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Abstract

This paper proposes that the introduction of non-redundant assets can
endogenously modify trader participation in financial markets, which
can lead to a lower market premium and a higher interest rate. We
demonstrate this mechanism in a tractable exchange economy with
endogenous participation. Investors receive heterogeneous random in-
comes determined by a finite number of macroeconomic factors. They
can freely borrow and lend, but must pay a fixed entry cost to invest in
risky assets. Security prices and the participation structure are jointly
determined in equilibrium. The model reconciles a number of features
that have characterized financial markets in the past three decades:
substantial financial innovation; a sharp increase in investor partici-
pation; improved risk management practices; an increase in interest
rates; and a reduction in the risk premium.

Keywords: Endogenous Participation, Epstein-Zin Utility, Financial
Innovation, Incomplete Markets, Multiple Risk Factors, Risk Pre-
mium, Spanning.

JEL Classification: D52, E44, G12.



1. Introduction

This paper proposes that the introduction of non-redundant assets endogenously
modifies trader participation in financial markets. These changes can lead to a
simultaneous increase in the interest rate and a reduction in the market premium.
Our approach builds on two stylized facts. First, participation in financial markets
is costly. Corporate hedging requires the employment of experts able to effectively
reduce the firm’s risk exposure using existing financial assets. Investors have to
sustain learning efforts, and expenses related to the opening and maintenance of
accounts with an exchange or a brokerage firm. Statutory and government regu-
lations often create costly barriers to the participation of institutional investors in
some markets. Second, when some asset markets are initially missing, financial in-
novation affects risk-sharing and investment opportunities. For instance, options
and futures can provide additional insurance against the price risk of commodities
and financial assets.! Similarly, asset-backed securities allow lending institutions
to reduce their risk exposure to debt contracts such as mortgages, credit card
receivables and leasing contracts. For this reason, new assets affect individual in-
centives to participate in financial markets when trading is limited by transaction
or learning costs.

We introduce a two-period economy with incomplete markets and endogenous
participation. Agents receive heterogeneous random incomes determined by a
finite number of macroeconomic risk factors. They can borrow or lend freely,
but have to pay a fixed entry cost to invest in risky assets. Security prices and
the participation structure are jointly determined in equilibrium. The model
reconciles a number of features that have characterized financial markets in the
past three decades: substantial financial innovation, the sharp increase in investor
participation, improvements in risk-management practices, the slight increase of
real interest rates, and the strong reduction in the risk premium.? Our model
proposes a precise explanation for these phenomena. New instruments encourage
more investors to participate in financial markets for hedging and diversification
purposes. This tends to reduce the precautionary demand for savings and thus
increase the equilibrium interest rate. Under plausible conditions on the cross-
sectional distribution of risk, the new entrants reduce the covariance between

!See for instance Ross (1976).

2The recent decrease in the risk premium is reported in Blanchard (1993), Cochrane (1997),
Fama and French (2000), Vuolteenaho (2000), and Campbell and Shiller (2001). Similarly, Barro
and Sala-i-Martin (1990) and Honohan (2000) document a slight increase in real interest rates
over the past three decades.



stock returns and the mean consumption of participants, leading to a lower market
premium.

Participation can also play an important role in spreading the effects of in-
novation across markets. When a factor becomes tradable, new agents decide to
enter financial markets in order to manage their risk exposure. Under complemen-
tarities of learning or increasing returns to trading activities, the new participants
trade other assets and can modify the risk premia of securities uncorrelated to the
factor. Furthermore, financial innovation differentially affects distinct sectors of
the economy and thus has a rich impact on the cross-section of expected returns.

Section 2 introduces a simple asset pricing model with endogenous market par-
ticipation. Section 3 demonstrates the pricing and participation effects of financial
innovation in a one factor model of risk exposure. We consider in Section 4 an
economy with multiple risk factors. Calibrated examples show that financial in-
novation can substantially reduce the equity premium, differentially spread across
security markets, and either increase or decrease the interest rate. All proofs are
given in the Appendices.

1.1. Review of Previous Literature

This paper builds on two strands of the asset pricing literature that have essen-
tially been developed separately. First, researchers have examined how limited
investor participation affects the prices of a fixed set of securities. Second, the
price impact of financial innovation has been examined both empirically and the-
oretically without consideration of participation. The novelty of this paper is to
combine these two lines of research in a simple and tractable framework. We
show that one of the main consequences of financial innovation could be its ef-
fect on participation, which could induce a reduction in the risk premium. This
potentially provides useful guidance for future empirical research.

Research on limited participation was pioneered by Mankiw and Zeldes (1991),
who reported that only 28% of households owned stocks in 1984, and that only
47% of the households holding other liquid assets in excess of $100,000 held
any equity. The fraction of households owning stocks increases with income and
education, implying that there could be fixed information costs to participate in
financial markets. The consumption of stockholders is also more highly correlated
with the stock market than aggregate consumption. The distinction between
stockholders and non-stockholders therefore helps explain the equity premium
puzzle. Vissing-Jorgensen (1997) gives stronger empirical support for this result,



and also documents the increase of stockmarket participation in the US since
1945.

These empirical findings have prompted the development of theoretical mod-
els that restrict participation exogenously. In particular, Basak and Cuoco (1998)
consider a two-asset exchange economy and succeed in matching the historical
risk premium with a low coefficient of relative risk aversion. We differ from their
model by considering multiple risk factors and assets, and assuming that agents
have heterogeneous risk exposures. We also endogenize participation by consid-
ering fixed costs to trading in financial markets. The entry-cost approach has
been widely used in finance to analyze issues such as portfolio choice (Campbell,
Cocco, Gomes and Maenhout, 2001), volatility (Pagano, 1989; Allen and Gale,
1994b; Orosel, 1998), futures risk premia (Hirshleifer, 1988), market size (Allen
and Gale, 1990; Pagano, 1993), and the effect of social security reform on capital
accumulation (Abel, 2001). We use this setup to analyze how financial innovation
affects investor participation and asset prices.

The paper is also related to a line of research that examines the price impact
of financial innovation without consideration of participation. Conrad (1989) and
Detemple and Jorion (1990) find empirically that the introduction of new batches
of options had a substantial price impact between 1973 and 1986. The effect is
stronger for underlying stocks, but can also be observed for an industry index that
excludes the optioned stock as well as for the market index. Similar empirical
evidence is available for other countries and derivative markets (e.g. Jochum
and Kodres, 1998). These empirical findings have prompted a rich theoretical
literature. In the presence of informational asymmetries, the introduction of an
option contract has been shown to affect the volatility of the underlying stock (e.g.
Stein, 1987; Grossman, 1989). Another line of research focuses on the risk-sharing
component of new derivatives when all investors participate in financial markets
(Detemple and Selden, 1991; Huang and Wang, 1997).

Although our model can be applied to a variety of settings, the primary focus is
the long-term effect of innovation on market participation and the risk premium.
Intuition suggests that the price of a diversified portfolio of assets may be more
influenced by risk-sharing than by information asymmetries. It is well-known,
however, that risk-sharing models with exogenous participation have difficulties
explaining the dynamics of the risk premium when new assets are introduced.
For instance in standard CAPM economies, financial innovation does not affect
the relative price of risky assets relative to bonds (Oh, 1996), but increases the
interest rate (Elul, 1997; Calvet, 2001; Angeletos and Calvet, 2001). Innovation



in these models thus cannot explain the recent decline of the risk premium doc-
umented in the literature. We will show that these difficulties can be resolved
when participation is endogenized.

2. A Model of Endogenous Market Participation

We examine an exchange economy with two periods (¢ = 0,1) and a single per-
ishable good. The economy is stochastic, and all random variables are defined on
a probability space (€2, F,P). During his life, each agent h receives an exogenous
random endowment e = (eg, éh) , which corresponds for instance to a stochastic
labor income. Investors have preferences over consumption streams (ck, "), which
are represented by a utility function U"(c},c").

This paper places no restriction on the set of agents H, which can be finite or
infinite. To provide a uniform treatment, we endow the space H with a measure
p that satisfies p (H) = 1. This is equivalent to viewing each element of H as a
type, and the measure p as a probability distribution over all possible types.

At date t = 0, agents can exchange two types of real securities. First, they can
trade a riskless asset costing o = 1/R in date t = 0 and delivering one unit of the
good with certainty at date t = 1. Note that R is the gross interest rate. Second,
there also exist J risky assets (j = 1, ...J) with price 7; and random payoff a,;. We
assume for simplicity that all assets are in zero net supply.® Investors can freely
operate in the bond market but have to pay a fixed entry cost  in order to invest
in one or more risky assets. Note that this assumption is consistent with com-
plementarities of learning in trading activities, and the results of the paper easily
generalize to more flexible specifications of the entry cost. Investors are price-
takers both in their entry and portfolio decisions, and there are no constraints on
short sales. Let m denote the vector of risky asset prices, and " the vector of
risky assets bought (or sold) by investor h. We also consider the dummy variable
Legn 40y equal to 1 if 6" # 0, and equal to 0 otherwise. The agent is subject to the
budget constraints

CSL—{-QS/R—FW-Qh—l—FLl{Gh#O} = 68,

d=e"+oh+a-0"
These equations are standard, except for the presence of the entry cost in the
resource constraint at date 0. We determine the optimal choice (cf, &, 07, 0") by

3 A positive supply of assets could be considered by redefining individual endowment as the
sum of a labor income and an exogenous portfolio of securities.

6



calculating the consumption-portfolio decision under entry and non-entry. Com-
paring the resulting utility levels yields the optimal participation decision.

Let eg = [}, ebdu(h) and é = [, é"du(h) denote the average income of the
entire population.

Definition 1. A general equilibrium with endogenous participation (GEEP)

consists of an interest rate R, a price vector w, and a collection of optimal plans
(cg,éh, 98, Hh) el such that

1. The good market clears in every state: [, (cf + ﬁl{eh?éo})du(h) = eg, and
[y & (w) du(h) = é(w) for all w € Q.

2. The asset markets clear: [, 0"du(h) = 0.

Under free participation (kx = 0), the definition coincides with the traditional
concept of general equilibrium under incomplete markets (GEI). With positive
entry costs, a GEEP equilibrium differs from a GEI through two different channels.
First, agents endogenously make their participation decisions, and decide whether
to pay the entry cost. Second, trading activities use some of society’s resources
and thus crowd out private consumption, as seen in the market clearing condition
at date t = 0. This phenomenon, which we call the displacement effect, probably
plays a minor role in actual economies. Extensions of our model could transfer a
fraction of trading fees to certain consumers (such as exchange owners), or seek
to provide a more detailed description of the financial industry.

The existence and constrained efficiency of equilibrium are shown in Appendix
A. In order to analyze the effect of financial innovation on participation and prices,
we now specialize to a tractable class of CARA-normal economies. Investors have
identical utility of the Epstein-Zin type:

U(007a — _e X _ ﬁ[E e*VE]X/’Y7

where v and y are positive coefficients. The agent maximizes —e X0 — [Fe X¢1
when she reallocates through time a deterministic income flow. On the other
hand, atemporal risky choices only depend on Ee~"°. When future consumption
is normally distributed, we can rewrite the utility as

—e~X0 _ Be~XEe—Var(@)/2]
The specification corresponds to the standard expected utility when x = ~.
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Individual endowments and the payoffs of risky assets are jointly normal. The
securities generate a linear subspace in the set L*() of square-integrable random
variables. We assume without loss of generality that the risky assets are centered
and mutually independent: (ay,..,a;) ~ N (0,1). Let A denote the span of the
risky assets, and A the subspace orthogonal to all securities (including the bond).
Projections will play an important role in the discussion, and it will be convenient
to denote by Z"the projection of a random variable Z on a subspace V.

2.1. Individual Entry Decision

We solve the decision problem of an individual trader h by calculating the con-
sumption - portfolio choice under entry and non-entry. Consider the tradable
security m4 = —(R/7) E;.Izl m;a;, which is determined by risk aversion and mar-
ket prices. We show in Appendix B:

Theorem 1. When participating in the risky asset market, the investor buys

Q’OW = fR {e’g —Eé"—k—m- 0" 4+ ID(TRﬁ) + % Var(éhAL) + Var(?”hA)} }

units of the bond, and 0?’p = —Cov(a;,é") — Rm;/vy units of risky asset j. Con-
sumption s then )
P =Bt + 0pP + A 4 e (2.1)

in the second period.

We can infer from (2.1) that the investor exchanges the marketable component "4

of her income risk for the tradable portfolio m*, which allows an optimal allocation
of risk and return. Because markets are incomplete, she is also constrained to bear
the undiversifiable income risk é"4".

Investment in the riskless asset is the sum of two components, which cor-
respond to intertemporal smoothing and the precautionary motive. First, the
agent uses the riskless asset to reallocate her expected income stream between
the two periods. Note that she compensates for any discrepancy between her
subjective discount factor and the interest rate. Second, she saves more when
future prospects are more uncertain. As will be seen in the next section, financial
innovation affects this precautionary component by modifying the riskiness of the
portfolio 74 and by reducing the undiversifiable income risk gha™.



The consumption of the non-participating investor is obtained from Theorem
1 by setting A = {0} and x = 0.

Proposition 1. When not trading risky assets, the investor saves

ehy J—

1
b — B+ —In(RA) + Var (&) (2.2)

. . ~ ~ hon -
in the first period, and consumes ¢"™ = " + 03" in the second.

The non-participating agent bears all the endowment risk in her final consumption.
The precautionary demand for the bond therefore depends on the whole variance
of future income.

The investor makes her participation choice by comparing utility under en-
try and non-entry. In the CARA-normal case, this reduces to maximizing the
certainty equivalent Ec" — yVar(c")/2. As shown in the appendix, the benefit
of trading risky assets is YV ar (éhA — ThA) /2, while the opportunity cost is kR.
This leads to

Theorem 2. The investor trades risky assets when
JVar (@ —m") > kR, (2.3)
and is indifferent between entry and non-entry if the relation holds as an equality.

Relation (2.3) has a simple geometric interpretation in L*(2), which is illustrated
in Figure 1. The agent trades risky assets if the distance between her income risk
"4 and her optimal portfolio /m# is larger than \/2xR/7. The trader thus pays
the entry fee only if her initial position is sufficiently different from the optimum,
as is standard in decision-theoretic models with adjustment costs.

The theorem has a natural interpretation when all agents have a positive
exposure to certain classes of risks. Investors with low exposure to marketable
shocks buy the corresponding assets to earn a risk premium; these agents are
called speculators. On the other hand, agents with a high risk exposure will hedge
by selling the corresponding risky assets; these agents are called hedgers or issuers.
The model thus closely matches the type of risk-sharing examined in the futures
literature.



2.2. Equilibrium

Let P C H denote the set of participants in the risky asset markets. When the
class of indifferent agents has measure zero, we can write

P={he€H :yWVar(e" —m")/2 > kR}. (2.4)

Market participants can have different income risk characteristics than the entire
population. We will show in Sections 3 and 4 that this difference is a driving
element of the model.* While é denotes the mean income in the population, we
define the average endowment among participants as

o = [ aprin)
P

where p? is the conditional measure p/p (P) if p(P) > 0, and identically zero
otherwise.

In equilibrium, the common consumption risk m* must coincide with the
average tradable income risk of participants:

mA = erh, (2.5)
We also establish
Theorem 3. In equilibrium, an asset a is worth
m(a) = [Ea —yCov(é?,a)]/R. (2.6)

The interest rate satisfies
InR =1nRy+ xp(P) |:/<L + %/ Var (éhA _ épA) duP(h)| , (2.7)
P

where In Ry =1In (1/6) + x(Eé — e) — (xv/2) [, Var (€") du(h).

The participation set and asset prices are thus jointly determined by (2.4) — (2.7).

As in the standard CCAPM, an asset is valuable if it provides a good hedge
against the consumption risk é?4 of participants. Since participation is endoge-
nous in our setup, financial innovation can change the market endowment éP, and

4Mankiw and Zeldes (1991) show the empirical importance of this distinction.
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therefore the relative price w(a)/R™ =Ea — vCov(eéP,a) of a risky asset relative
to the bond. The possible effect of financial innovation on the risk premium cru-
cially relies on the endogeneity of participation, and is one of the main properties
of the model.’

The equilibrium interest rate R is influenced by the two economic effects that
correspond to the last two terms of equation (2.7). First, the interest rate tends
to be higher when more first period resources ku (P) are absorbed in the en-
try process. The second term of (2.7) corresponds to the precautionary mo-
tive. To illustrate this point, recall that the variance of individual consumption
is Var(éP) + Var(é"") if an agent participates, and Var(é"4) + Var(é"") oth-
erwise. Entry reduces on average the variance of consumption by

/PVaT (&") dpP(h) — Var (&) = /PVCLT (e — &) duP(h). (2.8)

This term is large when many agents participate or many hedging instruments are
available. The financial markets then permit agents to greatly reduce their risk
exposure, which dampens their precautionary motive, reduces the demand for the
riskless asset, and leads to an increase in the equilibrium interest rate.’

The entry condition (2.3) suggests that a lower entry fee or improved spanning
tends to encourage entry. For instance when the entry cost « is infinite, no agent
trades risky assets and the equilibrium interest rate equals Ry.” The equilibrium
set of participants, however, may not increase monotonically with the financial
structure. This is because the entry condition (2.3) depends on the endogenous
variables € and R. When new assets are added, a participating agent h may leave
the market because the diversification benefit vV ar(é"* — €P4)/2 has dropped or
the opportunity cost has increased. We will provide examples of such behaviors
in Sections 3 and 4.

The effect of financial innovation on the interest rate can be predicted when
eP remains constant.

When the set of traders is fixed, an increase in the asset span has no effect on the relative
price of a risky asset relative to the bond, as noted in Oh (1996).

6This equation is thus consistent with the well-known effect that financial innovation increases
the interest rate when the participation structure is exogenous (Weil, 1992; Elul, 1997; Calvet,
2001).

"More generally, let Kmax(A) denote the essential supremum of (y/2Ro)Var (¢"*) in the
population. It is easy to show that when k > Kpax(A), the economy has a unique equilibrium,
in which no agent trades risky assets. On the other hand if K < Kpax(A4), any equilibrium has
a non-negligible set of participants.
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Proposition 2. Financial innovation leads to a higher interest rate when the
mean endowment eP is unchanged.

The proof has a straightforward intuition. Financial innovation and a decrease in
the interest rate would both encourage entry and lead, by (2.7), to a higher interest
rate - a contradiction. Thus if the participants’ average endowment does not vary,
existing asset prices necessarily decrease with financial innovation. Changes in é?
thus play a crucial role in determining the impact of financial innovation on asset
prices. To better understand this role, we now introduce a factor model of risk
exposure.

3. Economies with a Unique Risk Factor

We consider in this section a class of economies with a unique risk factor £. The
participation structure and interest rate are determined by the intersection of two
curves, which respectively correspond to the entry condition and the market clear-
ing of the bond. We derive the comparative statics of the economy and develop
intuition on the risk premium that will be useful for the multifactor calibrations
of Section 4.

We specify the endowment of each investor h as

" =Feé" + ', (3.1)

and call " the individual loading of the agent.® The factor Z is a macroeconomic
shock that linearly affects all incomes. The model is tractable when the factor and
the asset payoffs are jointly normal. Without loss of generality, we assume that &
has a standard distribution N(0,1), and that the average loading @ = [, ¢du(y)
in the population is non negative.

When financial markets are incomplete, existing securities span only partially
the common shock. The projection of & on the asset span, &4 = Ez'J:1 Cov(E*,a;)a;,
is called the tradable component of the factor. The corresponding variance

a = Var(é?h)
is a useful index of market completeness, which quantifies the fraction of the risk
£ that is directly insurable. Since & has unit variance, the completeness index « is
contained between 0 and 1. The values o = 0 and a = 1 respectively correspond

8Purely idiosyncratic shocks are ruled out in this section for expositional simplicity.
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to the absence of risky assets (A = {0}) and the full marketability of the shock
(¢ € A). Intermediate values of o arise when agents can only trade the bond
and a risky asset imperfectly correlated with the aggregate shock. The portfolio
&% and the completeness index a have direct empirical interpretations. We can
calculate &4 by regressing the factor  on the asset payoffs. The corresponding
determination coefficient R? is then an estimate of the completeness index «.

The one-factor model discussed in this section has a natural interpretation
when the factor represents GDP or a market risk that is not directly tradable
on organized exchanges (Roll, 1977; Athanasoulis and Shiller, 2000). New assets
then help market participants hedge more closely the risk &, and thus imply an
increase in the completeness index «. Similarly, macroeconomic variables such as
GDP are observed with measurement errors and lags. Improvements in national
accounting can lead to more precise hedging instruments and a corresponding
increase in a.

The distribution of the loading ¢ in the population is specified by a measure
1 on the real line. To clarify the intuition, we assume that the measure p has a
continuous density f(¢), whose support is the nonnegative interval [0, 00).” The
parameters « and k are also taken to be non-degenerate, in the sense that o > 0
and 0 < Kk < 00.1?

We easily infer from Section 2 the equilibrium conditions. Let ¢” denote the
average loading of participants:

P = /7> duP (). (3.2)

Market entrants have average income e? = [E eP+ P (€A+§AL), and their individual
consumption thus satisfies:

& =E + e+

As seen in Theorem 1, the marketable consumption risk P4 is identical for
all participants. Consider an asset a, m(a) > 0, that positively covaries with
the factor. The endogenous loading ¢P controls the covariance between the asset
and individual consumption, Cov(¢", a) = ¢P?Cov(g,a), and therefore the pricing
of risk. Let R, = a/m(a) denote the random (gross) return on the asset. By

9The theorems of this section are in fact proved for densities f(¢) with arbitrary unbounded
supports.
0Degenerate values of o and & are discussed in Appendix B.

13



Theorem 3, the relative risk premium satisfies

ER,— R _ yPCov(a,E)
R Ea—~prCov(a,é)’

We will show that financial innovation can reduce the consumption loading ¢?
and thus diminish the risk premium of preexisting securities.

We now turn to the equations that determine the interest rate and the partic-
ipation set. The equilibrium of the bond market implies

InR=InRy+ xu(P) |k + %Vﬂ/f"p(@) , (3.3)

where Varp(p) = [»(¢ — ¢*)?duP(p) denotes the variance of the participants’
loadings. By Theorem 2, an agent enters if the diversification benefit a-y(p—P)?/2
is larger than the opportunity cost kR. As a result, the participation set

P = (—o00,¢" — AU [P + A, +00) (3.4)

is the union of two half-lines that are equidistant from ¢? by length

A =/26R/(a). (3.5)

Agents ¢ > P + A are hedgers who trade risky assets to reduce their exposure.
Conversely, agents with loadings ¢ < ¢P — A are speculators who increase their
consumption risk in order to earn a higher return. An equilibrium is thus a triplet
(R, A, ¢P) satisfying equations (3.2) — (3.5).

The equilibrium calculation is simplified by the following observation. Equa-
tions (3.2) and (3.4) impose that the loading ¢” is both the center of symmetry
and the center of mass of the participation set P. In the Appendix, we show that
this restriction implies

Property 1. For any A > 0, there exists a unique @P(A) satisfying equations
(3.2) and (3.4).

We can now define P, as the participation set (—oo; ¢P(A) —A] U [P (A) +A; +00)
corresponding to a given length A. It is easy to show

Property 2. The participation set Py decreases with the length parameter: Py C
Pa for all A < A

14



Since the sets {Px; A > 0} are nested, the length parameter A provides a precise
ordering of the participation structure. A high value of A corresponds to a small
set Pa and thus a low participation rate p(Pa).

To develop intuition on the risk premium, consider the simpler model in which
the interest rate R is exogenous. The formula A = \/2kR/(cy) then expresses
the participation parameter as a function of exogenous quantities only. A higher
completeness index « reduces A and thus increases the participation set Py. The
implied movement in the loading ¢” then controls changes in pricing of risk.

Property 3. When the loading density verifies the skewness condition
fe” = A) > f(eP + A), (3.6)

the center of gravity @P(A) locally increases with A.

Figure 2 illustrates the mechanism underlying this key result. When A decreases,
the skewness of the loading density implies that more agents enter to the left
(speculators) than to the right (hedgers) of ¢f, which pushes down the average
consumption loading ¢”. A majority of the new entrants seeks to buy the factor’s
marketable component &, bid up its price, and thus drive down the risk premium.
The fixed interest rate setup thus illustrates the role of the loading density f(y)
on the comparative statics of asset prices.

The equilibrium analysis requires more care in the full-fledged model in which
the interest rate is endogenous. Properties 1 and 2 imply that in the (A, R) plane,
an equilibrium corresponds to the intersection of the two curves:

Ri(A) = ayA?*/(2k), (3.7)
Ry(A) = Roexp{xu(Ps) [+ ay(Varp,p)/2]}. (3.8)
The functions respectively express the entry decision and the equilibrium of the

bond market. We observe that R;(A) is increasing and quadratic, while Ra(A)
monotonically decreases with A (by Property 2). This helps establish

Theorem 4. There exists a unique equilibrium.

Figure 3 illustrates the geometric determination of equilibrium, and helps to an-
alyze the effect of financial innovation. An increase in « pushes up both curves
in the figure, implying a higher interest rate and an ambiguous change in the
participation parameter A.
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Theorem 5. The riskless rate R increases with financial innovation. As the
completeness indexr o increases from 0 to 1, the set of participants P has two
possible behaviors. 1t is either monotonically increasing; or there exists o € (0, 1)
such that P increases on [0, a*] and decreases on [o*,1].

The two behaviors are illustrated in Figure 4. The ambiguous effect of financial
innovation on market participation has a simple intuition. On one hand, a higher
« increases the benefit ay(¢" —P)?/2 of trading risky assets and encourages entry.
On the other hand, new assets reduce the precautionary motive and increase the
interest rate, thus discouraging participation. The overall movement depends on
the sensitivity of the curves R; and R, to the innovation parameter a.

Let nx, = dIn X/dIna denote the elasticity of an endogenous quantity X.
We infer from equation (3.7) that

Mo = (nR,a - 1)/2

)

Financial innovation thus increases the set of participants (1, , < 0) if it only
has a weak impact on the interest rate (np, < 1). In addition, we observe that
the elasticity of Ry(A) with respect to « increases with the dispersion of the
participants’ loadings Varp, . When traders have very heterogeneous incomes,
financial innovation allows agents to greatly reduce their average consumption
risk, as shown by (2.8). As a result, new assets have a strong impact on the
individual precautionary motive and the equilibrium interest rate. In Figure 4,
this explains why participation is non-monotonic for the loading density with the
highest variance.

The effect of innovation on the risk premium is easily examined. Consistent
with Figure 2, we show

Proposition 3. The relative risk premium locally decreases with financial inno-
vation Zf nA,a [f(@p - A) - f((tpp + A)] <0.

This local result is analogous to condition (3.6) derived in the exogenous interest
rate case, but now controls for changes in the participation parameter A. We can
also guarantee a global decline in the relative risk premium.

Theorem 6. As the completeness index o varies from 0 to 1, the relative risk pre-
mium monotonically declines if the loading density f(p) decreases on its support
and satisfies xy(Varge)/2 < 1.
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The second condition bounds the dispersion of factor loadings, and thus guaran-
tees that the elasticity of Ry(A) with respect to « is sufficiently small.

The one-factor model thus reconciles a number of changes that have been
observed in financial markets in the past thirty years. New financial instruments
have encouraged investors to participate in financial markets, which has led to a
reduction in the precautionary motive and in the covariance between stockholder
consumption and the aggregate shock. These two effects have in turn increased
the interest rate and reduced the risk premium.'! We observe that this argument
is consistent with the empirical findings of Mankiw and Zeldes (1991), who show
that the consumption of stockholders tends to be more correlated with the market
than the consumption of non-stockholders. As financial innovation leads more
people to enter the market, the risk premium falls.

In this section, financial innovation consisted of providing a better hedge
against a common risk factor. In practice, however, households and firms face
multiple sources of income shocks, and innovation often permits to hedge classes
of risk that had been previously uninsurable. For this reason, we now examine a
multifactor model of risk.

4. Multifactor Economies

We now consider an economy with a finite number of risk factors (21, ..,2), which
correspond to macroeconomic or sectoral shocks affecting individual income. For
instance, £; could be an aggregate risk, and &, .., €1, could correspond to industry
or firm-specific shocks. We specify the income of each investor h as

L
& =Ee"+) ¢z, (4.1)
=1

and denote by o = (©”, ..., o") the vector of individual loadings. The model is
tractable when the risk factors and the asset payoffs are jointly normal. Without
loss of generality, we normalize the factors to have unit variances and no mu-
tual correlation: (Z1,..,21) ~ AN (0,1). The distribution of factor loadings in the
population is specified by a continuous density f (¢) on RE.

I'We show in Appendix B that an increase in the transaction cost implies a higher risk
premium when condition (3.6) is satisfied. Like models with exogenously restricted participation
(Vissing-Jorgensen, 1997; Basak and Cuoco, 1998), our framework thus helps explain the equity
premium puzzle.
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The factors may not be fully tradable when financial markets are incom-
plete. As in the previous section, it is useful to consider their projections &' =
Z}]:1 Cov (2,,@;) @; on the asset span. We interpret ;' as the marketable compo-
nent of factor £, which can be estimated empirically by regressing £, on the asset
payoffs. We conveniently stack the projected factors in a vector &4 = (éf, . éf).
The covariance matrix

4 =Var (1)

is a generalized index of market completeness, whose diagonal coefficients o, =
Var (éeA) quantify the insurable fraction of each factor.

We assume for simplicity that the projected factors are mutually uncorrelated:
Cov(&],21) = 0 for all distinct £ and k. In the comparative statics of the next
subsections, this hypothesis will make it more striking that the improved mar-
ketability of factor ¢ can affect the risk premium on an uncorrelated component
/!, The covariance matrix is then diagonal:

Qa1
4 =
ar
with coefficients oy = Var (?:24) contained between 0 and 1. We note that %4 is
equal to zero when there are no assets, and to the identity matrix when markets
are complete.

The equilibrium calculation follows directly from Section 2. By equation (4.1),
the mean endowment of participants satisfies

L
F=E&+) oz, (4.2)
=1
where each ¢ represents the traders’ average exposure to factor £. The equilib-
rium of financial markets implies the relations
m(a) = [Ea —yCov(é’,a)]/R (4.3)
and

2
InR=InRy+ xu(P) |k + % Z a;Varp(p,)| , (4.4)

i=1
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where In Ry = In(1/3) + x(Be — e0) — (7x/2) 3.7_, B(¢?). These equations suggest
that when the utility coefficients v and x~! are large, financial innovation gener-
ates both substantial variations in the pricing of risk and small movements in the
interest rate.

The entry condition (2.3) implies the participation set

p:{w

When all the coefficients a, are strictly positive, the participants are located
outside an ellipsoid centered at ¢? = (47, .., ¢} ).!? The lengths A, = \/2kR/ ()
of the ellipsoid along each axis depend on the completeness index a; and the
endogenous interest rate. As in the one-factor case, we show

no |2

D aulp @) > KR} : (4.5)

Theorem 7. There exists a unique equilibrium.

The proof begins by establishing that the lengths A = (Ay,..,A) define a unique
participation set Py. Unlike the one-factor case, however, the set P need not be
decreasing in each component A; because the ellipsoid can move in more than one
direction. We show that the market clearing of the bond uniquely determines the
interest rate R and thus the lengths Ay = \/2kR/(ay). The proof also provides a
simple algorithm for the numerical computation of equilibrium. We now examine
the comparative statics of participation and asset prices with respect to financial
innovation.

4.1. Calibrated Movements in the Equity Premium

We showed in Section 3 that financial innovation can reduce the risk premium of
securities correlated with the common factor. In this subsection, we now investi-
gate the possibility of cross-sectoral effects, i.e. that the improved marketability
of a given shock has pricing effects in uncorrelated sectors. Consider for simplicity
an economy with two factors £; and ;. The random variable €; is an aggregate
shock to which all investors are positively exposed, while the second risk &, is
idiosyncratic. Let @ = Ba + &), 7(a) > 0, denote an asset or stock that is only
correlated with the aggregate factor.'® By equation (4.3), the stock has relative

12The participants are located outside a cylinder when some coefficients a, are equal to zero.
13While the assets are assumed to be in zero net supply, we easily reinterpret the model in
terms of equity by viewing the endowment as the sum of a labor income and an exogenous

19



risk premium B
E Ra - R . ’yspjljal

R - Ea—vydla;’
Consider how this ratio is affected by an increase in the completeness index ay of
the idiosyncratic shock. If participation were exogenous, the consumption loading
¢} would be a constant parameter, and the improved spanning of Z, would not
affect the relative premium of the stock. In our model, however, financial inno-
vation can affect the consumption loading ¢} and the premium (4.6) even though
the stock a and the idiosyncratic risk &5 are statistically independent.

When only the asset @ is initially traded (cp = 0), non-participants have
loadings ¢, that are close to the market average: |p; — ¢}| < \/2kR/(c17). As
oy increases, agents with loadings ¢, sufficiently distant from ¢% sustain the entry
cost in order to modify their exposure. In addition, the new participants also
trade the stock a to achieve an optimal level of diversification. We observe this
type of behavior when investors or companies start trading derivative instruments
for hedging purposes and then, once acquired a certain level of expertise, act as
speculators in unrelated financial markets. The risk premium on a declines if a
majority of the new entrants have a small exposure to £; and thus increase the
demand for asset a.

We assess the magnitude of this effect in calibrated simulations. Assume that
exposures to the aggregate and idiosyncratic risks are independent across the
population. The cross-sectional density of loadings is then of form f(¢;,ps) =
f1(¢1) f2(p5). This hypothesis will make it perhaps more surprising that the in-
creased marketability of the idiosyncratic risk can modify the equity premium.
We specify the loading density fa(¢,) to be a centered Gaussian A(0,03). Ag-
gregate exposure to the idiosyncratic risk is equal to zero, and the symmetry of
f2(p5) implies that ¢5 = 0 in equilibrium.

We next consider a microeconomic structure that relates the loading density
f1(¢y) to aggregate volatility and the distribution of income. The random endow-
ment of an agent is specified as:

(4.6)

Eh = 68(1 + 0'1?;:1) + gﬁggg

The individual loading ¢ = o1elt > 0 is thus proportional to the expected income

endowment of stocks. This is a standard convention in asset pricing theory, as discussed for
instance in Magill and Quinzii (1996, ch. 3).
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el 14 The aggregate endowment in period 1 thus satisfies
€= 60(1 + Ulgl)-

Without loss of generality, we normalize mean income to unity: ey = 1. The utility
coefficients v and y~! then coincide with relative risk aversion and the elasticity
of intertemporal substitution at the mean endowment point. The quantity « is
also equal to the fraction of mean income used in the entry process.

As is standard in the literature, we assume that a lognormal density g(ef)
quantifies the initial allocation of income in population: Ine} ~ N (u,,0?). Since
mean income is normalized to 1, the parameters u, and o2 satisfy the restriction
p, +0%/2 = 0. We choose p, = —0.25 in a simulation, which corresponds to a
reasonable Gini coefficient of 0.4. Since ¢ = oyelt, the density of the first loading
is given by fi(1) = o7 g(p1/0).

We report a representative simulation in Figure 5. The relative risk aversion
and the intertemporal elasticity are set equal to v = 10 and x~! = 2. We choose
the discount factor 3 = 0.96, the entry cost k = 0.8%, and the standard deviation
of aggregate income growth o1 = 0.04. The loading density f2(p,) is parameterized
by o2 = 0.10. We assume that the aggregate shock is only partially tradable. The
corresponding completeness index is set to the constant value a; = 0.5, which
is roughly consistent with the correlation between the aggregate labor income
shock and the NYSE value-weighted stock return reported in Campbell, Cocco,
Gomes and Maenhout (2001). The stock is a traded asset of the form @ = x + 27
We select the weighting coefficient = to obtain a risk premium ER, — R equal
to 7% before the introduction of new contracts (cg = 0). This corresponds to
the real yield on the equity index over the period 1889-1978. In the absence
of a futures market, the economy roughly matches the historical data. The net
interest rate R is equal to 1% and the standard deviation of the stock return is
[Var(R,)]"? = 15%, implying a Sharpe ratio of about 1/2. We note that these
two numbers are consistent with the data reported in the literature (e.g. Mehra
and Prescott, 1985; Campbell, Lettau, Malkiel and Xu, 2001).

The simulations show that the risk premium on the stock declines from 7% to
4.5% as as increases from 0 to 1. This is the key result of the calibration. Pro-
viding insurance against the idiosyncratic shock substantially decreases the risk
premium through changes in participation. The standard deviation of the stock
return stays almost constant at 15%, which is consistent with the stationarity of

14We assume for simplicity that there is no expected growth between the two periods.
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market volatility over the past century (Campbell, Lettau, Malkiel and Xu, 2001).
We observe that most of the decline in the risk premium occurs when the hedging
coefficient s increases from 0 to 0.5. Furthermore, the value ay = 0.5 also yields
values for participation (60%) and the real net interest rate (2.5%) that are rea-
sonable approximations of the current US economy. This simulation is the main
calibration result of the paper and shows strong evidence of the cross-sectoral
effects induced by financial innovation.

4.2. Differential and Interest Rate Effects of Financial Innovation

We now explore two additional consequences of introducing new assets in the
multifactor model: differential changes in sectoral risk premia, and a possible
reduction of the interest rate.

The calibration of subsection 4.1 assumed that the loading density fa(y,) is
symmetric around zero, implying that an asset correlated only with the second
factor yields no risk premium (4 = 0). The shock £, redistributed income across
the population, and its marketable component was diversified away by market
participants. In this subsection, we consider instead that £, is a second source
of aggregate uncertainty. The loading density f5(y,) is skewed and is assumed
for simplicity to have a positive support. The risks £; and &, are then inde-
pendent sources of aggregate uncertainty that yield positive and distinct premia.
This opens the possibility that financial innovation, such as increase in as, can
differentially affect asset prices across sectors, and thus have rich effects on the
cross-section of expected returns.

To illustrate this possibility, we extend the comparative statics analysis of
Figure 2 to the two-factor case. Consider an economy with an exogenous interest
rate R, and initial indices oy and a,. The ellipse delimiting the participation set
is illustrated by a solid line in Figure 6a. It is centered at ¢P and has lengths
Ay = \/2kR/(ayy) along each axis. We now consider the equilibrium effect of
an increase in the second index from ay to af. Since the interest is fixed, the
limiting boundary in the new equilibrium has the same horizontal length A; but a
shorter vertical length Af,. In dotted lines, we represent the (intermediate) ellipse
centered at ¢P with lengths A; and A,. Agents in the shaded area have a different
center of gravity than ¢” and tend to push the new equilibrium set towards the
region of higher mass. Because these agents are more spread out vertically than
horizontally, the induced movement in ¢? is expected to be stronger along the
vertical axis, i.e. in the direction of innovation. The increased marketability of
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the shock g5 may thus predominantly influence the average exposure and the risk
premium in the second sector.

We demonstrate the validity of this intuition on a (non-calibrated) numerical
example with an endogenous interest rate. The marginal densities of the factor
loadings are specified as identical log-normals: f; = fo = g. The bivariate density
fe1,09) = g(v1)g(p,) has support on the non-negative orthant and is skewed
towards the origin. The initial economy has hedging coefficients a; = as = a. As
in the previous subsection, we consider two fixed assets a, = x, + EEA (¢ =1,2),
and choose the means z, to match a risk premium of 7%. The symmetry of the
economy imposes that 1 = o = x. As ay increases from « to 1, the risk premia

ER, — R =

are declining at different rates, as is apparent in Figure 6b. As conjectured, the
risk premium on the second asset drops more quickly with as. The results of the
figure are almost unchanged when we exogenously restrict the net interest rate to
2%.

The differential effect of financial innovation is one of the main properties of
the multifactor economy. It distinguishes the introduction of sector-specific secu-
rities or hedging instruments from changes that jointly affect all security markets,
such as a reduction in taxes or transaction costs. In future work, this property
may prove useful to explain empirical findings on the price impact of financial
innovation.'?

Multifactor economies also imply novel results for the comparative statics
of the interest rate. As discussed in Section 2, the introduction of new assets
increases risk-sharing opportunities and weakens the precautionary demand for
savings. In models with exogenous participation, this leads to a higher equi-
librium interest rate under many specifications, including CARA-normal (Weil,
1992; Elul, 1997; Calvet 2001). The Appendix establishes that when participation
is endogenous,

Proposition 4. The interest rate locally decreases with financial innovation in
some multifactor economies.

This result has a simple geometric intuition. When new assets are introduced,
the movement of ¢” pushes the ellipse towards a region of higher mass. In some

15See Allen and Gale (1994a) for a review of this literature.
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economies, this effect is sufficiently strong to reduce the number of participants
and the interest rate.

5. Conclusion

This paper develops a tractable asset pricing model with incomplete markets and
endogenous participation. Agents receive heterogeneous random incomes deter-
mined by a finite number of risk factors. They can borrow or lend freely, but must
pay a fixed entry cost to invest in risky assets. Security prices and the participa-
tion set are jointly determined in equilibrium. The introduction of non-redundant
assets encourages investors to participate in financial markets for hedging and
diversification purposes. Under plausible conditions on the cross-sectional distri-
bution of risk, the new entrants reduce the covariance between stock returns and
the average consumption of participants, which induces a reduction in the risk
premium.

This logic is easily demonstrated in a simple one-factor model. Financial in-
novation also has strong cross-sectoral effects in economies with multiple sources
of risk. When a factor becomes tradable, new agents are drawn to the market
in order to manage their risk exposure. Under complementarities of learning or
increasing returns to trading activities, the new agents also trade in preexisting
markets and can modify the risk premia of securities uncorrelated to the fac-
tor. Furthermore, financial innovation differentially affects distinct sectors of the
economy and thus has a rich impact on the cross-section of expected returns.

These results suggest several directions for empirical research. Future work
will assess the contribution of financial innovation to the decline of the equity
premium in the past three decades. Participation changes may also help explain
the pricing effects of new derivatives reported in the empirical literature. From
a policy perspective, the mechanisms examined in this paper provide useful in-
sights on current debates in public and international economics. When countries
face fixed costs to financial integration, the model implies that the creation of
new markets can have profound pricing, participation and welfare consequences.
An extension of this work could investigate the political economy of the macro
markets advocated by Shiller and others. Further research may also evaluate gov-
ernment policies affecting asset creation and participation costs, such as financial
regulation, taxes, and social security reform.
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6. Appendix A - Existence and Efficiency of Equilibrium

The existence of equilibrium can be established when the state space Q2 = {1, .., S}
is finite and the economy satisfies standard hypotheses. Assume that the utility
function U" of every agent is continuous, strongly monotone and strictly quasi-
concave on RS, At prices where agents are indifferent between entry (6" # 0)
and non-entry (6" = 0), individual demand consists of two distinct points, which
may lead to discontinuities in aggregate demand. This difficulty can be solved
by making the following convexifying hypothesis. There is a finite number of
individual types h = 1, .., H, and a continuum of agents in each type. We can
then show

Theorem A.1. There exists a GEEP equilibrium.

Under standard conditions (Aumann, 1966), this result extends to any economy
with a continuum of agents.

As in the GEI case, equilibrium allocations are usually Pareto inefficient be-
cause the absence of certain markets induces incomplete risk-sharing. With two
periods and a single good, however, GEI allocations are known to satisfy a limited
or constrained form of efficiency. No social planner can improve the utility of all
agents when income transfers are constrained to belong to the asset span. This
limited form of efficiency easily generalizes to our setting by taking into account
the entry fee.

Definition. An allocation (ci,c")ner is called feasible if and only if
1. For all h, there exists (05,0") € R x R’ such that &" ="+ 0p +a- 0"
2. [(ch+ Hl{ehio})du(h) = eg, and [ " (w)dpu(h) = é(w) for all w € Q.

We can then introduce

Definition. A feasible allocation (ct,")nem is called constrained Pareto-efficient

if no other feasible allocation makes all agents strictly better off.
We show that any equilibrium allocation is constrained Pareto-efficient.
Theorem A.2. An equilibrium allocation is constrained Pareto-efficient.

The theorem implies that the introduction of a new asset cannot make all agents
worse off.
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6.1. Proof of Theorem A.1

We base our argument on the existence proof provided by Hens (1991) for the
standard GEI case.

Individual Excess Demand

Given py > 0 and a vector (mg, ) of asset prices, it is convenient to define ¢ =
(po, mo, ) and the budget set

B"(q) = {(007 06,0") : polco + 'fl{eh#o}) + moly + - 0" < poeg} :

The no-arbitrage set

Q= {(PoﬂToﬂT) € Ry xR

there exists A € Ri o such that
m;=AMNajforal j=0,..,J '

is an open convex cone of R/*2, and it is useful to consider its closure

Q = {(po,ﬂ'o,ﬂ') c R+ X RJJFI

there exists A € Ri such that
;= AMNa;forall j=0,.,J '

Given ¢ € Q, we can calculate the excess demands Z"(q) = [cF(q) + & —
et 05" (q), 0" (q)] and Z"(q) = [cf™(q) — ef, 05" (), 0""(q)] of a participating and
non-participating agent of type h. Given a participation decision d € {p,n},
the excess demand function Z"¢(q) is continuous, homogeneous of degree 0, and
satisfies Walras’ law. We can then define the excess demand correspondence

Z"(q) if V*[Z"(q)] > V" [Z"(q)
Z"q) =14 Z"™(q) if Vh{Z(q)| <V |ZM(q)| ,
[ZM(q), Z"™(q)] if V" |[ZM(q)| = V" [ Z"(q)

where V" (2) denotes the utility U"(co, e"+60y+a.0) associated to an excess demand
strategy z = [co + klgaz0y — €fy, 6o, 0]. We observe that Z"(q) is homogeneous of
degree 0, upper hemi-continuous and satisfies Walras’ law.

Consider a vector § € Q\Q, § # 0, and a sequence {¢"}>>, of elements of Q
converging to g. We want to show that inf{||z||;z € Z"(¢")} — +o0. Proceed by
contradiction and assume that there exists a bounded sequence {z"*}¢2 ), 2" €
Z"(g™) for all k. The sequence {z™}°, has then a cluster point zZ. Without
loss of generality, it is convenient to henceforth neglect subsequence notation and
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directly assume that 2" — Zz. Given x € B\h(ﬁ), we know that z is the limit of a
sequence {z"}, z" € B"(¢"™). Since " € B"(¢"), we know that V"(z") < V(2"
for all n. Letting n go to infinity, we infer that V" (z) < V"(2) for all z € B"(7),
which is absurd. This establishes that inf{||z||; 2z € Z"(¢")} — oo as n — oo. We

1

can also consider the matrices M = [ay, ..,a;] and N = , and show by

M

a similar argument that inf{||z||; 2 € NZ"(¢")} — oo as n — co. Moreover since
consumption is non-negative, the set NZ"(¢") > —e" is bounded below.

Market Excess Demand

We now define the market excess demand
H
Z(q) =) _ ulh)Z"(q).
h=1

The correspondence Z(q) is upper hemi-continuous, convex and compact-valued,
homogeneous of degree 0 and satisfies Walras’ law: ¢.Z(q) = 0. Moreover consider
an arbitrary vector ¢ € ) and a sequence {¢"}22; of elements of () converging to
a vector 7 € Q\Q, g # 0. Since each NZ"(q") is bounded below, we infer that
NZ(q") is bounded below and inf{||z||;z € NZ(¢")} — oo. The absence of arbi-
trage implies that § = NTA for some A € RS Since inf{||z||;2 € NZ(¢")} —
oo, we infer that ¢.Z(q") = K.NZ(q") > 0 for n large enough. We then conclude
by standard arguments (Debreu, 1956; Grandmont, 1977; Hens, 1991) that there
exists an equilibrium price.

6.2. Proof of Theorem A.2

Assume that there exists a feasible allocation (d,d"),cy such that U (d?, d*) >
U™(ch, & for all h. We know that for all h, there exists (7%, ") such that d" =
& 4+t 4+ a - n". Since (d, d") is strictly preferred to (cf,&"), it must be that
dt + monh + 7 - " + “1{nh¢0} > e. We aggregate across consumers: [ nidy = 0,

[n"dp =0 and [(d} + Hl{nh?éo})dp > e, which contradicts feasibility.
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7. Appendix B - CARA-Normal Economies (General Case
and One Factor)
7.1. Proof of Theorems 1 and 2

The decision problem of a participant consists of maximizing
—e X0 _ ﬂ {Ee—’y[5h+5.0+R(eg—co—7r.9—n)] }X/fy

with respect to the unconstrained variables ¢y and 6. For any choice of these
variables, the random consumption ¢ has a normal distribution with mean Ee" +
R(el — ¢o — 7.0 — k) and variance Var(e"") + Var(é"* +a.0). With the notation
u(c) = —e~X°, the objective function reduces to

u(co) + BulBE — 1Var(2)/2,
or equivalently
u(co) + Bu(D — Reg) exp [xR(m.0 + k) + xyVar(e"* +a.0)/2] ,

where D = Eé" + Rel — vVar(e"")/2 is exogenous to the agent.
The utility maximization problem is decomposed in two steps. First, the
optimal portfolio " minimizes the quadratic function

R (7.0 + k) +yVar(@* +a.0)/2.

The first order condition implies that Hh’p = —Cov(a], ) R?TJ /7. The optimal

portfolio has random payoff @.6™F = —NhA +mA, where m* = —(R/7) Z] | T
Second, the initial consumption ¢ is chosen to maximize

u(co) + Bu(D — Reg) exp [xR (7.0 + k) + xyVar(m?) /2] . (7.1)

The first order condition '(cy) = BRu'(D—Rcg) exp [ R (7.0"7 + k) + xyVar(m?) /2]
can be rewritten ¢y = — In(3R)/x+ D — Rep— [R(7.0" + k) +~Var(m™) /2], which
implies

1 1
hp _ L h_ . php sho_ 2 _x oh
" =7 R {R(eo k—m.0"")+Eeé Xln(Rﬁ) 5 Var(c )}

We then deduce e’g’p from the budget constraint.
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Similarly, a non-participant maximizes the function
u(co) + Bu(D — Reo) exp [xyVar(e")/2] . (7.2)
Comparing the functional forms (7.1) and (7.2), we infer that participation is
optimal if
YVar(e") /2 > R (1.0"" + k) + yVar(m™)/2.
This is equivalent to vV ar(e"* —m#)/2 > kR.

7.2. Proof of Theorem 3

We obtain the price of risky assets by averaging 9?’p across participating agents.
The mean demand [, 6gdpu(h) for the riskless asset is

R eo — Bé + x ' In(RB) + 1 [, Var (€") du(h)
1+ R | —6u(P)+ 2u(P)Var (eP) — 1 [, Var (e") du(h) |-

In equilibrium, mean demand is zero and the interest rate therefore satisfies (2.7).

7.3. Proof of Proposition 2

Financial innovation increases the assets span to A" D A, A" # A. The space A’
can be decomposed in two orthogonal subspaces A and B = A+NA’. By definition,
R’ and P’ solve the system

P'={h:1[Var(e"* —é*) + Var (e"? — &¥)] > R'x}
IR =InRy+ xpu(P')k+ %L fp, [V(M“ (éhA — éA) + Var (éhB - éB)] du(h).

Assume that R' < R. The first equation implies P C P’, and we infer from the
second equation that R’ > R, a contradiction.

7.4. Degenerate Cases of the One-Factor Economy

We begin by analyzing the special cases a = 0 and/or kK = 0. When assets
have no correlation with the risk factor (o = 0), the participation set is empty
under costly entry, and indeterminate under free entry. In either case, the risk
premium is zero and the interest rate is uniquely determined: R = Ry. When the
completeness index is positive (o > 0) and the entry cost is positive and finite,
we infer from Proposition 1 and Assumption 3 that the set of participants and
non-participants both have a positive measure: 0 < u(P) < 1,'% implying R > Ry

I61f everyone participates, o? = % and ay(¢" —%)?/2 > kR for almost every agent h, which
leads to a contradiction since the density f is strictly positive on every neighborhood of .
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in any equilibrium. Finally, there are no participants (P = () when the entry cost
is infinite.

7.5. Proof of Properties 1-3

Consider the function

Gy A) =/

—00

400

(¢ —p,)dp + / (o —p,)dp
PptA

wp_A

with domain R x [0, 4+00). For every fixed A > 0, the partial function G (¢,) =
G(¢,, A) is continuous, strictly decreasing, and satisfies lim, . G Alp,) = +o0,
limg, 0 Gap,) = —oo. The equation Gx(p,) = 0 has therefore a unique
solution, which is denoted by ¢,(A). It is then convenient to define the set
Pa={p:lp—¢"(A)] = A}.

We infer from the Implicit Function Theorem that the function ¢, (A) is dif-
ferentiable. Let A(A) = f[pP(A) + A] — fpP(A) — A] and V(A) = f[eP(A) + A] +
fleP(A) — A]. We observe that 0G /0¢, = —AV — u(P) < 0, 0G/OA = —AA, and
therefore

de, AA(A)

AN~ AV(A) + p(Py)
The sign of dip,/dA thus depends on the value of the density f at the endpoints
¢ — A and ¢P + A. Since |dp,/dA| < AV/[AV + u(P,)] < 1, the functions
¢P(A) — A and ¢P(A) + A are respectively decreasing and increasing in A. We
conclude that the set Py is (weakly) decreasing in A.

7.6. Proof of Theorem 4

Consider the functions Hy(A) = p(Pa) and Hi(A) = u(Pr)(Varp,¢). The mono-
tonicity of P, implies that Hy(A) is decreasing in A. Similarly, the function

Hi(A) = /W (- ©,)°f (p)dp + /+oo (o —,)° f(p)dep

o] pP+A

. (g, —A d(p,+A
has derivative A2 [f(gpp — A)% — fle, +A) (Wé’x )} + fp2(<,0 — ) f(p)de,

o dH dH,
1 42 0
2= <,

It is thus decreasing in A.
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In equilibrium, R and A are determined by the system (3.7) — (3.8). We ob-
serve that R; is strictly increasing, Rs is decreasing, Ry(0) > Ry > R1(0) = 0,
and R;(+00) = +00. The difference function R;(A) — Ry(A) is therefore strictly
increasing and maps [0, +00) onto [—R2(0), +00). There thus exists a unique equi-
librium.

7.7. Proof of Theorem 5

The equilibrium (R, A) is determined by the system

kR — ayA?/2 =0,
InR—InRy — kxHo(A) — axyH1(A)/2 = 0.

The corresponding Jacobian matrix is

- Kk —ayA
J = ( R oy ) (7.3)

where Joy = —kxH|(A) — axyH(A)/2 = —xk(1 + R)H|(A) > 0. We infer that
det J > 0.

We now infer from Cramer’s rule the effect of financial innovation on the
interest rate:

dr 1 —yA?/2 —ayA
dao detJ| —xvH1(A)/2  Jo

Financial innovation therefore increases the interest rate. We similarly infer

‘ > 0. (7.4)

d\ 1 K —yA?/2
do _th‘ R —val(A)/2‘
= —(k/a)[1 = axyu(P)(Varpp)/2] / det J, (7.5)

which has an ambiguous sign. The global behavior of A is established by a single
crossing argument. We know that A’(«) has the same sign as axyHi[A(a)]—1 =
G(a) — 1. Since G(0) = 0, the function A(«) is decreasing on a neighborhood of
a = 0. We observe that

G'(a) = xyHi[A(@)] + axyA (o) H[A()].

Thus if « satisfies G(a) = 1, we know that A'(a) = 0 and G'(«) = xyH1[A(a)] >
0. The equation G(«) = 1 has thus at most one solution on (0, 1].
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7.8. Proof of Proposition 3

The chain rule implies that
d?  dpP dA

doe — dA da
has the same sign as 1, ,[f (" + A) — f(¢? — A)].

7.9. Proof of Theorem 6

We know from (7.5) that 7, , has the same sign as axyu(P)(Varpp)/2—1. Since

/ (o —7)dps = / (0 — )2+ u(P) (P — B)
P P

we infer that u(P)Varpy < [,(¢—0)*du < Vary(p). The condition xyVary () /2 <
1 therefore guarantees that n, , < 0.
7.10. Effect of the Entry Fee

We can similarly analyze the effect of the transaction cost k. We note that

drR 1 R —ayA
dk~ detJ| —xHo(A)  Joo

has the sign of axyAu(Py) — RJss, while

dA_ l‘ﬁ R

E N _detJ Ril —XH()(A) ‘ > 0.

This implies that the mass of participants decreases with the transaction cost .
Finally, d¢?/dk has the sign of f(¢? +A) — f(¢? — A).

8. Appendix C - Multifactor Economies
8.1. Proof of Theorem 7

For every ¢ € R* and A = (Ay,..,Ar) e RY |

P(¢P,A) = {90 : XL: (%ﬁ)z > 1} . (8.1)

i=1 t

consider the set
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The boundary of this set is an ellipsoid. An equilibrium consists of ¢?, A, and R
satisfying

L. (=) =0, 82)
A= +2kR/ayy, (1 <L <L),

and the market clearing condition

L
lnRzlnRo+x/ ﬁ+%zai(%—s@f)2 dp(p). (8.3)
i=1

P(eP,A)

The analysis is simplified by

Fact C.1. For any A € R}, the equation [5 .\ (0 —¢P)dp(p) = 0 has a unique
solution P € RL.

Proof. The equation can be conveniently rewritten as a convex optimization
problem. More specifically, consider

(o)

i=1

k(p; P, A) = Lp(er,a) (),

where 1p(r ) denotes the indicator function of P(¢P,A). Since k(y; P, A) is
convex in ¢P and the measure p has an unbounded support, the function

K@) =3 [ ke N =5 [ [z I 1] ().

is strictly convexr in ¢P. A vector P thus minimizes K (¢?, A) on R if and only
if 0K/0¢P(¢P,A) = 0, which coincides with (8.2). It is therefore equivalent for
a vector ¢f to minimize K (¢F, A) or to be the center of mass of P(¢P, A). This
observation is very useful for the numerical calculation of equilibrium. From a
theoretical standpoint, note that the function K (P, A) is strictly convex on RF
and diverges to +o00 as ||¢P|| — +oo. This implies that the function K (P A)
reaches a minimum at a unique point ©”. |

Let ¢! denote the unique solution to (8.2), and P, the corresponding partic-
ipation set. Fact C.1 allows us to rewrite the equilibrium system as an equation
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of a unique variable, the interest rate R. For every R > 0, consider the lengths

Ao(R) = \/2kR/(ay), (1 <€ < L), and the vector A(R) = [A1(R),...,AL(R)]. Tt

is then natural to define the continuous functions gpﬁ( R) and Py (g), which will be
henceforth denoted ¢P(R) and P(R) for simplicity. We also consider the function

2(R) = In Ry +X/
P(R)

L
Y P 2
{Fu +3 ; a;lp; — ¢ (R)] } du(p). (84
The market clearing of the bond imposes that
2(R) =InR.

An equilibrium exists and is unique when the function z(R) is (weakly) decreasing.
We can indeed establish

Fact C.2. The function z(R) is decreasing in R.

Proof. We show this property by differentiating z(R) with respect to the interest
rate. Note that on the boundary of P(R), the integrand x+3 SF L ai[e — P (R)]
takes the constant value k(1 + R). The chain rule therefore implies

: du[P(R) - dgf(R)
szxm1+R—+X7/ a; [, — PP (R)] ——=—= 7 du(p).
(R) =xs(1 + R} FRYSUCREES g0
(8.5)
The second term is zero because " is the center of mass. Thus,
du[P(R
J(R) = yr(1 + B HPUE)] (8.6)

dR

This expression is non-positive by Fact C.3 below. [
Fact C.3. The mass of participants u[P(R)] is a decreasing function of R.

Proof. The discussion proceeds in two steps. We first show that the property
holds when indifferent agents are located on a sphere. We then extend the result
to arbitrary ellipsoids.

Consider economies such that o, = 1 for all £. The boundary of a participation
set P(R) is a sphere, which is denoted S(R). Given two positive numbers R and
6, 6 < R, we seek to show that

u[P(R)] < p[P(R —6)]. (8.7)

34



The inequality is trivially satisfied when P(R) C P(R — ¢). We now focus on the
case P(R) & P(R—6). Since the indifference sets S(R) and S(R — ) are spheres,

their intersection is contained in a hyperplane H:
S(R)NS(R—6) C H.

Without loss of generality, we choose the axes so that the hyperplane H is de-
scribed by the equation ¢, = 0, and the center of gravity ¢?(R) = (z,0...0)
has a positive first coordinate x. It is straightforward to show that ¢?(R — 6) has
coordinates (y,0...0), where y < z.'" We denote by P_ = P(R)\P(R—6) the set
of participants lost in moving from R to R — 8, by P, = P(R — §)\P(R) the set
of gained participants, and by Pe = P(R) N P(R — ¢) the common intersection.
Figure C1 illustrates these definitions. The subset P_ is contained in the half-
space ; < 0, and the subset P, in the half-space ¢, > 0. Since P(R) = P_UP¢
and P(R — ) = P, U P¢, we infer that

/ soldu(so)Jr/P ¢rdp(p) = x u(P-UPe),

/ wldu(w)Jr/ ordp(e) = y p(PyUPe).
Py Pc

Substracting these equalities implies

/ prdp(p) — / erdp(p) =y p(Py UPc) — (P U Pe).
Py

The left-hand side of the equation is positive because P, is contained in the half-
space ¢; > 0 and P_ is contained in the half-space ¢; < 0. This implies the
inequality: y u(P; U Pe) > x p(P- U Pe). Since z > y, we infer that

z W(P+UPe) >y (P UPe) = p(P-UPc),

and conclude that inequality (8.7) holds in the spherical case.

When the coefficients o, are arbitrary, a linear change of variables allows us to
return to the spherical case we just examined. Thus, consider the linear rescaling
©; = Do(p) = ¢yy/ar, and the corresponding measure p* = p o 1. Note that
this transformation does not involve a particular choice of R. For every R > 0,

1"The condition P(R) & P(R — ¢) implies that y — A;(R —¢) <  — A1(R) and thus y <
x4+ A (R—¢)—A(R) < z.
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the rescaled set P*(R) = ®[P(R)| has a spherical boundary centered around
PP (R) = @[p"(R)]:

P*(R) = {(p :

DO |2

> i — e (R)] > FvR} :

Furthermore, the condition fP(R) [0 — ¢P(R)]du(p) = 0 implies that ¢**(R) is the
center of gravity of P*(R). We then conclude from the previous paragraph that
the function pu[P(R)] = p*[P*(R)] is decreasing in R. |

8.2. Proof of Proposition 4

We provide an example in an economy with two uncorrelated factors (1, ¢2) and a
finite number of types. Letting § = 0.01, we consider p* = (—2,0), p? = (1+6,0),
0% = (2,0), ¢ = (0,—1 +6) and ¢+ = (0,1 — &), with respective weights
mA = mP = 1/5, m® = 1/10, m* = m~ = 1/4. The other parameters of the
economy are vy =x = 0.7,k =03, g =Ee =1, ap = 0.9.

A straightforward extension of Theorem 7 implies that a unique equilibrium
exists for any given value of ;. When a; = 0.55, we check that the participation
set contains all the agents of type A, C,+ and —. The fraction of participants is
4/5 and the net rate is approximately 7.9%.

On the other hand when a; = 0.9, the participation set contains all the agents
of type A, B,C. The participation rate has now fallen to 1/2 and the net interest
rate is now approximately 5.7%.
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Figure C1: Geometry of the Participation Sets



