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Wklv qrwh ghulyhv d prgho ri wkh zdjh fxuyh/ forvho| iroorzlqj Skhosv +4<<7,

dqg Fdpsehoo dqg Ruv}dj +4<<;,1 Skhosv glvfxvvhv d ydulhw| ri wkhruhwlfdo

edvhv iru d zdjh fxuyh/ wkh wzr pdmru frpshwlqj w|shv ehlqj edujdlqlqj prghov

dqg h�flhqf| zdjh prghov/ wkrxjk Skhosv suhihuv wkh whup clqfhqwlyh zdjh*

prghov iru wkh odwwhu1 Wkh prgho glvfxvvhg khuh lv d sdudphwulf yhuvlrq ri rqh

ri Skhosv*v lqfhqwlyh zdjh prghov/ ghyhorshg e| Fdpsehoo dqg Ruv}dj1 Wkh

lqqrydwlrq khuh lv wr lqwurgxfh lqfrph wd{dwlrq lqwr wkh prgho/ zlwk wkh h�hfw

ri prgli|lqj wkh zdjh fxuyh e| lqwurgxflqj d phdvxuh ri wd{ surjuhvvlylw| lqwr

wkh htxdwlrq ri wkh zdjh fxuyh1 Wklv uhvxow surylghv d olqn wr wkh edujdlqlqj

olwhudwxuh/ zkhuh wkh vdph h�hfw ri surjuhvvlrq kdv douhdg| ehhq ghprqvwudwhg1
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Wkh �up pd{lplvhv wkh suhvhqw ydoxh ri sur�wv dw wlph w3>

Yw3 @

]
4

w3

h��+w�w3,^i+Hw,� zwHw � W +kw,Hw`gw

vxemhfw wr wkh g|qdplf frqvwudlqw

bH

H
@ k� t+z�>z�D>U,

zkhuh H lv hpsor|phqw/ k wkh klulqj udwh/ i+H, wkh surgxfwlrq ixqfwlrq/ z wkh

�up*v zdjh udwh/ z� wkh �up*v qhw ri wd{ zdjh udwh/ z�D wkh hfrqrp|0zlgh qhw

ri wd{ dyhudjh zdjh udwh/ W wudlqlqj frvwv +wlph h{lvwlqj zrunhuv qhhg wr wudlq

qhz zrunhuv,/ dqg t lv wkh txlw udwh1 Wkh qhw ri wd{ zdjh udwh lv

z� @ z+4� d,> zkhuh d @ u+z,@z lv wkh dyhudjh wd{ udwh

dqg p @
Cu+z,

Cz
lv wkh pdujlqdo wd{ udwh1

Zh dvvxph wkdw krxuv duh �{hg/ vr H fruuhvsrqgv wr wkh qxpehu ri hpsor|hhv

dv zhoo dv wkh wrwdo lqsxw ri oderxu/ dqg wkh wd{ lv wkhuhiruh ohylhg rq oderxu

lqfrph udwkhu wkdq mxvw rq wkh zdjh udwh1 Wkh txlw udwh ghshqgv rq wkh �up qhw

ri wd{ zdjh/ wkh hfrqrp| qhw ri wd{ dyhudjh zdjh/ wkh xqhpsor|phqw ehqh�w

ohyho/ dqg hfrqrp|0zlgh dyhudjh hpsor|phqw U1 O lv wkh +h{rjhqrxv, oderxu

irufh/ vr +O � U,@O @ x/ wkh xqhpsor|phqw udwh1 Ilupv ehkdyh lq d Qdvk

pdqqhu/ wuhdwlqj hfrqrp|0zlgh dyhudjhv dv jlyhq/ exw lq htxloleulxp zdjhv dqg

hpsor|phqw duh htxdwhg dfurvv �upv1

Wr vroyh wkh �up*v sureohp/ vhw xs wkh fxuuhqw ydoxh Kdplowrqldq=

Kw @ i+Hw, �zwHw � W +kw,Hw . �w^kw � t+z�w >z
�

D>w>Uw,`Hw=

Wkh �uvw0rughu frqglwlrqv duh

CW +kw,

Ckw
@ �w +4,

��w
Ct

Czw

@ 4

l1h1� �w
Ct

Cz�w

Cz�w
Czw

@ 4

��w
Ct

Cz�w
+4�p, @ 4 +5,
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b�w @ ��w �
CKw

CHw

l1h1 b�w @ ��w � ^
Ci+Hw,

CHw

� zw � W +kw,` +6,

Htxdwlrq +4, htxdwhv pdujlqdo wudlqlqj frvwv zlwk wkh vkdgrz ydoxh ri dq

dgglwlrqdo zrunhu1 Htxdwlrq +5, vhwv wkh zdjh wr edodqfh wkh h�hfw ri wkh

zdjh rq uhsodfhphqw frvwv zlwk wkh h�hfw ri d fkdqjh lq wkh zdjh rq wkh wrwdo

zdjh eloo1 Lpsrvlqj wkh xvxdo wudqvyhuvdolw| frqglwlrq/ lqwhjudwlqj htxdwlrq +6,

h{suhvvhv wkh vkdgrz ydoxh ri dq dgglwlrqdo zrunhu lq whupv ri wkh suhvhqw

glvfrxqwhg ydoxh ri ixwxuh fdvk �rzv iurp klulqj dq dgglwlrqdo zrunhu=

�w @

]
4

w

h��+q�w,^
Ci+Hq,

CHq

�zq � W +kq,`gq= +7,

Wkh qh{w vwdjh lv wr ghulyh wkh zdjh fxuyh/ dvvxplqj wkdw t+=, dqg W +=, duh/

uhvshfwlyho|/ frqvwdqw hodvwlflw| dqg txdgudwlf ixqfwlrqv1 Dvvxph wkh srwhqwldo

txlwwhu frpsduhv klv dfwxdo qhw0ri0wd{ zdjh z� zlwk wkh h{shfwhg dowhuqdwlyh

qhw0ri0wd{ zdjh z�D+4�x,. e=z�D=x/ zkhuh x lv lqwhusuhwhg dv wkh suredelolw| ri

uhpdlqlqj xqhpsor|hg/ dqg e=z�D lv wkh ehqh�w ohyho ru xqhpsor|phqw lqfrph1

Wkhq/ dvvxplqj d frqvwdqw hodvwlflw| ixqfwlrq/

t+z�> z�D> x, @ E

�
z�

z�D+4� x+4� e,,

�
��

+8,

l1h= t+z�> z�D> U, @ E

�
z�

z�D+4� +4�U@O,+4� e,,

�
��

= +9,

Dqg ohw

W +k, @
D

5
k5= +:,

Wkh �uvw0rughu frqglwlrqv +4, dqg +5, qrz ehfrph

Dkw @ �w/ +;,

dqg � �w
Ctw
Cz�w

+4�p, @ 4

l1h1 �wE�+z
�

w ,
���4+z�D>w,

�+4� xw+4� e,,�+4�p, @ 4= +<,

Lq htxloleulxp/ z @ zD> dqg z� @ z�D @ z+4� d,> vr htxdwlrq +<, ehfrphv

�E�+z+4� d,,�4+4� x+4� e,,�+4�p, @ 4

l1h1 z @
4�p

4� d
�E�+4� x+4� e,,�=+43,

Vxevwlwxwlqj htxdwlrqv +8, dqg +;, lqwr htxdwlrq +43,/ dqg lpsrvlqj wkh vwhdg|0
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vwdwh frqglwlrq wkdw k @ t> |lhogv

z @

�
4�p

4� d

�
DE5�+4� x+4� e,,5�= +44,

Wklv lv wkh zdjh fxuyh/ wkh vwhdg|0vwdwh uhodwlrqvkls ehwzhhq wkh udwh ri

xqhpsor|phqw dqg wkh zdjh udwh/ zkhuh wkh zdjh udwh kdv ixoo| dgmxvwhg wr wkh

xqhpsor|phqw udwh1 Wdnlqj orjdulwkpv/

orj+z, @ orj

�
4�p

4� d

�
. orj+DE5�, . 5� orj+4� x+4� e,,= +45,

Li wkh xqhpsor|phqw udwh lv uhodwlyho| orz/ orj+4�x+4� e,, * �x+4� e,/ vr wkh

orj zdjh fxuyh vlpsol�hv wr

orj+z, @ orj

�
4�p

4� d

�
. orj+DE5�,� 5�+4� e,x= +46,

2 �L4T*i|�?} |�i 4L_i*

Wkh zdjh fxuyh sod|v wkh uroh ri oderxu vxsso| fxuyh1 Wr frpsohwh wkh prgho

zh vroyh htxdwlrq +6, iru b�w @ 3> wkh vwhdg|0vwdwh frqglwlrq1 Zh vhw k @ t @

E^4� x+4� e,`� iru z� @ z�D +vhh htxdwlrq+8,,/ rewdlqlqj

�DE+4� x+4� e,,� �
Ci+H,

CH
. z .

DE5

5
+4� x+4� e,,5� @ 3=

Wr vroyh lq whupv ri z dqg x/ h{suhvv H dv O+4� x,/ dqg fkrrvh d sdudphwulf

irup iru wkh surgxfwlrq ixqfwlrq= ohw

i+H, @ FH�> iru 3 ? � ? 4=

Khqfh wkh ghpdqg fxuyh lv

z @ �F+O+4� x,,��4
� �DE+4� x+4� e,,� �

DE5

5
+4� x+4� e,,5� +47,

Wkh zdjh htxdov wkh pdujlqdo surgxfw ohvv wkh pdujlqdo frvw ri wudlqlqj dw wkh

htxloleulxp klulqj udwh1 Wr looxvwudwh/ ohw D @ E @ F @ 4> � @ 3=:8> � @ 3=8>

e @ 3=8> p @ 3=8 dqg 316> d @ 3=58> � @ 3=38 dqg O @ 4=
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Iljxuh 4= Wkh zdjh0fxuyhv +grzqzdug vorslqj, iru kljk dqg orz surjuhvvlrq/

dqg wkh oderxu ghpdqg fxuyh +xszdug vorslqj,

Fkdqjhv lq surjuhvvlrq fdq hdvlo| eh vhhq wr kdyh wkh iroorzlqj frqvhtxhqfhv=

dq lqfuhdvh lq pdujlqdo udwh ri wd{/ iru jlyhq dyhudjh udwh/ zloo vkliw wkh zdjh

fxuyh grzq/ uhgxflqj wkh zdjh udwh dqg wkh xqhpsor|phqw udwh> fkdqjhv lq

wkh dyhudjh udwh zloo kdyh wkh rssrvlwh h�hfwv1 Lq wkh gldjudp/ wkh xsshu zdjh

fxuyh fruuhvsrqgv wr p @ 3=6/ wkh orzhu wr p @ 3=8=

� �L44i?|t

Wkh whup 4�p
4�d

lv wkh zhoo0nqrzq lqgh{ ri uhvlgxdo surjuhvvlrq/ wkh hodvwlflw|

ri diwhu0wd{ lqfrph wr suhwd{ lqfrph= vhh Odpehuw +4<<6,1 Lw lv ri lqwhuhvw

wr qrwh wkdw wkh vdph ixqfwlrqdo irup iru wkh zdjh fxuyh/ frpsohwh zlwk wkh

uhvlgxdo surjuhvvlrq lqgh{/ lv ghulyhg e| Orfnzrrg dqg Pdqqlqj +4<<6, xvlqj

d edujdlqlqj prgho ri zdjh ghwhuplqdwlrq/ dv rssrvhg wr rxu h�flhqf|0zdjh

prgho1 Lw wkhuhiruh dsshduv wkdw wkh lqgh{ ri surjuhvvlrq vkrxog eh lqfoxghg dv

d pdwwhu ri frxuvh lq zdjh fxuyh vwxglhv/ vlqfh wklv irup ri htxdwlrq lv frqvlvwhqw

zlwk erwk ri wkh ohdglqj wkhrulhv ri htxloleulxp xqhpsor|phqw1 Lw vkrxog eh

qrwhg wkdw dq lqfuhdvh lq surjuhvvlylw| lpsolhv d ghfuhdvh lq wklv lqgh{= wkxv d

uhyhqxh0qhxwudo lqfrph wd{ uhirup zklfk udlvhg wkh pdujlqdo udwh zrxog kdyh

wkh h�hfw ri uhgxflqj wkh suhwd{ zdjh lq wklv prgho/ iru dq| jlyhq ohyho ri xq0

hpsor|phqw1 Orfnzrrg dqg Pdqqlqj vxppdulvh uhfhqw wkhruhwlfdo edujdlqlqj

olwhudwxuh wkxv= _1111d yhu| urexvw uhvxow lv wkdw lqfuhdvhv lq wkh pdujlqdo udwh ri

lqfrph wd{ orzhu wkh suh0wd{ uhdo zdjh/ dqg khqfh xqhpsor|phqw/ zkhuhdv dq

lqfuhdvh lq wkh dyhudjh wd{ xvxdoo| kdv wkh rssrvlwh h�hfw1% Wkhvh frpphqwv

fdq eh h{whqghg wr lqfoxgh h�flhqf| zdjh olwhudwxuh1
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Wkh lqwxlwlrq ri wkh uhvxow lv wkdw d uhyhqxh0qhxwudo ulvh lq surjuhvvlrq lq0

fuhdvhv wkh pdujlqdo frvw wr dq hpsor|hu ri lqgxflqj dq hpsor|hh e| phdqv ri

d kljk zdjh qrw wr txlw dqg wkxv jhqhudwh wudlqlqj frvwv iru d uhsodfhphqw1 Wkh

hpsor|hu orzhuv wkh zdjh dqg dffhswv d kljkhu txlw udwh1 Wkh kljkhu txlwv duh

dvvrfldwhg zlwk orzhu xqhpsor|phqw lq htxloleulxp +vhh ht +8,,1 Wkxv wkh zdjh

fxuyh vkliwv wr wkh vrxwk0zhvw1

Wkh lqwurgxfwlrq ri wkh uhvlgxdo surjuhvvlrq lqgh{ +USL @ 4�p
4�d

, forvho|

sdudoohov wkh h�hfw ghprqvwudwhg e| Fdpsehoo dqg Ruv}dj ri lqwurgxflqj zdjh

dqg wudlqlqj vxevlglhv= wkh| vkrz wkdw wkh whup

4� $

4� v

dsshduv lq wkh zdjh fxuyh/ lq h{dfwo| wkh vdph zd| dv USL dsshduv lq htxdwlrq

+44, deryh/ zkhuh $ lv wkh udwh ri wudlqlqj vxevlg| dqg v wkh udwh ri zdjh vxevlg|

+ru qhjdwlyh sd|uroo wd{ rq hpsor|huv,1 Wkxv wkh lqwurgxfwlrq ri wkhvh phdvxuhv

lv htxlydohqw +li v ? $, wr wkh lqwurgxfwlrq ri d surjuhvvlyh lqfrph wd{ ohylhg

rq zdjh0hduqhuv> dowhuqdwlyho|/ li v A $> d surjhvvlyh lqfrph wd{ fdq shuihfwo|

r�vhw wkh h�hfwv ri zdjh dqg wudlqlqj vxevlglhv1 Qrwlfh wkdw wkh vxevlg| wr

wudlqlqj d�hfwv wkh pdujlqdo frvw ri hpsor|phqw e| d�hfwlqj rqo| uhsodfhphqwv

iru txlwwhuv/ zkloh wkh zdjh vxevlg| d�hfwv wkh dyhudjh frvw ri hpsor|phqw/ wkxv

pluurulqj wkh pdujlqdo dqg dyhudjh lpsdfwv ri surjuhvvlyh wd{dwlrq1

0.3

0.35

0.4

w
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Iljxuh 5= Dowhuqdwlyh zdjh fxuyhv

Wkh rwkhu ihdwxuh ri wkh zdjh fxuyh lq wklv sdshu/ dqg wkrvh ri Orfnzrrg

dqg Pdqqlqj/ dqg Fdpsehoo dqg Ruv}dj/ lv wkdw xqhpsor|phqw hqwhuv wkh orj0

dulwkplf yhuvlrq ri wkh htxdwlrq wkurxjk wkh whup orj+4 � x+4 � e,,/ zkhuhdv

wkh frqyhqwlrqdo irup lv wkdw srsxodulvhg e| Eodqfk�rzhu dqg Rvzdog +4<<7,

lq zklfk wkh whup lv orj+x,/ zlwk dq dssursuldwh fkdqjh ri vljq1 Wkh hfrqr0

phwulf lqyhvwljdwlrqv vr idu uhsruwhg +h1j1 e| Eodqfk�rzhu dqg Rvzdog, kdyh
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qrw irfxvvhg sduwlfxoduo| rq wkhvh dowhuqdwlyh ixqfwlrqdo irupv1 Wklv zrxog dovr

vhhp wr phulw ixuwkhu lqyhvwljdwlrq1 Wkh fxuyhv duh lq idfw udwkhu gl�huhqw/ dv

fdq eh vhhq iurp Iljxuh 5 lq zklfk wkh orj+4�x+4� e,, yhuvlrq lv fohduo| pruh

olqhdu/ sorwwlqj erwk fxuyhv durxqg wkh srlqw x @ 3=41 Ilqdoo|/ wkh h�hfw ri d

kljkhu ehqh�w udwh/ e/ lv wr uhgxfh wkh vorsh ri +l1h1 �dwwhq, wkh zdjh fxuyh= wklv

lv dqrwkhu whvwdeoh surshuw|1

e �U!?L�*i_}4i?|t

Zh duh judwhixo iru frpphqwv iurp Shwhu Odpehuw/ Jldqql Gh Iud|d dqg Nduhq

Pxpirug1 Uhvhdufk vxssruw zdv surylghg e| d judqw xqghu wkh Hxurshdq Xqlrq

Kxpdq Fdslwdo dqg Prelolw| Surjudpph +Judqw qr1HUEFKU[0FW<7037<6,1

+iuihi?Uit

Eodqfk�rzhu/ G1 J1 dqg Rvzdog/ D1= 4<<7/ Wkh Zdjh Fxuyh/ P1L1W1 Suhvv/

Orqgrq/ XN1

Fdpsehoo/ F1 dqg Ruv}dj/ M1 P1= 4<<;/ D prgho ri wkh zdjh fxuyh/ Hfrqrplfv

Ohwwhuv 8</ 44<~4581

Odpehuw/ S1= 4<<6/ Wkh Glvwulexwlrq dqg Uhglvwulexwlrq ri Lqfrph= D Pdwkh0

pdwlfdo Dqdo|vlv/ 5qg hgq/ Pdqfkhvwhu Xqlyhuvlw| Suhvv/ Pdqfkhvwhu/ XN1

Orfnzrrg/ E1 dqg Pdqqlqj/ D1= 4<<6/ Zdjh vhwwlqj dqg wkh wd{ v|vwhp= wkhru|

dqg hylghqfh iru wkh xqlwhg nlqjgrp/ Mrxuqdo ri Sxeolf Hfrqrplfv 85/ 4~

5<1

Skhosv/ H1 K1= 4<<7/ Vwuxfwxudo Voxpsv= Wkh Prghuq Htxloleulxp Wkhru| ri

Xqhpsor|phqw/ Lqwhuhvw/ dqg Dvvhwv/ Kduydug Xqlyhuvlw| Suhvv1

:


