Z k| qrwxvh vwdqgdug sdqhoxqlwurrwwhvwiru whvwlqj SSS

Mrkdq O| kdj hq^W Vwrfnkrop Vfkrrori Hfrqrp lfv Z runlqj Sdshu Vhulhv lq Hfrqrp lfv dqg I lqdqfh/ Qr1 746

Ghfhp ehu 7/ 5333

De vwudfw

Lq wklv sdshu z h vkrz wkh frqvht xhqfhv ri dsso| lqj d sdqhoxqlwur rw whvwz khq whvwlqj iru d sxufkdvlqj s rz hu sdulw| uhodwlrqvkls1 Wkh glvwul0 exwlrq ri wkh whvwv lqyhvwlj dwhg/ lqfoxglqj wkh LSVwhvwri Lp hwdo+4<<: ,/ duh lq xhqfhg e| d frp p rq vwr fkdvwlf wuhqg z klfk lv xvxdoo| qrwdf0 frxqwhg iru1 Wkh uhvxowlv wkdwwkh vl}h whqgv wr rqh z lwk wkh qxp ehu ri furvv0vhfwlrqv1

MHO=F45>F55>F56

4 Lqwur gxfwlr q

Wkhuh lv d oduj h dp rxqwri olwhudwxuh rq whvwlqj sxufkdvlqj srz hu sdulw| +SSS, gxh wr wkh hfrqrp lf lp sruwdqfh ri wkh uhodwlrqvkls1SSS vwdwhvwkdwlq wkh orqj uxq wkh h{fkdqj h udwh dgmxvwhg sulfh ohyhovlq wz r frxqwulhvvkrxog eh wkh vdp h1 Rwkhuz lvh lwlv sur�wdeoh wr h{sruw2lp sruwj rrgv1 Wkh p rvwfrp p rq z d| wr whvwwkhSSS uhodwlrqvkls lvwr dsso| wkh vwdqgdug dxj p hqwhg Glfnh| 0I xoohuxqlw urrwwhvw+DGI , wr wkh uhdoh{fkdqj hudwhϱ_w@oq+S_{lw},∗ oq+S_{mw},. oq+U_{lmw}, z khuh S_{lw}+S_{mw}, lvwkh sulfh ohyholq frxqwu| l +m, dqg U_{lmw}lvwkh h{fkdqj h udwh ehwz hhq frxqwu| l dqg frxqwu| m>doolqgh{hg iruwlp h shulrg w/Vkloohudqg Shuurq +4<; 8, vkrz wkdwwkh srz huri wkh DGI whvwlvyhu| orz iruwkh qxp ehuri revhuydwlrqv hqfrxqwhuhg lq uhdoz ruog gdwd vhwv1 Khqfh/ SSS lvriwhq uhmhfwhg/ vxevht xhqwo| vwxglhv xvh d sdqhoyhuvlrq wkdwlqfuhdvhv wkh srz hu1 Wkh p rvwfrp p rqo| xvhg duh wkh rqhv ri Ohylq dqg Olq +4<<5/ 4<<6, dqg Lp / Shvdudq dqg Vklq +4<<: ,1 Rwkhu yhuvlrqv iru wkh whvwkdyh ehhq sursrvhg e| h1j 1 Txdk +4<<7,/ Euhlwxqj +4<<: ,/ Kdgul +4<<; ,/ P fNrvnh| dqg Ndr +4<<; ,/ P dggdod dqg Z x +4<<<, dqg J urhq +5333,1 Sdshuv whvwlqj SSS z lwk sdqho xqlwurrwwhvwlqfoxghv Dexdi dqg Mrulrq +4<<3,/ I udqnhodqg Urvh +4<<9,/ P dfGrqdog +4<<9,/ Rk +4<<9,/ Z x

WGhsduwp hqwr i Hfrqrp lf Vwdwlvwlfv/ Vwr fnkrop Vfkr rori Hfrqrp lfv/ S1R1Er{ 9834/ VH0 446 ; 6 Vwr fnkrop Vz hghq1 H0p dlo=vwmoCkkv1vh1

+4<<9,/ Frdnoh| dqg I xhuwhv +4<<: ,/ Sdshoo+4<<: , dqg R*Frqqhoo+4<<; ,/ vhh wkh vxuyh| v ri I urrwdqg Urj r� +4<<8, dqg Edqhumhh +4<<<,1

Wkhuhiruh whvwlqj SSS xvlqj sdqhoxqlwurrwwhvwv duh z lgho| xvhg/ krz hyhu/ wklv sdshu vkrz v wkdwwkh lqihuhqfh xvhg lq wkhvh dssolfdwlrqv duh olnho| wr eh z urqj / l1h1 wkh dfwxdovl}h p d| eh yhu| idu iurp wkh qrp lqdo1 Wkh edvh fxu0 uhqf| xvhg lqwurgxfhv d frp p rq vwrfkdvwlf wuhqg z klfk lv qrwdffrxqwhg iru lq wkh glvwulexwlrq ri wkh whvwvwdwlvwlfv1 P rvwri wkh sdshuv p hqwlrqhg xvh whvw vwdwlvwlfv z klfk kdyh d qxoori d xqlwurrwexwwkh glvwulexwlrq lv dovr h�hfwhg z khq wkh qxoo lv dq L+3, yduldeoh1 Z h fdq vroyh wkh sureohp e| xvlqj wkh sdqhofrlqwhj udwlrq p hwkrg sursrvhg e| Mdfrevrq hwdo+5333,1 Wklv lv d sdqho yhuvlrq ri wkh p xowlyduldwh frlqwhj udwlrq p rghori Mrkdqvhq +4<; ; ,1 Hfrqrp lf wkhru| vxj j hvwv z kdwwkh frlqwhj udwlqj yhfwruv vkrxog eh ehwz hhq sulfhv dqg h{fkdqj h udwh1 Khqfh z h fdq wuhdwwkh whvwv dv sdqhoxqlwurrwwhvwv lqvwhdg ri sdqhofrlqwhj udwlrq whvwv1

Rxusdshudqdo| wlfdoo| ghulyhvvrp h xvhixoh{suhvvlrqvz klfk khosvwr xqghu0 vwdqg wkh frqvht xhqfhvri wkh frp p rq vwrfkdvwlf wuhqg1Vht xhqwldodv| p swrwlfv duhxvhg/ l1h1�uvwz hohwWdqg wkhq Q ↔ △ / vhhSkloolsvdqg P rrq +4<<<,1Wkh

Ohylq dqg Olq +4<<5, whvwlvvkrz q wr glyhuj h z lwk wkh qxp ehuri furvv0vhfwlrqv1

D P rqwh Fduor vlp xodwlrq lv wkhq fduulhg rxwwr dqdo| }h wkh frqvht xhqfhv iru vrp h sdqhoxqlwurrwwhvwv1 Wkh whvwv lqyhvwlj dwhg lq wkh P rqwh Fduor duh wkdw ri Lp / Shvdudq dqg Vklq +4<<: , dqg J urhq +5333,1 Wkh odwwhu wz r whvwv kdyh d qxoori xqlwurrwwkhuhiruh z h kdyh d orrn dwP fNrvnh| dqg Ndr +4<<; , z klfk kdv L+3, dv qxoo1 Wkh uhvxowlv wkdwiru yhu| vp doosdqhov/ Q @5/ wkh vl}h lv dssur{lp dwho| fruuhfwexwiruoduj husdqhov/ Q ∼ 43>wkhvl}hfdq ehvlj ql�fdqwo| glvwruwhg/ l1h1 wkh vl}h lv p xfk wr oduj h1

Wkh sdshu lv ruj dql}hg dv iroorz v= Wkh qh{wvhfwlrq lqwurgxfhv wkh �vwd0 wlvwlfdo� SSS p rghodqg wklv SSS vshfl�fdwlrq lv xvhg wkurxj krxwwkh sdshu1

Vhfwlrq 6 dqdo| }hv wkh frqvht xhqfhv iru vrp h sdqhoxqlwurrwwhvw1 Wkh P rqwh

Fduor vlp xodwlrq lq Vhfwlrq 7 lv xvhg wr vkrz krz oduj h wkh frqvht xhqfhv fdq eh1 Vhfwlrq 8 frqfoxgh wkh sdshu1

5 Qxoor i xqlwur r wv dqg wkh SSS

Whvwlqj wkh qxoori d xqlwurrwlq d xqlyduldwh vhulhvlvriwhq edvhg rq wkh Glfnh| 0

I xoohu w| sh ri ht xdwlrq +ru wkh dxj p hqwhg w| sh,=

Ξ ı^w@υı^{w∗ 4} . h^w +4, z klfk xqghu wkh qxoori d xqlwurrw+υ @3, ehfrp hv

Ξ ı^w@h^w +5,

D sdqhoyhuvlrq p d| eh edvhg rq/ dv lq Ohylq dqg Olq +4<<6/ 4<<6, dqg Lp hw do+4<<: ,/

Ξ ı_{4w} Ξ ı_{5w} 1 1 Ξ ı_{Q w} @ υ_4ı_{4w∗ 4} υ_5ı_{5w∗ 4} 1 1 υ_Q ı_{Q w∗ 4} . h_{4w} h_{5w} 1 1 h_{Q w} +6,

z khuhQ lvwkhqxp ehuri furvv0vhfwlrqv/ Ξ lvwkh�uvwgl�huhqfhrshudwrudqg h_{lw} duhglvwxuedqfhvz lwk �qlwhyduldqfhdqg lqghshqghqwdqg lghqwlfdoo| glvwulexwhg ryhu wlp h1 Qrwh wkdwυ_l p lj kwru p lj kwqrweh ht xdowr υ_m>l ∃@m1 Wkh sdqho qxoolv υ_4 @υ_5 @///@υ_Q @3/Xqghu wkh dowhuqdwlyh/ ghshqglqj rq z klfk whvw xvhg/ vrp h ru dooυ_l duh ohvv wkdq }hur1 I urp +6, lwfdq eh vkrz q wkdwwkhuh duh Q udqgrp z donv lq wkh v| vwhp xqghu wkh qxoo1 Z khq whvwlqj iru frlqwhj udwlrq ı_w lv wkh uhvlgxdoiurp d uhj uhvvlrq1

Ohw�s_l ghqrwh wkh orj ri wkh sulfh ohyholq frxqwu| l dqg u_{lQ . 4} wkh orj ri wkh h{fkdqj h udwh ehwz hhq frxqwu| l dqg Q . 4/Wkh SSS uhodwlrqvkls vwdwhv wkdw �s_{lw}∗ s_{Q . 4w}. u_{lQ . 4w}@ϱ_w vkrxog eh d frlqwhj udwlqj uhodwlrqvkls1 Wr p dnh wkh qrwdwlrq vlp sohu z h ohws_{lw} @oq+S_{lw}±U_{lQ . 4w}, >l1h1 wkh sulfh ohyholq frxqwu| l lv lq wkh fxuuhqf| ri frxqwu| Q . 41 I xuwkhu/ dvvxp h wkdwdoos_l dqg s_{Q . 4} duh L+4, /Wkhuh duh qxp hurxv hp slulfdohylghqfh wkdwsulfhv duh L+4, >vhh h1j 1 Fxoyhu dqg Sdshoo+4<<: , dqg Oduvvrq hwdo+4<<; ,1 Z h fdq dovr mxvwli| lwiurp wkh vdp h nlqg ri duj xp hqwwkdwfodlp v wkdwvwrfn sulfhv duh L+4, /Li wkhuh duh frlqwhj udwlrq ehwz hhq s_{lw} dqg s_{Q . 4} wkh vdp h vwrfkdvwlf wuhqg gulyhv wkh wz r yduldeohv1 Dv d frqvht xhqfh/ s_{mw}>l ∃@m>vkduh wkh vdp h wuhqg/ l1h1 doosulfhv duh gulyhq e| wkh vdp h vwrfkdvwlf wuhqg1 Li wkhuh lv qr frlqwhj udwlrq wkhuh lv wz r vwrfkdvwlf wuhqgv/ rqh iru hdfk sulfh ohyho1 Lq d sdqhoz h kdyh s_{4w}∗ s_{Q . 4w} s_{5w}∗ s_{Q . 4w} 1 1 s_{Q w}∗ s_{Q . 4w} @ ϱ_{4w} ϱ_{5w} 1 1 ϱ_{Q w} +7,

z khuh z h whvwvlp xowdqhrxvo| li ϱ_{lw} kdyh d qrq0vwdwlrqdu| ehkdylru wkurxj k d sdqhoxqlwurrwwhvw1 Xqghu wkh qxoori qr frlqwhj udwlrq wkh Q �uvwsulfhv duh j hqhudwhg e|

Ξ s_{4w} Ξ s_{5w} 1 1 Ξ s_{Q w} @ h_{4w} h_{5w} 1 1 h_{Q w} +8,

dqg wkh sulfh ohyhoiru frxqwu| Q . 4 e| ⌋ Ξ s_{Q . 4>w} ⌈ @ ⌋ h_{Q . 4>w} ⌈ / +9,

Khqfh/ wkh yduldeohv wkdwduh xvhg lq wkh sdqho xqlwurrwwhvwduh j hqhudwhg dffruglqj wr

Ξ ϱ^{4w}

Ξ ϱ^{5w} 1 1 Ξ ϱ^{Q w} @ Ξ s^{4w}∗ Ξ s^{Q . 4>w}

Ξ s^{5w}∗ Ξ s^{Q . 4>w} 1 1 Ξ s^{Q w}∗ Ξ s^{Q . 4>w} @ h^{4w}∗ h^{Q . 4>w} h^{5w}∗ h^{Q . 4>w} 1 1 h^{Q w}∗ h^{Q . 4>w} +: , z lwk fryduldqfh p dwul{

H h^{4w}∗ h^{ȷ w} h^{5w}∗ h^{ȷ w} 1 1 h^{Q w}∗ h^{ȷ w}

h^{4w}∗ h^{ȷ w} h^{5w}∗ h^{ȷ w} 1 1 h^{Q w}∗ h^{ȷ w}

∋ @fl ∗ 5ff . ϕ_5 @Ψ/ +; , z khuh fl lv wkh fryduldqfh p dwul{ iru wkh �uvwQ sulfh ohyhov dqg ϕ_5 lv wkh fryduldqfh iru wkh Q . 4/Wkh fryduldqfh p dwul{ ehwz hhq wkh �uvwQ dqg wkh odvwsulfh ohyholv ff/Wkh lp sruwdqwwklqj wr qrwh lv wkdwhdfk ht xdwlrq ri +: , frqwdlqv rqh frp p rq udqgrp z don ehvlghv wkh qrwfrp p rq rqh1

Xqghu wkh dowhuqdwlyh ri frlqwhj udwlrq wkh gdwd j hqhudwlqj surfhvv lv ϱ^{4w} ϱ^{5w} 1 1 ϱ^{Q w} @ s^{4w}∗ s^{Q . 4>w} s^{5w}∗ s^{Q . 4>w} 1 1 s^{Q w}∗ s^{Q . 4>w} +<, z khuh s^{Q . 4>w} lv j hqhudwhg dffruglqj wr +9,1 Qrwh khuh wkdwwkhuh lv rqo| rqh vwrfkdvwlf wuhqg gulylqj doosulfhv1

Vrp h qrwdwlrq= Wkh Eurz qldq p rwlrq j hqhudwhg e| ϱ^{lw} @ s^{4w}∗ s^{Q . 4>w} lv ghqrwhg E^l +Ψ, @Z^l +Ψ, ∗ Z +Ψ,^{Q . 4} dqg z khq E^l +Ψ, lv qrup dol}hg wr kdyh xqlwfryduldqfh p dwul{ E^l @Z^l ∗ Z^{Q . 4}/Qrwh wkdwZ^l dqg Z^{Q . 4} p lj kweh ghshqghqw1 I xuwkhu/ ↔ ghqrwhv wkh olp lwz khq W↔ △ /

6 F r qvht xhqfhv ir u vr p h whvw

614 Ohylq dqg Olq +4<<5,

Wkh sdqho xqlwurrwwhvwsursrvhg e| Ohylq dqg Olq +4<<5, lv edvhg rq wkh uhj uhvvlrq/ l @4>///>Q> ϱ^{lw}@ϱ^{lw∗ 4} . h^{lw} Wkh sdqhohvwlp dwru sursrvhg iru wklv vlp soh p rgholv aυ @ ⋃^Q l@4 ⋃^W w@4 ϱ^{lw}ϱ^{lw∗ 4} ⋃^Q l@4 ⋃^W w@4 ϱ_5^{lw∗ 4} +43,

z lwk w∗ vwdwlvwlf

w_υ @ 4∫ Q ⋃_Q l@4 ⌋_4

ϕ^5 W ⋃_W w@4 ϱ_{lw∗ 4}h_{lw} ⌈ aϕ ϕ ⌋_4 Q ⋃_Q l@4 )_4

ϕ^5 W^5 ⋃_W w@4 ϱ^5_{lw∗ 4} [⌈_{4∂5} +44,

Wkh| vkrz hg wkdwwkh w∗ vwdwlvwlf frqyhuj hv wr d vwdqgdug qrup doglvwulexwlrq xqghuwkh dvvxp swlrq ri lqghshqghqwudqgrp z donv1Wr vhh wkh frqvht xhqfhvlq wkh SSS fdvh/ wkh wkuhh sduwv ri wkh w∗ vwdwlvwlf lv dqdo| }hg1 I luvwlwlv reylrxv wkdwaϕ lv d frqvlvwhqwhvwlp dwru ri ϕ/ khqfh aϕ∂ϕ ↔ 4 z lwk W1 Wkh lqqhu sduwri wkh ghqrp lqdwru whqgv/ z lwk W>wr 4 ϕ^5W^5 W⋃ w@4 ϱ^5_{lw∗ 4} @ 4 ϕ^5W^5 W⋃ w@4 +s_{lw∗ 4} ∗ s_{Q . 4w∗ 4},^5

@ 4 ϕ^5W^5 W⋃ w@4 ] s^5_{lw∗ 4} ∗ 5s_{lw∗ 4}s_{Q . 4w∗ 4} . s^5_{Q . 4w∗ 4} ⌊

↔ ⊎ Z^5_l gu∗ 5 ⊎ Z_lZ_{Q . 4}gu. ⊎ Z^5_{Q . 4}gu +45,

z khuh Z_l dqg Z_{Q . 4} duh Eurz qldq p rwlrqv z lwk dssursuldwh yduldqfhv1 Frq0 vlghulqj wkh Q dv| p swrwlfv/ wkh olp lwv duh 4 Q Q⋃ l@4 ⊎ Z^5_l gu ↔ 3/8 +46, 4 Q Q⋃ l@4 ⊎ Z_lZ_{Q . 4}gu ↔ 3 +47, 4 Q Q⋃ l@4 ⊎ Z^5_{Q . 4}gu @ ⊎ Z^5_{Q . 4}gu +48,

Wkh qxp hudwruv olp lwv lv 4 ϕ^5W W⋃ w@4 ϱ_{lw∗ 4}h_{lw}@ 4 ϕ^5W W⋃ w@4 +s_{lw∗ 4} ∗ s_{Q . 4}, +h_{lw}∗ h_{ȷ w},

@ 4 ϕ^5W W⋃ w@4 +s_{lw∗ 4}h_{lw}∗ s_{lw∗ 4}h_{ȷ w}∗ s_{Q . 4w∗ 4}h_{lw}. s_{Q . 4w∗ 4}h_{ȷ w}, ↔ ⊎ Z_lgZ_l ∗ ⊎ Z_lgZ_{Q . 4} ∗ ⊎ Z_{Q . 4}gZ_l . ⊎ Z_{Q . 4}gZ_{Q . 4}

+49,

Lwlvz hoonqrz q wkdw^4∫_Q ⋃_Q l@4 ⊎ Z_lgZ_l ↔ Q +3>3/8, /Wkht xdqwlwlhv^4∫_Q ⋃_Q l@4 ⊎ Z_lgZ_{Q . 4} dqg^{4∫}_Q ⋃_Q l@4 ⊎ Z_{Q . 4}gZ_l erwk kdyh p hdq 3 dqg yduldqfh 318 exwz lwk p ruh

nxuwrvlv wkdq z kdwz rxog eh lp solhg e| d qrup doglvwulexwlrq1 Wkh sduwwkdw lq xhqfhv wkh vwdwlvwlf wkh p rvwlv wkh odvwlq ht xdwlrq +49,/ 4 ∫ Q Q⋃ l@4 ⊎ Z^{Q . 4}gZ^{Q . 4} @ ∫ Q ⊎ Z^{Q . 4}gZ^{Q . 4} +4: ,

Ehfdxvh ⊎ Z^{Q . 4}gZ^{Q . 4}lv hlwkhu srvlwlyh ri qhj dwlyh +ru }hur z lwk suredelolw|

}hur, lwwhqgv wr ∗ △ ru △ z lwk Q/Wklv lp solhv wkdwwkh w∗ vwdwlvwlf whqg wr

∗ △ ru △ z lwk Q1 Gh�qlqj wkh qhz whvwvwdwlvwlf

�w^υ @ w_υ∫ Q +4; , z rxog kdyh wkh dv| p swrwlf glvwulexwlrq �w^υ ↔ ⊎ Z^{Q . 4}gZ^{Q . 4} ⌋ 3/8. ⊎ Z_5^{Q . 4}gu

⌈^{4∂5} / +4<,

615 Lp / Shvdudq dqg Vklq +4<<: ,

Z lwk qr odj v/ wkh dv| p swrwlf yhuvlrq ri wkh Lp / Shvdudq dqg Vklq +4<<: , +LSV, whvwlv fi ß^w@ ∫ Q +ßw^Q ∗ Hŵ^l⇕υ^l @3‘, √ Yduß̂w^Q ⇕υ^l @3‘ Z khq wkhw∗ vwdwlvwlfvduhlqghshqghqwYduß̂w^Q ⇕υ^l @3‘@_4^Q ⋃^Q l@4 Yduŵ^l⇕υ^l @3‘/ Z h nqrz wkdwwkh h{shfwdwlrq ri wkh p hdq uhp dlqv wkh vdp h li wkh w∗ vwdwlvwlfv duh ghshqghqwdvlq wkh fdvh ri SSS1D forvhuorrn dwwkh lqglylgxdow∗ vwdwlvwlfv uhyhdov w^{lυ} @ 4 ϕ_5 W ⋃^W w@4 ϱ^{lw∗ 4}h^{lw} aϕ ϕ )^4

ϕ_5 W_5 ⋃^W w@4 ϱ_5^{lw∗ 4} [^{4∂5} +53,

↔ ⊎ Z^lgZ^l ∗ ⊎ Z^lgZ^{Q . 4} ∗ ⊎ Z^{Q . 4}gZ^l . ⊎ Z^{Q . 4}gZ^{Q . 4} ]⊎ Z_5^l gu∗ 5 ⊎ Z^lZ^{Q . 4}gu. ⊎ Z_5^{Q . 4}gu

⌊^{4∂5} +54,

Wkhyduldqfhri ßw^Q z rxog ehfrp solfdwhg dqg z hkdyhqrwirxqg dq dqdo| wlfdo h{suhvvlrq1

616 J ur hq +5333,

Wkh sdqhoxqlwurrwwhvwri J urhq +5333, vlp xowdqhrxvo| whvwv K_3 =υ_4 @υ_5 @ ///@υ_Q @3 lq wkh iroorz lqj v| vwhp ri ht xdwlrqv=

Ξ ϱ_{4w} Ξ ϱ_{5w} 1 1 Ξ ϱ_{Q w} @ υ_4 3 3 3 υ_5 3 111 3 3 υ_Q ϱ_{4w∗ 4} ϱ_{5w∗ 4} 1 1 ϱ_{Q w∗ 4} . h_{4w} h_{5w} 1 1 h_{Q w} +55,

Wkh p dmru frqwulexwlrq lv wkdwkh ohwh_l eh fruuhodwhg z lwk h_m/Wkh olnholkrrg udwlr whvwkdv dv| p swrwlf glvwulexwlrq OU_{υl @3} ↔ Q⋃ l@4 ⌋] ⊎ E_lgE_l ⌊_5 ] ⊎

E^5_l

⌊_{∗ 4}⌈ +56,

Wklv lv wkh vxp ri wkh vt xduhg glvwulexwlrq ri wkh lqglylgxdow_{lυ} ri LSV1I ru wkh SSS fdvh z khuh E_l @Z_l ∗ Z_{Q . 4} wkh glvwulexwlrq lv OU_{υl @3} ↔ Q⋃ l@4 ⌋] ⊎ Z_lgZ_l ∗ ⊎ Z_lgZ_{Q . 4} ∗ ⊎ Z_{Q . 4}gZ_l . ⊎ Z_{Q . 4}gZ_{Q . 4}

⌊_5

] ⊎ Z^5_l gu∗ 5 ⊎ Z_lZ_{Q . 4}gu. ⊎ Z^5_{Q . 4}gu

⌊_{∗ 4}⌈ +57,

617 P fNr vnh| dqg Ndr +4<<; ,

Wkh sdqhofrlqwhj udwlrq whvwri P fNrvnh| dqg Ndr +4<<; , lv hdvlo| p rgl�hg wr ehfrp h d sdqhowhvwiru xqlwurrwv1 Wkh OP whvwvwdwlvwlf lv OP @ W^{∗ 5} ⋃_Q l@4 ⋃_W w@4 V_{lw} v^5

+58,

z khuh V_{lw} lv wkh sduwldovxp ri wkh lwk yduldeoh/ V_{lw}@ w⋃ w@4 h_{lw} +59,

dqg v^5 lv d frqvlvwhqwhvwlp dwru ri wkh orqj uxq yduldqfh/

v^5 @ 4 QW Q⋃ l@4 W⋃ w@4 h^5_{lw} +5: ,

Wkh sdqhowhvwlv wkh vwdqgdugl}hg OP whvwvwdwlvwlf/ ∫ Q +OP ∗ π_{OP} , √ v^5_{OP} +5; ,

:

z khuh π^{OP} dqg v_5^{OP} duh wkh h{shfwdwlrq dqg wkh yduldqfh ri wkh OP whvw vwdwlvwlf1 Lwfdq eh vkrz q/ vhh h1j 1 Vklq +4<<7,/ wkdwwkh OP whvwvwdwlvwlf lv glvwulexwhg dv wkh t xdqwlw| ⊎ Z_5/

Dv vhhq iurp ht xdwlrq +58, >lq wkh SSS fdvh wkh dv| p swrwlf glvwulexwlrq z rxog eh OP ↔ ⋃^Q l@4 ⊎ E +Ψ,_5^l v_5 +5<,

@ ⋃^Q l@4 )⊎ Z +Ψ,_5^l gu∗ 5 ⊎ Z +Ψ,^l Z +Ψ,^{Q . 4} gu. ⊎ Z +Ψ,_5^{Q . 4} gu [ v_5 +63, vr yduldqfhz rxog ehh�hfwhg1Li z hdvvxp hwkdwdoosulfhvkdyhwkhvdp hyduldqfh OP ↔ Q⋃ l@4 ] ⊎ Z_5^l gu∗ 5 ⊎ Z^lZ^{Q . 4}gu. ⊎ Z_5^{Q . 4}gu ⌊ / +64,

7 D P r qwh F duor vlp xodwlr q

Wr hydoxdwh wkh frqvht xhqfhvd vp dooP rqwhFduor vlp xodwlrq lvfduulhg rxw1I ru vlp solflw| z hdvvxp hwkdwdooyduldeohvkdyhwkhvdp hyduldqfhexwz hfkdqj hwkh fruuhodwlrq ehwz hhq wkhedvhsulfhdqg wkhrwkhusulfhv/ ff @∗ 3/:8>∗ 3/58>3>3/58>3/:81

Z h fkrrvh Q @5>8>43>83>433>533 dqg 733/Wklvz loodoorz xvwr revhuyh z kdw wkh vl}hv frqyhuj h wr dqg krz idvw1 Wkh ohqj wk ri wkh udqgrp z donv dssur{l0 p dwlqj wkh Eurz qldq p rwlrqv lv ; 33 dqg wkh qxp ehu ri uhsolfdwhv lv 4333331 D

8( qrp lqdovl}h lv xvhg wkurxj krxw1

Wkh uhvxowv ri wkh P rqwh Fduor vlp xodwlrq lv frp sxwhg lq Wdeohv +4,/ +5, dqg +6, iru LSV/ J urhq +5333, dqg P fnrvnh| dqg Ndr +4<<; , uhvshfwlyho| 1 Wkh wdeohv vkrz wkh vl}hv ri wkh whvwv z khq wkh rulj lqdowhvwsurfhgxuh ehhq xvhg1

I ru wkh LSVwhvwwkh p hdq dqg yduldqfh xvhg duh dv| p swrwlf yhuvlrqv ri wkrvh suhvhqwhg lq Lp / Shvdudq dqg Vklq +4<<: ,1 Diwhu vwdqgdugl}dwlrq/ wkh LSVwhvw vwdwlvwlf lv frp sduhg wr wkh J dxvvldq glvwulexwlrq1 Wkh Ohylq dqg Olq +4<<5, lv qrwvlp xodwhg dv wkh glvwulexwlrq lv vkrz q wr eh glyhuj hqw1

Wdeohv +4, ∗ +6, lq khuh

Wkh uhvxowviurp wkh P rqwh Fduor vlp xodwlrq duh wkdwwkh vl}h iruorz ydoxhv ri Q lv kdugo| h�hfwhg krz hyhu iru klj khu ydoxhv wkh vl}h vhhp v yhu| glvwruwhg1

Wkh vl}h lv p xfk elj j hu wkdq wkh qrp lqdovl}h1 Z khq wkh fruuhodwlrq ghfuhdvhv iurp 31: 8 wkh h�hfwrq wkh vl}h ehfrp hv ixuwkhu glvwruwhg1 Lwvhhp v olnh wkh whvwvwdwlvwlf ri J urhq +5333, lv wkh rqh z klfk lv h�hfwhg ohdvw/ wkhq wkh rqh sursrvhg e| P fNrvnh| dqg Ndr +4<<; ,1 Wkh LSV whvwshuirup v edgo| z lwk d vl}h ri ryhu 83( iru Q @733 dqg fruuhodwlrq ohvv wkdq 31: 81 I ru doowkuhh whvwv wkh vl}h vhhp v wr vorz o| whqg wr rqh z lwk wkh qxp ehu ri furvv0vhfwlrqv1

;

I urrw/ N1D1dqg Urj r�/ N1+4<<8, Shuvshfwlyhv rq SSS dqg orqj 0uxq h{0 fkdqj h udwhv/ lq J 1J urvvp dq dqg N1Urj r� +Hgv1,/ Kdqgerrn ri Lqwhuqdwlrqdo

Hfrqrp p lfv/ Yro1 LLL/ Qruwk0Kroodqg/ Dp vwhugdp 1

J urhq/ M1M1M+5333, Qhz p xowl0frxqwu| hylghqfhrq sxufkdvlqj srz husdulw| =

P xowlyduldwh xqlwurrwwhvwuhvxowv/ Hfrqrp hwulf Lqvwlwxwh UhsruwHL53330<2D1

Kdgul/ N1+4<<; , Whvwlqj iruvwdwlrqdulw| lq khwhurj hqrxvsdqhogdwd/ P lp hr1

Lp / N1V1/ Shvdudq/ P 1K1dqg Vklq/ \ 1+4<<: , Whvwlqj iru xqlwurrwv lq khw0 hurj hqrxv sdqhov1 P lp hr/ Ghsduwp hqwri Dssolhg Hfrqrp lfv/ Xqlyhuvlw| ri

Fdp eulgj h1

Mdfrevrq/ W1/ Oduvvrq/ U1/ O| kdj hq/ M1 dqg Qhvv�q/ P 1 +5333, Lq dwlrq/

H{fkdqj h Udwhvdqg SSS lq d P xowlyduldwh SdqhoFrlqwhj udwlrq P rgho/ P lp hr1

Mrkdqvhq/ V1/ +4<; ; , Vwdwlvwlfdodqdo| vlv ri frlqwhj udwlqj yhfwruv/ Mrxuqdori

Hfrqrp lf G| qdp lfv dqg Frqwuro45/ 56405871

Oduvvrq/ U1/ O| kdj hq/ M1dqg Oøwkj uhq/ P 1+4<<; , Olnholkrrg0edvhg frlqwh0 j udwlrq whvwv lq khwhurj hqhrxv sdqhov/ Z runlqj Sdshu Vhulhv lq Hfrqrp lfv dqg

I lqdqfh Qr 583/ Vwrfnkrop Vfkrrori Hfrqrp lfv1

Ohylq/ D1dqg Olq/ F1I 1+4<<5, Xqlwurrwwhvwvlq sdqhogdwd=Dv| p srwlf dqg

�qlwh vdp soh surshuwlhv/ Ghsduwp hqwri Hfrqrp lfv/ Xqlyhuvlw| ri Fdoliruqld dw

Vdq Glhj r/ Glvfxvvlrq Sdshu Qr1 <50<61

Ohylq/ D1dqg Olq/ F1I 1+4<<6, Xqlwurrwwhvwv lq sdqhogdwd= Qhz uhvxowv/

Ghsduwp hqwri Hfrqrp lfv/ Xqlyhuvlw| ri Fdoliruqld dwVdq Glhj r/ Glvfxvvlrq

Sdshu Qr1 <60891

P dfGrqdog/ U1+4<<9, Sdqhoxqlwurrwwhvwv dqg uhdoh{fkdqj h udwhv/ Hfr0 qrp lfv Ohwwhuv 83/ : 0441

P dggdod/ J 1V1dqg Z x/ V1+4<<<, D Frp sdudwlyh Vwxg| ri XqlwUrrwWhvwv z lwk SdqhoGdwd dqg d Qhz Vlp soh Whvw/ R{irug Exoohwlq ri Hrqp lfvdqg Vwdwlv0 wlfv 94/ 96409851

P fNrvnh| / V1 dqg Ndr/ F1 +4<<; , D uhvlgxdo0edvhg whvwiru wkh qxoo ri frlqwhj udwlrq lq sdqhogdwd1 Hfrqrp hwulf Uhylhz v 4: / 8: 0; 71

R*Frqqhoo/ S +4<<; , Wkh ryhuydoxdwlrq ri sxufkdvlqj srz hu sdulw| / Mrxuqdo ri LqwhuqdwlrqdoHfrqrp lfv 77/ 404<1

Rk/ N1\ 1+4<<9, Sxufkdvlqj srz hu sdulw| dqg xqlwurrwwhvwv xvlqj sdqho gdwd/ Mrxuqdori LqwhuqdwlrqdoP rqh| dqg I lqdqfh 48/ 738074; 1

Sdshoo/ G1K1+4<<: , Vhdufklqj iru vwdwlrqdulw| =Sxufkdvlqj srz husdulw| xq0 ghu wkh fxuuhqw rdw/ Mrxuqdori LqwhuqdwlrqdoHfrqrp lfv 76/ 64606651

Skloolsv/ S1F1E1dqg P rrq/ K1U1+4<<<, Olqhdu Uhj uhvvlrq Olp lwWkhru| iru

Qrqvwdwlrqdu| SdqhoGdwd/ Hfrqrp hwulfd 9: / 438: 044451

Txdk/ G1+4<<7, H{sorlwlqj furvv0vhfwlrq yduldwlrqv iru xqlwurrwlqihuhqfh lq g| qdp lf gdwd/ Hfrqrp lfv Ohwwhuv 77/ <04<1

Vkloohu1 U1dqg Shurq/ S1+4<; 8, Whvwlqj wkh udqgrp z don k| srwkhvlv=Srz hu yhuvxv iuht xhqf| ri revhuydwlrq/ Hfrqrp lfv Ohwwhuv 4; / 407; 1

Vklq/ \ 1+4<<7, D uhvlgxdo0edvhg whvwirufrlqwhj udwlrq/ Hfrqrp hwulf Wkhru|

43/ <404481

Z x/ \ 1+4<<9, Duh uhdoh{fkdqj h udwh vwdwlrqdu| B Hylghqfh iurp d sdqho gdwd whvw/ Mrxuqdori P rqh| / Fuhglwdqg Edqnlqj 5; / 870961

43

Wdeohv

ff∐Q 5 8 43 83 433 533 733 31: 8 313647 313657 313684 313939 313; << 3146<8 315496 3158 313663 31377; 313985 3155: 4 316897 317: 4< 3185<< 3 313683 313896 313<<4 31667: 3177: < 3184<6 318868 03158 313739 313: <4 3147; < 31743< 317; 59 31864< 318895 031: 8 313944 3149: 6 315; 3; 31783; 317; ; : 318467 31856;

Wdeoh 4=Vl}h ri wkh LSVwhvwz khq whvwlqj iru SSS1

ff∐Q 5 8 43 83 433 533 733 31: 8 3137; 3 3137: 4 3137; ; 313869 313977 313: 77 313<68 3158 313834 313849 313883 31434< 314788 3153: 9 3159; 9 3 313839 31389; 3139; 7 31475; 31537; 315: 35 3164: 4 03158 31386< 313973 313<35 314<6; 3158; 7 3163: 9 316676 031: 8 3139: 4 3143; : 314967 315: 64 31638; 316636 3165<<

Wdeoh 5=Vl}h ri wkh J urhq +5333, whvwz khq whvwlqj iru SSS1

ff∐Q 5 8 43 83 433 533 733 31: 8 313769 313747 3136<9 313: 48 314375 314859 314: 97 3158 31383: 313959 313; 45 314954 315339 31575< 31586: 3 313874 313: 7: 314337 314<3; 31557; 315947 3159<4 03158 313935 313; ; 4 3144<8 3153; : 315746 315: 38 315; 43 031: 8 313: 45 314487 31485; 315685 315949 315; 73 315<67

Wdeoh 6=Vl}h ri wkh P fNrvnh| dqg Ndr +4<<; , OP whvwz khq whvwlqj iru SSS1

44