one by reducing
the value g; see Lemma 7.12 below.

In what follows we fix a subset 7° of 7" and establish a bound for the maximum of the
process U(v,v°) = U(v) —U(v°) on T° for a fixed point v°. We will assume existence
of a dominating matrix H* = H*(7°) such that H(v) < H* for all v € °. We also
assume that 7 is the Lebesgue measure on 7. First we show that the differentiability
condition (D) implies (Ed).

Lemma 7.6. Assume that (ED) holds with some g and H(v) <= H* for v € 1°.
Consider any v,v° € T°. Then it holds for |\ < g

o 212
loglEexp{ U(v, v°) } < VA

A
[ H* (v —v°)]| 2

Proof. Denote § = ||lv —v°||, v = (v —v°)/d. Then

1
U(v,v°) = 6'7T/ VU(v° + téy)dt
0
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and ||[H*(v —v°)| = 6||H*~||. Now the Holder inequality and (ED) yield

U(v,v°) ug)\Q}
IEeXp{/\ —
[H*(v —0v°)| 2
1 T o 242
= Eexp{/ [)\7 VU(U* +197) _ %A ]dt}
0 [H*| 2
1 T o 242
S/ Eexp{A‘Y VU(’U* + to7) R }dtgl
0 [ H*|| 2
as required. O

The result of Lemma 7.6 enables us to define d(v,v’) = ||[H*(v — v°)|| so that the
corresponding ball coincides with the ellipsoid B(r,v°). Now we bound the value Q(7°)
for T° = B(r1,v°).

Lemma 7.7. Let ° = B(r1,v°). Under the conditions of Lemma 7.6, it holds Q(Y°) <
c¢ip, where ¢ =2 for p>2, and ¢ =24 forp=1.

Proof. The set T° coincides with the ellipsoid B(rj,v°) while the d-ball By(v) coin-
cides with the ellipsoid B(ry,v°) for each k > 2. By change of variables, the study can
be reduced to the case with v° =0, H* = I,, r;1 = 1, so that B(r,v) is the usual
Euclidean ball in IRP of radius r. It is obvious that the measure of the overlap of two
balls B(1,0) and B(27%*! v) for ||u|| <1 is minimized when |v|| = 1, and this value

is the same for all such v. Define the number ay, by

» dﬁf 7T(B(170))
Up = m(B(1,0) N B(2~*+1, v))

for any v with ||v| = 1. It is easy to see that ay; = 2¥ and ag, decreases with p.
So, My < 2Pk and

° 1 14 A 1+k
Qr?) < Flog(247) + 2 27 log(2 ™)
k=2
log 2 > log 2
— 08 [3 o2y (k+ 1)2*} = (3+Tp)—22 < oyp,
3 — 3
where ¢; =2 for p> 2, and ¢; =2.4 for p=1, and the result follows. O

7.4.1 Local central bound

Here we specify the local bounds of Theorem 7.1 and the central result of Corollary 7.3

to the smooth case.
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Theorem 7.8. Suppose (Ed). For any A < wvyg, r1 >0, and v° €T

logJEexp{ up  |[U(v) - U(vo)‘} <M/24Q,

S
30T veB(ry,v°)

where Q = ¢1p.

lef

We consider the local sets of the elliptic form 15(r) 4
where Hy dominates H(v) on this set: H(v) =< Hp.

{v i [Ho(v = wo)| <},

Theorem 7.9. Let (€D) hold with some g and a matriz H(v). Suppose that H(v) <
Hy for all v € Yo(r). Then

1 1
P( sup {—Uw,v0) — S| Ho(w — o)} > s0(x,p) ) < exp(—x),  (7.15)
veETo(r) L 310 2

where 30(x,p) coincides with 30(x,Q) from (7.7) with Q = ¢1p.

Remark 7.3. An important feature of the established result is that the bound in the
right hand-side of (7.15) does not depend on the value r describing the radius of the
local vicinity around the central point vg. In the ideal case one would apply this result

with r = oo provided that the conditions H(v) < Hy is fulfilled uniformly over 1.

Proof. Lemma 7.7 implies (€d) with d(v,v) = ||Ho(v — vo)||?/2. Now the result
follows from Corollary 7.3. ]

7.4.2 A global upper function

Now we specify the general result of Theorem 7.4 to the smooth case. To make the
formulation more transparent, the matrix H(v) from condition (ED) is assumed to be
uniformly bounded by a fixed matrix H*. Let r be fixed with r?> > p/2. We aim
to build un upper function for the process U(-) on the complement of the central set
Yo(r) e {v : ||Hov|| < r}. The penalty function t(v) is taken independent of p as a

logarithmic function of ||Hyv||.

Theorem 7.10. Assume (€) and (ED) with H(v) X H* for all ve Y. Let r; > 1
be such that det(r; " H*) < det(Hy), and s be such that 3vori/s < g A+/2cp. Given
r > \/p/2, define
def
t(v) = (p+2)log(||Hovl|), vel.
Then for any x > 0, it holds with probability at least 1 —2Me™ for M = Z“GM uP

pU(v) = SN (i, v) — (14 s)t(v) < (14 s)x + 2s¢1p, veT\T(r). (7.16)
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Proof. For the measure Lebesgue measure 7 on IRP, it holds for B, (v°) = B(ri/p, v°):

1  det(xy pHY) - uP det(Hp)

T(Bpu(v°)) wp W

where w), is the measure of the unit ball in JRP. In particular, this measure does not

I

depend on the location v° and thus, 14 = 1; see (7.10). The change of variables yields

1
T = Z /O Wexp{—t(v)}dw(u)

peM

IN

det(H, e
S [ o2 a( ool 2 x)ano)
peM p

M
= — |w||P~2du < Mp/(2r?) < M.

Wp J|juf>r

Symmetricity arguments imply S,|Hov| = ||Hov| and concavity of the log-function
yields S, t(v) < t(v). Now the result (7.16) follows from Theorem 7.4 in view of Q <
C1p. ]

7.5 Auxiliary facts

Lemma 7.11. For any r.v.’s & and A\, >0 such that A=73", A\, <1

log IF exp (Z /\kfk> < Z i log [Ee®*.
k k

Proof. Convexity of e* and concavity of z# imply

Eexp{ﬁ Z A (& — log Eefk)} < E! eXp{/l1 Z Ak (& — 1og1Ee5k)}
k k

1 A
< {A zk:)\kEexp(ﬁk - logIEeg’“)} =1.

O]

Lemma 7.12. Let a r.v. & fulfill B¢ =0, IEE? =1 and Eexp(\|¢]) = »# < co for
some A1 > 0. Then for any o <1 there is a constant Cy depending on s, A\ and o
only such that for A < o\

log Ee* < C1\?/2.
Moreover, there is a constant Ao > 0 such that for all A < Ao

log IEe* > oA2/2.
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Proof. Define h(x) = (A — A1)z +mlog(z) for m >0 and A < A;. It is easy to see by
a simple algebra that

max h(z) = —m + mlog Alwi 3

Therefore for any - >0
e()\] - A) .

This implies for all A < Ay

Bl exp(Ag]) < ((Am_A)) Eexp(h ).

Suppose now that for some A; > 0, it holds Fexp(Ai[¢]) = »#(A1) < oco. Then the
function ho(\) = FEexp(A) fulfills ho(0) = 1, hi(0) = B = 0, hi(0) = 1 and for
A< A1,

1
ho(A) = BN < BEMN < o Eexp(M[€]).
(A= A)?
This implies by the Taylor expansion for A < gpA; that
ho(A) < 14+ C1X\?/2

with Cp = 2(A\1)/{A(1 — 0)*}, and hence, logho(\) < C1A?/2. O
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