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Dsshqgl{ wr �Hqgrjhqrxv pdunhw vhjphqwdwlrq dqg wkh odz ri
rqh sulfh�1 Vkrxog wkh Krph pdunhw eh forvhgB

Ulfkdug Iulehuj dqg Ndm Pduwhqvhq
Vwrfnkrop Vfkrro ri Hfrqrplfv

Qryhpehu 9/ 5334

Dv qrwhg lq Dsshqgl{ E/ zh qhhg wr fkhfn zkhwkhu �upv zloo zdqw wr vhoo rq erwk pdunhwv1 Zh prgho
wklv dv d wzr vwdjh jdph/ zkhuh wkh vhfrqg vwdjh lv wkh vhjphqwdwlrq0txdqwlw| jdph wuhdwhg lq wkh sdshu1
Lq wkh �uvw vwdjh/ d �up fdq fkrrvh zkhwkhu wr forvh wkh Krph pdunhw1 Iru vlpsolflw|/ zh dvvxph wkdw d
forvhg pdunhw lv dovr vhjphqwhg +dw }hur frvw,1 Lq wklv h{whqghg +d �uvw dqg d vhfrqg shulrg, jdph/ zh fdoo
d vwudwhj| sur�oh dq htxloleulxp li lw lv vxejdph shuihfw1 Khqfh/ zh xvh edfnzdugv lqgxfwlrq wr �qg wkh
htxloleuld ri wkh h{whqghg jdph1 Jlyhq wkh sur�wv lq wkh vhfrqg vwdjh/ zh dqdo|}h d vwdjh rqh jdph ri wkh
iroorzlqj irup=

Iruhljq

Krph

Vhoo rq erwk pdunhwv Forvh Krph pdunhw
Vhoo rq erwk pdunhwv 4 5
Forvh Krph pdunhw 6 7

Hdfk qxpehuhg vtxduh uhsuhvhqwv wkh htxloleulxp sur�wv lq wkh vwdjh wzr jdph jlyhq wkh vwudwhjlhv lq wkh �uvw
vwdjh1 Wkhvh ydulrxv sur�wv duh fdofxodwhg lq wkh grfxphqw �sur�wv�1 Lq wklv grfxphqw zh rqo| frpsduh wkh
gl�huhqfhv1 Wkh rxwfrph ri wkh jdph lq vtxduh 4 lv fuxfldo iru wkh frpsdulvrqv dqg zh wkhuhiruh uhsurgxfh
wkh rxwfrph ri wkdw jdph khuh1 Wkh �jxuh ehorz jlyhv wkh vwudwhj| sur�ohv/ jlyhq wkdw erwk �upv duh irufhg
wr nhhs erwk pdunhwv rshq1
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Iljxuh 41 Htxloleuld iru � $ 4=

Iru w A 3=5 wkhuh zloo eh qr sxuh vwudwhj| htxloleuld iru orz N dqg iru kljkhu N wkhuh zloo eh dq +Q>Q,
ru +Q>V, htxloleulxp1

Zh vwduw zlwk wkh frpsdulvrqv iru wkh Krph �up/ zkhuh wkh uhohydqw frpsdulvrqv duh ehwzhhq vtxduhv
4 dqg 6 dqg 5 wr 71 Wkh h{huflvh lv grqh iru D @ 5 dqg � @ 3=<< +zh kdyh grqh wkh vdph h{huflvh iru D @ 5
dqg � @ 3=8 dv zhoo/ dv h{shfwhg lw zdv qrw rswlpdo iru dq| ri wkh �upv wr forvh wkh krph pdunhw,1 Zh zloo
uhihu wr wkh vhfrqg shulrg jdph dv wkh vhjphqwdwlrq jdph1

4 Wkh Krph �up*v sureohp

414 Krph= frpsdulvrq ehwzhhq vtxduhv 4 dqg 6

Jlyhq wkdw wkh Iruhljq �up vhoov rq erwk pdunhwv/ zkdw lv wkh rswlpdo vwudwhj| iru wkh Krph �upB Vlqfh
wkh Krph �up*v �uvw fkrlfh lv zkhwkhu wr vhoo rq erwk pdunhwv/ zh qhhg wr frpsduh wkh rxwfrph ri wkh
vhjphqwdwlrq jdph +zkhuh +Q>Q,/ +V> V, ru +Q>V,/ uhvshfwlyho|/ fdq eh htxloleuld,/ zlwk wkh Krph �up*v
sur�wv ri vkxwwlqj grzq wkh Krph pdunhw1 Wkh sd|r�v lq vtxduh 6 zloo eh ghshqghqw rq zkhwkhu Iruhljq
lqwhjudwhv ru vhjphqwv dqg zh zloo frpsduh zlwk erwk wkrvh fdvhv1 Zh zloo vkrz

�K
�>� ��K

F>� � 3>
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zklfk phdqv wkdw wkh Krph �up suhihuv dq| rxwfrph ryhu vkxwwlqj grzq lwv rzq pdunhw1 Iru h{dpsoh/ li

�KQ>Q ��KF>V A 3>

�KQ>Q ��KF>Q A 3>

wkhq wkh Krph �up suhihuv wkh +Q>Q, htxloleulxp ryhu vkxwwlqj grzq lwv rzq pdunhw1
Zh vwduw e| frpsdulqj wklv +Q>Q, htxloleulxp wr wkh rxwfrph ri wkh jdph lq vtxduh 61 Wkh gl�huhqfh

lq sur�wv

�KQ>Q ��KF>V @
4

5

+D� w. 4,5

+� . 5,5
� +�5D. �D. 5w,5

+�7 . �5,5
>

jlyhv wkh �jxuh ehorz zkhq sorwwhg iru w 5 ^3> 3=6`
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Vr �KQ>Q A �KF>V iru wkh hqwluh udqjh1 Ixuwkhu/

�KQ>Q ��KF>Q @
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Vr/ khuh dv zhoo/ �KQ>Q A �KF>Q = Lq wkhvh fdvhv/ vhjphqwdwlrq frvwv gr qrw hqwhu wkh sureohp/ wkxv zh
nqrz wkdw xqdpeljxrxvo| wkh Krph �up suhihuv wkh +Q>Q, rxwfrph ri wkh jdph lq 4 ryhu sod|lqj wkh jdph
lq 61 Wkdw lv/ lw zloo suhihu qrw wr forvh lwv grphvwlf pdunhw1
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Iru orz w zh kdyh d frruglqdwlrq jdph vr wkdw �K
V>V lv dovr uhohydqw iru frpsdulvrq/ w|slfdoo| zh zloo kdyh

�K
V>V A �KQ>Q / exw ohw xv fkhfn1 Wkh gl�huhqfh
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Wkxv �K
V>V A �K

F>V = Wklv kdv wr zhljkwhg djdlqvw wkh frvw ri vhjphqwdwlrq N> krzhyhu1 Lq wkh duhd ehorz
wkh olqh wkh Krph �up zloo vhjphqw/ vlqfh wklv sur�w gl�huhqfh lv juhdwhu wkdq wkh sur�w gl�huhqwldo xqghu
zklfk zh fdq jhw wkh +V> V, rxwfrph lq wkh jdph lq 4/ dv vhhq lq Iljxuh 4 deryh1 Zh dovr frpsduh
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Zkhuh e| dqdorjrxv uhdvrqlqj/ wkh �up zloo suhihu wkh rxwfrph ri vtxduh 41 Ilqdoo|/ zh qhhg wr frpsduh
zlwk wkh rxwfrph ri +Q>V,1

�KQ>V ��KF>V @
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5

+w�D� 4,5

+� . 5,5
�
#
+�5D. �D. 5w,5

+�7 . �5,5

$
>

zklfk jlyhv wkh iroorzlqj �jxuh1
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Vr/ �KQ>V A �KF>V > wkh sur�wv iurp nhhslqj erwk pdunhwv rshq duh kljkhu wkdq zkdw lv dfklhyhg li wkh
Krph pdunhw lv forvhg1 Ilqdoo|/

�KQ>V ��KF>Q @
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lv sorwwhg lq wkh iroorzlqj �jxuh1
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Vr/ lq doo wkh fdvhv vtxduh 4 |lhogv kljkhu sur�w wkdq vtxduh 6 iru wkh Krph �up1
Vlqfh zh uxoh rxw pl{hg vwudwhjlhv/ zh gr qrw frpsduh zlwk wkh uhjlrq zkhuh qr sxuh vwudwhj| htxloleuld

h{lvw1 Jlyhq wkdw wkh h{shfwhg ydoxh ri d jdph zkhuh �upv udqgrpl}h ryhu vwudwhjlhv jlyhv d zhljkwhg
dyhudjh ri wkh gl�huhqw sxuh vwudwhj| htxloleuld/ dqg doo ri wkhvh grplqdwh wkh vtxduh 6 rxwfrphv/ wklv lv qrw
zruulvrph1
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415 Krph= frpsdulvrq ehwzhhq vtxduhv 5 dqg 7

Jlyhq wkdw Iruhljq rqo| vhoov rq wkh Iruhljq pdunhw/ zkdw lv wkh rswlpdo vwudwhj| iru KrphB Qrz zh frpsduh
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Iru ydoxhv ri N dqg w vxfk wkdw zh duh ehorz wkh olqh/ wkh Krph �up zloo vhjphqw pdunhwv1 Vr/ iru prvw
ri wkh uhohydqw udqjh Krph zloo fkrrvh qrw wr vhjphqw1 Rqo| zkhuh N lv h{wuhpho| orz dqg w A 3=58 zloo
Krph vhjphqw1 Vr zkhq frpsdulqj vtxduhv 5 dqg 7 wkh pdlq frpsdulvrq lv

�KQ>F ��KF>F @ 5
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Khqfh/ �KQ>F A �KF>F ryhu wkh uhohydqw udqjh1 Wkh Krph �up zloo suhihu wr nhhs erwk pdunhwv rshq1 Zh
dovr qhhg wr fkhfn wkh fdvh zkhuh Krph vhjphqwv +hyhq wkrxjk lwv d vpdoo duhd,1 Wkh gl�huhqfh
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Iru ydoxhv ri N +yhu| kljk, dqg w vxfk wkdw zh duh ehorz wkh olqh zloo wkh Krph �up vhjphqw dqg sur�wv
lq frqvhtxhqfh eh kljkhu zkhq erwk pdunhwv duh rshq1

Dovr zkhq lw lv rswlpdo iru wkh Krph �up wr vhjphqw duh lwv sur�wv kljkhu zkhq rshudwlqj rq erwk
pdunhwv1 Vr/ jlyhq wkdw Iruhljq grhv qrw vhoo rq wkh Krph pdunhw/ wkh Krph �up zloo suhihu wr vhoo rq erwk
pdunhwv1 Vr Krph suhihuv 5 ryhu 71

416 Frqfoxvlrqv Krph

Iurp wkh deryh zh frqfoxgh wkdw lw lv d grplqdqw vwudwhj| iru Krph wr vhoo rq erwk pdunhwv iru wkh sdudphwhu
ydoxhv jlyhq1 Jlyhq wklv zh fdq olplw rxuvhoyhv wr frpsdulqj vtxduh 4 zlwk vtxduh 5 iru Iruhljq1

5 Wkh Iruhljq �up*v sureohp

514 Iruhljq= frpsdulvrq ehwzhhq vtxduhv 4 dqg 5

Wklv lv wkh uhvwulfwlrq wkdw lv prvw olnho| wr eh elqglqj/ qrw rqo| lv wkh Krph pdunhw wkh zhdn pdunhw/ lw
lv dovr ri ohvv lpsruwdqfh iru wkh Iruhljq �up gxh wr wkh wudqvsruw frvw1 Iru pxfk ri wkh duhd lq �jxuh 4/
+Q/Q, lv wkh xqltxh Qdvk htxloleulxp zkhq erwk pdunhwv duh rshq dqg Krph zloo fkrrvh qrw wr vhjphqw li
Iruhljq forvhv wkh Krph pdunhw +vhh suhylrxv frpsdulvrq,1 Khqfh/ wkh pdlq frpsdulvrq lv
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Vlqfh qhlwkhu ri wkhvh fdvhv lqyroyh d frpsdulvrq zlwk N> doo zh qhhg wr h{dplqh lv li wkh gl�huhqfh lv
srvlwlyh1 Zh vhh wkdw iru w ? 3=5/ sur�wv duh juhdwhu iru wkh Iruhljq �up li lw rshudwhv rq erwk pdunhwv +wkh
h{dfw vroxwlrq lv w @ 3= 53354,1

Zh vkrxog dovr frpsduh zlwk V/V1
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Lq wkh uhjlrq ehorz wkh olqh/ N dqg w duh vxfk wkdw �I
V>V � �I

Q>F A N dqg wkh �up zloo suhihu wkh
rxwfrph ri vtxduh 4 +vlqfh wkh uhjlrq lq zklfk �I

V>V � �I
Q>F A N lv juhdwhu wkdq wkh uhjlrq iru zklfk dq

+V> V, htxloleulxp fdq dulvh lq Iljxuh 41 Wkxv/ iru w ? 3=5 Iruhljq zloo vhoo rq erwk pdunhwv1
Dv vhhq deryh lq wkh frpsdulvrq �I

Q>Q ? �I
Q>F zkhq w A 3=5 vr wkdw wkh Iruhljq �up zrxog udwkhu forvh

wkh Krph pdunhw wkdq nhhs lw rshq dqg ohw sulflqj rq wkh Iruhljq pdunhw eh frqvwudlqhg1
Zkdw derxw wkh frpsdulvrq zlwk �I

Q>VB Wkh gl�huhqfh
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jlyhv wkh �jxuh ehorz1
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Khqfh/ khuh wrr/ lw lv ehwwhu wr forvh wkh Iruhljq pdunhw zkhq w ? 3=51 Djdlq/ N grhv qrw hqwhu wklv
frpsdulvrq1 H{dfw vroxwlrq lv w @ 3= 4<<7:= Odvw fdvh wr fkhfn lv wkh fdvh zkhuh Krph vhjphqwv +zklfk lw
zloo gr iru yhu| orz N dqg w A 3=588,1 Wkh gl�huhqfh
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Wkxv/ wkh gl�huhqfh wklv lv qhjdwlyh zkhq w A 3=588/ dqg wkh Iruhljq �up zrxog suhihu wr forvh wkh Krph
pdunhw udwkhu wkdq jhw wkh +Q>V, rxwfrph ri vtxduh 41 Zh vkrxog dovr frpsduh zlwk wkh +Q/Q, fdvh1 Wkh
gl�huhqfh
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Khqfh/ dovr khuh wkh gl�huhqfh wklv lv qhjdwlyh zkhq w A 3=5881 Vr/ wkh uhvxowv duh fohdu1 Wkh fdvh wkdw
zh kdyhq*w h{solflwo| fkhfnhg lv wkh vpdoo duhd lq Iljxuh 4 zkhuh qr sxuh vwudwhj| htxloleuld h{lvw1

6 Frqfoxvlrqv

Wkh h{huflvh lv grqh iru D @ 5 dqg � @ 3=<<= Krph �up zloo dozd|v fkrrvh wr rshudwh rq erwk pdunhwv1
Iruhljq zloo rshudwh rq erwk li w ? 3=5> zkhq w A 3=5 lw zloo txlw vhoolqj wr wkh Krph pdunhw1
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