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Abstract:

It is routine to demonstrate in the exchange economy framework that small changes of individual preferences and
endowments always result in small changes of the derived excess demand functions as one should expect. Though
being as desirable for reasons of the consistency of the whole approach, however, a precise proof of the converse
direction so far is still open to question. The present paper shows that it is actually true. We use a decomposition
method for aggregate excess demand functions developed by Mas—Colell which is derived from the well-known
decomposition method developed by Sonnenschein and perfected by Debreu and Mantel. Our result fills in a notorious
gap in the line of economic justification usually given for this decomposition method.
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1 Introduction

It is not hard to prove that continuously changing preferences and endowments
of the agents of an exchange economy always lead, as one naturally expects, to
continuous changes of the derived aggregate excess demand functions (see e.qg.
Mas—Colell, 1985, Prop. 2.7.2). The converse direction, however, though seem-
ing as natural, has not yet been verified. In other words, the following is still
open to question: can any slightly changing aggregatess demand functite

derived from some slightly changirexchange econonspecified by preferences

and initial endowments?

Evidently, an analysis of this question is intimately linked to feasil@eom-
position methodwhich assign some exchange economy with finitely many agents
to any given excess demand function so that the economy’s derived excess demand
function equals the given function up to a neighborhood of the boundary of the
price space (for surveys see e.g. Shafer/Sonnenschein, 1982; Mas—Colell, 1985, p.
242). As every theoretical economist knows Sonnenschein, Debreu, and Mantel
have provided compelling decomposition methods in the early seventies. How-
ever, the revealed indeterminateness of the equilibrium framework which lies at
the heart of economic theory has upset the whole profession. Due to this it is obvi-
ously of paramount interest how meaningful this classical type of decomposition
method is from the economic viewpoint.

Earlier research work has given answers in the positive (see e.g. Kirman/Koch
1986, Koch 1987, 1989, Hildenbrand/Kirman 1988, Hildenbrand 1999). In fact
these studies show that the classical decomposition method is surprisingly flexi-
ble. More specifically this means that it is possible to impose additional plausible
requirements on the exchange economy to be constructed by merely slightly mod-
ifying the classical decomposition method.

Amazingly, however, it has not yet been verified whether it is true that neigh-
boring economies are assigned to neighboring excess demand functions. Clearly,
lacking this prerequisite any decomposition method appears to be highly artificial
and unsatisfactory.

In this study we will check this fundamental property. More precisely, we are
dealing with the variant of the classical decomposition method which has been
proposed by Mas—Colell (1985, Proposition 5.5.8). To fix ideas let us reformulate
our leading question in a more formal way:

given any continuous one-parametrization (or say homotopy, family, pertur-
bation, or evolution)

(ft)te[o,l]
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of aggregate excess demand functions, is thex@dinuousone-parametrization
of exchange economies

(Et)te[o,l}

so that for anyt € [0, 1] the excess demand function derived from thstate
economyF; equalsf; up to a neighborhood of the boundary of the price space
and moreover, the equilibrium set @f; precisely equals the zero set H?

We will show that the affirmative answer is true. More specifically, our proce-
dure will be to verify that for any admissible continuous one-parametrization

(ft)te[m]

of excess demand functions the induced one-parametrizations of the addressed
constructions by Mas—Colelire also continuous Thus, loosely speaking, we
will prove the continuity of a ‘one-parametrized version of Mas-Colell's proof’.

2 Notational Preliminaries

In order to facilitate references to Mas-Colell’'s constructions in the sequel we will
keep to the notations used there as closely as possible.

There arel commodities. The price space is denotedfywhereS is the
strictly positive, boundaryless paft—' N R, of the (I — 1)-unit spheres’~!
in R . Let 9S denote the boundary &f. Given a smalk > 0 the symbolS,
denotes the ‘open inner subspa¢g’c S|p >> ec} of S, wheree denotes theé-
vector with all components; = 1. For twol-vectorsz andy the symbolk: << y
means that; < y, foralli = 1,...,l. Lete’ denote thei-th unit vector of
R!, pisc denotes the space 6f-preference relations on the commodity space
R which are monotone, differentiable, strictly convex, and which satisfy the
usual boundary (continuity) condition: for any € R, . the upper contour set
{z e R |z = «} is closed iR’ (Mas—Colell, 1985, 2.3.16).

It still remains to specify the respective concepts of nearness of excess demand
functions, preference relations, and initial endowments for qualifying changes as
“small” or “continuous”. Following the lines of Mas—Colalearness of individ-
ual preference relationgs defined by nearness of the representing direct utility
functions, which in turn is derived in the usual way fr@if+-uniform convergence
on compactaNearness of excess demand functiatisbe defined in this study
by C°-uniform convergencen the wholeof the price spacé. Actually, there is
nothing unreasonable with this convention since it just rules out situations where
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there are non-vanishing deviations of function values — even if the critical argu-
ments run to the boundary of the domain. Finally, nearness of initial endowment
vectors is obvious.

3 The Result

After these preparations we can state our main result:

Theorem: Let

(f)eeroy + 5 x [0,1] — R’
(p,t) — fi(p)

be a continuous one-parametrization such that, moreover, the family 1) is
uniformly convergent on the whole doma&irfand not only on compacta). For any
t € [0,1] the functionf,(—) is an excess demand function. That me#is ) is

a tangentialC3-vector field onS and, furthermore, fulfills the familiar boundary
properties

() Vpes fi(p) > —ke for some constarkt € R,
(i) if p™ — p € 0S5 = ||fi(pP™)|| — +oc.

Then for anye > 0 one can find a continuous one-parametrization of exchange
economies witth agents

(Et)te[o,l} : {17 2,..., l} x [07 1] - pg,sc X Rl—i—+
(i,t) = (Zitr Wit)

~ol

such that the derived excess demand function of astgite economy
EoA{1,2,....,1 2
t { » ’}—>pb,sc><Rl++
L (ii,t;wi,t)

is equal tof; on S, and, moreover, is an equilibrium forE, if and only if it is a
zero of f;.

Remark: To call it to the reader’s mind the assumption(@f-uniform conver-
gence on the whole of just means that the graphs of any two excess demand
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functionsf; ; andf; ., are close whenandt’ are close. Notice further that the last
statement of the Theorem means that the given one-parametrization of excess de-
mand functions igquivalent with respect to equilibri® the one-parametrization

of associated exchange economies. This holds true even though the derived excess
demand functions may differ from the given functions on a neighborhood of the
boundary ofS.

Proof: Our procedure will be to verify that the given one-parametrizationco 1
inducescontinuousne-parametrizations of the relevant constructions in the proof
of Proposition 5.5.8 by Mas—Colell (1985, pp. 197-201).

(I) Accordingly, let us in the first part of our proof summarize the crucial steps
of this proof. (In the sequel all references and citations in citation marks
refer to Proposition 5.5.8 and its proof by Mas—Colell, 1985). For the
sake of better compatibility let us identify the excess demand fungtion
from Mas—Colell's Proposition 5.5.8 with the initial functigi of our one-
parametrizatior{ f;).cj0,1;. Consequently, all following constructions using
utility functions will also receive an additional sub-indéx

On page 200 amdirect utility function
U0 - Rl_|_+ — R

for each of the agents is provided which 6?2, logarithmically homoge-
neous, and has the further crucial property

M pert, Ouig(p) << 0, and

O%u;0(p) is positive definite.

In “step 1” (pp. 197—-198) a canonical construction is provided which asso-
ciates a uniqudirect utility function, which we will denote by

191'70 : R:—+ — R,

with each indirect utility function., o. Clearly, eachy; , represents a pre-
ference relatiory; o from p; . (for verifications see “step 1"). Thus we also
may speak of an exchange economy when we are given the agents’ indi-
rect, or direct, utility functions instead of their explicit preference relations.
Furthermore, each agent receives an initial endowment bundle= ke’



where the common scale factbre R, has to be chosen large enough so
that each indirect utility function , fulfills property*) (see below in this
study paragraph (Il), 2). Actually the exchange econdmy, ke')!_,, or

(940, ke')l_,, has the desired properties: its derived excess demand function
coincides with the prescribed®-vector fieldf, : S — R on S,, and the

set of equilibria of the economy is equal to the set of zeroef ¢fee pp.
200-201 for verifications).

(I) Let us now start the main part of our proof. We will proceed along the
following lines: the decomposition intoagents’ (in)direct utility functions
will be maintained.In step (1) we will verify for each agent that the given
continuous one-parametrization

(ft)te[o,l]

leads to acontinuousone-parametrizatiofu; o).cjo,1) Of the associatén-
direct utility function In step (2), agent:’s initial endowment vectow; ;

will be held fixedat ke’ for anyt. From the verifications on pp. 200-201
it follows directly that for anyt € [0, 1] the ¢-state economyu, ;, ke)!_,
generated; on S, i.e. the excess demand function which is derived from
this economy equalg on S.. In addition, the set of equilibria of thestate
economy equals the set of zeroesfpfThus our proof will be completed if

it will be shownin step (3) that also theassociate one-parametrization of
exchange economies

(Et)te[(),l] : {]-a 27 cee 7l} X [07 1] - pg,sc X RZ—H-
(iat) = <>—z’,tawi,t) = (?\'ﬂ',t, k‘ei)

~Y

is continuous Due to Definition 2.4.1 by Mas—Colell this is equivalent to
the continuity of theassociateone-parametrization

(Eé)té[o,l} . (Z,t) — (191'715, kel)
of direct utility functions and initial endowment vectors

(1) Let us start now with oufirst step where we have to verify that for
each agent the given continuous one-parametrizatigi).cjo,;) pro-
duces aontinuousone-parametrization

(ui,t)te[o,l]
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of theindirect utility function (see in Mas—Colell's book “step 3”)

uiyozRﬁr+—>R
1. 1 14

p ivz‘(p) + §U(P) + Efi,o(p)

The “ingredients” ofu; , are defined as follows:
(i) (see “step 27)

@i:Rﬁr+—>R
pHZaﬂ In((Ap),))

whereA is a nonsingular matrix with strictly positive entries, row
and column sums equal to one, and generic enfry

Actually, 9; has property’ (for verifications see p. 199), and is
logarithmically homogeneous.

(ii) (see “step 3”)
U : ]RiﬂﬁL — R
is C'>°, convex, logarithmically homogeneous, and has the follow-
ing additional properties:
(1) du(p) << Oforallp e R, ,
(2) wis a proper mapping

() u(p) = —1In(pe) =

n<e

p € S, for some real positive

1
[Ipl]

(4) 9%u(p) is positive definite at any with —p € S\ S,

H |
(Property (1) together with (4) fulfills ‘almost’ property from
above.)

(i) (see “step 3")
Without loss of generality we can assume that
{p € S|fo(p) =0} C S.. Now

f() S — Rl
p = n(p)lap)fe(p) + (1 — a(p)) fo(p)]



where f.(p) = (i) e — p, anda andn are C3-differentiable
gluing functions froms to [0, 1] such that

als,, =0 and
als\s, =1 for some real positiver < ¢, and
T]|S\SM/2 =0 and n

Sy =1.

In other words,f, modifies f, near the boundary of into a C?2
vector field with the following properties:
() foAse = Jols.
(b) efo(p) > 0if p € S\S,.
andfo(p) =0if pE S\S,u/g

€) pe S,andfy(p) =0=peS..
(There is g1 < 1/2¢ admitting these properties (see p. 199).)
Putting fo(p) = fo (ﬁ) one can naturally view, as definedn
the wholeR!, , . The constant commoascale factork will be ex-
plained below in step (2). To summarize, agésitndirect utility
functionu, o is only in itsthird summand1/k) f; o(p) dependent
on the given functiory,.

(2) In this step we are going to demonstrate that the given continuous one-

parametrization( f;).cjo,1) leads to a continuousne-parametrization
of agent’s indirect utility function(w; ;):cpo,1] with

1

+ su(p)

usalp) = 5 [Z (= ((4p),))| + 5

e {a@ (pi - p,.) (1 D) fi4(p)

Due to the overall uniform convergence the given continuous one-
parametrizatiofif;).c(o,1 clearly entails @ontinuousone-parametriza-
tion (u;+):cp0,1) Of agenti’s indirect utility function such that for any

t € [0,1] the mapy, ; satisfies property’ from the beginning of this
proof if k£ is chosen appropriately large. Analogously to the corre-
sponding argument on p. 200 there is no difficulty with this choice
because for alt € [0, 1] fi,t|s\sw2 =0, fitisC? and(fi)eeo,

is continuouslyone-parametrized over tloempactnterval [0, 1].
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(3) It still remains to show that the canonically associated one-parametri-
zation of agent’s direct utility function(vJ; +).c(0,1) is also continuous.
The method of associating a unique functign to each function; ,
is provided in “step 17, pp. 197-198. (Note, however, ttrare v
denotes thendirect utility, and « the direct utility function, whereas
herewe maintain the notations; for agent:’s indirect andy; for his
associate direct utility function.)

9isRL, — R

is given by
—Vi4(2) == —ui (i (7))
wherep; ;(x) maximizes the functior-u;, on the ‘budget setB, :=
{p € R, |px < 1}. Actually, the maximizer isunique andp;,
is C? (see “step 17, p. 198). Consequently, the one-parametrization
(Vi+)tep0,1) Is continuous if the one-parametrization

(pi,t)te[o,l] : RIJFJF x [0,1] — Rﬁr+
(z,t) — pig(z)

iSs continuous.

To show this let us choose an arbitrary paint, t°) and an arbitrary
sequencéz™, ™) from R, , x [0, 1] which converges t¢z°,¢°). In
order to ensure the continuity 6f; ;):c0,1, we have to make sure that

[1Pie0 (%) = pigm (a™)]]

converges to zero. But this is clear from the definition and the unique-
ness ofp; :(—) due to the fact that the sequence of budget Betsis
Hausdorff convergent t®,0, and due to the assumed overall uniform
continuity of the one-parametrizatign, ;);co1), @ =1,...,1.

This completes the proof of our Theorem. O

4 Conclusions

We have shown that Mas—Colell’s modification of the well-known decomposi-
tion method for aggregate excess demand functions developed and perfected by



Sonnenschein, Debreu, and Mantel in fact satisfies the basic requirement of con-
tinuity. In other words we have proved that this decomposition method assigns
neighboring exchange economies to neighboring excess demand functions. Thus
our result fills in an obvious gap in the line of economic justification usually given
for this type of decomposition method.
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