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Abstract

Confidence intervals and joint confidence sets are constructed for
the nonparametric calibration of exponential Lévy models based on
prices of European options. This is done by showing joint asymptotic
normality for the estimation of the volatility, the drift, the intensity
and the Lévy density at finitely many points in the spectral calibration
method. Furthermore, the asymptotic normality result leads to a test
on the value of the volatility in exponential Lévy models.
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1 Introduction

The unknown future development of financial markets faced by its partici-
pants, whether as investors, as traders or as companies, can be understood
to consist of model risk and “Knightian uncertainty” [10, 17]. The first
describes the risk for a given calibrated model and can be evaluated by
probabilistic methods, whereas the second incorporates the lack of knowl-
edge on the underlying probability measure and is typically treated by worst
case scenarios, for example, by stress testing, which amounts to taking the
supremum or infimum over a range of probability measures.

*T thank Markus Reif} for fruitful discussions at all stages of this work and Mathias
Trabs for helpful comments on the manuscript. This research was supported by the
Deutsche Forschungsgemeinschaft through the SFB 649 “Economic Risk”. E-mail address:
soehl@math.hu-berlin.de



By the choice of the model, there is a trade-off in the uncertainty between
the calibration error and the misspecification of the model, where larger
models reduce the latter. Since the calibration error is statistically traceable
and the misspecification is hard to track, we choose a rich model such as
a nonparametric one and then asses the calibration error by constructing
confidence sets.

More precisely, we consider the nonparametric calibration when the risk-
neutral price of a stock (S;) follows an exponential Lévy model

S, = Se" Xt with a Lévy process X; for ¢t > 0. (1.1)

A thorough discussion of this model is given in the monograph by Cont and
Tankov [7]. They introduced in [8, 9] a nonparametric calibration method for
this model based on prices of European call and put options, in which a least
squares approach is penalized by relative entropy. Belomestny and Reif3 [2]
used a different approach to the same estimation problem, where they reg-
ularized by a spectral cut-off and constructed estimators that achieve the
minimax rates of convergence. We show asymptotic normality and construct
confidence sets and intervals for their estimation procedure. Methods simi-
lar to theirs were also applied by Belomestny [1] to estimate the fractional
order of regular Lévy processes of exponential type and by Trabs [21] to
estimate self-decomposable Lévy processes.

Confidence sets measure how reliable the estimation is. This is particu-
larly important if the calibrated model is to be used for pricing and hedg-
ing. For a recent review on pricing and hedging in exponential Lévy models
see [20] and the references therein. For the influence of model uncertainty
on the pricing see [6].

Nonparametric confidence intervals and sets for Lévy triplets have not
been studied with the notable exception of the work by Figueroa-Lépez [12].
The work is more general in the sense that beyond pointwise confidence inter-
vals also confidence bands are constructed. On the other hand, the method
is based on high-frequency observations so that the statistical problem of
estimating the Lévy density reduces to the problem of density estimation.
In contrast to this direct observation scheme our method is based on option
prices and thus the calibration is a nonlinear inverse problem, which is mildly
ill-posed for volatility zero and severely ill-posed for positive volatility.

Confidence intervals and sets in nonparametric problems are a subtle is-
sue. Whether adaptive confidence intervals for the estimators of the volatil-
ity, the drift and the intensity exist is an open question. We show asymptotic
normality for the parametric estimators of the volatility, the drift and the
intensity. We also proof asymptotic normality for the pointwise estimators
of the Lévy density. The joint asymptotic distribution of these estimators
is derived in both the mildly and the severely ill-posed case. This is used
for the construction of confidence intervals and joint confidence sets as well



as for a test on the value of the volatility. The asymptotic normality results
are based on undersmoothing and on a linearization of the stochastic errors.
The paper is organized as follows. The model and the estimation method
are given in Section 2. The main results are formulated in Section 3. They
are applied to confidence intervals and to a hypotheses test on the value of
the volatility in Section 4. We conclude in Section 5. Proofs are deferred to
Section 6 and Section 7. Uniform convergence is treated in Section 8.

2 The model and the estimators

We denote by C(K,T') and P(K,T) prices of European call and put options
on the underlying (S;) with strike price K and maturity 7. We suppose
that the risk-neutral price of the stock (S;) follows the exponential Lévy
model (1.1) with respect to an equivalent martingale measure Q, where
S > 0 is the present value of the stock and r > 0 is the riskless interest rate.
We fix some T and assume that the observations are given by option prices
for different maturities (K;) corrupted by noise:

Y}'ZC(Kj,T>—|—0'j€j, j=1...,n.

The noise levels (o) are assumed to be positive and known. The minimax
result in [2] is shown for general errors (e;) which are independent centered

random variables with E[e] = 1 and sup, E[e}] < co. We transform the

J
observations to a regression problem on the function

[ s7(x,T), x>0,
Ox) = { S=1P(z,T), x <0,

where x := log(K/S) — rT denotes the log-forward moneyness. The regres-
sion model may then be written as

Oj = O(l‘]) + 5]'6]'. (2.1)

We call the volatility of a Lévy process o, the drift v and the inten-
sity A. As in [2] we consider only Lévy processes (X;) with a jump com-
ponent of finite intensity and absolutely continuous jump distribution. For
a jump density v we denote by u(x) := e*v(z) the corresponding expo-
nentially weighted jump density. The aim is to estimate the Lévy triplet
T = (0%,~,1). In the remainder of this section we present the spectral
calibration method of Belomestny and Reifl [2]. The method is based on a
pricing formula by Carr and Madan [5], which relates the Fourier transform
FO(u) := [ O(x)e™dx to the characteristic function ¢r(u) := E[e™X7].
That is why we define

W(u) = %log(l +iu(l + i) FO()) = %log(goT(u — )

p (2.2)
= =5 +i(e +ut (62247 = N) + Fp(u),




where the first equality is given by the above mentioned pricing formula and
the second by the Lévy-Khintchine representation. This equation links the
observation of O to the Lévy triplet that we want to estimate. Let O, be
an approximation on the true function O. For example, O, can be obtained
by linear interpolation of the data (2.1). We further define the empirical
counterpart of ¥ by

Ve(u) = %mgzﬁ(u) (1 + (1 + iw) FO(w)),

where the trimmed logarithm log . : C\{0} — C is given by

[ log(2), 2] = &
logzn(2) = { log(kz/|2)), |2] <k

The logarithms are taken in such a way that ¢ and . are continuous with
¥(0) = 1(0) = 0 and x(u) € (0,1) is specified in [2]. Considering (2.2)
as a quadratic polynomial in u disturbed by Fu motivates the following
definition of the estimators for a cut-off value U > 0:

U
52 . U
6= /U Re(¢e(u))wgy (u)du, (2.3)
U
4= =062+ /UIm(we(u))wg(u)du, (2.4)
52 U
A= -5 T ¥ — /U Re (v (u))wf (v)du, (2.5)

U

where the weight functions wy

, wg and w/\U satisfy

U _,2 U U
/ ——wg (u)du = 1, / uwg(u)du =1, / w¥ (u)du = 1,

2
-U -U -U
ot U (2.6)
/ wY (u)du = 0, / w?w§ (u)du = 0
-U -U

The estimator for p is defined by a smoothed inverse Fourier transform of
the remainder

N _ 62 ) . N LR
j(x) = F1 [<¢e(u) + ?(u —i)2 —iy(u—i) + /\> wg(u)] (x).  (2.7)
The weight functions for all U > 0 can be obtained from w, w,ly, w}\ and

wi by rescaling:

o (u) = U wg(u/U), i (u) = U w;(u/U),
wy (u) = U wy(u/U),  w(w) = w,(u/U).



Since t(—u) = tc(u) only the symmetric part of w}, wi and the anti-
symmetric part of w}Y matter. The antisymmetric part of w,ll contributes a
purely imaginary part to fi(x). Without loss of generality we will always
assume w}, w}\, wi to be symmetric and w,ly to be antisymmetric. We fur-
ther assume that the support of w}, w%, w} and w}i is contained in [—1,1].
We define the estimation error A2 := 62 — 02 and likewise for the other
estimators. We will also use the notation At := 1) — 1. The estimation

error Aé2 can be decomposed as

1
AG?: = 2U_2/ Re(Fu(Uu))w? (u)du
o (2.8)
+2U_2/ Re(AvY(Uu))wk (u)du.
0

The first term is the approximation error and decreases in U due to the decay
of Fu. The second is the stochastic error and increases in U by the growth
of Avy.. The cut-off value U is the crucial tuning parameter in this method
and allows a trade-off between the error terms. The other estimation errors
allow similar decompositions as A2 in (2.8).

We shall analyze the asymptotic properties of the stochastic errors in
depth. To bound the approximation errors some smoothness assumption is
necessary. We assume that the Lévy triplet belongs to a smoothness class
Gs(R, 0max) with s € N and R, omax > 0 specified in [2, Definition 4.1]. The
assumption 7 € G4(R, omax) includes a smoothness assumption of order s
on i leading to a decay of Fu. To profit from this decay when bounding
the approximation error, we assume the weight functions to be of order s,
this means

Flwg () /u®), F(wy (u) /u*), F(ws(w) /u®), F (1 = wy(u)/u*) € L'(R).

(2.9)

3 Asymptotic normality

3.1 The main results

The aim of this section is to establish asymptotic normality results for the
estimators. We would like to state that the appropriately scaled errors of
the estimators converge to normal random variables. The starting point
of the error analysis is the decomposition (2.8) into the approximation er-
ror and the stochastic error. The approximation error is deterministic and
only the stochastic error can be expected to converge with appropriate scal-
ing to a normal random variable. It is common practice to resolve this
problem by undersmoothing, which means that the tuning parameter is



chosen such that the approximation error becomes asymptotically negli-
gible. Thus the cut-off value has to grow fast enough. This is ensured
by the condition el (€)?$t9)/2 — oo in the case of volatility zero and by
eU(e)* L exp(To?U(€)?/2) — oo in the case of positive volatility.

Since the approximation errors are negligible by these conditions we
focus on the stochastic errors. To simplify the asymptotic analysis we do
not work with the regression model (2.1) but with the Gaussian white noise
model. This is an idealized observation scheme, where the terms are easier
to analyze. At the same time asymptotic results may be transferred to the
regression model. The Gaussian white noise model is given by

dO¢(z) = O(z)dz + € 6(z)dW (x), (3.1)

where W is a two-sided Brownian motion, § € L*(R) and ¢ > 0. Here
the empirical counterpart O, of O is given directly by the model and no
further approximation is necessary. Transferring asymptotic results from
the Gaussian white noise model to the regression model is formally justified
by the concept of asymptotic equivalence. Due to the asymptotic equivalence
between regression with regular errors and regression with Gaussian errors
in [14] we will consider for our asymptotic analysis only the case of Gaussian
errors. The asymptotic equivalence of regression (2.1) with Gaussian errors
and the Gaussian white noise model (3.1) is given in Brown and Low [4],
where §; = d(x;) and e corresponds to 1/y/n up to a logarithmic factor.
Further assumptions for the asymptotic equivalence to hold are given in
Section 6.

The stochastic errors involve the term Av(Uu), which is a difference
between two logarithms. For z,z’ € C\{0} and x > 0 it holds log-,(z) —
log(2') = logs, 1./ (2/7). That yields -

A (Uu)

eiUu(l+iUu) /Oo

1+ Uu(l + iUw)FOUu) |, eim‘s(x)dw(””))’

1
=7 log> v (u) (1 +

where kY (u) := k(Uu) /|1 +iUu(1 +iUu) FO(Uu)| < 1/2, see [2, (6.3)]. We
define a linearization L. ;7 of the logarithm and the remainder term R ¢ by

o eiUu(l 4 iUu)  iUuz
Lev W) = T A 0 + U0 FOTW) /oo U o(@)dW (@), (3:2)
Rewr(u) == Ahe(Une) — Loy (u). (3.3)

To ensure continuity of the Gaussian process X (u) = [ ™5 (x)dW (z)
we assume that there is a p > 1 such that [*° (14 |z])Pd(z)*dz < oc. In [19]
it is shown that on this assumption X satisfies the Kolmogorov-Chentsov
criterion [16, p. 57] and thus has a continuous version. In the sequel we are
always working with this version.



The remainder term R¢y in (3.3) is small when the argument of the
logarithm is close to one, that is when L, ;7 is small. Since we are integrating
over the unit interval in (2.8) we want L 7 to be uniformly small. We shall
use the notation A(z) < B(z) as x — oo synonymously with the Landau
notation A(x) = O(B(x)) as * — 0o, meaning that there exist M > 0 and
zo € R such that A(z) < M B(z) for all x > z.

Proposition 1. For all ¢ > 1 holds

1/q
E| sup |L'€,U(u)]q] < eU?/1og(U) exp(Ta*U? /2)

u€[—1,1]

as U — oo.

This proposition is proved in Section 6 by metric entropy arguments. In
the following theorems we control the supremum of £, ;7 and thus the remain-
der term Ry by the condition €U (e)%y/log(U(e)) exp(Ta?U(€)?/2) — 0.
Then the asymptotic distribution of the stochastic errors fol A (Uu)w(u)du
is governed by the linearized stochastic errors fol Ley(u)w(u)du and the re-
mainder term fol Rev(u)w(u)du is asymptotically negligible. In the case
o = 0 the stronger condition €U (¢)>/? — 0 is assumed, which is needed for
the stochastic errors to converge to zero.

In the results on asymptotic normality we will also include the estimator
f1(0) of the jump density at zero. This only makes sense by our smoothness
assumption on p since there is no way of detecting jumps of height zero.
Unlike for points x # 0 it will turn out that not the weight function wb
determines the asymptotic distribution but the effective weight function

1 1
wo(u) := wi(u) + wl (u) / UZwL(U)dv/Q — wi(u) /_1 wi(v)dv.

-1
The first theorem states the joint asymptotic normality result for the
mildly ill-posed case of volatility zero.

Theorem 1. Let 0 = 0. Let § be continuous at Ty, z1 +T7,...,z, + Ty
and let F6* € LY(R). For j = 1,...,n let z; € R\{0} be distinct and
let Vo, Wo, Wa, ..., Wa,, be independent Brownian motions. If eU(€)®/? — 0
and €U (€)*19)/2 5 00 as € — 0, then it holds

O d(0) [y uPwl(w)dWo(u)
Ue)™? A5 d(0)  J, w?w)(u)dVo(u)
Ule)™3/2 AN d(0) f01u2wz(u)dW0(u)
H ve=2 ap0) [ 4] d0) [ vwo(w)dWo(u)/@2x) ||
1 U©)>? Ap(z) d(z1) [y uPw)(u)dWy, (u)/(2r)
U2 Ajlzn) d(z) j01u2w;(u)dwxn(u)/(2w)



as € = 0, where d(x) := 2/7é(x + Ty) exp(T' (A —7))/T.

Next we consider the case o > 0. Let ¢ be in L>°(R) and [[6]|2(r) > 0.
We set

d == V2||6]| 2 (r) exp(T(A — v — 0 /2))T 202, (3.4)

and define real-valued random variables Wy and V. iy by Wy +iVep =
2d~! fol Ley(u)du. By Lemma 3 below

eexp(TizUQ/Q) ( Wf;] ) < < ?// ) (3.5)

as U — oo, where W and V are independent standard normal random
variables.

The following theorem treats the stochastic errors in the case of positive
volatility. Since the theorem contains no statement on the approximation
errors, the condition (2.9) on the order of the weight functions may be
omitted.

Theorem 2. Let 0 > 0 and 6 € L>*(R). Assume for the cut-off value
U(e) — o0 (md eU(e)%\/log(U(€)) exp(To?U(€)?/2) — 0 as ¢ — 0. Let
wg, w), w,w), : [0,1] = R be Riemann-integrable, in L>([0,1]) and contin-

uous at one. For x € R it holds with the notation U := U (e)

2 fo Re(A¢(Uu))wy (u)du — dw, (1)We
1 2f0 Im (A (Uu))wl (u)du — dwi(1) Veu L
eeTo?U?/2 2f Re(At(Uu))wk (u)du — dwk ()W, ’
[Awe(Uu)wi(u)] Uzx) — dwlll(l) Zey(x)/(2m)

as € = 0, where Z y(x) := cos(Uz)Wey + sin(Ux) Ve y

The assumption 7 € G4(R, omax) includes o € [0,0pm42]. The condi-
tion €U (€)%+/log(U (¢€)) exp(T'o?U(€)?/2) — 0 is especially fulfilled if U(e) <
a1 (2log(e1)/T)'/? for any & > opmax. For the estimation it suffices to know
some upper bound oy of 0. The theorem shows that regardless whether
one undersmoothes or not the stochastic errors converge with appropriate
scaling to normal random variables. For the statement on asymptotic nor-
mality we have to undersmooth and further knowledge on the volatility is
necessary.

In many situations the volatility o is known or can be estimated eas-
ily. It can, for example, be determined from high frequency data of the
underlying asset since the volatility is the same for equivalent measures.
In the following we will assume either that the volatility o is known as
in Cont and Tankov [8] or that we have a sufficiently good estimator of
the volatility. To control the remainder term we choose U(e) such that



eU(€)?\/log(U(e)) exp(Ta?U(€)?/2) — 0 as € — 0. We also assume the
undersmoothing condition €U (€)*™!exp(To?U(€)?/2) — oo as € — 0. A
smoothness parameter s > 2 is implicitly assumed so that both condition
can be satisfied simultaneously. A possible choice of U(¢) is

2 e !
Ule) := \/T02 log (log(e—l)o‘>’ (3.6)

where o € (1, (s + 1)/2). Then it holds

00 B> 2«
eU(€)? exp(To?U(€)?/2) — (TQU )a B =2«
0 B < 2«

as € — 0. Especially the term diverges for 5 = s 4+ 1 and converges to zero
for 5 € (2,2a) so that both conditions on U(e) are fulfilled.

Next we state the joint asymptotic normality result for the severely ill-
posed case of positive volatility.

Theorem 3. Let o > 0 and let the cut-off value U(e) be chosen such that
eU(e)%2y/log(U(€)) exp(To?U(€)?/2) — 0 and eU(e)* L exp(Ta?U(€)?/2) —
oo as € — 0. Let § € L*°(R). It holds

U(6)2 A&Q - dw},(l)We U(e)
1 U(E) A’:}/ - dw%(l)V &U(e) 0
TV ()22 AN = dwy ()W =0,
U(e)il Aﬂ(O) - dwO(l)We U(e)/(27r)
U™ Ap(z) - dwy(1)Zye(r)/(2m)

as € = 0, where x € R\{0}, Z. y(x) := cos(Uz)W¢p +sin(Uz)Ve iy and d is
given by (3.4).

3.2 Discussion of the results

Theorems 1 and 3 include the asymptotic distribution of 62, which may be
used for testing the hypotheses Hy : 0 = o¢. If o is known, we can set
62 = 02. Then the statements of the theorems hold with w constant to
zero. The estimation method can give negative values for 62, A and v(z).
By a postprocessing step the estimated values can be corrected to be non-
negative.

In Theorem 1 the noise level § enters only locally into the asymptotic
variance whereas in Theorems 2 and 3 the asymptotic variance depends on
the L?-norm of § through the factor d. In fact for o = 0 it is possible to
estimate v and A directly from local properties of the option function O at
vT as remarked in [2]. This local dependence on the noise level resembles

some similarity to deconvolution, for instance, to the case of ordinary smooth



error density, where the density of the observations enters locally into the
asymptotic variance [11, 22]. For the weight functions the local and global
dependence is vice versa. In Theorem 1 the weight functions w}, w%, w/l\,
wg and wi enter globally into the asymptotic variance while in Theorems 2
and 3 only the values of the weights functions at their endpoints appear in
the asymptotic variance.

The asymptotic variance depends on the maturity. For positive volatility
this dependence is through din (3.4). The martingale condition is equivalent
to 02 /24— A+ 7 e"v(z)dz = 0, especially it holds that A—y—0?/2 >0
with equality if and only if A = 0 that is in the Black-Scholes case. In the
case of positive volatility o the asymptotic variance grows exponentially as
T — oo if the jump intensity A is positive and grows quadratic as T' — 0.

For wy (1), w}(1), w}(1), w,(1) € R\{0} Theorem 2 describesAthe asymp-
totic distribution of the leading stochastic error term of 62, 4, A and ji(z),
x # 0, i.e., the other stochastic error terms are of smaller order. The
variances in Theorems 2 and 3 converge by (3.5) and by the definition of
Zeu(w). If one only considers the stochastic errors of 62, 4, A and 0(0),
then the covariances converge, too. But for x # 0 the covariance of the
stochastic errors of fi(x) and of 6% does not converge. The same holds for
the covariance of the stochastic errors of fi(x) and 4 as well as ji(z) and .
The phenomenon that the covariances do not convergence comes from the
fact that the stochastic error centers more and more at the cut-off frequency.
The sequence of cut-off values has a crucial influence on the covariance. For
estimators of the generalized distribution function of the Lévy density this
is likely to lead to a similar dependence on the sequence of cut-off values as
observed in [23] for deconvolution with a supersmooth error density.

4 Applications

4.1 Construction of confidence intervals and confidence sets

For 0 = 0 we define confidence intervals

Ic:= [§—3,eU 1/2 Qo /25 ¥+ §V6U1/2qa/2],

Iy = [5‘ SAEU 3/2 do/2, A + ‘§>\6U3/2QOL/2]7 (4.1)
L), = [A(0) =3 (0)6U5/ Gajzs 11(0) + 8,00 €U 2 qq 2], ‘
I,u(m),e = [ﬂ(ﬂ?) )6U 5/2 da/25 ﬂ(gj) + '§,u(x)6U5/QQCv/2]u

10



where z € R\{0}, g, denotes the (1 — a)-quantile of the standard normal
distribution and

) 5(0) ( 01 u4w%(u)2du> i

§z _ 5(0) (fol u4w/1\(u)2du)1/2
o) 30 (Jfy u4w0(u)2du>1/ " (2n

w(x) R 1 4 9 1/2
5(x) (fo utw, (u) du) /(2w

with 8(z) := 2y/78(x +T4) exp(T(A —4))/T. We fix some arbitrarily slowly
decreasing function h with h(u) — 0 as |u| — co. We denote by Hs(R, o0max)
the subset of Lévy triplets in Gs(R, omax) that satisfy in addition

[Fullo <R, |Fu(u)] < Rh(u), VueR. (4.2)

The additional conditions are used to extend the convergence in the theorems
to uniform convergence, see Theorem 4.

Corollary. Let o = 0. On the assumptions of Theorem 1 and on the as-
sumption that § is positive and continuous

li inf cl,)=1-
30 TeHa(R0) Qrlp € L) “

holds for the intervals (4.1) and for all p € {v, A\, u(z)|z € R}.

Remark. We can take the two parameters v and A and define A. := {(§ +
U250, \M-eU25,y) T |22 +y? < ko }, where k,, denotes the (1—a)-quantile
of the chi-square distribution y2 with two degrees of freedom. Then it holds

li inf AN ed)=1-a.
I il Qr((v, ) ) o

For 0 > 0 we define confidence intervals

Le= [§- §76U*126T2 U249, A+ §76U*12eT202U2/ %Ga ),
I)\,e = P‘ §/\6€TU v /ZQQ 2 A+ '§)\66TU v /ZQa Q]a
A~ ~ 2 ~ ~ 2
Lyoy,e == [0(0) — Su(o)EUGZ"QU Py, (0)+ Su(o)EUGZ"QU 2q4),
I,u(x),e = [ﬂ(l‘) - §M6U€TU v /QQQ/27 ﬂ(l‘) + §M6U6TU v /2QQ/2]7

(4.3)

where z € R\{0},

wh(1)
- Y LITETED [wA ()]
Su0) | T exp(T(02/2+4 — \)T202 | [wo(1)]/(27)
Su |w,,(1)]/(2m)

and g, denotes the (1 — a)-quantile of the standard normal distribution.
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Corollary. Let 0 > 0. On the assumptions of Theorem 3
ll_r)l(l)lr%f@T(p €el,)=1-«

holds for the intervals (4.3) and for all p € {7, A\, u(x)|x € R}, where the
infimum is over all T € Hs(R, omax) with volatility o.

For (v,A)" a uniform confidence set may be obtained similarly as in the
case 0 = 0. Since for z € R\{0} the covariance of Z y(¢)(z) and V, y (e
and the covariance of Z. () (z) and W () do not converge, confidence
sets for (v, u(x))" and (A, u(z)) T have to be constructed differently. Let us
illustrate how to proceed in this case by constructing a confidence set for
(u(z1), pu(22)) T, 21,29 € R\{0}. By Theorem 3 the convergence

1 1 Aﬂ(ﬁl) _ dL,LlL(l) Ze,U(e) (331) g 0
U2 \ U(e) \ Apilas) o Ze(e)(x2)
holds for ¢ — 0. We define

[ cos(Uzy) sin(Uzy)
My = < cos(Uzxg) sin(Uxs) ) ’

and observe that the components of M, 1 are bounded for U for which the
absolute value of the determinant is bounded from below by some ¢ > 0,
ie., |sin(U(ze — x1))| > c. For such U(e)

-1
1 Mo (Apar) | dwpD) [ W) V) g,
eeTo?U©%/2 \ U(e) \ Afi(2) 2m Veu(e)(z2)

holds for € — 0. By Slutsky’s lemma we obtain

1 -1 Aﬂ(wl) d w
e ( ane ) 4 (¥

for € — 0 such that |sin(U(€)(x2 — 1))| > ¢. We define

o= (i )+ (olviomy iciom )

fi(z2)

where B, := {éMeU(e)eT"QU(E)Qﬂ(az,y)T] 22 + y? < ko) and k, denotes the
(1—a)-quantile of the chi-square distribution 2 with two degrees of freedom.
Then

im Q z1), p(z2)) € C)=1—«
- )ze 7 (1), p(w2)) )

holds for all 7 € G5(R, omax) N {o > 0}.
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4.2 Inference on the volatility

The results on asymptotic normality allow to test for the value of the volatil-
ity. Let o¢ € [0,0max] and define the hypotheses Hy : T € Hs(R, Omax) N
{0 = 00} and the alternative Hy : T € Hs(R, omax) N {|lo — 09| > 7} for
some 7 > 0. For a € (0,1/2] there is a test, which reaches asymptotically
the level a, i.e., lim,osupy E7[ps,] = a, where the supremum is over all
T in the hypotheses Hy. Moreover, the error of the second kind vanishes
asymptotically, i.e., limc,osupy E7[1 — ¢4,] = 0, where the supremum is
over all T in the alternative Hy. This family of tests can be used to con-
struct a confidence set for o. The precise construction of the test and of the
confidence set is given in Section 7.

4.3 A numerical example

We consider the Merton jump diffusion model [18], where the jump density
is specified by

U(z) = \/zim exp <_(952_02’7)2> , zeR,

with parameters o, A > 0, v > 0, n € R and where v € R is determined by
the martingale condition. We simulate data with the parameters o = 0.1,
A =5 n=-0.1, v = 0.2, which implies v = 0.379. The interest rate
is taken to be r = 0.06. We observe prices of n = 100 European options
with maturity 7" = 0.25. The strike prices are obtained from sampling the
data points (z;) from a centered normal distribution with variance 1/2, so
that more strike prices are sampled at the money than in or out of the
money. The observation error is chosen to be a centered normal distribution
with variance 6°0O(z;)%, § = 0.01. Belomestny and Reif§ [3] describe the
implementation of the estimation method in detail.

We interpolate the corresponding European call prices as a function of
the strike prices linearly. The weight functions are chosen as in [3] with
smoothness parameter s = 2, there denoted by r. In the simulations the
confidence intervals based on the asymptotic distribution turn out to be to
conservative. The asymptotic confidence intervals are based on the asymp-
totic variance of the linearized stochastic errors that is the stochastic errors,
where the linearization (3.2) is used. Instead of taking the asymptotic vari-
ance of the linearized stochastic errors we derive confidence intervals from
the finite sample variance (6.17) of the linearized stochastic errors. In the
finite sample variance we substitute o, v and A by their estimators. The
asymptotic variance does not depend on g and the influence of pu one the
finite sample variance is negligibly small. So g may be set to be constant
to zero in the variance. This yields feasible confidence intervals. We fix
the cut-off value at U = 32 and perform 1000 Monte Carlo iterations. The

13
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v(x)

Figure 1: True Lévy density (solid) with pointwise confidence intervals
(dashed) and 100 estimated Lévy densities (grey).

coverage probabilities of 95% confidence intervals for o2, v and A are 0.96,
0.91 and 0.96, respectively. We see that the that the coverage probabilities
are close to the prescribed confidence level.

Figure 1 illustrates the true Lévy density and the pointwise 95% con-
fidence intervals based on the finite sample variance and the cut-off value
U = 32. The 100 estimated Lévy densities show that the confidence intervals
perform well in terms of coverage probabilities.

5 Conclusion

We have shown asymptotic normality in a nonparametric calibration method
for exponential Lévy models. These results were used to derive confidence
intervals and confidence sets as well as to construct a test on the value of the
volatility. We have seen in a numerical example that confidence intervals
based on finite sample variance perform well in terms of coverage probabili-
ties. The confidence intervals extend the calibration method beyond a pure
point estimate and enable an assessment of the calibration error. Although
parametric models might be fitted better, the parametric approach is always
exposed to the risk of model misspecification and the obtained confidence

14



results should be used for a goodness-of-fit test.

The estimation method and the asymptotic normality results may be
adapted to other models as long as there is an equation relating the option
function to the characteristic function and the parameters of interest appear
in the characteristic function. The constructed confidence intervals and sets
may be used to quantify the errors in pricing, hedging and risk management.

6 Proof of the asymptotic normality

First, we write A%, AX and Aji(z) similarly as in (2.8) for Ag2:

Ay =—AG%+201 /01 Im(]-",u(Uu))w}Y(u)du (6.1)

1
+ou-! / (A (U)ol () s
0
1
AN = A6%/2+ Ay — 2/ Re(Fu(Uu))wk (u)du (6.2)
0

1
1
i /O Re(Av () Jwk (u)du,

Aj(z) =UF! [AM(UU)wi(u)] (Uzx) (6.3)
5_2
+ ATU]:_1 [(Uu - Z)Qwi(u)] (Uz)
—iMUF ! [(Uu — i)w) (u)] (Uz)

+ ANUF [w)(v)] (Uz)

~UF! [(1- wi(u))]—",u(Uu)] (Ux).
In (6.1) we can substitute A6? using (2.8) and obtain two error terms in-
volving Fu and two error terms involving A.. By similar substitutions in
(6.2) and (6.3) we see that all error terms either involve Fu or A, which
we will call approximation errors and stochastic errors, respectively.

We will now state the conditions more precisely on which the regression
model (2.1) and the Gaussian white noise model (3.1) are equivalent. We
restrict the Gaussian white noise model to a growing sequence of intervals
[, Br] and assume as a simplification that the observations in the regression
model are equidistant on these intervals with mesh size A,,. We assume
that (8, — an)A, — 0. We suppose 62 > 0 to be an absolutely continuous
function and 8% logd(z) < C to hold for some C' < co. The functions O
are uniformly bounded O(z) = S~1C(z,T) — (1 — e*)* < 1 and uniformly
Lipschitz |O'(z)| = | [* O"(2)dz — 1m0y +eT ™V 1 po om0y ] < 4457,
where we used Proposition 2.1 in [2] and |y| < R. These properties of O
are used to apply Corollary 4.2 in [4]. Then e corresponds to (8, — ay,)/\/n,
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especially for logarithmically growing intervals one loses only a logarithmic
factor.

6.1 Proof of Proposition 1

First we define X (u) := [*_¢e"™*§(x)dW (x). We assumed that there is an
p > 1 such that [ (1 + |2[)P6(2)*dz < oco. It is shown in [19] that there
exists a number ¢ > 0 such that /E[|X (u) — X(v)[2] < clu — v|* for all
u,v € R with a := min(p/2,1) € (1/2,1]. Denote by N,(I,r) the covering
number, that is the minimum number of closed balls of radius r in the
metric p with centers in I that cover I. We define p(u,v) := c|lu — v|* and
d(u,v) := /E[|X (u) — X (v)[?]. A ball of radius r in the metric p covers an
interval of length 2(r/c)'/®. Thus, it holds

N,(-U,U],r) = [U <c/r)1/a] .

The radius of the smallest ball with center in [—U, U] that contains [-U, U] is
cU® with respect to the metric p. There exists D < oo such that d(u,v) < D

for all u,v € R. For U large enough such that cU“ > D we have the entropy
bound

J(-U,U,d) = /0 " (log(Na([—U, U], )2 dr (6.4)
D
:/0 (log(Na([=U, U], 7)) 2 dr

D
< [ tony (-0, 01, 2 ar
0

D 1/2
< log (2U (¢/r)"/® dr
) (o (20 i)
D 1/2
< log ((20U¢/r)"/® dr
) (o (Crumermyie))
D
Sa_l/z/ (log(2O‘U0‘c/r))1/2dr,
0
here we substitute r = 2%*U%cs,
D/(2°U%¢)
< o~1290770 / (log (1/s)2ds.  (6.5)
0

This integral is solved by

/ Viegy—1ldy = \/27? - 7rErf(\/log =) + zy/logz—1,
0
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where Erf(y) = % é’e‘tht. For all y > 0 the estimate 1 — Erf(y) <
exp(—y?)/(v/7y) holds. For each a > 0 this yields ¢ > 0 such that for all

x €]0,1/2%
/ Viogy~tdy < éxy/logxz—1.
0

Thus, (6.5) can be bounded by
(o~ 1/22D) /log(3 0] D) < \/loa (D)

as U — oo. Thus, /log(U) is an asymptotic upper bound of the entropy
integral (6.4). We apply Dudley’s theorem [15, p. 219] to the real part of
X. For all ¢ > 1 this yields a continuous version X’ of Re(X) with

E

sup !X'(U)q] < (log(17)) 2 (6.6)
ue[-U,U]

as U — oo. Since X’ and Re(X) are both continuous they are indistin-
guishable and (6.6) holds for Re(X) likewise. We obtain analogously for all
g=>1

E

sup |Im(X(U))q] < (log(U))*/?
ue[-U,U]

as U — o0o. We estimate from above for all ¢ > 1

E| sup [Lep(uw)|?
u€[—1,1]
eiu(l + iu) e
< sup - - E| sup [|X(u)|?
v | T+ a1 + ) 7Ow) Le[_m' ”']
VIt D2 !
< — U 2+U E| sup |X(u)?
Texp(T(=0?U?/2+ 0% /247 = A= || Fulle)) we[~U,U]
< (6U2 log(U) exp(Ta2U2/2))q (6.7)

as U — oo.

6.2 The linearized stochastic errors

The linearized stochastic errors are of the form fol fi(w)Lep(u)du, where
f;j with j = 1,...,n are Riemann-integrable function in L*°(]0, 1]). Next
we will show that these are jointly normal distributed. Almost surely L. ;s
is continuous. Thus, almost surely the f;L are Riemann-integrable and
almost surely

1 « !

LS itk m) e (/) /0 £(w) Lo ()l

k=1
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as m — 0o. Let C' > 0 be such that || fj||oc < C forall j =1,...,n. For each
m the n sums are joint, centered normal random variables. For m — oo the
covariance matrix converges by the dominated convergence theorem with
the dominating function C? SUPyc0,1] L (u)]?, where SUPyc(0,1] |Leu(u))?
is an integrable random variable by Proposition 1. Thus, the characteristic
function converges pointwise. By Lévy’s continuity theorem this shows that
the sums convergence jointly in distribution to normal random variables. So
fol fj(u)Ley(u)du are jointly normal distributed.

For a fixed cut-off value U the linearized stochastic errors are jointly
normal distributed. So the natural question is whether the appropriately
scaled covariance matrix converges for U — oo.

Let wj,wy, : [0,1] — R be Riemann-integrable functions in L°>°([0, 1]). It
holds

1 .
T/ wi(u)Lep(u)e V" du
0

1 oo
_ 6U26—T(02/2+v—>\) / fu (u) / eiUu(w_aj)+T02U2u2/25($)dW($)du,
0 —00

where () (s )
wi(u)(—u” +iu/U
and 0; := x; + To? + Ty. We define analogously
2
gu () = wy(u)(—u® +iu/U) (6.9)

exp(TFpu(Uu))

and 0y, := x, +To?+Tv. We extend fr; and gy by zero outside the interval
[0, 1].

Since E [supue[_u] ]EG,U(U)P} < oo we may apply Fubini’s theorem and
then we apply the It6 isometry to obtain

1 1
T2 2T(02/2+77A)E [/ w]( )EEU( ) iqujdu/ wk(v)£€7U(U)€_ivakdU‘

_€2U4/ / / fulu ciUu(z— 0,)+To?U?u?/2

gu (v)eUv(@=0K)+To?U%02/25 ()2 dpdudw. (6.10)

To separate real and imaginary part we will also need

1 1
22T 24N { | st au | wk<v>£e,U<v>e—iUmdv}

_€2U4/ / / fo(u zUu(x 0,)+To2U?u?/2

gu ()P @0 TTo U022 5,02 4 dudw. (6.11)
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Lemma 1. Letoc =0. Forj=1,...,nletz; € R and let w; : [0,1] — R be
Riemann-integrable functions in L>°([0,1]). Let ¢ be continuous at x1 + T,
o+ T7,...,2n + Ty and let F6* € L*(R). Let Wyyy ..., W, Viys ooy Vi,
be Brownian motions. If x; = xy, let Wy, = Wy, and Vy, = Vi, otherwise let
the Brownian motions be distinct. Let the set {Wgyy, ..., Wa, . Varsoo oy Vo, }
consist of independent Brownian motions. Then

1

1
. —iUux;
6U3/2/0 w](u)EE,U(u)e Idu

converge jointly in distribution to

Tgii?(jf;i) (/01 ww;(u)dWy, (u) +z‘/01u2wj(U)dej (U)>

as U — oo.

Proof. We will first consider the case x; = x;. We have seen that

1 1
T2 0 VE l/‘zqmu>zﬁa<u>e—“”“vdujf uu&v)ﬁgy<v>e—“hmjdv‘
0 0

_ eyt /_Oo Fu(U(x — 6,) Fou (U = 0,))8(x)?da,

where fyy and gy are defined as in (6.8) and (6.9), respectively, and 0; =
xj+ T,

=8W/mfm@vW@WWU+@%y

We notice that F§? € L'(R) implies 6> € L>°(R) and we obtain by the
Plancherel identity

1
= 27?62U3/0 fo(u)(gu(v) * F~H(8(y/U + 0;)?)(v)) (u)du, (6.12)

since the support of fi7 is [0, 1]. Because we are only interested in the limit
U — oo we may assume U > 1. By the Riemann-Lebesgue lemma Fp(u)
tends to zero as |u| — oo. The factor fy(u) converges for each u € [0,1]
to —u?wj(u) as U — oo and the functions are dominated by a constant
independent of U. In order to apply dominated convergence it suffices that
the second factor is dominated by a constant independent of U and converges
stochastically with respect to the Lebesgue measure on R.

(gu(v) * F(8(y/U + 6;)%)(v))(w)
_ / gu(u— o) F 1 (8(y + 6,)%) (Uv)Udv

—00
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By assumption 762 lies in L'(R) and so does F~1(§(y+6;)?). A dominating
constant is v/2||wg ||so exp(T|| F i) [|F 1 (5 (y + 05)* )| L1 (w)- It holds

| Few o words = [ F 6+ 0w
= FF 10y +0;)*)(0) = 6(6;)%.  (6.13)

Su(v) := F~1(8(y+0;)%)(Uv)U is the multiple of what is called approximate
identity or nascent delta function. The basic theorem on approximate iden-
tities states that h % &, converges to h in L'(R) as n — oo for h € L'(R).
Thus, (—v*wy(v) 1 1)(v)) %6y (v) (u) converges to —u?wy(u) 1 17(u)d(6;)* for
U — oo in LY(R) [13, p. 28] and in particular stochastically. If u # 0, then
there is a neighborhood of u where gy (u) + u2wk(u)1[071] (u) converges uni-
formly to zero. (gu(v) +v*wy(v)1g 1 (v)) %6y (v)(u) converges almost surely
and in particular stochastically to zero. Therefore, gy (v)*dy (v)(u) converges
to —u?w(u) 1) 1(u)d(6;)? stochastically with respect to the Lebesgue mea-
sure on R.

We obtain under the limit U — oo by the dominated convergence theo-
rem

1
lim ——=E

1 1 '
. —iUuzx; —iUvx;
Jim s /0 wj(u)Ley(u)e Jdu/ wi(v)Lepy(v)e idv

0

75(0;)? ©°
T exi@(T(]v) DY) /oo (—tw; () 1o 1y(w) (—uwp(u)Lo (w) du

T 2 1
— T2 exi(g;e({?, ) /0 u4wj(u)wk(u)du. (6.14)

Without taking the complex conjugate in (6.12) we obtain

1 1
72270~ VE [/ wj(u)CQU(u)e_iU“xfdu/ wk(v)ﬁe,U(U)e_iUWfdv]
0 0

— 2n / " ) (g (o)« F1(3(y/U + 6;)2)(0))(w)du.

The same argumentation as before leads to

1 1
lim E {/ wj(u)£€7U(u)eiU“zjdu/ wk(v)ﬁe,y(v)ew”jdv]
0 0

U—o0

75(0;)? o0
= Troarts /. (i) (1 () do

= 0. (6.15)
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We combine (6.14) and (6.15) to obtain

Ulgnoo 62U3IE [Re/o exp(zqu]) T R /0 exp(iUux;) d ]

L Pl ),
Ul—>oo E2U3E {I /0 exp(iUux;) dul /0 exp(iUuz;) ¢ }

— mo(0;) 1u4w< w)wy(u)du

= Traath = J, M

From (6.14) and (6.15) it also follows that the covariance between real and
imaginary part vanishes asymptotically.

In the case z; # xp we have to show that the covariance vanishes
asymptotically. Without loss of generality we assume z; < x. We define
0 .= (Hj +9k)/2. Then Hj <6< 0.

T22T (=)

U3 E

1 1
/ wj(u)EE,U(u)eiqujdu/ wk(v)ﬁe,U(U)e_iUWdev
0 0

_ / " F (U — 0,))Fgu (U — 00))6(2)2Uda

_ / " Ffuly+ U0~ 6,)Fguly + U@ — 00)5(y/U + )%y

By the Plancherel identity and by the dominated convergence theorem
]"fU—>.7-'( U wj( )) and ng—>]-"( U wk( ))

in L2(R) for U — oo and especially the L?(IR) norms converge. From the
assumption F2 € L'(IR) follows that 62 € L>°(R). By the Cauchy-Schwarz
inequality

hm ’/ Ffuly+ U0 —0;,))Fgu(y+ U0 — 0))d (y/U—|—9)2dy’

(6—0k)

. 2
< Jim 1615 IF full 2wy (/_OO

A similar calculation shows that the integral over (0, 00) converges to zero
and consequently

2 2T (y—)) 1, 1
hm T € E / w] (u)‘CG,U(u) d’U,/ wk‘(v)-‘CE,U(’U) d'U — O
Usoo €203 o exp(iUux;) o exp(iUvxy)

The same way follows

2 _2T(v—A) 1, 1
lim — ¢ g / willeo W) 3, / weLev(®) 4 1 _
U—oo  €2U3 o exp(iUux;j) o exp(iUvxy)

1/2
\fgu(y)Qdy> =0.
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The 1/(eU%/?) fol w;(u)Le(u)e™ Ui du are centered normal random
variables and their covariance matrix converges to the covariance matrix
of the claimed limit. Thus, the characteristic function converges pointwise.
By Lévy’s continuity theorem this shows the convergence in distribution. [

Lemma 2. Let 0 > 0 and 6 € L*(R). Let wy,wy € L*>(]0,1],C) be
Riemann-integrable and let there be a constant C' > 0 such that for allU > 1
|wrr]| oy |0 ]|eo < C. Let there be a,a : [1,00) — € such that the condition

limsup sup |wy(u) —a(U)|=0 (6.16)
0=0U>1 ueg[1-6/U,1]
and the corresponding condition for wy and a hold. Then
1 1 1
i [ / wor(w)Lep (u)du / wU(v)ce,U(v)dU] ~0,
0 0

U—ooe? exp(To?U?

' 1 1 1 '

Uhgéo (eQeXMTaQUQ) /0 wU(u),CE,U(u)du/o wU(v)Ee,U(v)dv‘
~aU)a(U) [, é(y)*dy ) 0
exp(2T(02/2 4+~ — \)T404)

Remark. Obviously a(U) := wy(1) is the only possible definition. Thus, a
describes the dependence of wy on U at one.

E

Proof. We notice that (6.10) applies to the complex-valued functions and
yields for w; := wy and wy, := wy with the definitions (6.8) and (6.9) of fir
and gr7, respectively, and with 6 := T'o? + Ty

T262T(02/2+7—A)E

1 1
/ wU(u)EG,U(u)du/ @Z)U(U)EQU(v)dv‘
0 0

=t [ et 0 - 0)
Flgu ) TP YU (w = 0))o(x) e,

— 21e2U3 /OO fU(u)eT02U2u2/2
—0o0

(0 W)™ V2 FAG(y U +0))(v)) (w)du

1,1
= 27T€2U4/ / fu(u)gu (v)
o Jo
Ty + 0)2)(U(u—0))el U +0)/2qydy, (6.17)
For all § > 0 we have

1
. _ 2772 2772,,2
lim To?U%e TV /2/ uel U™ /2qy,
U—o0 1-6/U

) 1
= lim e

—To2U2/2 [6T02U2u2/2}
U—oo

1-6/U

22



—1—- lim B—TUQUQ(I—(1—6/U)2)/2
U—oo

—1— lim 6—T02U2(26/U—62/U2)/2
—00

=1— lim e ToUHTo?/2 _ 1 (6.18)
—00

For the product of two such sequences we obtain for all § > 0

1 1
lim T204U46_T”2U2/ / wveT 7 U+ /2qyqy = 1. (6.19)
1-s/u Ji—s/u

U—oo

Likewise

1 1
s T204U46_T02U2/ / weT 7 U024y dy = 1 (6.20)

U—o0

holds. We scale the integral in (6.17) appropriately:

1 r1
UILH;O<T20_4U46T02U2/ / fU(U)QU(U)
F 16y + 0)2)(U(u — v))e V402 qydy

U)a(U 27T/ 5y 2dy> (6.21)

— lim <T2U4U46—T02U2/ / UU€T¢72U2(U2+1}2)/2

U—oo

F=Ho(y + 0)*)(U(u = v)) fu(u)gu (v)/ (uv)dudy

/ 5y 2dy) (6.22)

We recall that in the Gaussian white noise model we assumed § to be
in L2(R). Since F~1(6(y + 0)2)(U(u — v)) fu(u)gu (v)/(uv) is bounded in
L>=([0,1]?) independently of U for U > 1 and since the difference between
(6.20) and (6.19) is zero, only the integral over [1 — 6/U, 1]? contributes to
the limit. For all 6 > 0 the limit equals

1
— lim (Tz AU ~To?U? / U,UeTUQUQ(u2+v2)/2
U—roo 1-5/U J1-5/U

FH0(y + 0)*)(U(u = v)) fu (u)gu (v)/ (uv)dvdu

/ 5(y 2dy)—o (6.23)

which can be seen the following way. F~1(§(y + 0)?) is continuous and
|U(u —v)| < 6 for all u,v € [1 —4/U,1]. So by choosing ¢ small enough
F 1Sy + 0)?)(U(u — v)) gets arbitrarily close to F~1(6(y + 6)%)(0) =
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(1/2m) [*°_6(y)*dy. By (6.16), wy(u) tends to a(U) and wy(v) tends
to a(U) for 6 tending to zero. By choosing U large the factor (—u +
i/U) /[ exp(TFu(Uu)) gets close to minus one for all w € [1 — §/U, 1]. Thus,
for small § and large U the term fy(u)gy(v)/(uv) is close to a(U)a(U) for
all u,v e [1-9/U,1J.
Rescaling (6.17) and taking the limit U — oo leads to
lim

1 1
U—)oo<€2€Xp(;lTU2[]2)E /0 wU(U)Ee,U(U)dU/O @U(U)ﬁe,U(U)d“‘

a)aU) 7, 8(y)*dy

exp(2T (02 /2 + v — )\))T4J4)
27rU4eXp TO'2U2

_U11~>OO<T26XP(2T(O'2/2+’Y A) //fU

F0(y +00)2)(U(u —v))e TW W+ /2 qudy

27 a(U) B
T exp(2T(02/2+~ — \)) T4a427r /OO oy 2dy) =0 (6:24)
where we used that (6.21) is zero. By (6.11) we have
7220224V [ / w0 () Lo (u)d / 1 wU(v)ce,U(v)dv]
0 0
Ut [ A U - )
Fgu (v)eTe?U*o/2)(=U(x — 0))d(x)*dz
=t [* R W - 0)
Fgu(—v)eTe*U*e/2)(U(x — 0))d(x)*dx
— 223 /OO fU(u)eT02U2u2/2
(30(—0)eT™V 12 s TGO+ 0PI) ) ()

~oyt [ | 0 (g (~)

F 100y + 0)2)(U(u — 0))eT U@ +0)2qpqy
= 21e?U? /1 /1 wpel o2 (u®+v?)/2
0

FH6(y +0)*)(=U(u +v)) fur(u)gy (v)/ (wv)dvdu.
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Rescaling as in (6.24) leads to

. 1 ! to
UI% WE {/0 wy (u)Le(u )du/ Wy (v)Lev(v)dv
~ i 2nU% exp(—To?U?) / / TV W02 /2
U—oo T? exp(2T(02/2+~v — \)
F U5y +0)*)(~U(u + v)) fr(u) gy (v)/(uwv)dudv = 0, (6.25)
since F~1(8(y + 6)?)(u) — 0 for |u| — oc. O

Lemma 3. Let 0 > 0 and § € L*°(R). Let zo € R and for j =1,...,n let
wj 1 [0,1] = R be continuous at one, Riemann-integrable and in L*([0, 1]).

Then
1

1
. —iUuxo
eexp(T02U2/2)/0 wj(u)Leu(w)e du

converge jointly in distribution to

16]] 2y w; (1)
V2exp(T(02/2 + v — \))T202
as U — oo, where W and V' are independent standard normal random vari-
ables.

Proof. We define wy (u) := w;(u)/ exp(iUuxg), Wy (u) = wi(u)/ exp(iUuxg),
a(U) :=w;(1)/ exp(iUzg) and a(U) := wi(1)/ exp(iUz) and apply Lemma 2.
Condition (6.16) is satisfied since w; and wy are continuous at one and
since exp(—iUuxg) = exp(—iUzq) exp(iU(1 — u)xg) where U(1l —u) < §
for u € [1 —§/U,1]. We note that a(U)a(U) = w;(1)wi(1) is real. By
Lemma 2 the covariances converge to the covariances of the claimed limit.
The convergence in distribution follows by Lévy’s continuity theorem. [

(W +iV)

Lemma 4. Let 0 >0 and § € L>*(R). Let wy,ws : [0,1] — R be Riemann-
integrable, in L>([0,1]) and continuous at one. Let x1,x2 € R and denote
xo —x1 by @. Then

: (w1<1> /0 F L), wall) /0 1 w““?ﬁf’U(“)du) &,

6(3T02U2/2 etUuza iUy etUuz

as U — oo.

Proof. We define

wi(Dwa(u) wa(1)w (u)

exp(iUuxe)  exp(iUgp)exp(iUuzy)

wy (u) fulfills condition (6.16) with a(U) = 0 for all U > 1. Lemma 2 yields

"

and the statement follows by Lévy’s continuity theorem. O

wy (u) =

1

im —————-E
Unsoo €2 exp(T'o2U?)

1
/ wy (u)Lep(u)du
0
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6.3 The remainder term

In this section, we show that the contribution of the remainder term to the
estimation vanishes asymptotically. We recall that the remainder term R s
depends on the Lévy triplet.

Lemma 5. Let og > 0. Let wy € L*=([0,1],C) be Riemann-integrable and
let there be a constant C' > 0 such that ||wy|lec < C for all U > 1. If

€U (e)%y/log(U(€)) exp(T'odU(€)?/2) — 0 as € — 0, then for all Lévy triplets
with o < oy

1
eexp(TodU

Proof. By the identity Ry (u) = (1/T) logznu(u)(l +TLey(uw) — Lev(u),
where Y (u) < 1/2, we have to show that for U = U(e)

1
Q
R du =0 0.
(6)2/2)/0 wU(e)(U) gU(&)(u) u ) as € —

1
eexp(To,

1
2(72/2) /O wy (u) (IOanU(u)(l +TLey(u)) — Tﬁe,U(U)> du

(6.26)
converges in probability to zero.

For z € C holds log(1 + 2) — z = O(|z|?) as |z|] — 0. We define g by
g(2) = (log(1 + 2) — 2)/|z|? for 2 # 0 and g(0) := 0. There are M and
n > 0 such that |g(z)| < M for all |z] < 7. We may assume that n < 1/2.
If the logarithm in the definition of g is replaced by the trimmed logarithm
logs,. with k € (0,1/2] then ¢ remains unchanged for |z| < 1/2. Thus,
the statement holds uniformly for all g.(z) := (logs, (1 + 2) — 2)/|z|? with
K €]0,1/2]. -

By Proposition 1 we have sup,¢(_1 1] [Le,v (u)] 2,0, Let 7 > 0 be given.
Eventually we have

Q (Elu € [~1,1) : [1ogs oy (1 + TLew(w)) — TLew(u)| > MT2|56,U(U)|2)

<Q <T sup |Ley(u)| > 77> < T

u€[—1,1]
Except on a set with probability less than 7 we have eventually
1
eexp(To3U?/2)
MT?
< 5772
eexp(T'ogU?/2)

1
| o) (08 (1 T (@) = L) du

1
/0 lwr (w) Lerr(w)?|du. (6.27)

Hence (6.26) converges in probability to zero if (6.27) converges in proba-
bility to zero. The convergence

1
eexp(To3U?/2)

1
[ vt -0
0
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holds even in L' since

1
EeXp(T}IZU2/2 E [/ |wU(u)£E7U(u)2|du] (6.28)

C
< . d
~ eexp(To3U?/2) [/ [Lew )] u]
C

<
~ eexp(To3U?/2)
! eiUu(l+iUu) .
Z ux5 dW
/0 T(1+iUu(l +iUu)FO(Uu)) ‘/ ()
C L (U + Uuexp(To?U?u?) 16|72 g,
<
~ cexp(TogU?/2) /0 T2exp(2T(02/2 + v — \) — 2T|| F il o0)

]d

du, (6.29)

for ¢ = 0 this converges to zero and for ¢ > 0 we further calculate,

Ce(14+U?)|6]2, 2(R) fo 2To?U%uexp(To*U?u?)du
exp(TodU?/2)2T302 exp(2T(02/2 + v — \) — 2T || Fpu| o)
Gl + U233y lexp(T020%) ~ 1)
exp(To3U?/2)2T302 exp(2T(02/2 + v — A) — 2T || F || o)
Ol gy (1 + U)(exp(To3U2/2)
~ 21302 exp(2T(02/2 + v — A) — 2T'|| F | o)

—0

as € — 0. Thus, (6.26) converges in probability to zero. O

Lemma 6. Let wy € L*([0, 1], C) be Riemann-integrable and let there be
a constant C > 0 such that ||wy|lee < C for allU > 1. If U(e) — oo and
€U(€)%/2 = 0 as € — 0, then for all Lévy triplets with o = 0

1 1 o
d](e)3/2/0 Wy (o) (W) Re (o) (w)du = 0,

as € — 0.

Proof. We follow the proof of Lemma 5. sup,¢c(_q 1] [Le,v(u)] 2, 0 holds by
Proposition 1. We set o9 = 0 and divide by U%/? in (6.26) and (6.27). Then
we use that (6.28) is bounded by (6.29), where we set 0p = o = 0 and divide
by U3/2 again. We obtain

Lo Ce (U + U |62z
—E ,C d 0
T [/0 S O e e ¥ T v e

as € — 0, which implies the desired convergence. ]

27



6.4 The approximation errors

The approximation error can be controlled as in [2] using the order conditions
(2.9) on the weight functions. The Lévy triplet T = (02,7, 1) was assumed
to be contained in Gs(R, omax), especially p is s-times weakly differentiable
and maxo<p<s |17 L2y < R, 4]0 < R

We use (iu)*Fu(u) = Fu'® (u) and the Plancherel identity to bound the
approximation error by

1
[]22/ Re(Fu(Uu))w} (u)du

/]:u Uu)wl (u)du

UQ

zzfxwme%%MWWWWW

< U= 1| oo || F (wg (1) /)| 1 ) - (6.30)

Analogously we obtain
2 [ 1 2 1
‘U/o Tm(Fp(Uu)ywl (w)du| < U210 oo || F (wi (u) /u*) || 1 )
(6.31)

1
’2/0 Re(Fu(Uu))w (u)du| < U~V ul ||| F (w3 (u) /u*) || 1 ()
(6.32)

The last error term in (6.3) can be bounded by

UF~!
_ U
T on

[(1 = wy(w) Fu(Uu)] (Uz)|
3 (1 — w (w) Fu(Uu)e Ve dy

- 1
- 2rUsL

oo 1 — 1
/ w ( )eruxflu(S)(Uu)d

S
oo U

/OO F-1 (1 _Z}sL(U) eiqu) (y)p'® (%) dy

f<1—w;(u)>

6.5 Proof of Theorem 1

—U*

(s)
- 19l

6.33
- 2nUs ( )

L'(R)

We consider the decompositions of the estimation errors (6. ) (6.3). The un-
dersmoothing €U (¢)(2*+9)/2 — oo is equivalent to U(e)~5+3) = o(elU (¢)~1/2)
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and implies in view of (6.30) that the approximation error of 62 is asymp-
totically negligible. Likewise the error terms 2U ! fol Im(Fp(Un))wl (u)du,

2 fo Re(Fpu(Uu))wi(v)duand UF ' [(1 — ,ﬂ(u))]:u(Uu)] (Ux) can be bounded
as in (6.31), (6.32) and (6.33) and vanish asymptotically. Since 6% converges
with a faster rate than 4 and 4 converges with a faster rate than 5\, the error
A&? vanishes asymptotically in (6.1) and in (6.2) as well as A4 is asymp-
totically negligible in (6.2). For x # 0 we can apply the Riemann-Lebesgue
lemma to the second, the third and the fourth error term in (6.3) and we see
that they are of order og(eU(¢)*/?). For 2 = 0 due to the symmetry of wlll
the third term vanishes asymptotically but the second and the fourth term

do not. The error terms of fi(z) we have to consider are in the case % 0
UF (AUl ()] (Us)
/ u)Re (Ape(Uu)e V") du
and in the case £ =0
A (Uu))wy, (u)] (0)
[ Re(a )b b )] 0

— 2/0 Re(At(Uu))w} (u)du F [wi(u)] (0)

- /0 Re( At (U)o (1) du.

(2.9) implies that w]., w}w wi and wb are continuous and bounded, especially
they are Riemann-integrable and in L*°([—1,1]). Applying Lemma 1 to the
linearized stochastic errors and Lemma 6 to the remainder terms yields the
theorem.

6.6 Proof of Theorem 2

To see the ﬁrst line we set x1 = 22 = 0, w; = 1 and wy = w, in Lemma 4
and wy = w! in Lemma 5. The second and third line follow analogously.
In order to derive the last line we observe

Ay (Uuwy(w)] (U)
1
:2/ Re(A¢E(Uu)eiiU“w)wi(u)du/(%r)
0

and apply Lemma 4 with 1 = 0, 22 = z, w1 = 1 and wy = w}“ . The
1

remainder term vanishes by setting wy (u) = wu(u)e_iU“m in Lemma 5.
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6.7 Proof of Theorem 3

By the undersmoothing eU**! exp(To?U?/2) — oo we have U3 =
o(eU 2 exp(Ta?U?/2)) so that the approximation error of & vanishes. A
similar reasoning applies to the approximation errors of the other estima-
tors. Since ¢ converges with a faster rate than 4 and 4 with a faster rate than
A the leading stochastic error terms are given in Theorem 2 and the conver-
gence of the first three lines follows by this theorem. For z # 0 all stochastic
errors in (6.3) are negligible except the first one. We obtain the convergence
in the last line by Theorem 2. We observe that F _1[uwl1t(u)](0) = 0, since
1

w,, is symmetric. For x = 0 the relevant stochastic error terms are

F! [Awe(Uu)w;(u)] (0)

1
+/ Re(Av (Uu))wl (u)du F~* [qut(u)] (0)
0

1
— 2/0 Re(AvY(Uu))w) (u)du F~ [wi(u)] (0)
1
= 21712/0 Re(A¢(Uu))wo(u)du.

We apply Lemma 4 with 1 = 29 = 0, wq = 1 and wy = wy to this term. The
remainder term converges to zero by Lemma 5. This shows the convergence
in the next to last line.

7 Tests and a confidence set for the volatility

In this section, we test the hypotheses Hy : ¢ = 0y against the alternative
Hy :|o —op| > 7, 7 >0, and construct a confidence set for 0. We assume
that 7 € Hs(R, omax) especially we assume that o € [0, omax]-

For o9 > 0 the most natural test statistic is the following. In or-
der to apply the uniform version of Theorem 3 under Hy we choose a
cut-off value U(e) such that eU(€)?log(U(e))/? exp(Ta2U(e)?/2) — 0 and
eU(e)* T exp(TodU(€)?/2) — oo as € — 0. Let 62 be the estimator cor-
responding to this cut-off value U(e). We ensure 6% € [0,02,,] by taking
the maximum with zero and the minimum with o2, . Likewise we ensure
4 € [-R,R] and A € [0, R]. We choose a weight function with wl(1) # 0
and define

>

g U(e)*(6* — a) _ V2 |wy (D] 0] 2wy
T dy, eexp(TodU(e)2/2) 0 exp(T(02/2 + 4 — \))T202

Under Hy the test statistic Sy, converges uniformly in distribution to a
standard normal random variable by the uniform version of Theorem 3. We
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decompose

Ule)?As? n U(e)?(o? — 03)

Soo = = - :
* dy, eexp(TodU(€)?/2)  dy, eexp(TodU(€)?/2)

We will show that for ¢ < 09 — 7 the first term converges uniformly in
probability to zero. The approximation error contributes a term that con-
verges deterministically to zero by the bound (6.30) and by the assumption
eU(e)*Texp(TodU(€)?/2) — oo as € — 0. The remainder term of the
stochastic error in the first summand of (7.1) converge uniformly in prob-
ability to zero by Subsection 8.3 and the linearized stochastic error by the
following lemma.

Lemma 7. Let § € L*(R). Let wy € L>([0,1],C) be Riemann-integrable
and let there be a constant C > 0 such that ||wy||ec < C for allU > 1. Then
for allm, >0

o
TeHs(R,00—T)

as U — oo

1 1
L. d
eexp(To§U2/2)/0 wo(w)Ley(u)du

>n>—>0,

Proof. 1t is equivalent to consider for all 7/ > 0 the supremum over H(R, \/03 — 7/),
such that o2 < 02 — 7/ is satisfied for each T. By (6.17) we have

1 1 |
7 €2 exp(To3U?) /0 wy () L (u )du/ u(v )EE,U(U)dU‘

2rU* exp(2T (A — v — 02/2))
= Sup 2 ) 2 fU
T T? exp(TogU?)

F1(0(y+ 0)2)(U(u — )TV 2'“’ /Qdudv
47U* exp(6TR)C?
T2 exp(T7T'U?)

1
Ssup —————5—=-E

| F 716200 — 0,

as U — oo, where we used || fyco < vV2C exp(TR). O

We have seen that for ¢ < g9 — 7 the first term in (7.1) converges to
zero uniformly in probability. The second term is d 1 times a deterministic

sequence converging to —oo. We note that d(,0 is bounded from above and
below. Consequently it holds lim, o infy, (g s,—r) Q(Se, < ¢) = 1 for all
c € R. We would like to make a similar statement in the case o > g9 + .
Unfortunately for o > og the variance of L 17()(1) does not converge to zero.
So it is not possible to find a bound like in Proposition 1, which converges to
zero. Consequently the remainder term cannot be controlled by Lemma 5.
We modify the test statistic in the following way. We choose & > opax and
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let U(e) be a cut-off value with €U (e)?log(U(¢))'/? exp(T5%U(€)?/2) — 0
and €U (€)*t! exp(Ta2U(€)?/2) — oo as € — 0. We further assume that

U(e)? exp(—=Ta%U(€)?/2)
U(e)?2exp(—To2U()%/2)

— 00. (7.2)

This can for example be ensured by choosing the cut-off values U(e) and
U(e) according to (3.6) with a and & > «, respectively. Let 52 be the
estimator of 02 corresponding to the cut-off value U(¢). We define
; U(e)*(6% — )
Sy, = Sy = 7.3
0 o eexp(Ta2U(€)?/2) (7.3)
U(e)*(6° — 0?) U(e)*(0® — o3)

=St (T2 (072) T cep(ToU(e22) Y

Under Hj the statistic S5, can be written as in Lemma 8. The second
term in (7.3) converges uniformly in probability to zero. Thus, under Hy
the modified statistic SUO converges uniformly in distribution to a stan-
dard normal random variable by Lemma 8. For ¢ < o0¢ — 7 the sec-
ond term in (7.4) converges uniformly in probability to zero and the third
term is deterministic sequence converging to —oo. As for S,, it holds
lim,_, ianS(R,UO_T)Q(SUO < ¢) =1 for all ¢ € R. But now we are also
able to make a similar statement for o > o9 + 7. Since we bounded the
estimators S,, cannot diverge faster than e U (¢)? exp(—To3U (€)?/2). For
0 € [0, 0max) the second term in (7.4) converges uniformly in probability to
zero. Owing to (7.2) the third term in (7.4) tends to infinity faster than the
bound of S,,. It holds lim._,q inf7 Q(S’UO > ¢) =1 for all ¢ € R, where the
infimum is over all T € Hs(R, o0max) With 0 > o9 + 7.

Let g, denote the (1 — a)—quantile of the standard normal distribution.
For g € (0, 0max) we define the tests

[0, i |S0] < gap [0 S > aa
(PUO T . Qo (Pa'max - 1 f S
]-a if ‘SO'()’ > qa/2 ) 1 Omax < d1—«

For o9 = 0 we would like to apply Theorem 1. To this end we choose the
cut-off value U (¢) such that e (€)>/? — 0 and U (¢)*+5)/2 = 0o, Let 62 be
the estimator corresponding to this cut-off value U(e), where 62 € [0,02,.]
is ensured. We assume that 0 is positive on [-T'R, T R| and define

U 0 (c)252

CZO € EeXP(TUI%qaxU(€)2/2),
5o 2yA6(TH) 1u4w1 W) 2du
o = exp(T(§ — 5\))T (/0 o) >

Under Hy : 0% = 0 the test statistic Sy converges uniformly in distribution
to a standard normal random variable by a similar argument as for Sy,.

Sy =

1/2
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We observe that the first term of Sy is nonnegative. Under Hy : ¢ > 7T
the second term of Sy may be decomposed as in (7.4) into a part that
converges uniformly in distribution to zero and into a deterministic sequence
converging to infinity. It holds lim.,oinf7 Q(Sp > ¢) = 1 for all ¢ € R,
where the infimum is over all 7 € Hg(R, 0max) With o > 7. We define the
test

[0, iS)<qa
PO 1, i Sy > g

Since we have a test on o = o for each o € [0, omax] We may use this
family of tests to define a confidence set for . We define M, := {o|¢, = 0}
and obtain lime_,oinf7 Q7 (0 € M,) = 1 — «, where the infimum is over all
T € Hs(R, omax) with volatility o. The set M, is not necessarily an interval.
For o¢p € (0,0max) the cut-off value U(e) may be chosen as a continuous
function of og by (3.6). The estimators 62, 4 and A depend continuously
on the cut-off value U(e), which can be seen by substituting v = u/U in
(2.3), (2.4) and (2.5) and applying the continuity theorem on parameter
dependent integrals. Thus, S : (0,0max) — R, 0 — S, is continuous and
M, N (0,0max) may be written as the preimage Sil([—qa/g,qa/g]) of the

continuous function S.

8 Uniform convergence

The asymptotic normality results hold for each Lévy triplet 7 € G4(R, 0max)-
The speed of convergence might depend on 7. To make statements on
confidence sets and on hypotheses tests it is useful to control the speed of
convergence uniformly over a class of Lévy triplets. We fix some arbitrarily
slowly decreasing function h with h(u) — 0 as |u| — oo. We will show
uniform convergence for the class Hs(R, omax) consisting of all Lévy triplets
in G4(R, omax) satisfying the additional conditions (4.2), which we recall to
be

[Fullo < R, [Fu(u)| < Rh(u), VueR.

The first condition can easily be ensured by ||ul;1(r) < R. For h(u) = |u|™!

the second condition can be ensured by ”H(l)HLl(R) < R. For each Lévy
triplet in G4(R, omax) the function Fu(u) tends to zero as |u| — 0 by the
Riemann-Lebesgue lemma. Especially for each 7 € Gs(R, omax) there are h
and R’ > 0 such that T € Hs(R', 0max)-

In the case o > 0 some covariances do not converge. We show uniform
convergence for the joint distribution only in such cases, where for ¢ >
0 the covariances do converge. As it turns out it is also important that
the covariance matrix of the limit is nondegenerated. We cover uniform
convergence of 62, 4, A, ji(x) and of (3, ).
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A sequence of random variables X,, converges to X in total variation if

sup |[P(X,, € B)—P(X € B)| =0
B

as n — 00, where the supremum is taken over all measurable sets B. For
sequences Xy, ¥ € 0, we say that they converge to X in total variation
uniformly over 0 if

supsup |P(Xy, € B) —P(X € B)| =0
veld B

as n — oo. Motivated by the Portmanteau theorem we say for Xy ,, ¥ €
¢, and X with values in some metric space that Xy, converge to X in
distribution uniformly over @ if for all Borel sets B with P(X € 0B) =0 we
have

sup [P(Xy, € B) —P(X € B)] =0 as n — oo.
el

Theorem 4. Let the assumptions of Theorem 1 be fulfilled and let § be
continuous and positive. Each marginal convergence in Theorem 1 s a uni-
form convergence in distribution over Hs(R,O0) if the standard deviation is
positive and both sides are divided by it.

Let 0 > 0 and let the assumptions of Theorem 3 be fulfilled. Fach
marginal convergences in Theorem 8 is a uniform convergence in distri-
bution over all T € Hs(R, omax) with volatility o if the standard deviation
1s positive and both sides are divided by it.

Remark. In both cases uniform convergence in distribution does also hold
for 4 and A jointly and in the standard deviation on the left side v and A
may be replaced by their estimators.

The following lemma may be seen as a generalization of Slutsky’s lemma
for uniform convergence. It is the key step to show the uniform convergence
in distribution in Theorem 4.

Lemma 8. Let Xy ,,, Yy, ¥ € 0, n € N, and X be random vectors such that
Xyn converge to X in total variation uniformly over 6 and supycy P(|Yyn| >
) = 0 asn — oo for all 6 > 0. Let Zyy, be random variables with
supyeg P(|Zyn — 1] > 6) — 0 for all 6 > 0. Then Zy Xy, + Yon con-
verge to X in distribution uniformly over 6.

Proof. For § > 0 we define

B’ := {y € RY |z — y| < § for some z € B},
B7° := {y e RYz € B for all z with |z — y| < d}.
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As B and B9 are open and closed, respectively, they are Borel sets. It
holds Ny~ B® = B and (Js. o B~° = B°. For B with P(X € 9B) = 0, we
have P(X € B°) = P(X € B) = P(X € B). Consequently

lim P(X € B%) = limP(X € B~%) =P(X € B). (8.1)
0—0 6—0

Let n > 0 be given. For all § > 0 it holds

supP(Zy n Xy n + Yo € B)

9vebh
< sup ]P)(Zﬂ,nXﬂ,n € B(S) =+ sup ]P)(|Y19,n| > 6))
veo veo

for large n the second term is smaller than 7 owing to the assumptions on
Yﬁ ns

< supP(Zy Xy, € B®) +1.
vel

As a single random vector X is tight meaning that for each n > 0 there
is M such that P(|X| > M) < n. By taking the set {x|x > M} in the
definition of uniform convergence in total variation we obtain for n large
enough supycy P(| Xy | > M) < 2n. By considering possibly larger n we
can also ensure supycgP(|Zyn — 1] > 6/M) < n. But if | Xy,| < M and
|Z9n—1] < /M, then | Xy, Zy,, — Xyn| < 0. For n large enough it holds

supP(Zy n Xo.n + Yon € B) < supP(Zy,Xg, € B®) +1
el Ve

< supP(Xy,, € B¥) + 47
9eb

<P(X € B®) +5ng
<P(X € B) + 61, (8.2)

for § small enough by (8.1).
Let n > 0 be given. For n large enough and § > 0 small enough we
obtain similarly

1191610 ( InX9n + Yon € )_1191610 ( InX9n € ) n
> inf P(X B2y _4
_11969 ( In € ) n

>P(X € B™%) -5y
> P(X € B) — 6. (8.3)

The statement follows by combining (8.2) and (8.3). O

Lemma 8 outlines how to proceed in showing uniform convergence. Xy,
will be the leading term of the linearized stochastic error, Yy ,, will be the sum
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of the smaller stochastic errors, the remainder term and the approximation
error and Zy, will be the quotient of standard deviation and estimated
standard deviation. The approximation error is uniformly controlled over
Gs(R, omax) and thus over Hs(R, omax), t00.

The substitution of the standard deviation by its empirical counterpart
works as follows. We fix some z and write d instead of d(x) in Theorem 1
to unify the notation with Theorem 3 and to treat both simultaneously.
For § continuous and positive the standard deviation depends continuously
on v and A through d. v and X\ are restricted to a compact set. By the
uniform convergence and by an upper bound of the standard deviation we
obtain supy Q7 (|Ap| > §) — 0 for all 6 > 0 and for p € {, A}, where the
supremum is over all T € Hs(R, omax) with a fixed volatility o. Since d is
uniformly continuous in y and A, we obtain supr Q7(|Ad| > §) — 0 for all
d > 0, which gives the assumption on d/ d corresponding to Zy ,, in Lemma 8
by a lower bound on d.

By the following lemma uniform convergence in total variation of the lin-
earized stochastic error follows from uniform convergence in each component
of the covariance matrix.

Lemma 9. Let X be a normal random vector with symmetric positive def-
inite covariance matriz A € R, Let Xon, n € N, ¥ € 0, be normal
random vectors with covariance matrices Ay, € R4, [f Ay, converge to
A in each component uniformly over 6 as n — oo, then Xy, converge to X
in total variation uniformly over 6 as n — oo.

Proof. We have to show that

exp(—(w, A5 2)/2)  exp(—(x, A1) /2)
s | [ - ] 6

converges to zero as n — 0o. The determinant is a continuous function of
the components of a matrix. For all § € (0, det(v/27A)) there is N € N such
that supyeg | det(v2mAy,) — det(v/21A)| < 6 holds for all n > N and AjL
is well-defined for all ¥ € 6 if n > N. Expression (8.4) equals 7

! / exp(— (@, 45,2)/2) _ exp(~(z, A'2)/2)]
T2 Jre | det(v2rAgn) det(v2rA)
- 1 exp(—(m,A‘la:)/2)
T eh 2 /]Rd | det(v2rA)|
det(v/21A) exp(—(z, (A;jl — A Ha)/2)
det(v2r Ay ) —1|dz. (8.5)

Ay converges to A in each component uniformly over 6. Likewise A;L
converges to A~! in each component uniformly over §. We now addition-
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ally require 6 € (0, Amin(A™1)/d), where Apin(A~!) is the smallest eigen-
value of A='. By going over to a possibly larger N we may assume that
supye [(Ay,, — A1)kl < 6 forall j,k =1,....d, for all n > N. Then for
alln > N

d
[, (A, — A D2)| = | Y a(Ays — A7) jra
4, k=1

2
d
2
<o D lzgl) < odjzf3,
j=1
where in the last step the Cauchy-Schwarz inequality is used. We see that

(8.5) can be bounded by

L [ enln
R | det( \/%A) |

2

| det(v2mA)| exp(dd]|z[[3/2)  |det(v2mA)|exp(—dd|z|3/2) da
| det(v/21A)| -6 | det(v/21A)| + 6 '

(8.6)

The integrand converges pointwise to zero for § — 0. For fixed § the func-
tion is at the same time a dominating function, which is integrable since
A=l — §dI, is positive definite by the choice § € (0, A\min(A71)/d). By
the dominated convergence theorem (8.6) converges to zero and likewise
(8.4). O

We will show uniform convergence in each component of the covariance
matrix. By Lemma 9 this leads to uniform convergence in total variation of
the linearized stochastic errors provided that the covariance matrix of the
limit is nondegenerated. To this end we assume in the case ¢ = 0 that §
is positive and that fol u4w[1,(u)2du > 0 for the weight functions w;, p E
{o,7,A,0,u}, involved. Joint distributions may further only involve more
than one of the estimators 62, A or (0), if the covariance matrix is positive
definite. in the case o > 0 we assume that w(},(l),w%(l),w}\(l),w}i(l) # 0
and |02 ,2(ry > 0. By the uniform version of Lemma 5 the remainder term
converges uniformly to zero. By Lemma 8 each of the rescaled stochastic
error terms

: > [ Re(av ()t )
coxp(To? U2 2)ul(1)” Jy oSl e

1 1 ,
eexp(To?U?/2)wl(1) 2 /0 Im(AYe(Uu))w, (u)du,

: > [ Re(@u )l
EGXP(TUQUQ/Q)w}\(l) 0 (Uu))wy(u)au,
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27
eexp(To?U?/2)w] (1)

Fi [Awe(Uu)w;(uﬂ (Ux)

converges uniformly in distribution to

V2/10% ]| r2(w) -
exp(T(02/2 4+~ — \))T?02 "’

where W is a standard normal random variable. By the uniform versions of
Lemma 3 and Lemma 5 we also obtain that for the second and third of the
above stochastic error terms holds joint uniform convergence in distribution
to independent normal variables.

8.1 Uniform convergence in the case o = 0

The convergence in distribution of the linearized stochastic errors is shown
in Lemma 1 by the convergence of the components in the covariance matrix.
We restrict ourselves to the case 1 = --- = x,, and show uniform conver-
gence in each component of the covariance matrix. This implies uniform
convergence in total variation by Lemma 9. We assume that ¢ is continuous
at all z € [y — TR,z + TR]. We note that fy, gy and 6; depend on the
Lévy triplet 7. The uniform convergence of the rescaled covariances (6.12)
will be shown by the following easy lemma.

Lemma 10. Let fgn, fo, 90,99 € L*([0,1],C), n € N, ¥ € 0, and M >
0 such that || fonloo, lgvllec < M for all n € N, for all ¥ € 6. Let

supgeq | fon — follrqoa,c) — 0 and supyeg llgv.n — gollLr(o,1),c) — 0 as
n — oo. Then

1
SUP/ |fon(x)gon(x) — fo(x)gy(z)|de — 0 as n — 0o.
9e€b JO

Proof. For all ¥ € 6 it holds

| fo.ng0.m — fogol < |fomgon — fongsl + |fongs — fogsl
< Mgy — g9l + M| fon — fol-

By assumption supyeg || fo,n = foll £1(j0,11.c) = 0 as n — 0o and supyeg ||gy,n—
9ollL1(jo1),c) — 0 as m — oo and the claimed statement follows. O

Let us verify the assumptions of Lemma 10 for the first factor in (6.12).
fv and w?w;(u) will correspond to fy, and fy, respectively. It holds

| for(u) + u*w; (u)]
= [u?w;(u)(1 — exp(—~TFu(Uu))) + ivexp(—TFu(Uu))/U]|
< w?|w;(u)|(exp(TR(1 A h(Uu))) — 1) + iuexp(TR)/U. (8.7)

38



This bound does not depend on 7 and converges everywhere to zero. Further
fu(w), v?w;(v) < v2||wj|le exp(TR) is a bound that does not depend on U
nor on 7. By the dominated convergence theorem

Sup [ for(w) 4+ w?w; (W)l £ jo,1),¢) — O (8.8)

as U — oo and the conditions on the first factor in Lemma 10 are satisfied.
To show the assumptions of Lemma 10 on the second factor, which is
the complex conjugate of

(gu(v) * F7H(8(y/U + 60;)*)(v)) (w)
= / gu(u—v)FH(S(y + 6;)*)(Uv)Udv,

—00

we apply the following lemma. It is a uniform version of the basic theorem
on approximate identities.

Lemma 11. Let f, fy,, € LY(R,C), n € N, 9 € 0. Let supyeg || fon —
flov@wae) — 0 forn — oco. Let §y, € LY (R, C) fulfill the following proper-
ties:

(i) There exists ¢ > 0 such that ||09 |1 (r,c) < ¢ for all n € N, for all
veo.

(it) [* 0pn(y)dy = cy for alln € N, for all ¥ € 6.

(ii) For any neighborhood V' of zero we have supyeq [ic [09.n(y)|dy — 0 as
n — 0.

Then supyeg 1090 * fo.n — cofllL(r,c) = 0 as n — oo.

Proof. By the triangle inequality

sup [|6g,n * fo.n — CﬁfHLl(]R,C)
veo

<sup |09, * (fo.n — Pller@mae) +5up 1090 * [ —coflliimaey- (89
Yveh veb
The first term in the triangle inequality (8.9) can be bounded by

sup |09, * (fo.n — Pl ey < sup 69nllprw,oy 1 fon — flloiwe
9e 9e0

<ecsupllfon — flomao)
vel

which converges to zero by assumption. To bound the second term in the
triangle inequality (8.9) proceed as in the proof of Theorem 1.2.19 in [13,
p. 26]. Without loss of generality we may assume that ||f|lz1(r,c) > 0.
Continuous functions with compact support are dense in L!(RR,C). Since
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continuous functions g with compact support are bounded we obtain by the
dominated convergence theorem

/ oz —y) — g@)lde — 0

as y — 0. We approximate f € L'(R,C) by a continuous function with
compact support and see that for all § > 0 there is some neighborhood V' of
zero such that

/OO ]f(x—y)—f(ac)\dx<2£c forally € V. (8.10)

It further holds

(Og.n * f)(2) —cof(x

(619 n ¥ f / 519 n
- /_OO (f(z —y) = f(2))39,0(y)dy

- / (f(x — ) — F(2))0on(y)dy + / (F(& =) — F(£)bgn(y)dy.
1%

c

We take L! norms with respect to = and obtain for the first term by (8.10)

sup / (F@ — ) — F(2))00n(y)dy
veld LY(R,C)
< sup / 1@ — ) — F@) ey |0 @)y
1)
< f;él;/vmn( )dy <5 (8.11)

and for the second term

[ =)= £@)s0au)y

sup
veo L\(R,©)
)
<swp [ 20 e lBnldy < 5. (812)
00 Jve 2
where n is taken large enough such that
sup/ 109.n(y)|dy < ——.
oo Jye " Ul w.e
The lemma is a consequence of (8.11) and (8.12). O
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Let us first verify the assumptions (i), (ii) and (iii) for F~1(6(y+6;)2(Uv)U,
which will correspond to dy,. We have

F 6y +0)*)(v) = " F(5(y)*) (v). (8.13)
By the assumptions of Lemma 1 it holds 62 € L!(R). The equality
FH 0y + 6)*)(U)U| = |[FH(5(y)*) (Uv)U|

shows that the absolute value does not depend on 7 and that conditions (i)
and (iii) are satisfied. Condition (ii) is satisfied by (6.13). We have

Sl%p llgu (u) + w?wi(u)| 10,13,y = O (8.14)

as in the corresponding equation (8.8) for fy. By extending gy and wy
by zero outside [0, 1] this holds in L'(R,C), too. We apply Lemma 11 to
gu (v) and v?wy(v), which correspond to fy, and f in this lemma. v?wy(v)
is bounded and since condition (i) is satisfied we see that §(6;)%v?wg(v) is
uniformly bounded over all Lévy triplets. By Lemma 10 the convergence of
the covariances (6.14) holds uniformly. The convergence in the analogous
equation without conjugation (6.15) holds uniformly, too.

8.2 Uniform convergence in the case o > (

Let us first fix 0 > 0 and prove uniform convergence for all Lévy triplets
with this fixed value of ¢. To this end we show uniform convergence in
Lemma 2. In order to control the error when going over to smaller domain
of integration in (6.22) the term F~1(§(y + 0)?)(U(u — v)) fu(u)gu(v)/(uv)
needs to be bounded uniformly. The inverse Fourier transform is bounded
by the L'-norm of §2. The functions f;y and gy are uniformly bounded
since ||Fullec < R. The crucial step is the limit (6.23), where the refined
dirac sequence argument is applied. As stated in (8.13), a translation before
the Fourier transform is equal to a multiplication by a complex unit after
the Fourier transform. Since |§| < T(02,, + R) the complex unit tends
uniformly to one. wy and wy do not depend on the Lévy triplet. Since
there is h with |Fu(u)| < Rh(u) and h(u) — 0 as |u] — oo the factor
(—u+i/U)/exp(TFu(Uu)) converges to —u uniformly over Hs(R, omax)-
This leads to uniform convergence in (6.23) and thus in (6.24). To see
that the covariance without conjugation converges in (6.25) uniformly to
zero we observe that F~1(6(y + 6)2)(u) — 0 for |u| — oo uniformly since
the translation by 6 corresponds to a multiplication by a complex unit by
equation (8.13). We immediately obtain the uniform convergence in each
component of the covariance matrix in Lemma 3.
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8.3 Uniform convergence of the remainder term

To begin with, we observe that Proposition 1 holds with the same constant
for all Lévy triplets in Hs(R, 0max). This follows from the bound (6.7) in the
proof and from the fact that X (u) = [*_e™*§(x)dW (z) does not depend
on the Lévy triplet.

Lemma 5 and Lemma 6 hold uniformly, meaning that for all n > 0

sup  Qr <
TeHs (R,O’o)

sup Qr <

TEeHs(R,0)

1 1
d

1

1
EU(E):),/Q/O wU(e)(u)Re,U(e)(u)du

>77>—>0,

>77>—>0,

as € — 0. For Lemma 6 this follows from the uniform convergence of the
bound in the proof. For Lemma 5 this can be seen by the corresponding
uniform statements along the lines of the proof up to the bound (6.29). Then
we bound (6.29) in two different ways depending on whether o2 € [0,03/2]
or 02 € (03/2,03]. In the latter case we can proceed as in the proof for
o > 0. Since o2 is bounded from below by 0(2) /2 > 0 the convergence is
uniform. For o2 € 0,03 /2] we estimate

C 1 U2+ UM exp(T02U2u2)H5H%2(R)
eexp(To3U?/2) /0 T2 exp(2T(02/2 4+ v — XN) — 2T|| F il o) “

_ Ce(U? + U4)H(5H%2(R)

S TR exp@T (022 47— N) AT Full)’

which converges uniformly to zero by g > 0 and by the assumption

eU?/1log(U) exp(ToaU?/2) = 0

of Lemma 5. The maximum of the bounds is a bound that holds for all Lévy
triplets in the class. This shows the uniform version of Lemma 5.
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