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Abstract

In this paper we derive a unit root test against a Panel Logistic Smooth Tran-
sition Autoregressive (PLSTAR) model. The analysis is concentrated on the case
where the time dimension is fixed and the cross section dimension tends to infinity.
Under the null hypothesis of a unit root, we show that the LSDV estimator of the
autoregressive parameter in the linear component of the model is inconsistent due to
the inclusion of fixed effects. The test statistic, adjusted for the inconsistency, has
an asymptotic normal distribution whose first two moments are calculated analyt-
ically. To complete the analysis, finite sample properties of the test are examined.
We highlight scenarios under which the traditional panel unit root tests by Harris
and Tzavalis have inferior or reasonable power compared to our test.
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1 Introduction

One can expect the traditional panel data unit root tests by Quah (1994), Harris and
Tzavalis (1999), and Im, Pesaran, and Shin (2003), to have low power if the time series
for the cross sections exhibit structural shifts in levels and/or trends. One explanation
to this is that the authors quoted above base their unit root tests on panels where each
cross section is modelled as a linear autoregressive process considered in e.g. Dickey
and Fuller (1979), Phillips (1987), and Phillips and Perron (1988). As such, it has
been pointed out by Perron (1990) that the classical univariate unit root tests are
biased towards nonrejection in time series with structural changes, and "adding" up the
nonlinearities in single time series into a panel framework will most likely lead to a bias
towards nonrejection for the traditional panel unit root tests as well. Considering this
fact in addition to that evidence of nonlinearities (such as structural breaks) in many
single, say, macroeconomic time series are found, it seems that the traditional panel
data unit root tests in such cases are based on too restrictive panels. In particular, this
will have serious implications for applied work because the shocks to each cross section
will be treated as if they have a permanent effect.

Panel data unit root tests allowing for structural breaks can for instance be found
in Im and Lee (1999), Silvestre, Barrio-Castro, and Lopez-Bazo (2001), Tzavalis (2002),
and Bai and Silvestre (2003). They derive unit root tests in a panel where each cross
section has an abrupt structural shift in the level and/or the time trend. However, in
many cases a gradual or more smooth change between two regimes seems preferable, see
e.g. Ripatti and Saikkonen (2001). In this paper we generalize the idea with an instant
shift in levels by introducing a nonlinear dynamic panel accommodating a smooth cross
section specific change in levels and a homogeneous smooth shift in dynamics, in which
we test the null hypothesis of a common unit root.

Our test of a common unit root is based on the normalized LSDV estimator of the
autoregressive coefficient in an auxiliary regression equation. The time dimension is
fixed and the cross section dimension tends to infinity. The analytical limiting distri-
bution of the test is the standard normal where the two first moments are calculated
analytically. Our approach is similar to the one in Harris and Tzavalis (1999) whose
results are obtained as special cases of ours. We choose therefore to compare the power
of our test to the power of their tests. This gives the opportunity to demonstrate when
the tests in Harris and Tzavalis (1999) actually have substantial power when in fact a
nonlinear panel is considered, as well as scenarios when the traditional tests are heavily
biased towards nonrejection.

The rest of the paper is organized as follows. In Section 2 we present the nonlinear
dynamic panel. In Section 3 we present the procedure for testing a unit root and derive
the test statistic. Section 4 contains simulation experiments to examine the finite-
sample properties of the test. Concluding remarks are given in Section 5. Thereafter
an Appendix follows where proofs can be found.



2 The model

Consider a first-order panel smooth transition autoregressive (PSTAR(1)) model,
Yit = mi0 + T11¥ig—1 + (Tig0 + mayie—1)F (G, 0) Hui, 1=1,..,n, t=1,..T, (1)

where the index 7 represents the i’th cross sectional unit, ¢ indexes time series observa-
tions, and wu; is the error term. In (1), F(¢;7,c) is a transition function satisfying the
conditions: (i) F(¢;7,c) is a bounded and continuous function for all ¢, 7, and c. (ii)
F(t;0,c¢) = 0. (iii) In an open interval (—¢,¢), for ¢ > 0, F(t;~, c)/0v is non-zero and
0?F (t;7,c)/0v? exists. (iv) For fixed v and ¢, F(t;7,c) is monotonic in ¢. A suitable
choice of a transition function in (1) that meets the conditions in (i)-(iv) is the logistic
cumulative distribution function (after a downward shift)

1
T 1+ exp{—y(t—c)} 2

F(t;v,c) (2)
In (2), v > 0 is a slope parameter indicating how rapid the transition is, and ¢ €
(0,7T) is a location parameter around which the transition (symmetrically) takes place.
Restriction 7 > 0 is an identifying restriction, and implies that F'(¢) is increasing in ¢.
Model (1) with (2) defines the panel logistic smooth transition autoregressive model of
order one, called the PLSTAR(1) model for short. For convenience we only consider a
first-order polynomial of ¢ in (2). For a discussion about higher-order polynomials in ¢,
see e.g. Lin and Terdsvirta (1994), or Teréisvirta (1998).

The PLSTAR(1) model contains nonlinear heterogeneous fixed effects, nonlinear
homogeneous autoregressive coefficients, and homogeneous slope and location parame-
ters.! For each individual equation i, the function F(;7,c) in (2) allows for a smooth
change between regimes in intercepts and dynamics.

It is evident that the PLSTAR(1) model specification nests many panel models
studied in the literature. In particular, when v — oo, F(¢;7,c) in (2) becomes an
indicator function, i.e. F(t;00,c¢) = —0.5if t € [0,¢) and F(t;00,c) = 0.5 if ¢t € [¢, T,
and the PLSTAR(1) model displays a panel threshold AR(1) (PTAR(1)) model with a
single structural break at ¢ = c. At the other end, by letting v = 0 in (2) the PLSTAR(1)
model collapses into a linear panel AR(1) (PAR(1)) model. It may be mentioned that
Gonzdlez, Terdisvirta, and van Dijk (2004) recently introduced a different panel STAR
model by generalizing the panel threshold model of Hansen (1999). In their model,
Yit—1, is replaced by a vector of exogenous variables x;; so the model is not dynamic
and unit roots are not an issue. Furthermore, the transition variable in the transition
function (2) is a stochastic variable which can be an element of x;;. Even there, when
v — 0 in (2), the model becomes a linear homogeneous panel model with exogenous
variables.

!The homogeneity assumption imposed on 7; 10 and 7; 10 is needed for the coming testing procedure.



3 Test statistic

We now consider a test statistic for testing the hypothesis of a panel unit root in the
PLSTAR(1) model. Under this hypothesis, Hp : ;10 € R for all 4, 711 = 1, and v = 0,
in (1) and (2).2 Tt is tested against a stable PLSTAR(1) model with v > 0. The
stability conditions are given by w11 — 0.57m21 € (—1,1) and 711 + 0.57m21 € (—1,1) to
rule out non-stationary or explosive trajectories. Note, however, that the PLSTAR(1)
model also becomes linear by for any ¢ setting m; 20 = m21 = 0 in (1). This shows that
there is an identification problem in the PLSTAR(1) model under the null hypothesis
v = 0 because then the parameters m; 20, 721, and ¢ are not identified. We circumvent
this difficulty by an approximation of F'(¢;7, c), as suggested by Luukkonen, Saikkonen,
and Terdsvirta (1988). An obvious candidate is the first-order Taylor expansion of
F(t;7,c) around v = 0. Applying this approximation to (2) and merging terms and
reparameterizing, we obtain the following version of the PLSTAR(1) model

Yit = 0 + pYit—1 + 0t + Gty -1 + ujy, (3)

where v}, is an adjusted error term such that u}, = u;; holds under the null hypothesis,
i.e. the distributional properties of the error process are preserved under the null hy-
pothesis and are not affected by the Taylor approximation. The parameters a;, p, d and
¢ are all functions of the originally defined parameters such that the originally stated
null hypothesis is transformed into

Hy"*: a; e R foralli, p=1, § =0, ¢=0. (4)

Note that the linear models in Harris and Tzavalis (1999) are nested in the auxiliary
regression (3), and we thereby find two plausible competing tests in their Theorems 2
and 3, which will be referred to as the HT2 and HT'3 tests respectively. This will also give
the opportunity to examine the expectation that traditional panel data unit root test
are biased towards nonrejection under models with a shift in levels. Furthermore, the
HT2 and HT3 tests are based on models letting (d;,¢) = (0,0) and ¢ = 0, respectively,
in (3). To proceed we impose the following assumptions on the PLSTAR(1) model.

Assumption 1 (A1) Let {uj}iten be an i.i.d. sequence of random variables such that
E(uit) = 0 and E(u?) = o2 hold for all i and t. (A2) The individual effect a; equals 0
for all i. (A3) E(u}) = py < oo for all i and t.

3.1 Bias estimator

The panel unit root test statistic is constructed from the normalized coefficient statistic
based directly on the LSDV estimator of the coefficients of the auxiliary fixed effect
model (3). Under the null hypothesis (4), the deviation form of the LSDV estimator of

*That is, a joint test of parameter constancy (linearity) and a unit root.



p in the model (3) is given by

(B (Br) - (S (£

In (5), Wi =y; _1Qryi-1, Wize =y, _Dr QrDryi -1, Wiz =y, ,Qr Dry; -1,
Wia =y, _1Qrw;, Wis =y, _DrQru; with vectors y; 1 = (yio, -+, ¥ir—1)", Wi =
(i, ..., uip)’. Furthermore, Qr is the (T x T') within transformation matrix defined by
Qr = Ir — My where My = Xp(X5X7) 71X, with Xg = (v, 7r) and ¢ is the unit
column vector of length T, 70 = (1,2,...,T), and Dy = diag{1,2,...,T}. Under the
null hypothesis (4) the LSDV estimator in (5) is inconsistent for fixed T" as n — oc.

This result is stated in the following theorem.

Theorem 1 Consider model (3) when (4) and (A1)-(A3) in Assumption 1 hold. Then,
for any fized T > 2, the LSDV estimator (p — 1) in (5) satisfies

plim(p — 1) = By(T), (6)

n—oo

where
12372 — 21T — 74

B =~ oy my )

Proof. See Appendix A. m

Theorem 1 states that when n tends infinity and T is fixed, the LSDV estimator
p in (3) is inconsistent under the null hypothesis (4). The degree of inconsistency
only depends upon 7', and it is order equals O(T~1). Thus, T — oo is required for
plimy, 7—00p = 1 to hold. The inconsistency arises because of the elimination of the
fixed effects «; and the time trend §; by the Qr matrix from each observation of the
panel, see Nickell (1981). This makes the explanatory variables correlated with the error
term as Hsiao (1986) pointed out. An interesting feature is that the bias is negative. To
see this note that under (4), y; -1 = yiotr7+Cru; holds where Cr is the strictly lower
triangular (7" x T') matrix

0 0
cr=1|. . . .| ™)
1 1 0

which implies that the inequalities
F (y;_lQTui) =—-F (uQC'TMTui) <0

and
E (y; _1DrQru;) = —E (u;C7DrMrpu;) < 0



hold. By these inequalities it follows that induced correlations between the explanatory
variables and the error disturbances are always negative. This feature plays a key role
in yielding the negative value of By (T). Furthermore, the biases for the HT2 and HT3
test statistics are obtainable by using (5), and equal

plim(p 1) = Bura(T) = =3(T + 1~ (8)
o 15 _1
gﬁg(ﬂ —1) = Burs3(T) = —?(T +2)7. (9)

For T' > 3, one can show that |Byr2(T)| < |B1(T)| < |Bars(T)|. In fact, for small T
|B1(T")| — |Brrs(T)| could be rather substantial. This is illustrated in Figure 1.

Figure 1: The finite sample bias of the LSDV estimator in Theorem 1 (solid line), and
the corresponding biases HT2 (dash-dotted line) and HT3 (dotted line) in Harris and
Tzavalis (1999).

Finite sample bias

Time

3.2 Asymptotic distribution

Because the bias of (p — 1) is known, it is possible to derive the limiting distribution
for the bias corrected normalized statistic for the model (3) under the null hypothesis

(4). The result is given in the following theorem.



Theorem 2 Consider model (3) when (4) and (A1)-(A3) in Assumption 1 hold. Then,
for any fized T > 2, the limiting distribution of the LSDV estimator (p— 1) in (5),
adjusted by B1(T) in (6), is given by

~ d
Va(p—1-B(T) % N (0, o2(T, 54)) : (10)
where 1) )
2 _ ny ns
2(T ky) =5
with
ni(T) = 842876717 — 136146897 — 120059 4967
+186 77112478 + 721 928 31077 — 948 544 01876
—2393879 2247 + 2116 570 9047 + 5166 454 48373
4615163 03572 — 1914 301 704T — 461 936 628,
no(T) = 512512(T% —2) (T +2)* (T2 — 1) (T - 2)T(T - 3) !,
n3(T) = 6864500897 — 271466646072 + 5972242 3217T**
+22 845456 21070 — 149532661 418T° — 51 654 581 6167
+893 153037 17077 — 96 760 187 484T°% — 2612 622 746 6351
+322041 658 11674 4 4127 083 405 4697 + 994 368 662 87472
—1478 687 733 3967 — 374 168 668 630,
ny(T) = 9225216 (7% — 2)4 (T+2)* (T —2)(T—1)(T+1)T,
and
kg = M4/Uf}

Proof. See Appendix A. m

Theorem 2 states that the test statistic defined in (10), corrected by Bi(T) in (6)
for the inconsistency of p in (5), is normally distributed with mean zero and variance
a%(T, k4) as n — oo. The asymptotic variance a%(T7 k4) is a function of T' and the
nuisance parameter k4. The dependence on k4 can be eliminated by imposing the
normality assumption on the disturbances {u; }, and the simplified form of the variance
o%(T ,k4) in (10) appears in the following corollary.

Corollary 3 Consider model (3) when (4) and (A1)-(A8) in Assumption 1 hold. Fur-
thermore, assume that u; are normally distributed. Then, for any fized T > 2, the
limiting distribution of the LSDV estimator (p — 1) in (5), adjusted by B1(T) in (6), is
given by

Vi — 1= Bi(T)) % N(0,03(T)). (1)



where

2 _ n5(T)
2(T) = 12
o5(T) ne(T)’ (12)
with
ns(T) = 5280385370 — 337614907 — 295 736 5307°°
+78337 77077 — 438 526 236T° — 538 473 6427°
+3583 336 9347* + 1400 993 79073 — 4271 003 921772
+1598 065 8127 + 4063 557 132,
and

ne(T) = 709632 (T2 — 2)* (T +2)* (T - 2).

Proof. See Appendix A. m

From Corollary 3 we see that the asymptotic normality of v/n(p —1— B1(T)) yields
a test statistic which depends only on the estimated parameter p and known values of
n and T. Hence, /n(p — 1 — B1(T))/0;(T) can be readily used for statistical inference,
and the critical values of the standard normal distribution apply. Moreover, by similar
manipulations we also find the results

Vi(p = 1= Bura(T)) = N(0,03,,(T)), (13)
V(B —1— Byrs(T)) % N(0,02, _(T)), (14)
where ) 3 (17T - 20T +17)
pur D =5 T 1
and

2 _ 15 (19372 — 7287 + 1147)
e e VT AN

are the variances Harris and Tzavalis (1999) obtained under the normality assumption.
Note that although |Byre(T)| < |B1(T)| < |Bgrs(T)| for T > 3, one can show that
a%(T) > U%HTS (T) > O'%HTQ (T) holds for T > 4. The situation is illustrated in the
left-hand panel of Figure 2 where it is seen that U%(T) is a decreasing function in T’
for T > 4. In addition we note that maXTe(g,oo){U%(T)} = 2.29 occurs at T' = 4. The
reason for the ordering between the variances is that under the auxiliary null hypothesis
(4), the LSDV estimators p and  are correlated.

Note that the result in Corollary 3 is specific to the case that o; = 0 for all 7. If (A2)
in Assumption 1 is relaxed the limiting distribution of Corollary 3 is no longer invariant

with respect to a; and 2. By including cross section specific trends in the regression
model (1c) in Harris and Tzavalis (1999) it is shown that their limiting distribution of
the test statistic in (14) is invariant with respect to o; and o2 without assuming a; = 0.
Although our regression in (3) contains a time trend, the limiting distribution in (11)
requires that a; = 0 for any 7 due to the nonlinear feature of (3).



Letting both n and T tend to infinity in (11) results in a degenerate limiting distri-
bution Because O‘%(T) in (12) is O(T~2). For this reason it is necessary to re-scale the

test statistic (11) in Corollary 3. We have the following result.

Corollary 4 Suppose that the conditions in Corollary 3 hold for model (3). Then, as
T — 0o andn — o0

1
709632 (15)

JATG 1)+ ijﬁi N (0, 52803853> ‘
Proof. The proof of (15) follows immediately from Corollary 3. m
As noted by Levin, Lin, and Chu (2002), in contrast to the case of stationary panel
data, the presence of a unit root causes the fixed effects to influence the asymptotic dis-
tribution of the panel autoregressive estimator by factor 23/n/4, even as both n and T
become large. Also, Corollary 4 implies that p in (5) converges at the rate /nT', which is
higher than the convergence rate of the LSDV estimator in the stationary case. Compar-
ing the test statistic (15) with (11), we see that the term adjusting for inconsistency of
p in Corollary 4 when T' — oo is greater than v/n|B1(T")| in Corollary 3 when T is fixed.
Furthermore, the asymptotic variance limTHooTQJ%(T) = 52803 853/709632 ~ 74.41 is

always greater than T 20%(T ) for any fixed T, see the right-hand panel of Figure 2.

"

0
©

60

45

Finite sample variance

Scaled finite sample variance
30

o
R TrU S L T P

St st tas s s -
3 10 17 24 3 28 53 78 103 128 153 178 203 228 253

Time Time

Figure 2: The finite sample variance U%(T) and the scaled finite sample variance T’ 20’%(T)

(solid lines), and the corresponding variances for HT2 (dash-dotted lines) and HT3
(dotted lines) in Harris and Tzavalis (1999).



The results in Corollaries 3 and 4 may be applied to consider the consequences, as
suggested by Harris and Tzavalis (1999), of assuming that 7" is asymptotic rather than
fixed. In detail, Corollary 4 implies that we would use

Tyn(p—1) N 23 /n d

— —
V74.41 4 \/74.41 n,T—oo

for inference when T, n — 0o, whereas the true distribution for T' < co and n — oo is

VT =) | 2 VR ooy 4 N0, Co(T)), (17)

+ _
V74.41 4 /7441 n—00
where C1(T) = =T'B1(T)/(23/4) and Ca(T') = TQO'%(T)/74.41 such that C1(T), Co(T) €
(0,1) holds for 4 < T < oo, and limp_,oo C1(T) = limp_,oo C2(T) = 1. From (17) it is
clear that we have two possible effects if we erroneously use (16) in finite-samples. The

N (0,1), (16)

first effect is the mean shift effect, C; < 1 and therefore the asymptotic distribution
in (16) is located to the right of the finite-sample distribution in (17). This implies
an increase in the size over the nominal level. The second effect is the variance effect,
Cy < 1, which implies that the asymptotic variance in (16) is too large so the tails of
the asymptotic distribution contain excess probability mass. This leads to a decrease
in the size of the standardized test statistic over the nominal level. As a conclusion, if
the mean shift effect dominates the variance effect, the test will be oversized and the
power is increased. The relative importance of these effects are investigated in the next
section using Monte Carlo simulations.

3.3 Heterogeneous errors

The errors u;; in Assumption 1 are assumed to be i.i.d. such that E(u;) = 0 and
E(u?) = 02 hold for all i and ¢, but this is easily relaxed to allow for heterogeneous
eITors.

Assumption 2 (B1) Let {uit};ten be a sequence of independently distributed random
variables for all i and t with E(u;r) = 0 and E(u2) = 02 < 00, and lim,_oon 1 Y0 02 =
02 < c0. (B2) The individual effect a; equals 0 for all i. (B3) E |uy|*™ < oo holds for

§>0, and limy oo n VY0 fig; = iy < 00 where Bul, = puy;.

Assumption 2 allows us to derive the same results as in Theorems 1 and 2 and
Corollaries 3 and 4 by applying the Markov Law of Large Numbers (LLN) and the
Liapounov Central Limit Theorem (CLT).

4 Simulation experiments

In this section we conduct several Monte Carlo experiments to explore finite-sample and
asymptotic properties of our test statistics defined in Corollaries 3 and 4, denoted T3
and T5, respectively. In addition, the properties of the HT2 and HT3 tests by Harris
and Tzavalis (1999) will be investigated as well.

10



4.1 Size simulations

The aim of the first experiment is to assess the size properties of the test in Corollary
3. The DGP under the null hypothesis is given by

Yit = yi,t—l + Ust 1= 1, ey Ny t= 1, T, (18)

where u; ~ nid(0,1) for all ¢ and ¢. The empirical size and its finite-sample accuracy
are reported in Table 1.

As can be seen from this table, the empirical distribution of the test statistic in
Corollary 3 approximates fairly well the standard normal distribution for almost all
n and T. When n is small relatively to 7', there is a slight size distortion because
the time dimension dominates the cross section dimension. In this case we expect
the finite-sample distribution to be a less satisfactory approximation to the asymptotic
distribution. However, increasing n to match the time dimensions, we see that the size
discrepancy vanishes. For comparison, the bottom line in Table 1 reports the quantiles
for the standard normal distribution.

4.2 Power simulations
4.2.1 A homogeneous nonlinear panel

We examine the empirical power under a modified PLSTAR(1) model because the tran-
sition function in (2) is replaced with F(t;y,¢) = F(t;v,¢) + 0.5. It is clear that

F(t) : Ry — [0,1]. Furthermore, the error term is assumed to be the same as in (18).
The parameters in the modified PLSTAR model are assigned the following values

Ti10 = 0 Vi, w1 = 0.4, 4,20 = 1 Vi,

791 € {0.4,0.5,0.55}, ~ € {0.01,1,100}, c=T/2.

which generates a completely homogeneous panel. We first examine the power proper-
ties under an almost linear PLSTAR(1) model with v = 0.01. Second, the power when
the speed of transition in the PLSTAR(1) model may be characterized as intermediate
with v = 1.00 is investigated. Finally, we study the power when the transition takes
place almost instantaneously with v = 100, so the model practically contains a single
structural break. Furthermore, within these three experiments the change in the in-
tercept is set modest and equals 1, and the stationary root increases from 0.4 to 0.95
(assuming that a complete transition takes place). The design of this experiment im-
plies panels with clear shift in levels and dynamics as long as v > 1, see Figure 4 The
results are presented in Tables 2-4.

When the DGP is an almost linear PLSTAR(1) model, we see from Table 2 that
HT2 has the highest power, which is due to the near-linearity of the process. Test
statistic HT2 is designed to have high power against linear models, and for small n and
T it actually exhibits substantially higher power than in the case of a completely linear
panel where the autoregressive coefficients range from 0.8 to 0.95, cf. Table 2b in Harris
and Tzavalis (1999). This is natural because in our case the autoregressive parameter

11



Table 1: Empirical quantiles of the test statistic in Corollary 3.

T n 1% 5% 10%  50% 90% 95% 99%  Size
5 5) -2.60 -1.79 -1.38 0.03 147 198 293 0.06
5 10 -244 -1.71 -1.31 0.02 137 179 265 0.06
5 25 -233 -1.63 -1.27 0.02 129 1.66 251 0.05
5 50 -234 -163 -1.27 0.01 131 170 243 0.05
5 100 -2.29 -166 -1.26 0.01 132 171 243 0.05
10 5 -2.56 -1.80 -1.40 -0.03 130 1.70 244 0.07
10 10 -2.,50 -1.78 -1.39 -0.03 127 163 232 0.06
10 25 -248 -1.75 -1.35 -0.02 127 164 233 0.06
10 50 -2.41 -1.70 -1.33 -0.01 1.27 165 2.27 0.06
10 100 -243 -1.69 -1.32 -0.01 128 162 234 0.05
25 5 -290 -198 -1.53 -0.12 1.21 1.57 2.17 0.08
25 10 -2.64 -1.85 -143 -0.04 123 158 223 0.07
25 25 -249 -1.78 -141 -0.06 1.22 158 221 0.06
25 50 -244 -1.71 -1.33 -0.03 124 158 219 0.06
25 100 -243 -1.68 -1.32 -0.02 124 161 222 0.05
50 5 -3.10 -2.06 -1.59 -0.10 1.18 1.50 2.17 0.09
50 10 -269 -191 -148 -0.09 1.16 150 215 0.07
50 25 -2.67 -1.84 -142 -0.06 1.19 153 217 0.07
50 50 -250 -1.75 -1.39 -0.04 126 1.60 219 0.06
50 100 -2.46 -1.71 -1.33 -0.01 1.23 157 228 0.06
100 5 -3.11 -2.07 -1.63 -0.10 1.19 151 2.09 0.09
100 10 -2.80 -1.87 -145 -0.06 1.18 1.51 2.11 0.07
100 25 -2.72 -1.87 -143 -0.05 121 153 216 0.07
100 50 -2.52  -1.77 -1.37 -0.04 1.20 1.57 222 0.06
100 100 -248 -1.74 -1.34 -0.03 1.23 157 216 0.06
N(0,1) -2.33 -1.65 -1.28 0.00 1.28 1.65 2.33

Note: The nominal size is 5%, and the results are based on 10 000

replications.
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Table 2: Empirical power of the test statistic in Corollary 3 and the
tests in Harris and Tzavalis (1999). The DGP is a PAR(1) model.

v =0.01

T12 = 0.40 T1 — 0.40 To1 = 0.50 To1 = 0.55

T n Ty HT2 HT3 77 HT2 HT3 1y HT2 HT3
5 5 0.06 035 0.08 0.05 0.27 0.07 0.04 0.23 0.06
5 10 0.06 0.54 0.10 0.05 0.41 0.09 0.05 0.34 0.08
5 25 0.06 0.86 0.16 0.05 0.72 0.12 0.05 0.63 0.11
5 80 0.06 099 0.23 0.06 093 0.17 0.05 0.87 0.15
) 100 0.07 1.00 0.38 0.07 1.00 0.24 0.06 0.99 0.21
10 5 0.14 0.80 0.28 0.12 0.69 0.21 0.10 0.62 0.19
10 10 0.18 097 041 0.14 091 030 0.11 0.85 0.26
10 25 0.28 1.00 0.72 0.20 1.00 0.56 0.16 0.99 0.47
10 50 0.41 1.00 093 0.27 1.00 0.81 0.21 1.00 0.70

10 100 0.61 1.00 1.00 0.39 1.00 097 0.30 1.00 0.93

25 5 0.68 1.00 0.97 0.58 1.00 0.89 0.52 1.00 0.83
25 10 0.89 1.00 1.00 0.79 1.00 099 0.74 1.00 0.98
25 25 1.00 1.00 1.00 0.98 1.00 1.00 0.96 1.00 1.00
25 50 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

25 100 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Note: The nominal size is 5%, and the results are based on 10 000
replications.

slowly grows e.g. from 0.4 to 0.67 over time (the case T'= 25, v = 0.01, and w91 = 0.5),
rather than taking on e.g. the value 0.95 throughout the whole sample in a linear panel.?
Statistic HT'3 also performs better than our test. The reason is that HT3 is based on a
more parsimonious alternative than our test which is penalized when the actual DGP
is relatively simple.

For T' > 25 and n > 25 our test performs satisfactorily and for 7' > 50 and all n (not
reported here) all tests have unit power. In fact, increasing 7o has only a moderate
impact on power because the transition is very slow, see Figure 3.

Consider next the PLSTAR(1) model with v = 1. In Table 3 we see that 77 out-
performs the other tests. It now becomes evident that our less parsimonious model is
justified and is in fact necessary if one wants to capture the nonlinear behavior char-
acterized by the PLSTAR(1) model. Our test actually has substantial power when the
time dimension is as small as T" = 5, 10, for almost all n and mwo;. This is in contrast to

3For small T and v = 0.01, a full transition from zero to one does not take place, see Figure 3.
For example, F(t = T = 25;v = 0.01,¢ = 12.5) & 0.53, implying that the value of the autoregressive
parameter at the end of the period equals 711 + 0.53m21 € [0.61, 70].
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Table 3: Empirical power of the test statistic in Corollary 3 and
the tests in Harris and Tzavalis (1999). The DGP is a PLSTAR(1)

model.
v =1.00

T1 — 0.40 m™1 — 0.40 To1 = 0.50 m21 — 0.55

T n T, HT2 HT3 Ty HT2 HT3 Ty HT2 HT3
5 5 0.20 0.06 0.08 0.23 0.03 0.06 0.26 0.02 0.05
5 10 0.27 0.04 0.10 0.32 0.01 0.08 0.37 0.01 0.07
5 25 0.46 0.01 0.16 0.8 0.00 0.10 0.65 0.00 0.08
) 50 0.69 0.00 0.24 0.83 0.00 0.14 0.89 0.00 0.10
) 100 0.90 0.00 0.40 0.98 0.00 0.21 0.99 0.00 0.14
10 ) 0.47 0.00 0.17 0.55 0.00 0.08 0.58 0.00 0.05
10 10 0.68 0.00 0.23 0.77 0.00 0.09 0.81 0.00 0.03
10 25 0.94 0.00 0.38 0.98 0.00 0.09 0.99 0.00 0.01
10 50 1.00 0.00 0.59 1.00 0.00 0.10 1.00 0.00 0.00
10 100 1.00 0.00 0.85 1.00 0.00 0.13 1.00 0.00 0.00
25 ) 0.79 0.01 0.52 0.76 0.00 0.09 0.74 0.00 0.00
25 10 0.95 0.00 0.77 0.93 0.00 0.09 0.92 0.00 0.00
25 25 1.00 0.00 0.98 1.00 0.00 0.10 0.99 0.00 0.00
25 50 1.00 0.00 1.00 1.00 0.00 0.11 1.00 0.00 0.00
25 100 1.00 0.00 1.00 1.00 0.00 0.14 1.00 0.00 0.00
50 5 0.97 0.21 096 0.77 0.00 0.17 0.57 0.00 0.00
50 10 1.00 046 1.00 0.94 0.00 0.30 0.77 0.00 0.00
50 25 1.00 0.92 1.00 1.00 0.00 0.67 0.97 0.00 0.00
50 50 1.00 1.00 1.00 1.00 0.00 0.95 1.00 0.00 0.00
50 100 1.00 1.00 1.00 1.00 0.00 1.00 1.00 0.00 0.00
100 5 1.00 1.00 100 0.79 0.00 0.76 0.26 0.00 0.00
100 10 1.00 1.00 1.00 1.00 0.00 097 0.35 0.00 0.00
100 25 1.00 1.00 1.00 1.00 0.00 1.00 0.56 0.00 0.00
100 50 1.00 1.00 1.00 1.00 0.00 1.00 0.79 0.00 0.00
100 100 1.00 1.00 1.00 1.00 0.00 1.00 0.96 0.00 0.00

Note: The nominal size is 5%, and the results are based on
replications.
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Figure 3: The logistic transition function with different values of the speed of transition
parameter: 7 = 0.01 (dotted line), v = 1.00 (solid line), and v = 100 (dash-dotted line).
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HT2 and HT3, and especially the power of HT2 is very low.

For T > 25 there are two points worth stressing. The first one is the successive
break-down in power of the tests based on linear models by increasing ma;. To take
an example, in the case T' = n = 50 and w91 = 0.40 all tests have a power of unity.
When 793 is increased to 0.50, a remarkable drop in power occurs for HT2 (from 1 to 0)
whereas the power for 77 and HT3 basically remains unchanged. Increasing mwo; further
to 0.55, there is a similar drop in power for HT3 (from 0.95 to 0) whereas our test still
has power of unity. This emphasizes the relevance of the inclusion of the set of extra
explanatory variables {t, ty; ;—1}, missing from HT2, and {ty; ;—} missing from HT3, in
our auxiliary regression equation (3). The break-down in power could be explained by
investigating the shape of the trajectories from the LSTAR(1) model as time evolves.
In the cases w21 = 0.40, 0.50, and 0.55, the autoregressive parameter changes smoothly
over time from 0.4 to 0.80, 0.90, and 0.95, and typical realizations of the LSTAR model
start at zero and end up at levels around 5, 9, and 13 respectively, see the panel (b) in
Figure 4.* Thus, increasing 721 does not only imply that the LSTAR model is closer to
being non-stable at the end of the period, it also implies a strive towards higher levels,
see He and Sandberg (2005a) for the discussion about the level leverage effect. These
two effects contribute to the successive break-down in power of the HT2 and HT3 tests.
The bias towards nonrejection for HT2 and HT3 tests when the time series in the panel
have a pronounced shift in levels is demonstrated.

"With T = 50 and v = 1, a complete transition takes place, see Figure 3.
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Figure 4: Typical realizations for a cross section unit in the PLSTAR(1) model where
the sample sizes and the autoregressive roots in the nonlinear parts are varied.
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The second phenomenon is that the power of T7 actually decreases in T" when mg; =
0.55 and T' > 25, although it still increases monotonically with n. To study this, consider
the case n = 5 while varying T and m9;. For T' = 25 and w91 = 0.40, 0.50, and 0.55,
the T} test show about the same power (= 0.77). In panel (a) in Figure 4, we can see
that the trajectories at the end of the period reaches levels approximately equal to 5,
7, and 9 respectively. The differences in levels at the end of the period are modest. For
T = 50 there are two obvious tendencies. First there is an evident drop in power for
Ty from 0.97 to 0.77 to 0.57 when 7o ranges from 0.40 to 0.55. The reason for this is
that the levels of the trajectories at the end of the period now equal about 5, 9 and
13 respectively, see panel (b) in Figure 4, and more clear differences in the levels are
encountered. Second, and perhaps more interesting, is that the power when m9; = 0.55
and 7' = 50 is lower than that when 791 = 0.55 and T' = 25, i.e. 0.57 compared to
0.74. This drop in power is explained by a larger jump in level for T' = 50 than for
T = 25 (13 compared to 9) and that increasing the length of the time-series reveals the
complexity of the process (cf. the (a) and (b) panels in Figure 4). It becomes clear
that the term ty;_1is not able to capture distinct changes in level and the autoregressive
coefficient at the same time®. The same two tendencies, even more pronounced, can be
observed when T is increased further. Specifically, when T" = 100, the power decreases
from 1.00 to 0.79 to 0.26 by increasing o1, and in panel (c) in Figure 4, we see that

®Despite a panel set-up and the large amount of information available, these results indicate that
a test with a a third-order Taylor approximation of the transition function in (2) might be preferable.
However, this will ruin the analytical tractability of the results derived in Section 3.
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the trajectories have now reached their long-run equilibriums, i.e. the levels at 5, 10,
and 20 respectively.® Furthermore, the reduction in power from 0.57 (the case T" = 50
and o1 = 0.55) to 0.26 (the case T'= 100 and 791 = 0.55) is larger than the reduction
in power from 0.74 (the case T' = 25 and 71 = 0.55) to 0.57 (the case T' = 50 and
mo1 = 0.55). Larger reductions in power by increasing T' can be explained by the fact
that the levels at the end of the sample periods for 7' = 25, 50, and 100, equal 9, 13,
and 20 respectively.

Moreover, it should also be mentioned that increasing 1" further results in yet another
reduction in power. This reduction in power continues actually until 7' = 250 (not
reported here), from where the power rapidly increases and reaches unity. This can
then be seen as a measure of that we need T" (sufficiently) larger than 250 for the term
ty;—1 to adequately capture the nonlinear structure of an LSTAR(1) model allowing for
a modest shift in the intercept and an almost non-stable root at the end of the sample
period. We conclude that despite a panel data model with an increased information set,
there may still be a need for a third-order approximation of the DGP (1) with (2) to
achieve acceptable power when the cross section dimension of the panel is small.

From Table 4 we can see that when the DGP is a PLSTAR(1) model behaving
almost like a PTAR(1) model, the empirical powers of the tests are lower than in the
previous case. Differences in power compared to what is reported in Table 3 are modest,
however, and the response of the tests is robust against the change in v from 1 to 100

in the PLSTAR model.

4.2.2 A heterogeneous nonlinear panel

A less restricted approach is adopted in the next two experiments because a heteroge-
neous panel is considered. In the first of these experiments, this is achieved by specifying
the following parameter values in the PLSTAR model

4,10 = 0 Vi, w19 = 0.4, 3,20 ~ U [0.5, 1.5] s
(19)
mo1 = 0.5, c=T/2, ~v=1.
The cross section specific parameter 7; 29 is drawn once from the uniform distribution
and thereafter held fixed throughout the replications. By doing this we allow for cross
section specific long-run attractors.”

In the second experiment we increase the heterogeneity of our PLSTAR model al-
lowing 721 to be individual-specific as well, denoted 7; 21. We choose the same design
as in (19) but let ;91 ~ U [0.5,0.55].% The empirical powers for these two experiments
are reported in Table 5.

In Table 5 we can see that the power for 77 is satisfactory for all combinations
of T and n, whereas HT3 requires T, n > 50 or T' = 100 and n > 5 to achieve a

8 These long-run equilibriums are given by (710 4 720) /(1 — m11 — 7a1).

"The long-run attractor for individual i is given by (710 4 7i,20)/(1 — 711 — 721) € [5,15].

8The long-run attractor for individual 4 is now given by (710 4 m20)/(1 — 711 — i 21) € [5,30].
Furthermore, notice that the model specification in (1) with (2) only supports heterogenity in 7; 10 and

T4,20-
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Table 4: Empirical power of the test statistic in Corollary 3 and
the tests in Harris and Tzavalis (1999). The DGP is a PTAR(1)

model.

v =100

T11 = 0.40 o1 = 0.40 mTo1 = 0.50 mTo1 = 0.55

T n Ty HT2 HT3 71y HT2 HT3 1y HT2 HT3
) ) 0.21 0.01 0.04 025 0.01 0.02 0.28 0.00 0.02
) 10 0.28 0.00 0.04 035 0.01 0.02 0.39 0.01 0.01
5 25 0.45 0.00 0.03 0.58 0.00 0.01 0.65 0.00 0.00
5 50 0.65 0.00 0.02 0.81 0.00 0.01 0.86 0.00 0.00
5 100 0.87 0.00 0.01 0.97 0.00 0.00 0.98 0.00 0.00
10 5 0.36 0.00 0.10 0.42 0.00 0.04 0.44 0.00 0.01

10 10 0.51 0.00 0.12 0.59 0.00 0.03 0.65 0.00 0.03
10 25 0.81 0.00 0.15 0.89 0.00 0.01 0.93 0.00 0.01
10 50 0.97 0.00 0.21 099 0.00 0.00 1.00 0.00 0.00
10 100 1.00 0.00 0.34 1.00 0.00 0.00 1.00 0.00 0.00

25 5 0.67 0.00 041 0.59 0.00 0.04 0.57 0.00 0.00
25 10 0.86 0.00 0.65 0.80 0.00 0.03 0.76 0.00 0.00
25 25 1.00 0.00 095 0.98 0.00 0.02 0.97 0.00 0.00
25 50 1.00 0.00 1.00 1.00 0.00 0.02 1.00 0.00 0.00
25 100 1.00 0.00 1.00 1.00 0.00 0.02 1.00 0.00 0.00

50 5 0.96 0.20 0.95 0.65 0.00 0.13 0.44 0.00 0.00
50 10 1.00 0.42 1.00 0.86 0.00 0.24 0.62 0.00 0.00
50 25 1.00 0.91 1.00 0.99 0.00 0.56 0.90 0.00 0.00
50 50 1.00 1.00 1.00 1.00 0.00 0.89 0.99 0.00 0.00
50 100 1.00 1.00 1.00 1.00 0.00 0.99 1.00 0.00 0.00

100 5 1.00 0.00 1.00 0.81 0.00 0.74 0.21 0.00 0.00
100 10 1.00 0.00 1.00 0.97 0.00 0.92 0.26 0.00 0.00
100 25 1.00 0.00 1.00 1.00 0.00 1.00 0.41 0.00 0.00
100 50 1.00 0.00 1.00 1.00 0.00 1.00 0.63 0.00 0.00
100 100 1.00 0.00 1.00 1.00 0.00 1.00 0.85 0.00 0.00

Note: The nominal size is 5%, and the results are based on 10 000
replications.
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Table 5: Empirical power of the test statistic in
Corollary 3 and the tests in Harris and Tzavalis
(1999). Heterogeneous panels.

T n Ty HT?2 HT3

25 5 0.3 (0.73) 0.00 (0.00) 0.07 (0.04)
25 10 0.92 (0.91) 0.00 (0.00) 0.07 (0.02)
25 25 1.00 (1.00) 0.00 (0.00) 0.06 (0.00)
25 50 1.00 (1.00) 0.00 (0.00) 0.04 (0.00)
25 100 1.00 (1.00) 0.00 (0.00) 0.02 (0.00)
50 5 0.1 (0.62) 0.00 (0.00) 0.17 (0.05)
50 10 0.87 (0.84) 0.00 (0.00) 0.25 (0.06)
50 25 1.00 (0.98) 0.00 (0.00) 0.49 (0.08)
50 50  1.00 (1.00) 0.00 (0.00) 0.81 (0.10)
50 100 1.00 (1.00) 0.00 (0.00) 0.98 (0.11)
100 5  0.77 (0.64) 0.00 (0.00) 0.65 (0.34)
100 10  0.93 (0.75) 0.00 (0.00) 0.89 (0.39)
100 25  1.00 (0.97) 0.00 (0.00) 1.00 (0.74)
100 50  1.00 (1.00) 0.00 (0.00) 1.00 (0.93)
100 100 1.00 (1.00) 0.00 (0.00) 1.00 (1.00)

Notes: The nominal size is 5%, and the results are
based on 10 000 replications. Values in parentheses
correspond to the power from a panel with a higher
degree of heterogeneity.

substantial power. In addition, the power for HT3 (the power for HT2 remains zero) is
clearly reduced compared to the results in Table 3 with m9; = 0.5. For instance, when
T = n = 50 the power is reduced by 15% (from 0.95 to 0.81) in the first experiment
and by 89% (from 0.95 to 0.10) in the second experiment where the heterogeneity is
increased, whereas the power of our test is still unity. In general the reduction is much
smaller for our test. This is of course an important aspect for practitioners, and we see
that the T test appears more robust than the HT3 test when each individual is allowed
for its own long-run attractor, even though the design of the DGP’s is not supported
by the model specification in (1) with (2).

4.2.3 A heterogeneous linear panel

In the next experiment we examine the power when the DGP is either a stationary (S)
or trend stationary (TS) process defined according to the DGP’s under the alternative
in Harris and Tzavalis (1999). Thus,

Yit = 0 + QYir—1 +ui, (9),
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Table 6: Empirical power of the test statistic in Corollary 3 and the
tests in Harris and Tzavalis (1999). The DGP’s are stationary and trend
stationary.
»=10.80 ©=10.90 v =10.95
S T.S. S T.S. S T.S.
Ty HT2 1T HT3 Ty HT2 17 HT3 17 HT2 17 HT3

5 0.05 0.29 0.08 0.06 0.05 0.18 0.08 0.05 0.050.13 0.09 0.05
10 0.03 0.41 0.13 0.07 0.04 0.22 0.11 0.05 0.04 0.14 0.14 0.05
25 0.030.69 0.420.08 0.03 0.39 0.320.06 0.040.17 0.41 0.05
50  0.01 091 0.77 0.09 0.02 0.51 0.61 0.06 0.03 0.23 0.70 0.06
100 0.00 1.00 0.98 0.11 0.01 0.76 0.950.06 0.02 0.35 0.93 0.06

OTOTO‘!OTOTH

10 5 0.09 0.50 0.110.11 0.06 0.30 0.07 0.08 0.06 0.19 0.07 0.07
10 10 0.08 0.70 0.17 0.14 0.05 0.40 0.130.08 0.050.23 0.11 0.07
10 25 0.080.94 0.44 0.20 0.04 0.64 0.29 0.09 0.04 0.34 0.27 0.07
10 50 0.08 0.99 0.82 0.30 0.03 0.87 0.62 0.10 0.02 0.48 0.52 0.07
10 100 0.08 1.00 0.99 0.47 0.02 0.98 0.940.13 0.020.71 0.89 0.07

25 5 029093 034043 0.130.59 0.150.17 0.09 0.36 0.11 0.11
25 10 037099 0.620.61 0.140.79 0.240.21 0.080.47 0.13 0.11
25 25 0.591.00 0980.92 0.17097 0.550.31 0.06 0.73 0.31 0.11
25 50 0.821.00 1.000.99 0.191.00 0.910.48 0.06 1.00 0.63 0.14
25 100 0.97 1.00 1.001.00 0.251.00 1.00 0.72 0.04 1.00 0.94 0.19

50 5 0.86 1.00 0.910.95 0.290.92 0.36 0.43 0.14 0.58 0.16 0.18
50 10 1.00 1.00 1.000.99 0.380.99 0.64 0.63 0.150.78 0.25 0.20
50 25 1.001.00 1.001.00 0.60 1.00 0.98 0.91 0.18 0.97 0.58 0.32
50 50  1.00 1.00 1.001.00 0.81 1.00 1.00 0.99 0.20 1.00 0.90 0.46
50 100 1.00 1.00 1.001.00 0.97 1.00 1.00 1.00 0.27 1.00 1.00 0.72

100 5 0.981.00 1.001.00 0.67 1.00 0.910.94 0.28 0.93 0.38 0.42
100 10  1.00 1.00 1.00 1.00  0.87 1.00 1.00 1.00 0.38 0.99 0.65 0.62
100 25 1.00 1.00 1.00 1.00 0.99 1.00 1.00 1.00 0.59 1.00 0.98 0.91
100 50  1.00 1.00 1.00 1.00  1.00 1.00 1.00 1.00 0.81 1.00 1.00 1.00
100 100 1.00 1.00 1.00 1.00  1.00 1.00 1.00 1.00 0.96 1.00 1.00 1.00

Note: The nominal size is 5%, and the results are based on 10 000 replications.
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or
vit = a; + (1 — o)t + oyig—1 +uy, (T.S.),

where «; is drawn once from the standard normal distribution and thereafter held fixed
throughout the replications and ¢ € {0.80,0.90,0.95}. The null hypothesis is the DGP
in (18).

The results in Table 6 show, as may be expected, that T is clearly inferior to HT2
for all n and T'. However, our test is reasonably powerful for ¢ = 0.80, 0.90, and T = 50
and n > 25, or T = 100 and all n. However, for ¢ = 0.95 we see that our test has
power close to the nominal size. The situation is different when we instead consider a
trend stationary DGP’s and compare the power of T7 to HT3. We see that for n = 5
and T' > 5 the differences in power between 77 and HT3 are marginal. In fact, studying
the same situation but assuming that n > 5 and 1" > 5, our test T} actually has higher
power than the HT3 test, and in particular, for ¢ = 0.95, T} performs substantially
better than the latter test statistic. We may conclude that our test seems to have
reasonable power properties against stationary/trend stationary alternatives, and that
the power of 17 approaches unity at a faster rate with n than the power of HT3.

4.2.4 Power when viewing T and n as asymptotic when the true 7 is finite

The last experiment concerns the empirical power of the test in Corollary 4 (denoted
Ty) when we treat both n and T as asymptotic but 7' is actually finite. This also
demonstrates the mean-shift effect and variance effect addressed in Sub-section 3.2. For
comparison the same effects are investigated for the corresponding tests by Harris and
Tzavalis (1999), denoted HT2" and HT3". For this study we choose the same set-up
as for the experiment with a homogeneous panel and v = 1.00. These findings are
presented in Table 7

In this table we see that treating both T" and n as asymptotic leads to rather severe
size distortions and the statistic 75 becomes undersized for almost all n and T < 25.
This indicates that the variance effect discussed in Section 3 dominates the mean shift
effect, resulting in a net reduction in the size of the test, which agree with the findings
reported in Harris and Tzavalis (1999). As a result we see a clear drop in power (cf.
Table 3). For T' > 50 and all n the power reduction is marginal. It seems that in order
to maintain a test with correct size when letting n and T tend to infinity, a diagonal
convergence criterion should be imposed to control for the mean-shift and variance
effect.
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Table 7: Empirical power and size of the test statistic in Corollary
4 and the tests in Harris and Tzavalis (1999), assuming that 7" and
n are large.

v =1.00
w11 = 0.40 mo1 = 0.40 mo1 = 0.50 mo1 = 0.55
Size Power Power Power
T n T, T, HT2'HT3" T, HT2'HT3" T,
5 5 0.00 0.02 0.01 0.00 0.02 0.00 0.00 0.02
5 10 0.00 0.01 0.00 0.00 0.01 0.00 0.00 0.01
5 25 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01
5 50 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01
5 100 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01
10 5 0.01 0.21 0.00 0.01 0.26 0.00 0.00 0.27
10 10 0.01 0.34 0.00 0.00 0.76 0.00 0.00 0.47
10 25 0.00 0.63 0.00 0.00 0.96 0.00 0.00 0.83
10 50 0.00 0.88 0.00 0.00 1.00 0.00 0.00 0.99
10 100 0.00 1.00 0.00 0.00 1.00 0.00 0.00 1.00
25 5 0.06 0.72 0.01 0.32 0.66 0.00 0.02 0.64
25 10 0.04 0.92 0.00 0.51 0.88 0.00 0.02 0.86
25 25 0.02 1.00 0.00 0.89 1.00 0.00 0.01 0.99
25 50 0.02 1.00 0.00 1.00 1.00 0.00 0.00 1.00
25 100 0.00 1.00 0.0 01.00 1.00 0.00 0.00 1.00
50 5 0.08 0.96 0.18 0.95 0.73 0.00 0.11 0.53
50 10 0.06 1.00 0.38 1.00 0.91 0.00 0.18 0.72
50 25 0.04 1.00 0.87 1.00 1.00 0.00 0.43 0.95
50 50 0.03 1.00 1.00 1.00 1.00 0.00 0.79 1.00
50 100 0.02 1.00 1.00 1.00 1.00 0.00 0.99 1.00
100 5 0.08 1.00 1.00 1.00 0.85 0.00 0.72 0.23
100 10 0.07 1.00 1.00 1.00 0.97 0.00 0.95 0.31
100 25 0.05 1.00 1.00 1.00 1.00 0.00 0.00 0.51
100 50 0.04 1.00 1.00 1.00 1.00 0.00 0.00 0.74
100 100 0.03 1.00 1.00 1.00 1.00 0.00 0.00 0.94

Note: The nominal size is 5%, and the results are based on 10 000
replications.
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5 Conclusions

In this paper we argue that many of the traditional panel data unit root tests are based
on too restrictive panels because it is likely that e.g. macroeconomic panels involve cross
sections with time series that exhibit structural changes in levels. We also emphasize the
importance of testing unit roots in a nonlinear panel which accommodates a smooth shift
in levels and the dynamic structure (the PLSTAR model) because here the conventional
unit root tests, such as the test in Harris and Tzavalis (1999), are biased towards
nonrejection of the null hypothesis.

The unit root test that we derive in the PLSTAR model is based on an auxiliary
regression, and inference is based on the LSDV estimator under the assumption that the
disturbances are independently and identically distributed under the null hypothesis.
It is shown that the test statistic is normally distributed where the first two moments
are calculated analytically. Due to the fact that these moments are known for a fixed
sample size, we are able to analyze how this will affect the inference when 7' is infinite.

Finite-sample properties of the test are explored through Monte Carlo simulations
and show satisfactory results. The size distortion is modest and the power is generally
superior to the power of the tests in Harris and Tzavalis (1999). We especially demon-
strate that the traditional tests in Harris and Tzavalis (1999) lack power if the change
in levels is too evident, but with more modest shifts the test with a linear trend has
reasonable power. There are situations, however, in which our test may be modified in
order to increase the power. This can be done by applying a higher-order Taylor approx-
imation to the PLSTAR model, but it will make the analytical results less tractable,
and the question is left for further research.
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Appendix A

Lemma 5 Let My = [my;]rxr be the matriz defined in (5). Then the (i, j)-th element
of Mt can be expressed

mij = m((T+l) (2T 4+ 1) — 3i — 35) + 6ij), (20)
foranyi,j=1,...,T.
Proof. Note that the inverse (X7X7)™! = ﬁ (2T_—§ 1 6(T 131)_1 . Thus,

the formula for m;; in (20) holds by computing Mr. m

Lemma 6 Let Cr be the (T xT') matriz defined in (7), and D and My be the (T xT)
matrices defined in (5). Then

the (i,j)-th element of C-MpCr

> ¥
Mg, 3§ =1,...,T — 1.
= t=it1ls=j+1 ’ ) (21)

0, ¢=T or j="1T.
the (i,j)-th element of C.DrMpD1Cr
> %
tsmys, 4,5 =1,....,T — 1.
= t=it+1s=j+1 ’ ) (22)
0, i=T or j=T.
the (i,j)-th element of C/-MpD1Cr

>y
smys, &5 =1,....,T — 1.
= t=it+1ls=j+1 ’ ) (23)

0, ¢=T or j="1T.

the (i,j)-th element of C-Mrp

T
mi, i=1,..T—1, j=1,...T.
= tz;i-l ! ) (24)
0, i=T.

the (i,5)-th element of CDr-Mr
T
> oty i=1,.,T—1,j=1,.,T.
= R R . (25)
0, i=T.

Proof. Applying (20) to C/TMTCTa C/TDTMTDTCT, C/TMTDTCT,
C/Mr, and C.D7Mrp, respectively, gives the formulas in (21)-(25). m
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Lemma 7 . Consider model (3) when (4) and (A1)-(A8) in Assumption 1 hold. Fur-
thermore, let Wi i, j = 1,...,5, be defined in (5). Then, for any fived T,

1

n
plimn ™ YW, = B(T2 —4)0?, (26)
n—00 1=1
n 1
plimn 'S Wiy = @(TQ — 4)(11T% + 14T — 1)02, (27)
n—00 1=1
n 1
plimn_l Wiat = %(TQ —4)(T + 1)01217 (28)
n—00 1=1
. -1 w 1 2
plimn Wia = —5(T =2)ay, (29)
n—00 1=1
. -1 w 1 2
plimn Wise = ~%0 (17T +19) (T — 2) 03,. (30)
n—00 1=1

Proof. (i) Under (4), express the model in (3) as
Yi—1 = Yiotr + Cru;. (31)

(i) Note that Qr defined in (5) is orthogonal to ¢7 so pre-multiplying Q7 on both sides
of y; —1 in (31) yields
Qryi—1 = QrCru,. (32)

Since Qg is idempotent it follows from (32) that

/
Wiir = ¥i-1Qryi—1

= u;C'TCTuZ- — u;C}MTCTui. (33)
In (33), we have
L T ) T-1 T
u,CrCru; = > (T —t)u;; +2>. Y. (T — s)ujuys,
t=1 t=1s=t+1
and
L T T T ) T T T T
w,CrMrCru; = 3 (3 - mig)us, 1 +230 >0 (Douig—1)Mij)tis—1.
t=2 i=tj—t t=2s=t+1 i=t j=s

By assumption (A1), {u;} is a sequence of i.i.d. random variables across i and ¢ so that

EW;1) = ECrCru;) — E(u;CrMrCru;)
T T T

(T —t)os — (3 Ymij)on,

1 t=2 i=tj—t

1
M=

~~
Il

and it follows now from (21) that E(W; 1) = (T2 — 4)02. Finally, by the LLN, (26)
holds. Similarly, we can show that (27)-(30) hold. m
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Proof of Theorem 1. (i) It follows from Anderson and Hsiao (1981) that the LSDV
estimators of p and ¢ for model (3), under the null hypothesis (4), equal

-1
p—1 _ i Yi 1Qryi—1 Yi_1QrDryi 1
¢ =1 y;,leTQTyi,fl y;’,lDTQTDTy@,l

. ya_1QTU-i 4
- L; ( yi-1D7Qru; )] ’ (34

where Qr and D7 are defined in (5). It follows immediately from (34) that the expres-
sion for (p — 1) in (5) holds.

(ii) It follows from Lemma 7, (31), and (32) that the probability of the numerator
of (34) is

! : 1 _
P limn~ 1 Z Yz 71QTuZ _ _0_12L ) b (T 2) ’
n—00 ¥i_1DrQru; a5 (17T +19) (T — 2)

whereas the probability limit of the denominator in (34) equals
plimn! Z YQ ~1Qryi—1 Iy;_lQTDTyi,_l
n—o0 Yi 1DrQryi-1 y; 1DrQrDryi 1

2 (T2 — 4) 50(T? = 4)(T +1)
"\ (=T D) (TP - 4T+ 14T 1) )

= O

(iii) By the Slutsky Theorem (see, e.g. page 286 of Davidson (1994)) we obtain

. -1
plim ~
n—oo ¢
—1
= |plimn~ 1% yé,ﬂQTy@—l yé,qQTDT}’z‘,—l
n—00 i=1 yz,leTQTYi,—l y;jleTQTDTyi’il

n / .
X plimn_1 > /yz’ilQTuz
n—o0 i=1 yi7_1DTQTui

—0.25 (2372 — 21T — 74) / ((T? — 2)(T + 2))
B -3.5/ (1% -2)

provided that 7" > 2. The inconsistency of (p — 1) in (6) is the upper element of the
limit vector on the right-hand side of (35). =

(35)
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Lemma 8 Let M = [m;jlrxr and N = [ni]rxr be any constant matrices
that (A1) and (A3) in Assumption 1 hold. Then,

. Assume

E(uMu;)(u;Nuw;)

T W & T T T
= gy mung + oy {0 [mat( D2 nss)] + Do [nae( D2 miss)]

i=1 i=1 s=t+1 i=1 s=t+1
T—1 T T—1 T

20 >0 (masnues) + >0 D0 (Mushus)
t=1s=t+1 s=1t=s+1

T-1 T T-1 T

+ 200 2 (musnse)] + D[ D0 (musns)]}
t=1 s=t+1 s=1 t=s+1

Proof. Because uj isii.d., ujMu; = ZST:1 Z’le MstUisUit, and w;Mu; = 2521 Zle Nt WisWit,
it follows by collecting all the terms of myuny for ¢t = 1,...,T in (u;Mu;)(u;Nu;) and

now taking the expectations we obtain the coefficient of j1,. For the coefficients of o2,
considering all the terms of mysnts, mysng and myngs, for ¢t # s, in (u;Mu;)(u;Nu;)

and computing all the expectations for those terms yield the coefficients for o. m

Lemma 9 Consider model (3) when (4) and (A1)-(A3) in Assumption 1 hold. Let
Wi, 3 =1,...,5, be defined in (5). Then, for any fivzed T > 1,

1

BWiae = 575 {2 =)/ (T = 1)} x {uy(T" = 25)
—l—aﬁ[%(lBTE’ — 307" + 1073 — 23T + 750)]}, (36)

27



EW;2)* =

E(W;3)? =

E(W;u)? =

EW;s5)? =

1

1081 080
+41417° + 3770T° — 80 204T* — 15390712 + 16399712

13435127 — 2484) + ot [—— (24423177 — 28207278

{(T% = 4)/ (T(T? = 1)) } x {p4(1382T° + 318577

1
310
—1261 14377 — 1695 9187°% — 7526 88371 + 408108127
+99837 02373 — 9510190272 — 215126 0287

+1564920)]}, -
137;60 (T? —4)/ (T(T? = 1)) } x {4 (24T° + 33T° + 327"

1
—926T2 — 8257 + 1182) + 03[%(715T7 — 8737°% — 9027

—18907* — 720572 + 81 0637 + 78 6727 — 106 380)]}, (38)
1
T8 (T —2)/(T(T* = 1))} x {py (2973 — 47T* — 23T + 59)

1
+a§[5 (56T* — 167T° + 2267 + 131T — 354)]}, (39)

L
630

1
—357T — 435) + 03[%(1153#' —9047° — 28407* — 313073

(T —2)/ (T(T? — 1))} x {pg(64T° + 29T* — 3773 + 16T

—1013T2 4 23 834T + 26 100)]}. (40)

Proof. For instance, by the definition of W 3; we can write

EW;3)? = E,CyDrCru;)? - 2E(u,CrDrCru;)(u,CrMrDrCru;)

+E(u,CL-MrD7rCru,)2. (41)

From the assumptions on u;; and Lemmas 6 and 8 we are able to compute the first term

of the right-hand

side of (41),

E(u,C,DrCru;)?
T T t T T T T s
= (5= X+ on{2 (05— i X (15— i)
t=1 j=1 i=1 t=1 j=1 i=1 s=t+1 j=1 =1
T-1 T T s
HY S (X i)
t=1s=t+1 j=1 =1
=l T (T2~ 1) (8T + 5T — 2)]
+a§[iT (T? — 1) (T —2) (5072 + 22T — 21)], (42)

180
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for the second term of the right-hand side of (41), we have

(ulC/TDTCTUZ')(UQCI/TMTDTCTIM)

_— [E(ZJ— k) ( i ET: Jmi;)]
t=1 j=1 k=1 k=t+1j=t+1

T T t r r r
+04{2[(§j_ zzjk:)( > (32 22 gmkg))]

= 1 k=1 s=t+42 k—sj—s

YUY Y ) X <zy— )

t=1 k—t+1j—t+1 s=t+1 j= k=
T T T )
+2Z > [(Z]* Z )20 22 dmuy)]
=1ls=t+1 j=1 k=1 k=t+1j=s+1
T t T
+2Z > [(ZJ— >R Z Jmgg)]}
s=1t=s+1 j=1 k=1 k=t+1j=s+1
= g (T+1) (157* — 773 — 1272 + 8T + 8)]
1
4 5 4 3
T — 2) (4037T° + 1717T* — 4811T
+0ul 15130 ¢ ) (4037T° 4 1717 8

+779T? + 4758T + 1584)],

and for the third term we find that,

E(ugC'TMTDTCTui)Z
T T T ] 9
= pa>0 (32 D dmug)7]
t=2 k=tj=t
4 T T T ) T T T ] T T T ) 9
o {23 (22 2 gmug) (22 (32 X2 dmug))] + Z > (22 D gmuy)
t=2 k=tj=t s=t+1 k—sj:s =2s=t+1 k=tj=s
T T T ) T T ) )
+ Z > (X2 ijm) +2 Z [ 2 (X2 ijkj)(Z Z]mkj)]}
=2s=t+1 k=sj= =2 s=t+1 k=tj=s k=sj=t
= u4[13 <60 (164178 + 72677 — 376075 — 59415 + 42597
+792T3 4 165272 + 1452T — 4728)]/ (T(T? - 1))
1
+oi] (T —2) (178757 + 736277 — 34 963T°

69 300
+7726T° + 50465T* + 1001872 + 460372 — 6026T

—35460)]/ (T(T? — 1)) .
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Substituting (42)-(44) for E(u,C;DrCru;)?, E(u,CL.DrCru;)
(u,C/MrD7Cru;) and E(u;C’TMTDTCTui)Q, respectively, on the right-hand side of
(41) gives (38). Similarly we can show that (36), (37), (39), and (40) hold. m

Lemma 10 Consider model (3) when (4) and (A1)-(A3) in Assumption 1 hold. Let
Wije, 3 =1,...,5, be defined in (5). Then, for any fived T > 1,

1
EWinWiz) = gopos (T% — 4)/ (T(T* — 1)) } x {pg(155T° + 198T°
1

+104T* — 567772 — 49507 + 7290) + a§[5 (93577

—10387°% — 3157T° — 570T* — 46757 + 82 8787

+78177T — 109350)]},
1

E(W;1uW;3) = 120 (T? —4)/ (T(T = 1)} x {py (T* = 5) (T* +5)
+a;§[% (137° — 307" + 107° — 23T + 750)]},

EW;1tWia) = —ﬁ (T? —4)/ (T(T? — 1)} x {py (147° — 1572 — 14T — 33)
+oy (14T* — 4273 + 3172 + 42T + 99) },

B(WinWis) = i {(T = )/ (T(T? = 1)} x {u (177 157 4 97

1
—33T — 170) + oﬁ[ﬁ(253T5 — 55574 + 17573 — 61572

+1732T + 7650)]},
B(WinWis) = 1o {(T? = 4)/ (T(T ~ 1)} x {2457 + 19877
+2907* — 1183972 — 49507 + 26 424)
+a§[g(539T7 —11947° — 64975 — 16807
—8899T3 + 8765472 4 44 649T — 198 180)]},
EW;uWia) = —ﬁ (T? —4)/ (T(T? — 1)) } x {pg(30T° + 5T* + 2773

1
—29T2 — 489T — 312) + 03[5(163T6 — 317T° — 95T

~545T3 + 29272 + 7342T + 4680)]},
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1
EW;0W;s) = — 66390 {(T? —4)/ (T(T? — 1)) } x {p,(1682T° + 10897

+15027* — 39673 — 3479272 — 292057 + 18 648)

1
+a;§[g(6490T7 — 85987°% — 1182575 — 64110T* — 33 7707

1546 828T2 + 466 785T — 279 720)]},

EW;3Wia) = 84110 (T? —4)/ (T(T? — 1))} x {ps(13T* — T3 + 772
—47T — 164) + ai[l%(zosﬁ’ — 375T* — 573 — 52572
+1957T + 7380)]},

E(WistWis) = 50140 (T? —4)/ (T(T? = 1)) } x {g(637° + 10T*
4+24T3 — 58T2 — 951T — 624) + 0i[%(251T6 —3197°
—280T* — 172073 + 74972 + 149997 + 9360)]},

1

EW;uWis) = 310 (T —2)/ (T(T?* = 1)) } x {py(297* — 37° — 407
1
—15T — 43) + oﬁ[§(63T5 — 1047 — 5273 + 17077
+97T + 258)]}.
Proof. We only give the proof for E(W; 2:W; 3:). Thus, write

E(W;.2:W; 3t)

= E(u.C;yD%Cru;)(u,CrDrCru;)
—E(u,CLDACru;) (u,CrMrDrCru,)
—E(u;CDrMrDrCru;) (u,C-DrCru;)
+E(u,CDrMrD7Cru;) (u,C,MrDrCru,). (45)

Further manipulation for those terms on the right-hand side of (45), by applying Lemmas
6 and 8, yields,

E(u; 'TDQTCTuz)(u;Cf[DTCTuZ)
T-1 T t T t

= m{X (X=X (Xi—- )
t=1 =1 k= 7=1 k=1

T-1 T J

-2 T-1

M X5 ST - SR

=1s=t+1 j=1 k=1 k=1

[72T2 (7T +2) (T — 1) (T + 1)

+o T (T? - 1) (T — 2) (17873 + 20972 + 15T — 12)], (46)

[840
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E(ugC’TDQTCTui) (u’- C/TMTDT CTui)

= S S jmi) ZJ - ZW}

t=1 k= t+1j t+1
Tf

S Y (S (D8 - )]
t=1 k=t+1j=t+1 Jj=t+1 s=1 k=1
-2 T-1 T T

+22 S Y ) (N4 )

=1s=t+1 k= t+lj s+1 7=1 k=1
—2 T—-1

+2Z 2. Z Z Jmkj)(zj - Zkz)]}

s=1t=s+1 k=t+1j=s+1

= 1 641 5 _10517* — 126371°
p,4[15120( 367T° + 16357 0517 63T

+1196T2 + 15727 + 144)]

+o T —2) (1541T° + 18067° — 10307

[7560 (
—678T3 + 179372 + 1608T + 288)],

E(u;C/TDTMTDTCTui)(u;CITDTCTU_Z')
T-1 T T T t

= w202 X kjmkj)(le—;lk‘)]}
j= =

t=1 k=t+1j=t+1

T-2 T T -1 T J
+o {2 [0 X kimug)( X (s — Y k)]
t=1 k—t+1]—t+1 Jj=t+1 s=1 k=1

T-1

iuz;— SHS (Y5 ksm))]

j=1 k=1 j=t+1 k=j+ls=j+1

HE T (Y3 kimg)(Xi - SR

1s=t+1 k=t+1j=s+1

[7560

4 6 5 4

— (T —2) (T60T T5 — 5547
+au[3780 (T —2) (760 + 879T° — 55

—492T3 + 69472 + 765T + 180)],
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and

E(u;C/TDTMTDT CTui) (u;C'TMTDT CTui)
T T T

= (DY Y k(XY jmul)

t=1 k=t+1j=t+1 j=t+1k=t+1
T T T-1

HSIY S k(S (Y S sme)]

t=1 k=t+1j=t+1 G=t+1 s=j+1k=j+1
-2 T T -1 T

ISUY Y g (S (XY ksmg)

t=1 k=t+lj=t+1 G=t+1 s=j+1s=j+1
2 T-1 T T T T

Y S (Y L im)( Y X kjmy)

t=1s=t+1 k=t+1j=s+1 k=t+1j=s+1
T T T T

+2Z TZI (O30 20 gmug)( >0 >0 kjmug)l}

s=1t=s+1 k=t+1j=s+1 k=s+1j=t+1

1

= ralggorT 1)
+44T5 + 11 887T* + 16617 + 21 90872
+7524T — 52 848)]
+oulgg 200T1(T —1)

—14723T° 4 5768T° 4 16 904T* + 601473

+988372 — 16 0587 — 44 040)]. (49)

(7157T% 4+ 1067177 — 139527

(T —2) (89761 + 135617

By (46)-(49) further algebra gives (45). Similarly, we can show that the remaining
formulas in Lemma 10 hold. m

Lemma 11 Consider model (3) when (4) and (A1)-(A3) in Assumption 1 hold. Then,
for any fired T > 2,

-1 B\ « 0] 10 ot
al(75)- (o )| <o ([5) rmrer).
where
| EWiw) E(Wisz)
Qr = ( E(Wis) E(Wiat) ) ’ (51
and
_ E(G3) E(GuGz)
="\ g (G1:Ga)  E(G3) |’ 2
whereas
Giie = Wiar — Bi(T)W;ie — Bo(T)W; 3¢, (53)
Gigr = Wisy — Bi(T)W;3; — Ba(T)W; 24, (54)
Bo(T) = —3.5/(T%-2). (55)
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Proof. (i) The inconsistency of ¢ given by By(T) in (55) is the lower element of the
limit vector on the right-hand side of (35).

(ii) The LSDV estimator of (p,¢)’, under the null hypothesis (4), corrected by
[B1(T), Bo(T))', can be expressed as

p—1 | | BuT)
¢ By(T)
' n n -1
D Wie > Wiz
_ i=1 i=1
n n
> Wist Wi o
| =1 i=1
n n n
y ~ 1,4t B ~ 2,1t l; 7,3t Bl (T)
> Wist Y Wiz Y Wio 2
i=1 i=1 i=1
n n _1 n
> Wi > Wiz > Gia
_ 7,?11 Z?ll ’Lfll , (56)
Y Wiz Y Wi > Gio
i=1 i=1 i=1

where W; j¢, j = 1,...,5, are defined in (5), Gj 1+ and G; o are given by (53) and (54),
respectively. Note that for a fixed T', (G; 11, Gi,gt)/ is by Assumption 1 an i.i.d. vector
across i with zero mean and finite covariance matrix Qp defined in (52). It follows from
Lemmas 9 and 10 that
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E (G?,lt) =

E (G;i1:Giat)

and

E (G

i,2t)

E (VVz'2,4t) + Bi(T)E (Wi2,1t) + B3(T)E (Wi2,3t)
—2B(T)E (Wi 4Wi 1) — 2Ba(T)E (W; 44 Wi 3¢)
+2B1(T)Bao(T)E (W; 3:Wi 1¢)

T _ _ 2 o\2 (2 _
Pai7oego LT =3 (T'=2) J((T%=2)"(T? = 1) (T +2)T)]
x (654377 — 135997 — 36 6027 + 170 5667
—25173T3 — 70713172 — 29 344T + 589 812)}

4 2 2 (2
(T =2 — —
+03u{ 3356 200 ¢ ) /(T =2)" (T2 = 1) (T +2)T)}
% (3928437 — 198749878 + 3181 71177 + 5981 72616

—34139267T° + 37748 1387 + 74407 22973 — 182674 8067
—70246 3561 + 159 249 240),

E (W;4Wist) — Bi(T)E (W; 3¢Wiar) — Bo(T)E (W; Wi at)
—B1(T)E (W; Wi 5¢) + BXT)E (Wi 1:Wi 31)
+B1(T)Ba(T)E (Wi 1:Wi2t) — Bo(T)E (Wi 3:Wi 5¢)
+B1(T)Ba(T)E (Wis,) + B3 (T)E (Wi 2t Wi 3¢)

1 2
Ha g {12 = 9) (T = 2) /(12 = 2)* (T° = 1) (T +2) T)}
x (364777 4 1535T° 4 3726T° — 10450T* — 179 8457
—226 90572 + 219 080T + 348 188)

4 2 2

— (T -2 T -2 (T+1H)(T+2)(T-1)T

x (382943710 — 1478 555T% — 1151 5477 + 11553 1171”7

—1552641T°% — 12256 8697 + 21 309 007T* — 120784 41773
—220 115 08272 4 156 524 484T + 282 032 280),

E (Wps) + B (T)E (Wis,) + B(T)E (Wisy,)
—2B1(T)E (W; 5:Wist) — 2B2(T)E (W 2t Wi 5t)
+2B1(T)B2(T)E (Wi 3:Wi 21)
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1 2
— (T -3)(T-2 T2 -2 (T2 = 1) (T +2)T
millgggragg @~ 3) (T =2/ ((1° 2" (17 =) (@ +2)T))
x (554897 4 125 2387 + 298 51317 + 975 55075 — 4756 9771
—18293686T* — 2616 677T> + 34056 71472 + 19476 0367

1
—6731784 ol R — L)
)+ ol 359459200 ¢ )/

((T% = 2)* (T? = 1) (T +2) T)} x (11556 935! — 40537 57370
—55120 5257 + 286 295 547T° + 63 649 66577 + 923 928 0097°
+843 787 177T° — 12232771 967T* — 10 684 267 4607

421359 553 26472 + 17174 416 6087 — 5452 745 040).

As n — oo, with T fixed, the Linderberg-Lévy CLT implies that the numerator of (56)
converges at the rate \/n to a normal random variable,

o

On the other hand, the denominator of (56) converges in probability at the rate n such
that

Gt

Giat

n—l/Zi

=1

, QT) . (57)

n W W
-1 3,1t 7,3t p
noy ’ ’ = . 58
i=1 [ Wizt Wit ] Qr (58)

where Qr is defined in (51). It follows from (57) and (58) that as n — oo with 71" fixed,
(50) holds. m

Proof of Theorem 2. For T > 2, Qr defined in Lemma 11 is positive definite.

Thus, Q;l exists. Let Q;l = ( @12 ) 1 follows from Lemma 11 that Vn(p —
qi12  g22

1 — By(T)) > N(0,02(T, r4)) holds with
o3 (T, k1) = ¢ E (Gi1p) + 2011012 (Gi1uGiae) + a2 E (GFay) - (59)

Further manipulation in (59) by using the results in Lemma 11 gives the expression of
O’%(T, k4) in Theorem 2. =

Proof of Corollaries 3. This is an immediate consequence of Theorem 2. m
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