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Capital accumulation and creative destruction is modeled together with risk-averse households. The novel aspect - risk-averse
households - allows to use well-known models not only for analyzing long-run growth as in the literature but also short-run
‡uctuations. The model remains analytically tractable due to a
very convenient property of the household’s investment decision
in this stochastic continuous-time setup.
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Introduction

Aghion and Howitt (1992) have presented a very in‡uential model of endogenous growth. Long-run growth results from R&D for improved intermediate
goods where each new vintage of intermediate goods yields a higher total
factor productivity. While the original presentation of the model did not
take capital accumulation into consideration, various more recent contributions (Aghion and Howitt, 1998; Howitt and Aghion, 1998, Howitt, 1999)
combined capital accumulation with R&D.
1

I thank seminar participants at CES Munich, Louvain-la-Neuve, the University of Amsterdam and the Federal Reserve Bank of Minnesota for useful discussions and comments
and especially Pat Kehoe, Tim Kehoe and Paul Segerstrom for helpful suggestions and
stimulating discussions.
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These contributions share the feature of risk-neutral agents. Wälde (1999a)
has shown that introducing risk-averse households into the Aghion and Howitt
(1992) model substantially alters equilibrium properties. Three out of four
market failures disappear and a new market failure resulting from a complementarity in …nancing R&D is identi…ed. It is the objective of the present
paper to show that extending also Aghion and Howitt’s (1998), Howitt and
Aghion’s (1998) and Howitt’s (1999) model for risk-averse households considerably broadens the range of phenomena to which their model can be applied.
Such an extension allows to understand not only long-run growth but also
short-run ‡uctuations. Aghion and Howitt’s basic setup implies therefore
much richer predictions once the assumption of risk-neutrality is relaxed.
The next section presents a model that contains the central features of
Aghion and Howitt’s setup, notably an R&D sector whose probability of success (arrival rate) depends on the amount of resources allocated to R&D. In
addition, capital accumulation and the consumption and investment decision
of risk-averse households are modeled explicitly.
The economy we present produces one good that can be used for consumption, for capital accumulation and as an input for risky R&D. This
good employs capital and labour. Risk-averse households can use their savings for …nancing capital accumulation and R&D. As this investment decision
is based on (expected) returns, the amount of resources allocated to capital
accumulation will be high when returns to capital accumulation are high
relatively to expected returns to R&D.
With high capital returns, capital accumulation will be fast. When returns to capital accumulation have fallen (due to decreasing returns to capital), capital accumulation will be slower - just as on the saddle path of a
standard Ramsey growth model. When capital returns are su¢ciently low,
research for new technologies will be …nanced. Once research is successful, a
new technology is available and returns to capital accumulation will again be
high. The discrete increase in total factor productivity due to new technologies combined with gradual capital accumulation allows to jointly understand
short-run ‡uctuations and long-run growth.2
Two features of the model presented here that di¤er from Aghion and
Howitt’s setup are worth being emphasized: First, gradual capital accumulation can be studied only with risk-averse households. Hence without
risk-aversion, short-run ‡uctuations (of the type presented here) can not be
understood. Second, some features of Aghion and Howitt’s setup, which are
not essential for the argument we want to make here, are not taken into con2

Some equilibrium properties of the present model resemble the …ndings of Bental and
Peled (1996) and Matsuyama (1999), who use a discrete-time framework.
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sideration. Most importantly, the present model does not have any imperfect
competition features. Modeling an economy that is perfectly competitive in
all sectors (and therefore has no monopolist in the intermediate good sector)
makes the model very tractable. Incentives for R&D are nevertheless present
in a decentralized economy as the outcome of R&D is assumed to consist not
only in a blueprint but also in a prototype of the new units of production.
As will become clear below, the qualitative properties of the present model
should be identical to qualitative properties of a model with a monopolist in
the intermediate goods sector.

2
2.1

The model
Technologies

Technological progress is labour augmenting and embodied in capital. A capital good Kj of vintage j allows workers to produce with a labour productivity
of Aj : Hence, a more modern vintage j + 1 implies a labour productivity that
is A times higher than labour productivity of vintage j. The production
function corresponding to this capital good reads
¡
¢1¡®
(1)
:
Yj = Kj® Aj Lj

The amount of labour allocated to this capital good is denoted by Lj , 0 <
® < 1 is the output elasticity of capital. The sum of labour employment Lj
per vintage equals aggregate constant labour supply L;
§qj=0 Lj = L;

where q is the most advanced vintage currently available.
Independently of which vintage is used, the same type of output is produced. Aggregate production therefore equals
Y = §qj=0 Yj :

(2)

Aggregate output is used for producing consumption goods C, investment
goods I and it is used as an input R for doing R&D,
C + I + R = Y:

(3)

The objective of R&D is to develop capital goods that yield a higher
labour productivity than existing capital goods. R&D is an uncertain activity
which is modeled by the Poisson process q: The probability per unit of time
3

dt of successful R&D is given by ¸dt; where ¸ is the arrival rate of the process
q: This arrival rate is an increasing function of the amount of resources R
used for R&D,
(4)

¸ = R=D (q) :

The parameter D (q), a fundamental of the model, captures di¤erences in
sector input requirements between R&D and the other sectors. It is an
increasing function of the currently most advanced vintage q, as will be discussed later. It will basically be used to remove the well-known scale e¤ect
(Backus, Kehoe and Kehoe, 1992; Jones, 1995; Segerstrom, 1998; Young,
1998; Howitt, 1999) in the present model.
When R&D is successful, a …rst prototype of a production unit that yields
a labour productivity of Aq+1 becomes available. Let the size of this …rst
machine be given by ·q+1 .3 It might appear unusual that research actually
leads to a …rst production unit. Usually, output of successful research is
modeled as a blueprint. It should not be to di¢cult to imagine, however, that
at the end of some research project, engineers have actually developed a …rst
machine that implies this higher labour productivity. With this assumption,
there are incentives to …nance R&D in a decentralized economy even though
all sectors produce under perfect competition: Those who have …nanced
R&D obtain the production unit ·q+1 ; whose capital rewards balance R&D
costs. Hence, no pro…ts by a monopolist are required.4 As a second e¤ect of
successful R&D, the economy can accumulate capital that yields this higher
labour productivity. This is a positive externality.5
Each vintage of capital is subject to depreciation at the constant rate
±: If more investment is allocated to vintage j than capital is lost due to
depreciation, the capital stock of this vintage increases in a deterministic
way,
dKj = (Ij ¡ ±Kj ) dt;

j = 1:::q:

(5)

When research is successful, the capital stock of the next vintage q + 1 increases discretely by the size ·q+1 of the …rst new machine of vintage q + 1,
dKq+1 = ·q+1 dq:
3

(6)

The size can di¤er for di¤erent vintages and we will later assume that ·q increases in

q.
4

With a monopolist and capital, agents could hold capital and shares in the monopolist.
This would require asset pricing which would make the model intractable when transitional
dynamics are to be analyzed.
5
There is an interesting link to the Coase theorem as it was recently amended by Dixit
and Olson (2000): When bundling a collective good (the new technology) with a private
good (the new machine), the collective good will be provided.
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Afterwards, (5) would apply to vintages j = 1:::q + 1.6
Before describing households in this economy, we now derive some straightforward equilibrium considerations that both simplify the presentation of the
production side and, more importantly, the derivation of the budget constraint of households in the next section.
Allowing labour to the mobile across vintages j = 1:::q such that wage
rates equalise, total output of the economy can be represented by a simple
Cobb-Douglas production function (cf. appendix 6.1)
Y = K ® L1¡® :

(7)

Vintage speci…c capital stocks have been aggregated to an aggregate capital
index K;
K = K0 + BK1 + ::: + B q Kq = §qj=0 B j Kj ;

B=A

1¡®
®

:

(8)

This index can be considered to be a quality-adjusted measure of the aggregate capital stock, where B j captures the quality of capital of vintage j. The
value marginal productivity of a vintage j is then given by
wj = pC

@Y j
B ;
@K

(9)

where pC is the price of the consumption good.
The evolution of this aggregate capital index K follows from (5) and (6).
Given that the price of an investment good does not depend on where this
investment good is used, that depreciation is the same for all investment
goods and given that value marginal productivities (9) are highest for the
most advanced vintage, investment takes place only in the currently most
advanced vintage q;
½
0 8j < q
:
Ij =
I j=q
Hence,
¡
¢
dK = ¡±K0 ¡ B±K1 ¡ ::: ¡ B q¡1 ±Kq¡1 + B q [Iq ¡ ±Kq ] dt + B q+1 ·q+1 dq
(10)
= (B q I ¡ ±K) dt + B q+1 ·q+1 dq:
Concerning prices in this economy, technologies presented above imply
pY = pC = pI = pR
6

(11)

Formally, this equation is a stochastic di¤erential equation driven by the Poisson
process q: The increment dq of this process can either be 0 or 1. Successful R&D means
dq = 1: For an introduction cf. e.g. Dixit and Pindyck (1994).
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Good Y will be chosen as numeraire. Prices pY ; pC ; pI ; pR will therefore
be constant throughout the paper; we will nevertheless use them at various
places (and not normalize to unity) as this makes some derivations more
transparent. As long as investment is positive, the price vq of an installed
unit of the most recent vintage of capital equals the price of an investment
good, vq = pI . As di¤erent vintages are perfect substitutes in production
(8), prices of di¤erent vintages are linked to each other by
pI = vq = B q¡j vj ;

8j = 0:::q:

(12)

Further, the price pK of one e¢ciency unit of capital (which corresponds to
one unit of capital of vintage 0) is a decreasing function of the most advanced
vintage q;
pK = B ¡q pI :

(13)

This also re‡ects the term B q in the capital accumulation equation (10).
The pricing relationship (12) reveals a creative destruction mechanism in
the model, despite the absence of aggressive competition between …rms (as
e.g. in the original Aghion and Howitt model where the intermediate …rm is
always a monopolist). When a new vintage is found, i.e. when q increases
by one, the price of older vintages relative to the consumption good fall as
vj =pC = B ¡(q¡j) : Capital owners therefore experience a certain reduction in
their wealth.

2.2

Households

There is a discrete …nite number of households in this economy. Each household is su¢ciently small to neglect the e¤ects of own behavior on aggregate
variables. Households maximize expected utility U (t) given by the sum of
instantaneous utility u (:) resulting from consumption ‡ows c (¿ ) ; discounted
at the time preference rate ½;
Z 1
(14)
U (t) = E
e¡½[¿ ¡t] u(c(¿ ))d¿ ;
t

where the instantaneous utility function u (:) is characterized by constant
relative risk aversion,
u(c (¿ )) =

c (¿ )1¡¾ ¡ 1
:
1¡¾

(15)

For saving purposes, households can buy capital and …nance R&D. When
they buy capital, their wealth a increases in a deterministic and continuous
6

way. This increase depends on the di¤erence between capital plus labour
income ra + w minus expenditure i for R&D and expenditure pC c for consumption. When …nancing R&D, i.e. when i is positive, successful research
changes their wealth in a discrete way. A household receives the same share
of the value of the successful research project that it has contributed to …nancing this project. When total investment into research is given by J;
the household receives the share i=J:7 The value of the successful research
project depends on the price vq+1 of the capital good and the ”size” ·q+1 of
the prototype.
Summarizing, the budget constraint (16) is a stochastic di¤erential equation, where the deterministic part (:) dt stems from buying capital and the
stochastic part (:) dq captures the e¤ects of …nancing R&D. As in (6), when
R&D is successful, the increment dq of the Poisson process q underlying R&D
equals unity, otherwise, dq = 0: A negative e¤ect of successful research stems
from the devaluation of capital, as discussed in relation to the pricing equation (12). As the relative price (13) of an e¢ciency unit of capital falls when
a new vintage is discovered, households experience a loss in the value of their
assets relative to the consumption good price. The share of assets that is
”lost” due to this devaluation is denoted by s: Hence,
µ
¶
i
(16)
da = (ra + w ¡ i ¡ pC c) dt + vq+1 ·q+1 ¡ sa dq;
J
where
s=

B¡1
B

(17)

@Y
¡ ±:
@K

(18)

and the interest-rate is given by
r = Bq

This budget constraint is formally derived in the appendix 6.2.8

3

Solving the model

This section shows that the economy can be analyzed almost as easily as a
standard textbook growth model. All optimality and equilibrium conditions
7

This sharing rule introduces an externality in this economy. Individuals tend to invest
too much, as shown (in a di¤erent setup) in Wälde (1999a).
8
To check internal consistency of a model, it is useful to aggregate individual budget
constraints (16) and see whether they sum up to the economy wide capital accumulation
constraint (10). This is shown in appendix 6.3.

7

will be expressed in terms of aggregate consumption C and the capital stock
K: The behavior of the economy will then be summarized in the next section
an almost standard phase diagram.

3.1

Investment decisions of households

Households maximize utility (14) subject to the budget constraint (16) by
choosing investment i into R&D and the consumption level c: Optimal investment follows a bang-bang investment rule saying that either no savings
are used for R&D at all or all savings a used for R&D. Formally (cf. appendix
6.4 or Wälde, 1999b),
½
¾
½
¾
0
>
(19)
() r ¡ ½ ¡ ¸ [1 ¡ (1 ¡ s) ]
0:
i=
ra + w ¡ pC c
=
where
u0 (~
c)
= 0
u (c)

(20)

is the ratio of marginal utility of consumption under the new technology to
marginal utility of consumption under the current technology. In this paper,
a tilde (~) denotes the value of a variable immediately after successful R&D.
This rule says that R&D is not …nanced (i = 0) when the right hand side
is positive, i.e. when returns r to capital accumulation are su¢ciently high.
With low returns such that the right hand side is zero (as shown in Wälde
(1999b) and as we will see, it cannot be negative in equilibrium), all savings
net of capital depreciation will be used for …nancing R&D.
This bang-bang result might be surprising but it is extremely useful for
keeping the model tractable. It is the consequence of three su¢cient (not
necessarily necessary) conditions: (i) there is a representative consumer, so
distributional aspects are not taken into consideration here, (ii) the R&D
sector operates under constant returns to scale, a standard assumption that
allows us to model perfect competition and (iii) the result ·q+1 of a successful
research project is independent of the amount of resources allocated to R&D.
More or less investment into R&D has only an impact on the probability of
success, not on its outcome ·q+1 .9
It is important to note at this point that allocating all savings to R&D
implies that wealth of households remains constant (as long as R&D is not
9

This bang-bang property can also be found in central planner solutions of economies of
this type (Wälde, 2001). A technical condition is the continuous-time setup. Discrete-time
models would have an interior solution (Wälde, 1998, ch.8).
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successful). This directly follows from inserting i = ra + w ¡ pC c into the
budget constraint (16) of households. When wealth of households is constant,
aggregate wealth, i.e. the capital stock needs to remain constant as well.
Hence, when all savings are allocated to R&D, there is still some investment
in new equipment such that depreciation is just balanced.
Looking at the expression for the interest-rate (18) shows that this is no
contradiction to the allocation of all savings to R&D. Savings are net savings,
@Y
i.e. gross savings B q @K
a + w ¡ pC c minus ±a; losses due to depreciation.
Hence, gross savings are used for keeping wealth (and thereby the capital
@Y
stock) constant and for …nancing R&D, B q @K
a + w ¡ pC c = ±a + i:
From an intuitive point of view, this rule can most easily be understood by looking at the Keynes-Ramsey rule that would hold in an economy
where households allocate savings both to R&D and capital accumulation,
i.e. where an interior solution for investments into R&D exists. It reads (cf.
appendix 6.5)
¡

du0 (c)
= [r ¡ ½ ¡ ¸ [1 ¡ [1 ¡ s] ]] dt + [1 ¡ ] dq:
u0 (c)

(21)

The deterministic part of this rule is identical to the investment rule. The
deterministic part says that consumption grows as long as the interest rate r
is su¢ciently high. When the interest rate is too low, no further accumulation
of assets takes place. This is a well-known relationship from standard growth
models.
This helps to understand the above investment rule for the case where no
interior solution for investment into R&D exists. As long as the interest-rate
is su¢ciently high, only capital accumulation takes place and consumption
rises. When the interest-rate has fallen to ½ + ¸ [1 ¡ [1 ¡ s] ] ; no further
assets are accumulated and consumption is constant. Hence all savings go to
…nancing R&D.

3.2

The regimes of the economy

We now exploit the implications of the investment rule. When no R&D is
undertaken, the economy …nds itself in a period of deterministic changes, the
deterministic regime. When R&D is undertaken, the economy …nds itself in
a stochastic regime.
3.2.1

Deterministic regime

When all savings are allocated to capital accumulation, no research takes
place and no uncertainty is present in the economy. In those ”deterministic
9

times”, consumption follows the standard Keynes-Ramsey rule,
u00 (C) _
¡ 0
C = r ¡ ½:
u (C)

(22)

where C is aggregate consumption. Capital accumulation is then also deterministic and reads from (10) and (3)
K_ = B q (Y ¡ C) ¡ ±K:
3.2.2

(23)

Stochastic regime

By contrast, when the interest rate is su¢ciently low such that the investment
rule (19) advises to allocate all savings to R&D, the economy …nds itself on
what could be called the R&D line. This line follows from the investment
rule (19) and reads (cf. appendix 6.6)
¶
µ
Y ¡ B ¡q ±K ¡ C
D (q)
q @Y
(24)
B
¡±¡½=
1¡
:
@K
D (q)
B·q+1
This line gives combinations of the aggregate capital stock and consumption
where the economy is in the stochastic regime. As follows from the discussion
of (19), individual consumption, individual wealth and therefore aggregate
consumption and the aggregate capital stock are constant on this line. The
economy is therefore in a transitory stationary equilibrium.
At some point, however, a new technology will be found and individuals
adjust their saving plans. The associated jump in consumption is given by
(cf. appendix 6.4),
·q+1 0 ³ ~ ´
(25)
u0 (C) =
u C :
D (q)

4

Cycles and growth

This section shows how a phase diagram can be used to illustrate the equilibrium path of the economy. It also presents selected properties of time paths
as predicted by the model.

4.1

The equilibrium path

Studying a standard phase diagram would be cumbersome as the phase diagram ”grows” with each vintage. More formally, zero-motion lines are a
function of the most advanced vintage q and they shift outward when q rises.
10

We will therefore present a phase diagram where variables have been transformed according to
^ q=® ;
K = KA

^ q:
C = CA

(26)

^ and C,
^ zero-motion lines
With these new productivity-adjusted variables K
are vintage-independent.
4.1.1

Zero-motion lines

The phase diagram consists of zero-motion lines and, in addition to standard phase diagrams, of an R&D line. Productivity-adjusted capital and
consumption follow (cf. appendix 6.7)
d ^
^
K = Y^ ¡ C^ ¡ ± K;
dt
d ^
r^ ¡ ½ ^
C =
C:
dt
¾

(27)
(28)

The zero-motion lines for consumption and capital are then
^
C^ = Y^ ¡ ± K;

r^ = ½;

where
^ ® L1¡® ;
Y^ = K
4.1.2

³
´1¡®
^
r^ = ® L=K
¡ ±:

(29)

The R&D line and jumps in consumption and capital

Transforming the R&D line (24) yields (cf. appendix 6.7)
^ ¡ Á r^ ¡ ± ¡ ½ :
C^ = Y^ ¡ ± K
Á
1 ¡ A1=®
·
^

(30)

For this transformation, we assumed
D (q) = ÁAq ;

and ·q+1 = Aq+1 ·
^;

(31)

where Á is a positive parameter that re‡ects relative productivity of investment vs. R&D. This derivation assumed also
1¡

D (q)
Á
= 1 ¡ 1=® > 0:
B·q+1
A ·
^
11

(32)

Both the parameter Á and this parameter restriction will be discussed when
drawing the phase diagram.
The …rst assumption in (31) is by now standard in models of economic
growth. It implies by the resource constraint (3) of the economy that more
resources are required to increase labour productivity with a ”probability”
¸ from q to q + 1 than with the same ¸ from q ¡ 1 to q: When q machines
with each one providing higher productivity have already been developed, it
is harder to …nd new and more productive ones.10
Without this assumption, the economy would be characterized by the
scale e¤ect: The larger the economy, the faster it grows (which is empirically
disputed, cf. e.g. Jones 1995 or Backus, Kehoe and Kehoe, 1992). This scale
e¤ect has been solved in many ways (Segerstrom, 1998; Young, 1998; Howitt,
1999), of which the approach chosen here (close to Segerstrom, 1998) appears
to be the simplest one from a modelling perspective.
The second assumption implies that the size of new machines is such that
total factor productivity of this new machine (compare the technology (1))
is A times higher than total factor productivity with the previous vintage.
Both assumptions together yield a productivity-adjusted R&D line (30) that
is an invariant line in the productivity-adjusted phase diagram.
The consumption jump condition (25) reads with (15) and (31)
C

¡¾

A^
· ~ ¡¾
=
C , C~ =
Á

µ

A^
·
Á

¶1=¾

C

for actual consumption and
^~ = A¡1
C

µ

A^
·
Á

¶1=¾

C^

(33)

for productivity-adjusted consumption.
The capital stock increases due to successful research according to (10)
~ ¡ K = B q+1 ·q+1 : Productivity-adjusted capital changes following (26)
by K
and (31) are then given by
^~ = K=A
^ 1=® + ·
K
^:
10

(34)

Segerstrom (2001) provides convincing data on R&D expenditures by Intel who supports this (and his) view.
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4.1.3

Equilibrium

Let us now plot the phase diagram that will help to understand what an
equilibrium in this economy is.
d
dt C=0

C

R&D line

d
dt K=0

m

pa
th

EP

iu
br
i
l
ui
eq
C0
EP

C
K

K0

K

Figure 1: Long-run growth and short-run cycles
^ on the horizontal and C^ on the vertical axis. ZeroThis …gure plots K
motion lines have the usual shape and laws of motion indicated by arrows
are identical to standard Ramsey growth models as well. The R&D line is
upward sloping and crosses the steady state. The slope of the R&D line
crucially depends on Á; the parameter that captures relative productivity
of the R&D sector vs. the investment good sector. A high Á means high
productivity in the investment goods sector relative to the research sector
(compare (31) and (4) with the resource constraint (3)). The higher Á; the
further the R&D line (30) moves to the right. Ceteris paribus, this means
longer capital accumulation before R&D starts.
The R&D line lies below the zero-motion
line
¡
¢ for capital because of the
parameter restriction (32). If 1 ¡ Á= A1=® ·
^ = 0; the R&D line would
coincide with the zero-motion line for consumption. This can
¡ most¢ easily be
seen from the expression for the R&D line in (24). If 1 ¡ Á= A1=® ·
^ > 0, the
11
R&D line would lie above the zero-motion line for capital.
11

In the present paper, we restrict attention to the case in (32). When the R&D line
coincides with the zero-motion line for consumption, identical results should hold. The
implications of an R&D line lying above the zero motion line for capital are still to be
worked out.
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Equations (27), (28), (30), (33) and (34) jointly determine the evolution
of productivity-adjusted capital and consumption in this economy. An equilibrium
is
³
´ a path EP ¡EP as drawn in the phase diagram, starting at a point
^
^
K0 ; C0 ; following laws of motion (27) and (28), ending on the R&D line
³
´
^~ C
^~ ending up after having
(30), jumping according to (33) and (34) to K;
³
´
^
^
followed again laws of motion (27) and (28) at K0 ; C0 .12;13

4.2

Properties of the equilibrium path

This section will present properties of the equilibrium path of this economy.
It studies both the long-run and the short-run predictions of the model.
While it would be extremely interesting to calibrate this model and derive
quantitative predictions, this is left for future work.14
4.2.1

Short-run ‡uctuations

This economy is characterized by long-run growth with short-run ‡uctuations. The evolution of the economy can nicely be summarized using the
above phase diagram. The subsequent discussion refers to actual quanti^ and C),
^
ties (like K and C rather than productivity-adjusted variables K
assuming the economy is in equilibrium.
Let the economy start with a capital stock K0 and let it choose a consumption level such that it is on the equilibrium path EP ¡ EP . As returns
to capital are su¢ciently high, no one wants to …nance research for new technologies. The economy therefore accumulates more capital of the currently
most advanced vintage and approaches the R&D line. Consumption rises
and returns to capital fall.
After some …nite length of time, the economy hits the R&D line (at
the upper EP ). Investors realize that capital rewards have fallen so much
that they are now indi¤erent between accumulating capital and …nancing
12

We assume in what follows existence of equilibrium. A proof could follow the lines in
Wälde (2001). A detailed analysis of necessary and su¢cient conditions is currently being
undertaken.
13
In equilibrium, the interest rate is always larger or equal to ½ + ¸ [1 ¡ (1 ¡ s) ], as
argued in (19). The interest rate would be smaller than this expression only if the economy
were below the R&D line.
14
As the objective of a theoretical model is to present an argument as easily as possible,
certain predictions especially on cyclical and counter-cyclical behavior are extreme. In
work in progress (in a discrete time version of the present model), the author shows that
these extreme predictions can be weakend which makes the discrete-time version more
suitable for calibration.
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research for a new technology. Resources that were used an instant before
for producing new capital equipment are now used for searching for a better
type of capital. As long as research is not successful, the economy remains
on the R&D line at this point EP . Some new capital goods continue to
be produced, just to compensate depreciation. Hence, the aggregate capital
stock is constant.
Once a new technology is found, the economy is hit by an endogenous
technology shock. Its capital stock increases in a discrete way by the size of
the new machine ·q+1 as shown in (10) and consumption jumps according to
the consumption jump condition (25). The capital stock K unambiguously
increases, consumption might rise or fall.
After these discrete changes in aggregate capital and consumption, the
economy starts accumulating capital again in a smooth way. It now accumulates capital of the new vintage. With this new vintage, the consumption
level is on average A times higher than one vintage before. This increase in
labour productivity implies positive long-run growth. Moving up the equilibrium path towards the R&D line implies non-constant growth rates.
Short run properties of this model are presented in the following …gures.
C
AC*

C*

t R&D

O

t

t*

I

I, R

R
I

I

R
I

O

t R&D

t*

t

Aggregate consumption plotted in the upper …gure rises over time until
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the economy hits the R&D line at tR&D : From then on, research is undertaken
and consumption is constant. At some point in time t¤ ; research is successful.
The length between tR&D and t¤ is indeterminate, while the expected length
is given by ¸¡1 : Consumption rises or falls after successful research. Inserting
assumptions (31) into (25) yields
A^
· 0 ³ ~´
u C
Á

(35)

A^
·
? 1:
C~ ? C ,
Á

(36)

u0 (C) =
This implies

1=®

As by the assumption (32) we made in deriving the R&D line, A Á ·^ > 1;
A^
·
can be larger or smaller than unity, given that A is larger than unity by
Á
de…nition and 0 < ® < 1: The increase in consumption from a given point of
one cycle to the same point of the next cycle is known, however: Denoting the
consumption level on, say, the R&D line by C ¤ ; consumption on the R&D
line in the next cycle is A times higher at AC ¤ : This immediately follows
from the transformation (26) and the fact that in equilibrium productivitycorrected consumption C^ is at the same level independently of the currently
most advanced vintage q.
Output and capital follow qualitatively identical paths to consumption.
In contrast to consumption, output and capital de…nitely increase after successful R&D. Output also increases from one cycle to the next one by the
factor A: The physical capital stock increases by A1=® ; which also follows
^ Measuring the capital stock in terms
from (26) and vintage independent K:
of the consumption good, however, shows that it increases by A as well (cf.
next section on long-run growth). The growth rate of output relative to cap_
ital is given by the standard expression Y_ =Y = ®K=K:
The growth rate of
output relative to consumption depends on whether consumption drops or
rises after successful R&D. When it drops, consumption grows faster than
output (as at the end of a cycle both have increased by the same factor A): If
consumption rises more than output, output grows faster than consumption.
Investment decreases over time, as does the interest rate, while resources
R are allocated to R&D only at the end of a cycle. This is shown in the lower
part of the …gure. Resources R allocated to R&D in the stochastic regime
are lower than resources used for investment I an instant before R&D starts:
Aggregate output Y does not jump when the economy hits the R&D line,
simply because the capital stock does not jump at this point. As consumption
remains constant as well, the amount of resources for investment and R&D in
16

the stochastic regime are just as high as an instant before the economy hits
the R&D line. This follows from the resource constraint (3). As investment
equals depreciation, not all resources that were used for investment go into
R&D.
Both quantities increase by the factor A from one cycle to the other. The
prediction about the timing of R&D is extreme and will empirically probably
not hold. The more general prediction of the model is that R&D investment
is larger, when returns to capital accumulation are low.15
4.2.2

Long-run growth

The model satis…es all of Kaldor’s stylized facts (cf. e.g. Barro and Salai-Martin, 1995) which are relevant for the present model. (i) Per capita
output grows at a constant rate: Output at some …xed point of a cycle q
^ ® L1¡® , where the aggregate production
can be written with (26) as Y = Aq K
function (7) and the transformation (26) was used. As the labour force L
^ is the same at some …xed
is constant and productivity-adjusted capital K
point (take e.g. the capital stock on the R&D line) of any cycle, output per
capita increases by A from one cycle to the other. (ii) Physical capital per
^
worker grows over time: This directly follows from K=L = Aq=® K=L
which
uses the argument just made. (iii) The rate of return to capital is nearly
constant: The interest rate was computed for the R&D line in (29). As it
^ only, it does not
is a function of the productivity-adjusted capital stock K
display any long-run trend. (iv) The ratio of physical capital to output is
nearly constant: This stylized fact is the least obvious to see in the present
model. Physical capital is measured as the value of all capital in an economy,
de‡ated in an appropriate way. Here, the value of capital is given by its price
pK per e¢ciency unit times the measure of the aggregate stock K. Using
(8) and (13) yields pK K = B ¡q pI K: Dividing by the value of output, pC Y ,
yields
^
^
B ¡q pI K
B ¡q pI Aq=® K
K
=
=
;
^ ® L1¡®
^ ® L1¡®
pC Y
pC Aq K
K
where we used B ¡q Aq=® = Aq : Hence, capital per output is constant. (v) The
shares of labour and physical capital in national income are nearly constant:
This directly follows from a Cobb-Douglas production function.
15
In the discrete time version of the model mentioned in a footnote above, R&D takes
place all of the time. The discrete time version is not as tractable as the version presented
here, however.
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5

Conclusion

The economy we have analyzed is characterized by short-run ‡uctuations
and long-run growth. Both short-run ‡uctuations and long-run growth are
caused by endogenous technology shocks.
Technology shocks are endogenous, i.e. the point in time when a shock
occurs depends on decisions made by agents in this economy, as the economy
o¤ers two saving technologies. Households accumulate capital when returns
to capital accumulation are su¢ciently high. Capital accumulation implies
decreasing capital returns and, at some point, households put their savings
into R&D activities when capital returns are low. When R&D is successful,
a new technology is available, i.e. a technology shock occurs, and returns to
capital accumulation are high again.
This result follows from allowing households to be risk-averse. While
capital accumulation and uncertain R&D have been studied in the literature,
these results were so far not available as risk-averse households were not taken
into consideration. The present paper has shown that including this feature
considerably broadens the range of phenomenon to which models of creative
destruction and long-run growth can be applied.
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