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Dsshqgl{ wr �Hqgrjhqrxv pdunhw vhjphqwdwlrq
dqg wkh odz ri rqh sulfh�

Ulfkdug Iulehuj dqg Ndm Pduwhqvhq
Vwrfnkrop Vfkrro ri Hfrqrplfv

Qryhpehu 4/ 5334

Lq wkh iroorzlqj vhfwlrqv zh fdofxodwh sur�wv/ sulfhv dqg txdqwlwlhv iru hdfk
vwudwhj| sur�oh1 Wkh ghpdqg ixqfwlrqv iru wkh jrrgv duh=

Krph frxqwu| Iruhljq frxqwu|
Krph surgxfw s +{, @ 4� {� �| S +[, @ D�[ � �\
Iruhljq surgxfw s +|, @ 4� | � �{ S +\ , @ D� \ � �[

Dv glvfxvvhg lq wkh sdshu zh qrw rqo| qhhg wr fdofxodwh sur�wv iru wkh irxu
vwudwhj| sur�ohv zkhq doo pdunhwv duh rshq/ +V> V,/+V>Q,/+Q>V, dqg +Q>Q, exw
dovr qhhg wr fkhfn zkhwkhu �upv zrxog udwkhu nhhs erwk pdunhwv rshq ru forvh
rqh ri wkhlu pdunhwv1 Zh prgho wklv dv d wzr vwdjh jdph/ zkhuh wkh vhfrqg vwdjh
lv wkh vhjphqwdwlrq0txdqwlw| jdph wuhdwhg lq wkh sdshu1 Lq wkh �uvw vwdjh/ d �up
fdq fkrrvh zkhwkhu wr forvh wkh Krph pdunhw1 Iru vlpsolflw|/ zh dvvxph wkdw d
forvhg pdunhw lv dovr vhjphqwhg +dw }hur frvw,1 Lq dqdorj| wr wkh vhjphqw2qrw
vhjphqw ghflvlrq zh xvh F wr lqglfdwh zkhq d �up kdv forvhg wkh Krph pdunhw
lq wkh vwdjh 4 jdph= �I

V>F iru lqvwdqfh lv wkh sur�w lq vwdjh 4 iru wkh Iruhljq
�up li lw forvhv wkh Krph pdunhw/ jlyhq wkdw wkh Krph �up rshudwhv rq erwk
pdunhwv dqg vhjphqwv1 Lq wklv h{whqghg +d �uvw dqg d vhfrqg shulrg, jdph/
zh fdoo d vwudwhj| sur�oh dq htxloleulxp li lw lv vxejdph shuihfw1 Khqfh/ zh
xvh edfnzdugv lqgxfwlrq wr �qg wkh htxloleuld ri wkh h{whqghg jdph1 Jlyhq wkh
sur�wv lq wkh vhfrqg vwdjh/ zh dqdo|}h d vwdjh rqh jdph ri wkh iroorzlqj irup=

Iruhljq

Krph

Vhoo rq erwk pdunhwv Forvh Krph pdunhw
Vhoo rq erwk pdunhwv 4 5
Forvh Krph pdunhw 6 7

Hdfk qxpehuhg vtxduh uhsuhvhqwv wkh htxloleulxp sur�wv lq wkh vwdjh wzr jdph
jlyhq wkh vwudwhjlhv lq wkh �uvw vwdjh1 Vtxduh 4 uhsuhvhqwv wkh pdlq dqdo|vlv lq
wkh sdshu1
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4 Vhjphqw2qrw vhjphqw jdph zkhq erwk pdu0
nhwv duh rshq +vt 4,

Lq wkh iroorzlqj vhfwlrq zh fdofxodwh sur�wv/ sulfhv dqg txdqwlwlhv iru hdfk ri
wkh vwudwhj| sur�ohv +V> V,/+V>Q,/+Q>V, dqg +Q>Q, 1

414 Erwk vhjphqwv

Dvvxph wkdw erwk �upv vhjphqw/ wkhq wkh Krph �up*v sureohp lv

�K
V>V �N @ pd{

{>[
{s +{, .[S +[,� w[ �N>

dqg wkh Iruhljq �up*v sureohp lv

�I
V>V �N @ pd{

|>\
| s +|, . \ S +\ ,� w| �N=

41414 Krph frxqwu| IRFv

Wkh �uvw0rughu frqglwlrqv duh

C

C{
+{s +{, .[S +[,� w[ �N, @ 4� 5{� �| @ 3>

zklfk jlyhv

{ @
4

5
� 4

5
�|>

dqg

C

C|
+| s +|, . \ S +\ ,� w| �N, @ 4� 5| � �{� w @ 3>

zklfk jlyhv

| @
4

5
� 4

5
�{� 4

5
w=

Frpelqlqj wkh IRFv jlyhv

| @
5 +4� w, . � +�4,

7� �5
>

{ @
5 . �w. � +�4,

7� �5
=

Wkxv/ wkh Krph �up*v sulfh lq wkh Krph frxqwu| lv s +{, @ 5��.�w

+5��,+�.5, / dqg wkh

Iruhljq �up*v sulfh lq wkh Krph frxqwu| lv s +|, @ 5��.5w��
5
w

+5��,+�.5, =
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41415 Iruhljq frxqwu| IRFv

Wkh �uvw0rughu frqglwlrqv duh

C

C[
+{ +4� {� �|, .[ +D�[ � �\ ,� w[ �N, @ D� 5[ � �\ � w @ 3>

zklfk jlyhv

[ @
4

5
D� 4

5
�\ � 4

5
w>

dqg

C

C\
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zklfk jlyhv

\ @
4

5
D� 4

5
�[=

Frpelqlqj wkh IRFv jlyhv

[ @
5D� �D� 5w

7� �5
>

\ @
5D� �D. �w

7� �5
=

Wkxv/ wkh Krph �up*v sulfh lq wkh Iruhljq frxqwu| lv S +[, @ 5D��D��5w.5w
+5��,+�.5, /

dqg wkh Iruhljq �up*v sulfh lq wkh Iruhljq Frxqwu| lv S +\ , @ 5D��D.�w
+5��,+�.5, 1

41416 Wkh sur�wv

Wkh sur�wv wr wkh �upv duh wkhq
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Ixuwkhu/ zh kdyh

�I
V>V ��K

V>V @ 5w
D� 4

7� �5
A 3=

415 Krph vhjphqwv 2 Iruhljq grhvq*w

Ohw xv qrz dvvxph wkdw wkh Krph �up vhjphqwv dqg wkh Iruhljq �up grhv qrw
vhjphqw1 Wkh Krph �up*v sureohp lv

�KV>Q �N @ pd{
{>[

{s +{, .[S +[,� w[ �N>

dqg wkh Iruhljq �up*v sureohp lv

�I
V>Q @ pd{

|>\
| s +|, . \ S +\ ,� w|>

v1w1 m s +|,� S +\ , m � w=

Uhphpehu wkdw wkh Krph �up kdv sdlg lwv Vhjphqwdwlrq ihh N dqg grhv qrw
qhhg wr zruu| derxw ixo�oolqj wkh frqvwudlqw S +\ ,� s +|, ? w +dowkrxjk lwv
surgxfwv hqwhu lqwr wklv lqhtxdolw|,1 Wkxv/ jlyhq rxu dvvxpswlrqv/ wkh Krph
�up rswlpl}hv zlwkrxw uhvwulfwlrqv dqg ljqruhv wkh nqrzohgjh krz wkh Iruhljq
�up vhwv txdqwlwlhv1 Wkh Iruhljq �up rswlpl}hv xqghu wkh uhvwulfwlrq S +\ ,�
s +|, @ w1 Wklv h�hfwlyho| ghflghv rqh ri wkh wzr txdqwlwlhv iru wkh Iruhljq �up
dqg wkh Iruhljq �up zloo wkxv rqo| kdyh rqh IRF wr frqvlghu1

41514 Krph �up IRFv

Wkh IRFv jlyh wzr htxdwlrqv

C

C{
+{ +4� {� �|, .[ +D�[ � �\ ,� w[ �N, @ 4� 5{� �| @ 3>

C

C[
+{ +4� {� �|, .[ +D�[ � �\ ,� w[ �N, @ D� 5[ � �\ � w @ 3=

41515 Iruhljq �up IRFv

Jlyhq wkdw wkh Iruhljq �up pxvw xskrog ORS rq lwv pdunhw/ wkh �up fdq rqo|
fkrrvh rqh ri lwv txdqwlwlhv iuhho|1 Wkh ORS frqvwudlqw

w @ S +\ ,� s +|, @ D� \ � �[ � 4 . | . �{>

jlyhv | dv d ixqfwlrq ri \>

| @ �D. \ . �[ . 4� �{. w=

Wkh Iruhljq �up*v sureohp lv wkhq

pd{
\

| s +|, . \ S +\ ,� w|>
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jlyhq wkdw | lv d ixqfwlrq ri \ 1 Wkh IRF lv wkhq +jlyhq uhvwulfwlrq rq |,

C

C\
+ | +4� | � �{, . \ +D� \ � �[,� w|, @ 6D�7\ �6�[�6w�4.�{ @ 3=

41516 Htxloleulxp

Wkhuh duh qrz irxu htxdwlrqv wkdw kdyh wr eh ixo�oohg1 Vhwwlqj xs wkh sureohp3
EEC
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FFD >

zkhuh wkh �uvw urz lv wkh Krph �up*v IRF z1u1w1 {/ wkh vhfrqg urz z1u1w1 [=
Ixuwkhu/ wkh wklug urz lv wkh frqvwudlqw lpsolhg e| ORS iru wkh Iruhljq �up dqg
�qdoo|/ wkh irxuwk urz lv wkh Iruhljq �up*v IRF z1u1w1 \ 1 Wkh ghwhuplqdqw ri
wkh pdwul{ lv G @ 5 +� � 5, +� . 5,

��5 . �5
�
> zklfk lv qrq0}hur iru � 5 ^3> 4`1

Wkh vroxwlrq wr wklv olqhdu htxdwlrq v|vwhp lv

\ @
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>
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>
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>
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=

Sulfh gl�huhqfhv duh wkhq
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>

S +\ ,� s +|, @ w=

41517 Sur�wv

Wkh Krph �up*v sur�w lv
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Wkh Iruhljq �up*v sur�w lv

�I
V>Q @ | +4� | � �{, . \ +D� \ � �[,� w|

@
4

5

+D� w. 4,5

+� . 5,5
. w +D� 4� w,

5� �

5� �5
=

416 Iruhljq vhjphqwv 2 Krph grhvq*w

Ohw xv qrz dvvxph wkdw wkh Iruhljq �up vhjphqwv dqg wkh Krph �up grhv qrw
vhjphqw1 Wkh Krph �up*v sureohp lv

�KQ>V @ pd{
{>[

{s +{, .[S +[,� w[>

v1w1 m s +{,� S +[, m � w>

dqg wkh Iruhljq �up*v sureohp lv

�I
Q>V �N @ pd{

|>\
| s +|, . \ S +\ ,� w| �N=

Vlplodu wr wkh suhylrxv fdvh/ wkh Iruhljq �up rswlpl}hv zlwkrxw uhvwulfwlrqv/
zkloh wkh Krph �up rswlpl}hv xqghu wkh uhvwulfwlrq S +[,� s +{, @ w1 Wklv
h�hfwlyho| ghflghv rqh ri wkh wzr txdqwlwlhv iru wkh Krph �up dqg wkh Krph
�up zloo wkxv rqo| kdyh rqh IRF wr frqvlghu1

41614 Krph �up*v IRFv

Jlyhq wkdw wkh Krph �up pxvw xskrog ORS rq lwv pdunhw/ wkh �up fdq rqo|
fkrrvh rqh ri lwv txdqwlwlhv iuhho|1 Wkh ORS frqvwudlqw

w @ S +[,� s +{, @ D�[ � �\ � 4 . {. �|>

jlyhv { dv d ixqfwlrq ri [>

{ @ �D.[ . �\ . 4� �| . w=

Wkh IRF lv wkhq +jlyhq wkdw { lv d ixqfwlrq ri [ ,

C

C[
+{ +4� {� �|, .[ +D�[ � �\ ,� w[, @ 6D�7[�6�\ �6w�4.�| @ 3=

41615 Iruhljq �up*v IRFv

Wkh sureohp lv

pd{
|>\

| s +|, . \ S +\ ,� w| �N=

Wkh IRFv duh

C

C\
+| +4� | � �{, . \ +D� \ � �[,� w| �N, @ D� 5\ � �[ @ 3>

C
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41616 Htxloleulxp

Wkhuh duh qrz irxu htxdwlrqv wkdw kdyh wr eh ixo�oohg1 Vhwwlqj xs wkh sureohp3
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urz lv wkh IRF z1u1w1 [ iru wkh Krph �up1 Ixuwkhu/ wkh wklug urz lv wkh IRF
z1u1w1 \ dqg �qdoo|/ wkh irxuwk urz lv wkh IRF z1u1w1 | iru wkh Iruhljq �up1
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��5 . �5
�
> zklfk lv

qrq0}hur iru � 5 ^3> 4`1
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41617 Sur�wv

Wkh Krph �up*v sur�w lv
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417 Qr Vhjphqwdwlrq

Ohw xv qrz dvvxph wkdw qr �up vhjphqwv1 Wkh Krph �up*v sureohp lv

�KQ>Q @ pd{
{>[

{s +{, .[S +[,� w[>

v1w1 m s +{,� S +[, m � w=

dqg wkh Iruhljq �up*v sureohp lv
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41714 IRFv

Khuh zh fdq wdnh wkh uhohydqw frqvwudlqwv dqg �uvw0rughu frqglwlrqv iurp wkh
deryh vhfwlrqv zkhuh �upv vhjphqw1 Iurp wkh vhfwlrq rq wkh fdvh Krph vhj0
phqwv 2 Iruhljq grhvq*w/ zh kdyh wkh frqvwudlqw
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C
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41715 Htxloleulxp
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3 @ ��{. �[ � | . \ �D. 4 . w = | � frqvwudlqw

3 @ �{� 6�[ . 3 � | � 7\ . 6D� 6w� 4 = \ � IRF

3 @ �{.[ � �| . �\ �D. 4 . w = {� frqvwudlqw

3 @ 3 � {� 7[ . �| � 6�\ . 6D� 6w� 4 = [ � IRF

Dv d olqhdu v|vwhp3
EEC

�� � �4 4
� �6� 3 �7
�4 4 �� �
3 �7 � �6�

4
FFD

3
EEC

{
[
|
\

4
FFD @

3
EEC

D� 4� w
�6D. 6w. 4
D� 4� w

�6D. 6w. 4

4
FFD =

;



Wkh ghwhuplqdqw ri wkh pdwul{ lv G @ 7 +� � 4, +� � 5, +� . 5, +� . 4, > zklfk
lv qrq0}hur iru � 5 ^3> 4,1 Iru � @ 4> wkhuh lv d sureohp/ vlqfh wkhuh lv rqo|
rqh vlqjoh ORS frqvwudlqw dqg wkh �upv wkhq erwk rswlpl}h xqghu wkh vdph
frqvwudlqw1
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Sulfh gl�huhqfhv duh wkhq
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418 Ghulydwlrq ri gl�huhqfhv lq sur�wv ehwzhhq vwudwhjlhv

Jlyhq wkh sur�wv ghulyhg lq wkh suhylrxv vhfwlrqv zh kdyh
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5 Pdunhw forvhgrzq e| Iruhljq +vt5,

Doo wkh deryh zdv xqghu wkh dvvxpswlrq wkdw erwk �upv zhuh vhoolqj rq erwk
pdunhwv1 Wklv lv qrw qhffhvdulo| rswlpdo/ lq sduwlfxodu wkh Iruhljq �up pljkw
fkrrvh wr ljqruh wkh Krph +srru, pdunhw dqg dfklhyh kljkhu sur�wv e| vhwwlqj
dq rswlpdo sulfh wr wkh Iruhljq pdunhw rqo|1 Ghpdqg lv wkhq

Krph frxqwu| Iruhljq frxqwu|
Krph surgxfw s +{, @ 4� { S +[, @ D�[ � �\
Iruhljq surgxfw S +\ , @ D� \ � �[

Wkh sd|r�v wr Iruhljq ri wklv vwudwhj| ghshqg rq zkdw Krph grhv/ vr zh kdyh
wr h{dplqh erwk wkh fdvh zkhuh Krph vhjphqwv dqg wkh fdvh zkhuh lw grhv qrw1

Iruhljq

Krph

Forvh
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514 Iruhljq forvh/ krph vhjphqw

Dvvxph wkdw wkh Iruhljq �up grhv qrw vhoo wr wkh Krph pdunhw/ wkhq wkh Krph
�up*v sureohp lv
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51414 Krph frxqwu| IRFv

Wkh �uvw0rughu frqglwlrq lv
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51415 Iruhljq frxqwu| IRFv

Wkh �uvw0rughu frqglwlrqv duh
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Wkh sur�wv wr wkh �upv duh wkhq
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515 Iruhljq forvh/ Krph lqwhjudwh

Ohw xv qrz h{dplqh wkh fdvh zkhuh wkh Iruhljq �up forvhv wkh Krph pdunhw
dqg wkdw wkh Krph �up grhv qrw vhjphqw1 Wkh Krph �up*v sureohp lv

�KQ>F @ pd{
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dqg wkh Iruhljq �up*v sureohp lv
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Vlplodu wr wkh suhylrxv fdvh/ wkh Iruhljq �up rswlpl}hv zlwkrxw uhvwulfwlrqv/
zkloh wkh Krph �up rswlpl}hv xqghu wkh uhvwulfwlrq S +[,� s +{, @ w1 Wklv
h�hfwlyho| ghflghv rqh ri wkh wzr txdqwlwlhv iru wkh Krph �up dqg wkh Krph
�up zloo wkxv rqo| kdyh rqh IRF wr frqvlghu1

51514 Krph �up*v IRFv

Jlyhq wkdw wkh Krph �up pxvw xskrog ORS rq lwv pdunhw/ wkh �up fdq rqo|
fkrrvh rqh ri lwv txdqwlwlhv iuhho|1 Wkh ORS frqvwudlqw

w @ S +[,� s +{, @ D�[ � �\ � 4 . { @ w>

jlyhv { dv d ixqfwlrq ri [>

{ @ �D.[ . �\ . 4 . w=

Wkh IRF lv wkhq +jlyhq wkdw { lv d ixqfwlrq ri [ ,
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51515 Iruhljq �up*v IRFv

Wkh sureohp lv
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51516 Htxloleulxp

Zh qrz kdyh d olqhdu htxdwlrq v|vwhp zlwk wkh wzr IRFv dqg wkh ORS frq0
vwudlqw wr vroyh iru wkuhh txdqwlwlhv

D� 5\ � �[ @ 3 +4,
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Wkh Krph �up*v sur�w lv
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6 Pdunhw forvhgrzq e| Krph +vt6,
Qrz lqvwhdg h{dplqh wkh fdvh zkhuh wkh Krph �up forvhv lwv rzq pdunhw dqg
rqo| vhoov rq wkh Iruhljq pdunhw1 Ghpdqg lv wkhq

Krph frxqwu| Iruhljq frxqwu|
Krph surgxfw S +[, @ D�[ � �\
Iruhljq surgxfw s +|, @ 4� | S +\ , @ D� \ � �[

Wkh sd|r�v wr Krph ri wklv vwudwhj| ghshqg rq zkdw Iruhljq grhv/ vr zh kdyh
wr h{dplqh erwk wkh fdvh zkhuh Iruhljq vhjphqwv dqg wkdw zkhuh lw grhv qrw1
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Krph
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614 Krph forvh/ Iruhljq lqwhjudwh

Ohw xv qrz dvvxph wkdw wkh Krph �up vhoov rqo| rq wkh iruhljq Pdunhw/ zkloh
Iruhljq �up vhoov rq erwk pdunhwv dqg lqwhjudwhv1 Wkh Krph �up*v sureohp lv
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Wkh Iruhljq �up rswlpl}hv xqghu wkh uhvwulfwlrq S +\ ,� s +|, @ w1 Wklv h�hf0
wlyho| ghflghv rqh ri wkh wzr txdqwlwlhv iru wkh Iruhljq �up dqg wkh Iruhljq �up
zloo wkxv rqo| kdyh rqh IRF wr frqvlghu1

61414 Krph �up IRFv

Wkh IRF jlyhv rqh htxdwlrq
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61415 Iruhljq �up IRFv

Jlyhq wkdw wkh Iruhljq �up pxvw xskrog ORS rq lwv pdunhw/ wkh �up fdq rqo|
fkrrvh rqh ri lwv txdqwlwlhv iuhho|1 Wkh ORS frqvwudlqw
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61416 Htxloleulxp

Wkhuh duh qrz wkuhh htxdwlrqv wkdw kdyh wr eh ixo�oohg +IRFv dqg ORS,1
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Wkh Krph �up*v sur�w lv
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Wkh Krph �up*v sureohp lv

�KF>V @ pd{
[

[S +[,� w[>

dqg wkh Iruhljq �up*v sureohp lv

�I
F>V �N @ pd{

|>\
| s +|, . \ S +\ ,� w| �N=

48



61514 Krph frxqwu| IRF

Wkh �uvw0rughu frqglwlrqv lv
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61515 Iruhljq frxqwu| IRFv

Wkh �uvw0rughu frqglwlrqv duh
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61516 Wkh sur�wv

Wkh sur�wv wr wkh �upv duh wkhq
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Qrz h{dplqh wkh fdvh zkhuh erwk �upv forvh wkh Krph pdunhw dqg rqo| vhoo rq
wkh Iruhljq pdunhw1 Wkhq wkh Krph �up*v sureohp lv
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71317 Iruhljq frxqwu| IRFv

Wkh �uvw0rughu frqglwlrqv duh
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71318 Wkh sur�wv

Wkh sur�wv wr wkh �upv duh wkhq
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