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Dq H{whqvlrq ri Jrrg0Ghdo Dvvhw Sulfh
Erxqgv�

L1U1 Orqjduhod
Ghsduwphqw ri Ilqdqfh

Vwrfnkrop Vfkrro ri Hfrqrplfv|

Devwudfw

Lq d wzr0shulrg vhwxs zh ghyhors d jhqhudol}dwlrq ri jrrg0ghdo

erxqgv wkdw doorzv wr lqfoxgh lq wkh sureohp wkh lpsolfdwlrqv ri dvvhw

sulflqj prghov1 Rxu edvlv lv wkh glvwdqfh ehklqg Kdqvhq dqg Md0

jdqqdwkdq*v phdvxuh ri prgho plvvshfl�fdwlrq vlqfh d yrodwlolw| frq0

vwudlqw rq wkh vwrfkdvwlf glvfrxqw idfwru lv d sduwlfxodu fdvh ri d uhvwulf0

wlrq rq wklv glvwdqfh1 Zh dovr suhvhqw dq dowhuqdwlyh dssurdfk zklfk

prvwo| uhwdlqv wkh hfrqrplf lqwhusuhwdwlrq xqghuo|lqj wkh deryh h{0

whqvlrq dqg lw kdv d yhu| xvhixo surshuw| vlqfh wkh uhvxowlqj erxqgv

fdq eh frpsxwhg e| vlpso| vroylqj d olqhdu surjudp1

4 Lqwurgxfwlrq

D qhz dssurdfk lq wkh �hog ri dvvhw sulflqj wkhru| kdv uhfhqwo| ehhq ghyho0
rshg e| Frfkudqh dqg Vdä0Uhtxhmr +5333, dqg Ehuqdugr dqg Ohgrlw +5333,1
Wkhvh wzr vhplqdo sdshuv lqwurgxfh d qryho zd| wr ghdo zlwk wkh ydoxdwlrq

�L zrxog olnh wr wkdqn Wrpdv Emùun/ Sdxo Vùghuolqg dqg Iudqfhvfd Eldjlql iru wkhlu
khosixo frpphqwv1 L dp hvshfldoo| judwhixo wr Mhvvlfd Zdfkwhu iru khu yhu| ydoxdeoh vxj0
jhvwlrqv1 Dq hduolhu yhuvlrq ri wklv sdshu zlwk wkh wlwoh �D Qhz Dssurdfk wr wkh Ghulydwlrq
ri Dvvhw Sulfh Erxqgv� zdv suhvhqwhg dw wkh 5334 ZID Frqihuhqfh1 Doo huuruv duh vroho|
p| uhvsrqvlelolw|1

|Srvwdo dgguhvv= ER[ 9834/ V0446 ;6 VWRFNKROP/ VZHGHQ1 Skrqh= .79
; :69 <49:1 Id{= .79 ; 64 56 5:1 H0pdlo= Lqdnl1Urguljxh}Ckkv1vh1 Zhe=
kwws=22zzz1kkv1vh2shuvrqdo2urguljxh}1
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ri xqfhuwdlq sd|r�v zklfk olhv ehwzhhq wkh uljlglwlhv ri prgho0edvhg sulflqj
dqg wkh orrvhqhvv ri qr0duelwudjh sulflqj1

Wkh lqwhuhvw ri wklv qhz dssurdfk fdq hdvlo| eh looxvwudwhg zlwk d vlpsoh
h{dpsoh1 Vxssrvh zh kdyh d vwrfn dqg d erqg dv edvlv dvvhwv dqg rxu jrdo
lv wr sulfh d Hxurshdq fdoo rswlrq rq wkh vwrfn zlwk vwulnh sulfh 433 dqg
rqh |hdu wr h{sludwlrq1 Wkh rqh0|hdu lqwhuhvw udwh lv 8( dqg wkh dqqxdo
yrodwlolw| ri wkh frpsrxqghg udwh ri uhwxuq ri wkh vwrfn lv 471;(1 Iljxuh 4
sorwv lq wkh krul}rqwdo d{lv wkh lqlwldo vwrfn sulfh dqg lq wkh yhuwlfdo d{lv wkh
fruuhvsrqglqj fdoo sulfh1

E| dvvxplqj devhqfh ri duelwudjh/ wkh lqirupdwlrq frqwdlqhg lq wkh sulfhv
ri wklv lqlwldo vhw fdq eh xvhg wr hvwdeolvk lqwhuydov zkhuh wkh sulfh ri wkh fdoo
rswlrq pxvw olh1 Xqiruwxqdwho|/ wkh dydlodeoh edvlv sd|r�v/ olnh lq prvw uhdo0
olih vlwxdwlrqv/ rqo| vsdq d vpdoo vxevhw ri doo srvvleoh frqwlqjhqw fodlpv1
Wkxv/ wkh sulflqj lpsolfdwlrqv ri wklv dvvxpswlrq rqo| jlyh orrvh erxqgv1
Diwhu doo/ devhqfh ri duelwudjh lv d yhu| zhdn dvvxpswlrq1 Lw rqo| lpsolhv wkh
h{lvwhqfh ri dw ohdvw rqh djhqw zkrvh xwlolw| ixqfwlrq kdv qr vdwldwlrq srlqw1
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Iljxuh 41 Qr0duelwudjh erxqgv dqg Eodfn0Vfkrohv sulfh ri d Hxurshdq fdoo
rswlrq1 Wkh rswlrq kdv rqh |hdu wr h{sludwlrq dqg d vwulnh sulfh ri �ff1
Wkh rqh0|hdu ulvn0iuhh udwh ri uhwxuq lv DI dqg wkh vwdqgdug ghyldwlrq ri wkh
frqwlqxrxvo| frpsrxqghg udwh ri uhwxuq rq wkh vwrfn lv �e�fbI�
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Dowhuqdwlyho|/ rqh frxog hpeudfh wkh Eodfn0Vfkrohv prgho dqg rewdlq
h{dfw sulfhv iru wkh fdoo rswlrq1 Krzhyhu/ wkh sulflqj lpsolfdwlrqv ri wkh
odwwhu dssurdfk duh kljko| vhqvlwlyh wr vshfl�fdwlrq huuruv dqg zh doo nqrz
wkdw dvvhw sulflqj prghov duh dozd|v plvvshfl�hg zkhq dssolhg wr uhdo gdwd1

Dv zh fdq vhh wkhvh wzr dssurdfkhv vhhp d olwwoh wrr h{wuhph1 Wkxv/ lw
lv ri juhdw lqwhuhvw wr ghyhors phwkrgv wr olplw wkh vl}h ri wkh qr0duelwudjh
lqwhuydov zlwkrxw ixoo| dvvxplqj d sduwlfxodu dvvhw sulflqj prgho1 Lq prghuq
�qdqfldo mdujrq/ wkh jrdo lv wr wljkwhq wkh vhw ri dgplvvleoh vwrfkdvwlf glvfrxqw
idfwruv +khuhdiwhu DVGI, zlwkrxw srvwxodwlqj d xqltxh rqh1

Ehuqdugr dqg Ohgrlw +5333, gh�qh wkh jdlq0orvv udwlr1 Wkh| orrn dw h{0
fhvv +}hur0sulfh, sd|r�v dqg wkh| frqvlghu wkh txrwlhqw ri wkh sulfh ri wkhlu
srvlwlyh sduw dqg qhjdwlyh sduw xqghu d jlyhq ehqfkpdun vwrfkdvwlf glvfrxqw
idfwru +khuhdiwhu VGI,1 Wkhq wkh sulfh lqwhuydo ri d qhz sd|r� +wkh fdoo rs0
wlrq lq wkh deryh h{dpsoh, lv vhw lq d zd| vxfk wkdw wkh uhvxowlqj pd{lpxp
jdlq0orvv udwlr grhv qrw h{fhhg d jlyhq fhlolqj1 Wkdw lv/ wkh| glvfdug wkrvh
DVGI zklfk lpso| d wrr kljk jdlq0orvv udwlr wkhuhe|/ wljkwhqlqj wklv lqlwldo
vhw dqg vkdushqlqj wkh qr0duelwudjh erxqgv1

Frfkudqh dqg Vdä0Uhtxhmr +5333, frqfhqwudwh rq uhvwulfwlqj wkh yrodwlolw|
ri wkh vhw ri DGVI dqg wkh| h{sorlw lwv frqqhfwlrqv zlwk wkh pd{lpxpVkdush
udwlr ri wkh hfrqrp|1 Wkhuhiruh/ wkh| uxoh rxw wkrvh sulfhv iru wkh sd|r� wr
eh sulfhg zklfk zloo eh lpsolhg e| DVGI*v wkdw jhqhudwh d ulvn0suhplxp
zlwk uhvshfw wr yrodwlolw| zklfk lv wrr kljk/ wkdw lv/ wkh| uxoh rxw wrr jrrg0
ghdov1 E| glvfduglqj wkrvh DVGI*v zkrvh vwdqgdug ghyldwlrq lv juhdwhu wkdq
dq dssursuldwh fhlolqj/ wklv lqlwldo vhw lv wljkwhqhg dqg wkhuhiruh/ wkh qr0
duelwudjh erxqgv duh dovr vkdushqhg1 Wklv zd| ri wdfnolqj wkh ghulydwlrq ri
dvvhw sulfh erxqgv kdv lwv urrwv rq wkh glvwdqfh wkdw xqghuolhv Kdqvhq dqg
Mdjdqqdwkdq*v phdvxuh ri prgho plvvshfl�fdwlrq1 Jrrg0ghdo erxqgv uhvxow
e| glvfduglqj wkrvh DVGI zklfk lpso| d ydoxh ri wkh glvwdqfh wkdw h{fhhgv
d jlyhq fhlolqj zkhq wkh ulvn0qhxwudo VGI lv fkrvhq dv d ehqfkpdun1

Wklv sdshu frqfhqwudwhv rq wkh odwwhu frqwulexwlrq lq wkh frqwh{w ri d
wzr0shulrg prgho +qr lqwhuphgldwh wudglqj lv doorzhg, dqg lwv jrdo lv wzrirog1
Iluvw/ zh vkrz krz wr hdvlo| h{whqg jrrg0ghdo erxqgv wr wkh fkrlfh ri dq|
jlyhq ehqfkpdun VGI1 Vhfrqg/ zh lqwurgxfh dq dowhuqdwlyh phwkrg zklfk
prvwo| uhwdlqv wkh hfrqrplf lqwhusuhwdwlrq dvvrfldwhg zlwk Kdqvhq dqg Md0
jdqqdwkdq*v glvwdqfh dqg lw fdq dovr eh dssolhg wr dq| ehqfkpdun VGI1 Lwv
pdmru dgydqwdjh lv wkh vlpsolflw| ri wkh frpsxwdwlrq ri wkh erxqgv/ vlqfh lw
rqo| hqwdlov vroylqj d olqhdu surjudp1

Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghdov zlwk
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qrwdwlrq lvvxhv dqg suholplqdulhv1 Vhfwlrqv 6 vkrzv krz wr jhqhudol}h jrrg0
ghdo erxqgv dqg 7 lqwurgxfhv dq dowhuqdwlyh phwkrg1 Vhfwlrq 8 frqfoxghv1

5 Suholplqdulhv

514 Wkh vhwxs

Frqvlghu d wzr0shulrg hfrqrp| zkhuh � edvlv dvvhwv duh wudghg wrgd| dw
d nqrzq sulfh jlyhq e| d yhfwru T dqg wkh| gholyhu d frqwlqxrxv udqgrp
sd|r� ghqrwhg e| d yhfwru  1 Qr iulfwlrqv duh doorzhg dqg khqfh dq| olqhdu
frpelqdwlrq ri wkh edvlv sd|r�v frqvwlwxwhv dq dwwdlqdeoh sd|r� % zkrvh vhw
zloo eh ghqrwhg e| f1 Ohw ~ � f eh wkh vxevhw ri }hur0sulfh sd|r�v dqg
u � f wkh vsdfh ri sd|r�v lq wkh vsdq ri doo frqwlqjhqw fodlpv14 Iru dq|
sd|r� % 5 u frqvlghu lwv srvlwlyh dqg qhjdwlyh sduw %n � 4@ E%c f� dqg
%3 � 4@ E�%c f� c uhvshfwlyho|1

Wkh ORS lv dvvxphg wr krog zklfk lpsolhv wkh h{lvwhqfh ri udqgrp ydul0
deohv 6 zklfk vdwlvi|

T ' . E6 � � +514,

Ghqrwh e| � wkh vhw ri doo udqgrp yduldeohv 6 +DVGI*v, vdwlvi|lqj +514,1
Wkhvh udqgrp yduldeohv jlyh wkh sulfh ri dq| sd|r� % 5 u wkurxjk wkhlu
sulflqj h{whqvlrq gh�qhg dv

Z6 E%� � . E6%�

zklfk reylrxvo| dvvljqv wkh vdph sulfh iru dq| 6 5 � li % 5 f� Gh�qh dovr
wkh vhwv

-6 ' i% 5 u G Z6 E%� ' �j

dqg

~6 ' i% 5 u G Z6 E%� ' fj

iru dq| 6 5 � 1 Wkxv/ ~6 dqg -6 duh wkh vhwv ri uhwxuqv dqg h{fhvv uhwxuqv
xqghu wkh sulflqj ixqfwlrq Z6 E�� c uhvshfwlyho|1

4Wkh vsdfh O zh frqvlghu lq hdfk fdvh ghshqgv rq wkh sduwlfxodu irupxodwlrq ri wkh
sureohp1
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Zh zloo dovr dvvxph wkhuh h{lvwv d ulvnohvv dvvhw zlwk ulvn0iuhh udwh ri uh0
wxuq -s dqg devhqfh ri duelwudjh rssruwxqlwlhv1 Zlwk wklv odwwhu dvvxpswlrq
lw lv zhoo0nqrzq wkdw wkhuh zloo eh dw ohdvw rqh vwulfwo| srvlwlyh 6 5 � 1
Ghqrwh wkhlu vhw e| �n�

Wkh sulflqj lpsolfdwlrqv ri d jlyhq prgho duh vxppdul}hg e| lwv lpsolhg
VGI1 Ghqrwh e| 6W d vwulfwo| srvlwlyh ehqfkpdun VGI dqg iru dq| % 5 u
frqvlghu dovr lwv lpsolhg sulflqj ixqfwlrq ZW E%� � . E6W%� � Ohw dovr .W E��
ghqrwh wkh h{shfwdwlrq xqghu wkh ulvn0qhxwudo suredelolw| phdvxuh lpsolhg
e| 6W dqg wkxv/ zh kdyh wkdw

ZW E%� ' .W E%�. E6W� �

515 Dvvhw Sulfh Erxqgv

Rqh fdq dozd|v ylhz wkh ghulydwlrq ri dvvhw sulfh erxqgv dv wkh uhvxow ri d
irxu0vwdjh surfhvv1 Iluvw/ d sduwlfxodu ehqfkpdun VGI lv fkrvhq1 Vhfrqg/
d glvwdqfh5 ehwzhhq hdfk DVGI dqg wkh ehqfkpdun lv gh�qhg1 Wklug/ dq
dssursuldwh fhlolqj rq wkh pd{lpxp ydoxh ri wklv glvwdqfh lv vhw dqg wkrvh
DVGI zkrvh glvwdqfh iurp wkh ehqfkpdun lv deryh wkh fhlolqj duh glvfdughg1
Ilqdoo|/ e| pd{lpl}lqj +plqlpl}lqj, wkh sulfh ri wkh qhz sd|r� dprqj wkrvh
VGI*v wkdw ehorqj wr wklv odwwhu vhw wkh xsshu +orzhu, erxqg lv rewdlqhg1

Lq wkh �uvw wzr vwhsv/ vwurqjhu hfrqrplf dvvxpswlrqv zklfk jr eh|rqg
devhqfh ri duelwudjh vkrxog eh lqwurgxfhg e| wkh fkrlfh ri erwk wkh glvwdqfh
dqg wkh ehqfkpdun1 Wkh ydoxh ri wkh fhlolqj zloo sodfh wkh ghulydwlrq ri wkh
erxqgv vrphzkhuh ehwzhhq qr0duelwudjh sulflqj dqg prgho0edvhg sulflqj>
wkh odujhu wkh glvwdqfh wkh zlghu wkh erxqgv1 Reylrxvo|/ wklv fhlolqj pxvw
eh elqglqj/ rwkhuzlvh wkh vhw ri DVGI zloo qrw eh wljkwhqhg dqg zh zloo
eh djdlq zkhuh zh vwduwhg/ dw wkh qr0duelwudjh erxqgv1 Wklv ydoxh pd| dv
zhoo eh ghwhuplqhg e| d0sulrul eholhiv rq krz jrrg uhsuhvhqwdwlrq ri wkh uhdo
zruog wkh ehqfkpdun prgho lv1 Dovr/ wkh sureohp wr eh vroyhg lq wkh irxuwk
vwdjh pxvw eh ihdvleoh zklfk uhtxluhv d odujh hqrxjk ydoxh ri wkh fhlolqj vr
wkdw zh gr qrw glvfdug hyhu| DVGI1

Irupdoo|/ iru dq|6 5 �n ghqrwh e| _ E6c6W� d glvwdqfh ehwzhhq 6 dqg
wkh ehqfkpdun prgho 6W� Ohw _ eh dq dssursuldwh fhlolqj rq wkh pd{lpxp
ydoxh ri wkh deryh glvwdqfh dqg glvfdug wkrvh 6 5 �n vxfk wkdw _ E6c6W� :

5Zh dexvh wkh whup �glvwdqfh� lq rxu iudphzrun vlqfh wkh v|pphwu| surshuw| grhv
qrw kdyh wr krog1
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_� Ilqdoo|/ wkh orzhu erxqg rq wkh sulfh ri d sd|r� %S *5 f zloo eh jlyhq e|

� ' 4�?
6M�n

_E6c6W�$_

. E6%S� +515,

ru/ htxlydohqwo|/

� ' 4�?
6M�

n
. E6%S� c +516,

zkhuh �
n
�

�
6 5 �n G _ E6c6W� � _

�
1 Wkh xsshu erxqg � iroorzv iurp

uhsodflqj4�? zlwk4@ lq wkh deryh rswlpl}dwlrq1 Khqfh/ e| vhwwlqj d fhlolqj
rq wkh pd{lpxp ydoxh ri _ E6c6W� zh olplw ixuwkhu wkh vhw ri DVGI/ wkhuhe|

jrlqj eh|rqg vlpsoh qr0duelwudjh uhvwulfwlrqv1 Zlwklq wklv odwwhu vhw �
n
zh

fkrrvh wkrvh VGI*v zklfk uhvxow lq wkh orzhvw dqg kljkhvw sulfh ri wkh sd|r�
%S1 Wklv surfhgxuh jlyhv wkh xsshu dqg orzhu dvvhw sulfh erxqgv1

Lw vkrxog dovr eh qrwhg wkdw wkh ydoxh ri wkh fhlolqj pxvw vdwlvi|

4�?
6M�n

_ E6c6W� � _ � 4@ 
6M�n

_ E6c6W� +517,

ehfdxvh li wkh ohiw0kdqg lqhtxdolw| grhv qrw krog wkh ihdvleoh vhw lq +515, lv
hpsw| dqg li wkh uljkw0kdqg lqhtxdolw| lv ylrodwhg wkh ruljlqdo qr0duelwudjh
erxqgv duh rewdlqhg1

Wkxv/ wkh gl�huhqfh ehwzhhq wkh dowhuqdwlyh phwkrgv wr ghulyh dvvhw
sulfh erxqgv zh zloo eh glvfxvvlqj rqo| ghshqgv rq wkh irup ri wkh glvwdqfh
_ E6c6W� � Wklv glvwdqfh xvxdoo| kdv d glvwlqfw hfrqrplf lqwhusuhwdwlrq zklfk
lv rewdlqhg wkurxjk d gxdolw| uhvxow1

Ohw xv looxvwudwh wkh deryh irupxodwlrq zlwk dq h{dpsoh1 Ehuqdugr dqg
Ohgrlw +5333, suhvhqw d ghulydwlrq ri dvvhw sulfh erxqgv edvhg rq zkdw wkh|
gh�qh dv wkh jdlq0orvv udwlr1 Wkhvh erxqgv uhvxow iurp vhwwlqj

_ E6c6W� '
t�T 6

6W

�?u 6
6W

+518,

dqg wkh lqwhusuhwdwlrq ri +518, jrhv dv iroorzv1

Sursrvlwlrq 514 Iru wkh glvwdqfh lq +518,/ wkh iroorzlqj htxdolw| krogv

_ E6c6W� ' 4@ 
%M~6

.W E%n�

.W E%3�
�

9



Surri1 D vwudljkwiruzdug dssolfdwlrq ri Wkhruhp 4 lq Ehuqdugr dqg Ohgrlw
+5333, jlyhv wkh ghvluhg uhvxow1

Iru vrph 6 5 �n dqg d jlyhq % 5 ~6 wkhvh dxwkruv fdoo .W E%n� wkh
jdlq/ .W E%3� wkh orvv dqg .W E%n� *.W E%3� wkh jdlq0orvv udwlr1 Wkxv/ lq wklv
fdvh _ E6c6W� jlyhv wkh pd{lpxp jdlq0orvv udwlr iru }hur0sulfh sd|r�v lq wkh
vsdq ri doo frqwlqjhqw fodlpv xqghu wkh sulflqj h{whqvlrq Z6 E�� lpsolhg e|
6�

6 Jhqhudol}hg Jrrg0Ghdo Erxqgv

614 Wkh Gh�qlwlrq

Kdqvhq dqg Mdjdqqdwkdq +4<<:, lqwurgxfh d phdvxuh ri prgho plvvshfl�fd0
wlrq zklfk lv edvhg rq wkh glvwdqfh

_ E6c6W� '
�
. E6�6W�2

� �
2 +614,

dqg zkrvh hfrqrplf phdqlqj lv irupdol}hg lq wkh sursrvlwlrq ehorz1

Sursrvlwlrq 614 Iru wkh glvwdqfh jlyhq lq +614,/ wkh iroorzlqj htxdolw| krogv

_ E6c6W� ' 4@ 
%Mu

.E%2�'�

mZ6 E%�� ZW E%�m � +615,

Surri1 Vhh Kdqvhq dqg Mdjdqqdwkdq +4<<:,1

Khqfh/ +614, jlyhv wkh pd{lpxp sulflqj glvfuhsdqf| ehwzhhq Z6 dqg ZW

iru sd|r�v lq wkh vsdq ri doo frqwlqjhqw fodlpv zkrvh vhfrqg prphqw duh htxdo
wr rqh16 Dq dowhuqdwlyh dqg pruh lqwxlwlyh lqwhusuhwdwlrq jrhv dv iroorzv1
Vxssrvh wkhuh duh wzr gl�huhqw +frpsohwh, �qdqfldo pdunhwv zkhuh wkh zkroh
vhw ri frqwlqjhqw fodlpv duh wudghg1 Lq rqh pdunhw/ sulfhv duh vhw dffruglqj wr
6 dqg lq wkh rwkhu rqh/ sulfhv duh vhw dffruglqj wr wkh ehqfkpdun1 Duelwudjh
rssruwxqlwlhv gr qrw h{lvw zlwklq hdfk pdunhw vlqfh erwk 6 dqg 6W duh
vwulfwo| srvlwlyh1 Krzhyhu/ wkhuh duh furvv0pdunhw vwudwhjlhv wkdw jlyh lq�qlwh
ulvnohvv ehqh�wv dv orqj dv wkhuh h{lvw sulflqj glvfuhsdqflhv ehwzhhq Z6 dqg

6Zlwklq wklv irupxodwlrq O vwdqgv iru O5=

:



ZW +_ E6c6W� : f,1 Wkh uroh ri wkh qrupdol}dwlrq . E%2� ' � lv vlpso| wr
jxdudqwhh erxqghgqhvv wkhuhe| jlylqj d phdvxuh ri wkh vl}h ri wkh deryh
ehqh�wv lq uhodwlyh whupv> lw kdv qr hfrqrplf phdqlqj eh|rqg wkdw1 Khqfh/
d uhvwulfwlrq rq wkh ydoxh ri _ E6c6W� lv htxlydohqw wr d uhvwulfwlrq rq wkh
rswlpdo ydoxh ri furvv0pdunhw duelwudjh vwudwhjlhv iru wkrvh sd|r�v lq u zkrvh
vhfrqg prphqw lv htxdo wr rqh1

Lq rwkhu zrugv/ d fhlolqj rq wkh ydoxh ri +614, uxohv rxw lqyhvwphqw rs0
sruwxqlwlhv wkdw duh wrr dwwudfwlyh zkhuh wkh ohyho ri dwwudfwlyhqhvv lpsolhg
e| d jlyhq DVGI lv phdvxuhg lq whupv ri wkh vl}h ri wkh glvlqwhjudwlrq wkdw
fuhdwhv zlwk uhvshfw wr wkh ehqfkpdun pdunhw jlyhq e| 6W1

Krzhyhu/ ixuwkhu hfrqrplf lqwxlwlrq fdq eh ghulyhg iru +614, zklfk zh
suhvhqw rqfh djdlq lq wkh irup ri d sursrvlwlrq1

Sursrvlwlrq 615 Iru wkh glvwdqfh gh�qh lq +614, dqg dq| ehqfkpdun 6W

vxfk wkdw . E6W� ' �*-s / lw krogv wkdw

m.W E%�m

j E%�
� _ E6c6W�-s

iru doo % 5 ~6 dqg ��.W E%�� -s
��

j E%�
� _ E6c6W�-s

iru doo % 5 -6�

Surri1 Vhh Dsshqgl{1

Wkhuhiruh/ d uhvwulfwlrq rq wkh deryh glvwdqfh +zklfk lv htxdo wr wkh
yrodwlolw| ri wkh gl�huhqfh ehwzhhq wkh DVGI dqg wkh ehqfkpdun li . E6W� '
�*-s , lpsolhv d uhvwulfwlrq rq wkh jhqhudol}hg Vkdush udwlr/ wkdw lv/ d uhvwulf0
wlrq rq wkh Vkdush udwlr zkhuh wkh h{shfwdwlrq lq wkh qxphudwru lv wdnhq
xqghu wkh ulvn0dgmxvwhg suredelolw| phdvxuh wkdw wkh ehqfkpdun lpsolhv1 Lw
vkrxog eh qrwhg wkdw iru d frqvwdqw ehqfkpdun/ Sursrvlwlrq 615 jlyhv wkh
zhoo0nqrzq uhvxow wkdw lpsrvlqj d erxqg rq wkh yrodwlolw| ri wkh VGI 6
lpsolhv d erxqg rq wkh vwdqgdug Vkdush udwlr1 Frfkudqh dqg Vdä0Uhtxhmr
+5333, xvh wklv uhvwulfwlrq wr ghulyh jrrg0ghdo erxqgv zklfk wkhuhiruh/ fdq eh

;



frqvlghuhg d sduwlfxodu fdvh ri wkh ghulydwlrq ri dvvhw sulfh erxqgv edvhg rq
wkh glvwdqfh lq +614,1 Wkxv/ zh fdoo wkh odwwhu jhqhudol}hg jrrg0ghdo erxqgv17

Zh eholhyh wkdw wkh lqfoxvlrq ri phdqlqjixo hfrqrplf uhvwulfwlrqv wkdw jr
eh|rqg phdq0yduldqfh frqvlghudwlrqv wrjhwkhu zlwk wkh dsshdolqj hfrqrplf
lqwhusuhwdwlrq ri Kdqvhq dqg Mdjdqqdwkdq*v phdvxuh ri prgho plvvshfl�fd0
wlrq odujho| mxvwli| d jhqhudol}dwlrq ri jrrg0ghdo erxqgv wr dq| jlyhq ehqfk0
pdun VGI1 Ixuwkhupruh/ wklv h{whqvlrq grhv qrw dgg dq| pdmru frpsoh{lwlhv
wr wkh frpsxwdwlrq ri wkh erxqgv dv zh wxuq wr vkrz qrz1

615 Fdofxodwlqj Jhqhudol}hg Jrrg0Ghdo Erxqgv

Rxu h{srvlwlrq zloo sdudooho Frfkudqh dqg Vdä0Uhtxhmr*v +5333,1 Sureohp
+515, iru wkh deryh glvwdqfh fdq eh zulwwhq dv

� ' 4�?
6

. E6%S� +616,

v1w1

;?=
. E6 � ' T

. E6�6W�2 � _
2

6 � f

�

zkhuh wkh fruuhvsrqglqj pd{lpl}dwlrq jlyhv wkh xsshu erxqg1
Wkh sureohp kdv wzr lqhtxdolw| frqvwudlqwv dqg wkh vroxwlrq fdq eh irxqg

e| fkhfnlqj doo srvvleoh frpelqdwlrqv ri elqglqj dqg qrqelqglqj frqvwudlqwv1
Zkhq wkh vhfrqg frqvwudlqw lv vodfn/ qr0duelwudjh erxqgv duh rewdlqhg vr zh
zloo frqfhqwudwh rq wkh wzr uhpdlqlqj srvvlelolwlhv1

Dvvxph wkdw wkh vhfrqg frqvwudlqw lq +616, lv elqglqj dqg wkdw wkh srvl0
wlylw| frqvwudlqw lv vodfn1 Lq wklv fdvh/ rxu sureohp ehfrphv

� ' 4�?
6

. E6%S� +617,

v1w1

�
. E6 � ' T

. E6�6W�2 � _
2 �

zkhuh 4�? vkrxog eh uhsodfhg e| 4@ wr rewdlq wkh xsshu erxqg1 Ohw RW '
. E6W%� eh wkh sulfh wkdw wkh ehqfkpdun VGI dvvljqv wr wkh yhfwru ri edvlv
sd|r�v dqg gh�qh ^ � R� RW dqg + � 6�6W� Frqvlghu dovr wkh ruwkrjrqdo
ghfrpsrvlwlrq ri wkh irfxv sd|r�

%S ' e%S n /

7Qrwh wkdw rxu gh�qlwlrq ri jhqhudol}hg Vkdush udwlr dqg jhqhudol}hg jrrg0ghdo erxqgv
lv gl�huhqw iurp wkh rqh lq 
Fhuq� +5334,1

<



zkhuh e%S � . E%S%��. E%%��3� % dqg / ' %S�e%S� Wkh sursrvlwlrq ehorz jlyhv
wkh vroxwlrq wr sureohp +617,1

Sursrvlwlrq 616 Wkh glvfrxqw idfwru wkdw jhqhudwhv wkh orzhu erxqg lv

6 ' %W � � n6W

dqg wkh erxqg lv

� ' . E%W%S�� �.
�
/2

�
n. E6W%S�

zkhuh

%W ' ^�. E%%�� %

dqg

� '

v
_
2
� . E%W2�

. E/2�
�

Wkh xsshu erxqg lv jlyhq e| � ' ���

Surri1 Vhh Dsshqgl{1

Qrwh wkdw wkh vl}h ri wkh erxqgv kdv dq h{suhvvlrq zklfk lv lghqwlfdo wr
htxdwlrq +45, lq Frfkudqh dqg Vdä0Uhtxhmr +5333, zlwk wkh h{fhswlrq wkdw
%W lv qrz wkh surmhfwlrq ri + rqwr wkh vsdfh ri sd|r�v f1 Khqfh/ wkh erxqgv
duh wljkwhu li wkh ydoxh _ lv vpdoohu/ li wkh vl}h ri wkh uhvlgxdo

s
. E/2� lv

vpdoohu ru/ htxlydohqwo|/ li wkh dssur{lpdwh khgjh lv ehwwhu1
Dvvxph qrz wkdw erwk frqvwudlqwv lq +616, elqg1 Zh lqwurgxfh Odjudqjh

pxowlsolhuv dqg wkh sureohp lv

� ' 4�?
6:f

4@ 
bcB:f

. E6%S� n b� d. E+%�� Ro n
B

2

k
.
�
E6�6W�2

�
� _

2
l

+618,

dqg lwv �uvw0rughu frqglwlrqv jlyh

6 '

�
�
%S n b�%� B6W

B

�n
� +619,
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Dv lq Frfkudqh dqg Väd0Uhtxhmr zh lqwhufkdqjh plq dqg pd{ lq +618,
dqg xvh +619, wr rewdlq diwhu vlpsoli|lqj

� ' 4@ 
bcB:f

.

+
�
B

2

�
�
%S n b�%� B6W

B

�n2,
� b�Rn

B

2

k
.
�
6W2

�
� B

2
l
�

Wklv sureohp lv vroyhg e| vhdufklqj qxphulfdoo| ryhu Ebc B�1 Rqfh djdlq/ wkh
xsshu erxqg lv irxqg e| uhsodflqj pd{ zlwk plq exw wklv wlph lw pxvw krog
wkdw B 	 f1

7 u�0Jhqhudol}hg Jrrg0Ghdo Erxqgv

Zh wxuq qrz wr suhvhqw dq dowhuqdwlyh ghulydwlrq zklfk fdq eh uhjdughg dv
wkh u�0qrup htxlydohqw ri Jhqhudol}hg Jrrg0Ghdo Erxqgv1 Wklv dowhuqdwlyh
dssurdfk wudqvodwhv wkh hfrqrplf uhvwulfwlrqv ehklqg Jhqhudol}hg Jrrg0Ghdo
Erxqgv lqwr wkhlu fruuhvsrqglqj u� irupxodwlrqv1 Dv d e|0surgxfw wkh frp0
sxwdwlrq ri wkh uhvxowlqj erxqgv hqruprxvo| vlpsol�hv vlqfh lw rqo| uhtxluhv
vroylqj d olqhdu surjudp1 Wkh erxqgv iroorz iurp vhwwlqj

_ E6c6W� ' t�T
��� 6
6W

� �
��� � +714,

Sursrvlwlrq 714 Iru wkh glvwdqfh lq +714,/ wkh iroorzlqj htxdolw| krogv

_ E6c6W� ' 4@ 
%Mu

.E6W�%��'�

mZ6 E%�� ZW E%�m �

Surri1 Vhh Dsshqgl{1

Wkxv/ erwk +614, dqg +714, surgxfh dq lqwhusuhwdwlrq wkdw fdq eh uhdg
lq whupv ri pd{lpxp sulflqj glvfuhsdqflhv1 Dovr/ zh fdq uhjdug wkhp erwk
dv wkh rswlpdo ydoxh ri duelwudjh vwudwhjlhv dfurvv wzr frpsohwh pdunhwv
zkhuh sulfhv duh jlyhq e| Z6 E�� dqg ZW E�� lq hdfk fdvh� Krzhyhu/ wkh| gli0
ihu rq wkh wdujhw vhw ri sd|r�v lq wkh vsdfh ri doo frqwlqjhqw fodlpv lpsolhg
lq wkh qhfhvvdu| qrupdol}dwlrq1 +614, orrnv dw wkrvh sd|r�v zkrvh vhfrqg
qrup htxdov rqh1 +714, qrupdol}hv e| uhvwulfwlqj wkh pd{lpl}dwlrq wr sd|r�v
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zkrvh devroxwh ydoxh kdv xqlw sulfh xqghu wkh srvwxodwhg prgho ru/ htxlyd0
ohqwo|/ h{shfwdwlrq htxdo wr rqh xqghu wkh ulvn0qhxwudo phdvxuh lpsolhg e|
wkh prgho1

Lq rwkhu zrugv/ wkh dwwudfwlyhqhvv ri wkh lqyhvwphqw rssruwxqlwlhv lpsolhg
e| d jlyhq DVGI lv phdvxuhg lq whupv ri wkh vl}h ri wkh glvlqwhjudwlrq wkdw
fuhdwhv zlwk uhvshfw wr wkh ehqfkpdun pdunhw jlyhq e| 6W1

Pruhryhu/ ixuwkhu hfrqrplf lqvljkwv fdq dovr eh rewdlqhg iru +714, wkurxjk
d uhvxow zklfk sdudoohov Sursrvlwlrq 6151

Sursrvlwlrq 715 Iru wkh glvwdqfh gh�qh lq +714, dqg dq| ehqfkpdun 6W

vxfk wkdw . E6W� ' �*-s / lw krogv wkdw

m.W E%�m

.W Em%m�
� _ E6c6W�

iru doo % 5 ~6 dqg ��.W E%�� -s
��

.W Em%m�
� _ E6c6W�

iru doo % 5 -6�

Surri1 Vhh Dsshqgl{1

Wkxv/ lq wkh vdph zd| dv d uhvwulfwlrq rq +614, lpsolhv d uhvwulfwlrq rq
wkh jhqhudol}hg Vkdush udwlr/ d erxqg rq +714, lpsrvhv d frqvwudlqw rq wkh
ydoxh ri wkh udwlr

m.W E%�m

.W Em%m�
'

m.W E%�m

.W E%n� n. E%3�
+715,

iru h{fhvv uhwxuqv1 Lq sduwlfxodu/ iru d frqvwdqw +ulvn0qhxwudo, ehqfkpdun/
wkh uhvwulfwlrq lv lpsrvhg rq

m. E%�m

. Em%m�

zklfk fdq eh vhhq dv wkh u�0qrup htxlydohqw ri wkh Vkdush udwlr1 Ixuwkhu0
pruh/ qrwh wkdw +715, lv dovr forvh lq vslulw wr wkh jdlq0orvv udwlr1
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Dq lpsruwdqw ihdwxuh ri u�0jhqhudol}hg dvvhw sulfh erxqgv lv wkdw wkhlu
frpsxwdwlrq lv h{wudruglqdulo| hdv|= d olqhdu surjudp grhv lw1 Wr vhh wklv/
iru wkh glvwdqfh lq +714, uhzulwh wkh lqhtxdolw| frqvwudlqw ri sureohp +515, wr
rewdlq

�_ �
6

6W
� � � _

zklfk wrjhwkhu zlwk wkh sulflqj htxdwlrq lq +514, dqg wkh remhfwlyh . E6%S�
jlyh d olqhdu rswlpl}dwlrq surjudp lq 618

Ohw xv jr edfn wr rxu lqlwldo h{dpsoh dqg frqvlghu djdlq wkh fdvh ri wzr
edvlv dvvhwv= d vwrfn dqg d erqg1 Vxssrvh dovr wkdw zh vhw wkh ehqfkpdun
htxdo wr wkh VGI lpsolhg e| wkh Eodfn0Vfkrohv prgho1 Wkh sdudphwhuv duh
wkh vdph dv deryh1 Wkh vwrfn*v frqwlqxrxvo| frpsrxqghg udwh ri uhwxuq
kdv dq dqqxdo yrodwlolw| htxdo wr 471;( dqg wkh rqh0|hdu ulvn0iuhh udwh lv
htxdo wr 8(1 Zh zdqw wr frpsxwh dvvhw sulfh erxqgv rq d Hxurshdq fdoo
rswlrq rq wkh vwrfn zlwk rqh |hdu wr h{sludwlrq dqg d vwulnh sulfh htxdo wr
rqh kxqguhg1 Iru lqlwldo sulfhv ri wkh vwrfn ehwzhhq ;3 dqg 443 zh frpsxwh
wkh xsshu dqg orzhu erxqg iru ydoxhv ri wkh fhlolqj ehwzhhq 3 dqg 1< zklfk

8Rqh pljkw vxjjhvw dv wkh edvlv ri O40jhqhudol}hg jrrg0ghdo erxqgv wkh h{dfw O4 htxly0
dohqw ri wkh ohdvw0vtxduhv glvwdqfh/ qdpho|

g +p>p�, @ H +mp�p�m, =

Krzhyhu/ lw fdq eh suryhg wkurxjk wkh fruuhvsrqglqj gxdolw| uhvxow wkdw lq wklv fdvh

g +p>p�, @ pd{
{5O
m{m@4

m�p +{,� �� +{,m

zklfk kdv d yhu| srru hfrqrplf lqwhusuhwdwlrq1
Dowhuqdwlyho|/ rqh frxog wu| wr rewdlq wkh h{dfw O4 htxlydohqw ri wkh h{suhvvlrq lq +615,/

wkdw lv/

pd{
{5O

H+m{m,@4

m�p +{,� �� +{,m =

Lw fdq hdvlo| eh vkrzq wkdw wklv h{suhvvlrq lv dvvrfldwhg zlwk wkh glvwdqfh

g +p>p�, @ vxs m�� ��m

zkhuh � dqg �� duh wkh ulvn0dgmxvwhg suredelolw| phdvxuhv lpsolhg e| p dqg p�> uhvshf0
wlyho|1 Wklv glvwdqfh lv lq rxu rslqlrq wrwdoo| xqlqwhuhvwlqj1
Lq dq| fdvh/ qrwh wkdw wkh erxqgv rewdlqhg lq wkh deryh wzr fdvhv fdq dovr eh frpsxwhg

e| vroylqj d olqhdu surjudp1
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duh jlyhq lq Iljxuh 51 Wkh erxqgv olh ehwzhhq wkh Eodfn0Vfkrohv sulfh dqg
wkh qr0duelwudjh erxqgv1 Dv wkh fhlolqj lqfuhdvhv zh pryh wrzdugv wkh qr0
duelwudjh erxqgv1 Dv wkh fhlolqj ghfuhdvhv zh pryh wrzdugv wkh Eodfn0Vfkrohv
sulfh1 D ydoxh ri }hur rq wkh fhlolqj jlyhv wkh Eodfn0Vfkrohv sulfh/ wkdw lv/
wkh vpdoohu vhw ri DVGI*v frqwdlqv rqo| wkh rqh lpsolhg e| wkh ehqfkpdun1
E| lqwurgxflqj wklv hfrqrplfdoo| phdqlqjixo uhvwulfwlrqv qr0duelwudjh erxqgv
duh fohduo| vkdushqhg1 Dovr/ dv rqh vkrxog h{shfw/ odujhu erxqgv duh rewdlqhg
iru qhdu0wkh0prqh| ydoxhv ri wkh vwrfn sulfh1

Ceil ing = 0,1,...,9 (x10 -1 )
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Ini ti al  Stock Pri ce

Iljxuh 51 Sulfh erxqgv rq d Hxurshdq fdoo rswlrq zlwk Eodfn0Vfkrohv dv
d ehqfkpdun1 Wkh rswlrq kdv rqh |hdu wr h{sludwlrq dqg d vwulnh sulfh ri
4331 Wkh rqh0|hdu ulvn0iuhh udwh ri uhwxuq lv 8( dqg wkh vwdqgdug ghyldwlrq
ri wkh frqwlqxrxvo| frpsrxqghg udwh ri uhwxuq rq wkh vwrfn lv 4713<(1 Wkh
wklfn olqh uhsuhvhqwv wkh Eodfn0Vfkrohv sulfh +wkh ydoxh ri wkh fhlolqj lv }hur,
dqg wkh wzr rxwhu olqhv jlyh wkh orzhu dqg xsshu erxqgv iru d ydoxh ri wkh
fhlolqj htxdo wr 1<�
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8 Frqfoxvlrqv

Wklv sdshu lqwurgxfhv dq h{whqvlrq ri jrrg0ghdo erxqgv zklfk doorzv wr
lqvhuw lq wkh ghulydwlrq wkh uhvwulfwlrqv wkdw d sduwlfxodu dvvhw sulflqj prgho
lpsolhv1 E| wuhdwlqj d olplw rq wkh yrodwlolw| ri wkh glvfrxqw idfwru dv d
sduwlfxodu fdvh ri d uhvwulfwlrq rq Kdqvhq dqg Mdjdqqdwkdq*v glvwdqfh zkhq
wkh ehqfkpdun lv d frqvwdqw VGI/ zh pdqdjh wr irupdol}h d jhqhudol}dwlrq
ri jrrg0ghdo erxqgv wr dq| ehqfkpdun prgho1 D uhvwulfwlrq rq wklv glvwdqfh
lv htxlydohqw wr d uhvwulfwlrq rq wkh yrodwlolw| ri wkh gl�huhqfh ehwzhhq wkh
DVGI dqg wkh ehqfkpdun +zkhq erwk remhfwv kdyh wkh vdph phdq,1 Wklv
uhvwulfwlrq lv douhdg| srlqwhg rxw e| Frfkudqh dqg Vdä0Uhtxhmr dv d srvvleoh
zd| wr ghyhors wkh deryh jhqhudol}dwlrq1 Zh dovr vkrz wkdw lq d frqwh{w
zlwk qr lqwhuphgldwh wudglqj/ wkh frpsxwdwlrq ri wkh uhvxowlqj erxqgv grhv
qrw lqyroyh dq| dgglwlrqdo frpsoh{lwlhv1

Ixuwkhupruh/ zh dovr vxjjhvw dq u� dowhuqdwlyh ghulydwlrq ri dvvhw sulfh
erxqgv zklfk kdv fohdu vlplodulwlhv zlwk wkh deryh dssurdfk1 Lw dovr kdv d
fohdu dgydqwdjh= lwv vlpsoh fdofxodwlrq1 Zh eholhyh wkdw wklv odwwhu surshuw|
lv dovr lpsruwdqw iru rwkhu uhdvrqv1 Wkh lghd ri lpsohphqwlqj wkh ydoxdwlrq
ri dvvhw sd|r�v zlwk dq dssurdfk wkdw olhv lq ehwzhhq qr0duelwudjh sulflqj
dqg prgho0edvhg sulflqj kdv dovr srwhqwldo dssolfdwlrqv wr rwkhu �hogv olnh
sruwirolr wkhru| dqg shuirupdqfh hydoxdwlrq1 Krzhyhu/ wklv dssolfdwlrqv pd|
eh gl!fxow wr lpsohphqw erwk wkhruhwlfdoo| dqg sudfwlfdoo|1 Wkhuhiruh/ d
vlpsoh phwkrg vhhpv olnh d jrrg lghd dv d vwduwlqj srlqw1

Wkh h{whqvlrq ri wkh deryh dujxphqwv wr d frqwlqxrxv wlph vhwxs kdv qrw
ehhq dgguhvvhg dqg lw pd| eh d vxemhfw iru ixwxuh uhvhdufk1 Zh frqvlghu wklv
vwhs whfkqlfdoo| srvvleoh exw qrw doo wulyldo1

Dsshqgl{

Surri ri Sursrvlwlrq 6151 Iluvw/ qrwh wkdw vlqfh

. E6W� ' . E6� ' �*-s +D14,

lw krogv wkdw

_ E6c6W� ' j E6�6W� � +D15,

Zh kdyh wkdw li % 5 ~6/ wkhq

. dE6�6W� %o ' �. E6W%� � +D16,
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E| xvlqj +D14,/ wkh gh�qlwlrq ri fryduldqfh dqg wkh h{shfwdwlrq xqghu wkh
ulvn0dgmxvwhg phdvxuh lpsolhg e| 6Wc +D16, pd| eh uhzulwwhq dv

SJ� E6�6Wc %� ' �
.W E%�

-s

zklfk lpsolhv e| +D15, dqg zhoo0nqrzq dujxphqwv wkdw

_ E6c6W� j E%� �
m.W E%�m

-s
�

Dq lghqwlfdo ghulydwlrq jlyhv wkh ghvluhg uhvxow iru % 5 -6�

Surri ri Sursrvlwlrq 6161 Wkh surri xvhv yhu| vlplodu dujxphqwv wr wkh
rqhv lq wkh surri ri Sursrvlwlrq 4 lq Frfkudqh dqg Vdä0Uhtxhmr +5333,1
E| Ohppd 4 lq Frfkudqh dqg Vdä0Uhtxhmr +5333, + ' 6 � 6W fdq eh
ruwkrjrqdoo| ghfrpsrvhg dv iroorzv

+ ' %W n �/ n "

li dqg rqo| li

. E+%� ' ^ +, . dE+ n6W�%o ' R +, . E6%� ' R

zkhuh � lv dq duelwudu| frqvwdqw/ " lv d udqgrp yduldeoh wkdw vdwlv�hv . E"%� '
. E"/� ' f1 Wkxv/ zh kdyh wkdw zh fdq h{suhvv wkh lqhtxdolw| frqvwudlqw lq
+617, dv

.
�
+2
�
' .

�
%W2

�
n �2.

�
/2

�
n.

�
"2
�
� _

2

dqg wkh remhfwlyh fdq eh uhzulwwhq lq wkh iroorzlqj zd|

. E6%S� ' . dE+ n6W� %So ' . E%W%S� n �. E/%S� n. E"%S� n. E6W%S� '

' . E%W%S� n �.
�
/2

�
n. E6W%S� �

Wkxv/ vroylqj sureohp +617, lv htxlydohqw wr vroylqj

4�?
�

. E%W%S� n �.
�
/2

�
n. E6W%S�

v1w1 .
�
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�
n �2.

�
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�
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�
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�
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zklfk lq wkh rswlpxp pxvw vdwlvi| " ' f dqg

.
�
%W2

�
n �2.

�
/2

�
n.

�
"2
�
' _

2

zkhuh � ghqrwhv wkh rswlpdo ydoxh ri �� Wkhuhiruh/

� '

v
_
2
� . E%W2�

. E/2�

dqg vlqfh 6 ' + n6W wkh rswlpdo ydoxh ri wkh vwrfkdvwlf glvfrxqw idfwru lv

6 ' + n6W ' %W � �/ n6W�

Uhsodflqj 4�? zlwk 4@ lq +617, dqg xvlqj lghqwlfdo dujxphqwv dv wkh rqhv
deryh zh rewdlq wkh fruuhvsrqglqj uhvxowv iru wkh xsshu erxqg1

Surri ri Sursrvlwlrq 7141 Rxu vsdfh ri doo srvvleoh sd|r�v lv qrz

u�
W ' i% G . E6W%� 	 4 dqg . E6%� 	 4 ;6 5 �j

dqg ohw u�
Wn ' i% 5 u�

W G % � fj eh wkh srvlwlyh ruwkdqw ri u�
W�

Dv xvxdo zh zloo surri wkh htxdolw| lq wkh sursrvlwlrq e| vkrzlqj wkdw
erwk vlghv duh wuxh1 Ohw xv vwduw zlwk � � Iru d jlyhq 6 5 � zh kdyh wkdw

�_ E6c6W� �
6

6W
� � � _ E6c6W�

zklfk jlyhv

6W � _ E6c6W�6W � 6 +D17,

dqg

6 � 6W n _ E6c6W�6W� +D18,

Iru dq| % 5 u�
W vxfk wkdw ZW E%n�nZW E%3� ' �/ pxowlso| +D17, dqg +D18,

e| %3 dqg �%n/ uhvshfwlyho|/ dqg wdnh h{shfwdwlrqv wr rewdlq

�Z6
�
%3

�
� �ZW

�
%3

�
n _ E6c6W�ZW

�
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�
dqg
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�
�

4:



E| dgglqj xs wkhvh wzr lqhtxdolwlhv zh jhw

�_ E6c6W� � ZW E%�� Z6 E%� � +D19,

Qrz/ pxowlso| +D17, dqg +D18, e| �%n dqg %3/ uhvshfwlyho|1 E| lghqwlfdo
dujxphqwv lw iroorzv wkdw

_ E6c6W� � ZW E%�� Z6 E%� � +D1:,

Ilqdoo|/ +D19, dqg +D1:, jlyh wkh ghvluhg lqhtxdolw|/ wkdw lv

mZ6 E%�� Z E%�m � _ E6c6W� �

Ohw xv wxuq wr wkh � vlgh ri wkh htxdolw| dqg ohw &6 ' t�T
�
6
6W

�
dqg

&6 ' �?u
�
6
6W

�
� Zh kdyh wkdw

_ E6c6W� ' 4@ 
�
&6 � �c �� &6

�
�

Vxssrvh wkdw _ E6c6W� ' &6 � � dqg gh�qh

b6 � 4@ 
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W

ZWE%n�nZWE%3�'�

mZ6 E%�� ZW E%�m �

Qrwh wkdw
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Wn
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mZ6 E%�� ZW E%�m '
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Wn
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%Mu�

Wn
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�
6
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�
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�
6
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zkhuh U dqg � ghqrwh wkh lqglfdwru ixqfwlrq dqg wkh uhdo suredelolw| ri wkh
hyhqw lq eudfnhwv/ uhvshfwlyho|1 Lw lv hdv| wr vhh wkdw . E6W%"� ' �> khqfh/ lw
iroorzv wkdw
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%Mu�

Wn

.E6W%�'�

. E6%� � . E6%"� ' .
k 6

6W

��� 6
6W

� &6 � "
l
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Vlqfh wklv krogv iurp hyhu| " : fc iurp +D1;, zh kdyh wkdw

b6 � *�4
"<f

&6 � "� � ' &6 � � ' _ E6c6W� �

Qrz/ vxssrvh _ E6c6W� ' �� &6� E| uhdvrqlqj dv lq +D1;,/ lw vkrxog eh
fohdu wkdw

b6 � 4@ 
%Mu�

Wn

.E6W%�'�

�� . E6%�

zklfk e| gh�qlqj wklv wlph
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6
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� &6 n "
�

6W�
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dqg iroorzlqj v|pphwulf dujxphqwv dv wkh rqhv deryh jlyhv

b6 � _ E6c6W� �

Surri ri Sursrvlwlrq 7151 Zh kdyh wkdw

_ E6c6W� ' 4@ 
%Mu

.E6W�%��'�

mZ6 E%�� ZW E%�m '
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����Z6 E%��
.W E%�
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%Mu
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Khqfh/ iru dq| % 5 u h{fhsw iru wkh }hur sd|r�/ lw pxvw krog wkdw

_ E6c6W� �

��Z6 E%�-s � .W E%�
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.W Em%m�
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ehfdxvh wkh sd|r� %*.W Em%m� lv dq hohphqw ri wkh ihdvleoh vhw lq wkh pd{l0
pl}dwlrq deryh1 Reylrxvo|/ +D1<, lpsolhv

_ E6c6W� �

��.W E%�� -s
��

.W Em%m�

dqg

_ E6c6W� �
m.W E%�m

.W Em%m�

iru dq| % 5 -6 dqg dq| % 5 ~6/ uhvshfwlyho|1

Uhihuhqfhv

Ehuqdugr D1H1 dqg R1 Ohgrlw +5333,/ �Jdlq/ Orvv/ dqg Dvvhw Sulflqj�/
Mrxuqdo ri Srolwlfdo Hfrqrp|/ yro1 43;/ qr1 4/ 47704:51

Fkhq/ ] dqg S1M1 Nqh} +4<<8,/ �Phdvxuhphqw ri Pdunhw Lqwhjudwlrq dqg
Duelwudjh�/ Wkh Uhylhz ri Ilqdqfldo Vwxglhv/ ;/ 5;:06581

Frfkudqh/ M1 dqg M1 Vdä0Uhtxhmr +5333,/ �Eh|rqg Duelwudjh= Jrrg0Ghdo
Dvvhw Sulfh Erxqgv lq Lqfrpsohwh Pdunhwv�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/
yro1 43;/ qr1 4/ :<044<1

Kdqvhq O1S1 dqg U1 Mdjdqqdwkdq +4<<:,/ �Dvvhvvlqj Vshfl�fdwlrq Huuruv
lq Vwrfkdvwlf Glvfrxqw Idfwru Prghov�/ Mrxuqdo ri Ilqdqfh/ yro 85/ qr15/
88:08<31

Oxhqehujhu G1J1 +4<9<,/ Rswlpl}dwlrq e| Yhfwru Vsdfh Phwkrgv/ Mrkq
Zloh| ) Vrqv/ Lqf1/ Qhz \run1
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