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Abs rac 

+3 >≅=∆723 16/≅/1Β3≅7Η/Β7=<Α =4 1=<∆3Φ 5/;3Α /<2 Β=Β/: 1:/< 5/;3Α
0Γ ΧΑ7<5 >≅=>3≅Β73Α =4 Β637≅ 1=≅≅3Α>=<27<5 ;/≅57</: 5/;3Α. AΑ 7Β ΒΧ≅<Α
=ΧΒ, / 1==>3≅/Β7∆3 5/;3 7Α 1=<∆3Φ 74 /<2 =<:Γ 74 /:: 7ΒΑ ;/≅57</: 5/;3Α
/≅3 ΑΧ>3≅/227Β7∆3, /<2 / ;=<=Β=<71 5/;3 Α/Β7Α4Γ7<5 Β63 ∆3Β= >:/Γ3≅
>≅=>3≅ΒΓ Ε7Β6 ≅3Α>31Β Β= Β63 ;3;03≅Α =4 / 1=/:7Β7=< C 7Α / Β=Β/: 1:/<

�D. D7;7Β≅=∆ 5≅/Β34Χ::Γ /19<=Ε:3253Α Ι</<17/: ΑΧ>>=≅Β 4≅=; Β63 A:3Φ/<23≅ ∆=< HΧ;-
0=:2Β F=Χ<2/Β7=<.

yC=≅≅3Α>=<27<5 /ΧΒ6=≅. E;/7: /22≅3ΑΑ: d.dimitrov@wiwi.uni-bielefeld.de
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5/;3 (Ε7Β6 1:/< C) 74 /<2 =<:Γ 74 /:: 7ΒΑ C-0/Α32 ;/≅57</: 5/;3Α /≅3
ΑΧ0/227Β7∆3.
AMS Cla!!i(ca∀ion : 91A12.
JEL Cla!!i(ca∀ion: C71.
Ke∋%o d!: 16/≅/1Β3≅7Η/Β7=<, 1=<∆3Φ 5/;3Α, ;/≅57</: 5/;3Α, ΑΧ0-

/227Β7∆3 5/;3Α, ΑΧ>3≅/227Β7∆3 5/;3Α, Β=Β/: 1:/< 5/;3Α.

1 In rod!c ion

I< Β67Α >/>3≅ Ε3 1=<Α723≅ ΒΕ= 7;>=≅Β/<Β 1:/ΑΑ3Α =4 1==>3≅/Β7∆3 5/;3Α - Β63

1:/ΑΑ =4 1=<∆3Φ 5/;3Α /<2 Β63 1:/ΑΑ =4 Β=Β/: 1:/< 5/;3Α - /<2 ΑΒΧ2Γ Β63 ≅3:/-

Β7=<Α67>Α 03ΒΕ33< 3/16 5/;3 7< Β63 1=≅≅3Α>=<27<5 1:/ΑΑ /<2 7ΒΑ />>≅=>≅7/Β3:Γ

23Ι<32 ;/≅57</: 5/;3Α.

(63 1:/ΑΑ =4 con∃e& game! Ε/Α 7<Β≅=2Χ132 0Γ ∋6/>:3Γ (1971) /<2 6/Α

/ΒΒ≅/1Β32 / :=Β =4 /ΒΒ3<Β7=< 031/ΧΑ3 Β63 5/;3Α 7< Β67Α 1:/ΑΑ 6/∆3 ∆3≅Γ <713

>≅=>3≅Β73Α. +3 ;3<Β7=< 63≅3 Β6/Β Β63 1=≅3 =4 / 1=<∆3Φ 5/;3 7Α Β63 Χ<7?Χ3 ΑΒ/-

0:3 Α3Β /<2 7ΒΑ 3ΦΒ≅3;3 >=7<ΒΑ 1/< 03 3/Α7:Γ 23Α1≅7032, Β63 ∋6/>:3Γ ∆/:Χ3 =4 /

1=<∆3Φ 5/;3 7Α 7< Β63 0/≅Γ13<Β3≅ =4 Β63 1=≅3 7< Β63 Α3<Α3 Β6/Β 7Β 7Α Β63 /∆3≅/53

=4 Β63 ;/≅57</: ∆31Β=≅Α, /<2 Β6/Β 1=<∆3Φ 5/;3Α /≅3 ∀o∀all∋ con∃e& Α7<13 3/16

ΑΧ05/;3 =4 / 1=<∆3Φ 5/;3 7Α /:Α= 1=<∆3Φ. !/<Γ 3?Χ7∆/:3<Β 16/≅/1Β3≅7Η/Β7=<Α

=4 Β67Α 1:/ΑΑ =4 5/;3Α 1/< 03 4=Χ<2 7< Β63 1==>3≅/Β7∆3 5/;3 :7Β3≅/ΒΧ≅3. F=≅

3Φ/;>:3, Β63 ΑΧ>3≅;=2Χ:/≅7ΒΓ =4 Β63 16/≅/1Β3≅7ΑΒ71 4Χ<1Β7=<, Β63 7<1≅3/Α7<5

;/≅57</: ≅3ΒΧ≅< >≅=>3≅Β73Α 4=≅ 7<27∆72Χ/: >:/Γ3≅Α /<2 4=≅ 5≅=Χ>Α =4 >:/Γ3≅Α,

/<2 16/≅/1Β3≅7Η/Β7=<Α Β6/Β 23/: Ε7Β6 Β63 ≅3:/Β7=< 03ΒΕ33< Β63 1=≅3 /<2 Β63

+303≅ Α3Β (14. ∋6/>:3Γ (1971), I1677Α67 (1981), CΧ≅73: /<2 (78Α (1991), CΧ≅73:

(1997)); / 16/≅/1Β3≅7Η/Β7=< =4 / 1=<∆3Φ 5/;3 ΧΑ7<5 Β63 3Φ/1Β<3ΑΑ =4 7ΒΑ ΑΧ0-

5/;3Α 1/< 03 4=Χ<2 7< Β63 Ε=≅9 =4 B7ΑΕ/Α 3Β /:. (1999) /<2 AΗ≅73:7 /<2

 36≅3≅ (2005).

(63 1:/ΑΑ =4 clan game! 6/Α 033< 7<Β≅=2Χ132 0Γ ∃=ΒΒ3≅Α 3Β /:. (1989)
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Β= ;=23: Α=17/: 1=<ϑ71ΒΑ 03ΒΕ33< / Κ>=Ε3≅4Χ:Λ 5≅=Χ> =4 >:/Γ3≅Α (Β63 1:/<)

/<2 Κ>=Ε3≅:3ΑΑΛ>:/Γ3≅Α (<=<-1:/< ;3;03≅Α). E1=<=;71 />>:71/Β7=<Α =4 ΑΧ16

5/;3Α 7<1:Χ23 0/<9≅Χ>Β1Γ >≅=0:3;Α, >≅=2Χ1Β7=< 31=<=;73Α, 7<4=≅;/Β7=< /1-

?Χ7Α7Β7=< /<2 6=:27<5 Α7ΒΧ/Β7=<Α (14. !ΧΒ= 3Β /:. (1988), ∃=ΒΒ3≅Α 3Β /:. (1989),

B≅/<Η37 3Β /:. (2001), (78Α 3Β /:. (2005)). I< Β63 Ε=≅9 =4 ∗==≅<3∆3:2 3Β /:.

(2002) ∀o∀al clan game! Ε3≅3 7<Β≅=2Χ132 /Α ;=<=Β=<71 1:/< 5/;3Α Ε6=Α3

ΑΧ05/;3Α 7<63≅7Β Β63 ΑΒ≅Χ1ΒΧ≅3 =4 Β63 =≅757</: (1:/<) 5/;3.

IΒ 7Α Ε=≅Β6 ;3<Β7=<7<5 Β6/Β 0=Β6 1=<∆3Φ 5/;3Α /<2 Β=Β/: 1:/< 5/;3Α

6/∆3 ;=<=Β=<71 /::=1/Β7=< Α163;3Α; Α>317Ι1/::Γ, 1=<∆3Φ 5/;3Α 6/∆3 >=>Χ-

:/Β7=< ;=<=Β=<71 /::=1/Β7=< Α163;3Α (14. ∋>≅Χ;=<Β (1990)) /<2 Β=Β/: 1:/<

5/;3Α 6/∆3 07-;=<=Β=<71 /::=1/Β7=< Α163;3Α (14. B≅/<Η37 3Β /:. (2001) /<2

∗==≅<3∆3:2 3Β /:. (2002)).

I< Β67Α >/>3≅ Ε3 >≅3Α3<Β /<=Β63≅ 1=;;=< 43/ΒΧ≅3 =4 Β63Α3 1:/ΑΑ3Α =4 5/;3Α

Β6/Β 23/:Α Ε7Β6 Β637≅ 16/≅/1Β3≅7Η/Β7=< 0Γ ;3/<Α =4 13≅Β/7< >≅=>3≅Β73Α =4 />-

>≅=>≅7/Β3:Γ 23Ι<32 ma ginal game!. I< ∋31Β7=< 3 Ε3 Α6=Ε Β6/Β / 5/;3 7Α

1=<∆3Φ 74 /<2 =<:Γ 74 /:: 7ΒΑ ;/≅57</: 5/;3Α /≅3 ΑΧ>3≅/227Β7∆3. FΧ≅Β63≅, 7<

∋31Β7=< 4, Ε3 1=<Α723≅ ;=<=Β=<71 5/;3Α Ε7Β6 ∆3Β= 5≅=Χ> C, 7<Β≅=2Χ13 Β63

<=Β7=< =4 / C-0/Α32 ;/≅57</: 5/;3 /<2 >≅=∆3 Β6/Β / ∆3Β= ;=<=Β=<71 5/;3

Ε7Β6 ∆3Β= 5≅=Χ> C 7Α / Β=Β/: 1:/< 5/;3 (Ε7Β6 1:/< C) 74 /<2 =<:Γ 74 /:: 7ΒΑ

C-0/Α32 ;/≅57</: 5/;3Α /≅3 ΑΧ0/227Β7∆3.

2 Preliminaries

A 1==>3≅/Β7∆3 5/;3 Ε7Β6 Β≅/<Α43≅/0:3 ΧΒ7:7ΒΓ (/ ()-5/;3) 7Α / >/7≅ hN; vi,

Ε63≅3 N = f1; : : : ; ng 7Α / !e∀ of pla∋e ! /<2 v : 2N ! R 7Α / cha ac∀e i!∀ic

f#nc∀ion Α/Β7Α4Γ7<5 v(;) = 0. F=≅ /<Γ 1=/:7Β7=< S � N , v(S) 7Α Β63 %o ∀h

=4 1=/:7Β7=< S, 7.3., Β63 ;3;03≅Α =4 S 1/< =0Β/7< / Β=Β/: >/Γ=Μ =4 v(S) 0Γ

3



/5≅337<5 Β= 1==>3≅/Β3. (63 !#bgame


S; vjS

�
7Α =0Β/7<32 4≅=; hN; vi 0Γ

≅3ΑΒ≅71Β7<5 /ΒΒ3<Β7=< Β= S � N . F=≅ 3/16 1=/:7Β7=< S 2 2N n f;g /<2 3/16

>:/Γ3≅ i 2 S, 23Ι<3

Mi(S; v) := v (S)� v (S n fig)

Β= 03 Β63 ma ginal con∀ ib#∀ion of pla∋e i ∀o coali∀ion S. A >:/Γ3≅ i 2 N

7Α / ∃e∀o pla∋e 74 v(S) = 0 Ε63<3∆3≅ i =2 S. A 5/;3 hN; vi 7Α mono∀onic 74

4=≅ 3/16 S1; S2 2 2
N Ε7Β6 S1 � S2 Ε3 6/∆3 v(S1) � v (S2). A 5/;3 hN; vi 7Α

1/::32

� !#pe addi∀i∃e 74 v(S[T ) � v(S)+v(T ) 4=≅ /:: S; T � N Ε7Β6 S\T = ;;

� con∃e& 74 v(S [ T ) + v(S \ T ) � v(S) + v(T ) 4=≅ /:: S; T � N .

A 5/;3 hN; vi 7Α !#baddi∀i∃e (conca∃e) 74 hN;�vi 7Α ΑΧ>3≅/227Β7∆3 (1=<-

∆3Φ). C:3/≅:Γ, 3/16 1=<∆3Φ (1=<1/∆3) 5/;3 7Α /:Α= ΑΧ>3≅/227Β7∆3 (ΑΧ0/227-

Β7∆3). I< Ε6/Β 4=::=ΕΑ Ε3 Ε7:: ΧΑ3 /:Α= Β63 4=::=Ε7<5 /:Β3≅</Β7∆3 16/≅/1Β3≅7Η/-

Β7=< =4 1=<1/∆7ΒΓ (14. CΧ≅73: (1997)). A 5/;3 hN; vi 7Α 1=<1/∆3 74 4=≅ 3∆3≅Γ

>/7≅ =4 1=/:7Β7=<Α S1; S2 2 2
N /<2 3∆3≅Γ i 2 N Ε3 6/∆3 Β6/Β

i 2 S1 � S2 7;>:73Α Mi(S1; v) �Mi(S2; v):

3 Con∀e# games

I< =≅23≅ Β= >≅=∆723 / 16/≅/1Β3≅7Η/Β7=< =4 1=<∆3Φ 5/;3Α Ε3 Ε7:: ;/93 ΧΑ3 =4

Β63 4=::=Ε7<5 <=Β7=< =4 / ;/≅57</: 5/;3. G7∆3< / 5/;3 hN; vi /<2 / 1=/:7Β7=<

T � N , Β63 T -ma ginal game vT : 2
NnT ! R 7Α 23Ι<32 0Γ

vT (S) := v(S [ T )� v(T )

4



4=≅ 3/16 S � N n T .

!/≅57</: 5/;3Α ΒΧ≅<32 =ΧΒ Β= 03 ΧΑ34Χ: 4=≅ >≅=∆7<5 Β63 4/1Β Β6/Β Β63 1=≅3

=4 / 5/;3 7Α / ΑΧ0Α3Β =4 Β63 +303≅ Α3Β (14. +303≅ (1988)); Β63Γ /:Α= >:/Γ /

93Γ ≅=:3 4=≅ 53<3≅/Β7<5 Β63 1=<ΑΒ≅/7<32 35/:7Β/≅7/< Α=:ΧΒ7=< 4=≅ 1=<∆3Φ 5/;3Α

(14. DΧΒΒ/ /<2 &/Γ (1989)) /<2 Β63 3?Χ/: Α>:7Β-=Μ Α3Β 4=≅ /≅07Β≅/≅Γ ()-5/;3Α

(14. B≅/<Η37 3Β /:. (2004/)).

IΒ 7Α 9<=Ε< Β6/Β 74 / 5/;3 7Α 1=<∆3Φ Β63< /:: 7ΒΑ ;/≅57</: 5/;3Α /≅3

/:Α= 1=<∆3Φ (14. DΧΒΒ/ /<2 &/Γ (1989)). (63 <3ΦΒ 3Φ/;>:3 Α6=ΕΑ Β6/Β Β63

ΑΧ>3≅/227Β7∆7ΒΓ =4 / 5/;3 7Α <=Β <313ΑΑ/≅7:Γ 7<63≅7Β32 0Γ 7ΒΑ ;/≅57</: 5/;3Α.

E#ample 1 Le∀ N = f1; 2; 3g and v (f1g) = 10, v (f1; 2g) = 12, v (f1; 3g) =

11, v (f1; 2; 3g) = 121
2
, and v(S) = 0 fo all o∀he S � N . Clea l∋, ∀he

game hN; vi i! !#pe addi∀i∃e. I∀! f1g-ma ginal game i! gi∃en b∋ vf1g(f2g) =

v (f1; 2g) � v (f1g) = 2, vf1g(f3g) = 11 � 10 = 1, and vf1g(f2; 3g) = 21
2
.

Since vf1g(f2; 3g) = 21
2
< 3 = vf1g(f2g) + vf1g(f3g), ∀he ma ginal game



f2; 3g ; vf1g

�
i! no∀ !#pe addi∀i∃e.

+3 Α6=Ε <3ΦΒ Β6/Β Β63 ΑΧ>3≅/227Β7∆7ΒΓ =4 /:: ;/≅57</: 5/;3Α =4 / ()-

5/;3 v /ΑΑΧ≅3Α / ΑΒ≅=<53≅ >≅=>3≅ΒΓ Β6/< Β63 ΑΧ>3≅/227Β7∆7ΒΓ =4 v, </;3:Γ Β63

1=<∆3Φ7ΒΓ =4 v. (67Α ≅3ΑΧ:Β 6/Α 033< 7<23>3<23<Β:Γ =0Β/7<32 0Γ B≅/<Η37 3Β

/:. (20040) /<2 !/≅Β7<3Η- 35/Η (2004).

Theorem 1 A game hN; vi i! con∃e& if and onl∋ if fo each T 2 2N ∀he

T -ma ginal game hN n T; vT i i! !#pe addi∀i∃e.

Proof. (7) ∋Χ>>=Α3 hN; vi 7Α 1=<∆3Φ /<2 :3Β T � N . (/93 S1; S2 � N n T .

5



(63<

vT (S1 [ S2) + vT (S1 \ S2)

= v (T [ S1 [ S2) + v (T [ (S1 \ S2))� 2v(T )

= v ((T [ S1) [ (T [ S2)) + v ((T [ S1) \ (T [ S2))� 2v(T )

� v(T [ S1) + v (T [ S2)� 2v(T )

= (v (T [ S1)� v(T )) + (v (T [ S2)� v(T ))

= vT (S1) + vT (S2);

Ε63≅3 Β63 7<3?Χ/:7ΒΓ 4=::=ΕΑ 4≅=; Β63 1=<∆3Φ7ΒΓ =4 v. H3<13, vT 7Α 1=<∆3Φ

(/<2 ΑΧ>3≅/227Β7∆3 /Α Ε3::).

(77) ∋Χ>>=Α3 Β6/Β 4=≅ 3/16 T 2 2N Β63 5/;3 hN n T; vT i 7Α ΑΧ>3≅/227Β7∆3.

(/93 S1; S2 � N . +3 6/∆3 Β= >≅=∆3 Β6/Β

v (S1 [ S2) + v (S1 \ S2) � v(S1) + v (S2) .

I4 S1 \ S2 = ;, Β63< Β63 /ΑΑ3≅Β7=< 3/Α7:Γ 4=::=ΕΑ 4≅=; Β63 ΑΧ>3≅/227Β7∆7ΒΓ

=4 Β63 5/;3 hN n ;; v;i = hN; vi /<2 v(;) = 0.

∋Χ>>=Α3 <=Ε S1 \ S2 6= ; /<2 :3Β T := S1 \ S2. B31/ΧΑ3 hN n T; vT i 7Α

ΑΧ>3≅/227Β7∆3, Ε3 6/∆3 Β6/Β

vT (S1 n T ) + vT (S2 n T ) � vT ((S1 [ S2) n T )

4≅=; Ε6716 4=::=ΕΑ

v(S1)� v(T ) + v(S2)� v(T ) � v (S1 [ S2)� v(T )

7;>:Γ7<5

v(S1) + v (S2) � v (S1 [ S2) + v(T ):

6



)Α7<5 Β63 /0=∆3 16/≅/1Β3≅7Η/Β7=<, Ε3 1/< /<ΑΕ3≅ 7;;327/Β3:Γ Β63 4=::=Ε-

7<5 ?Χ3ΑΒ7=<: Κ)<23≅ Ε6716 1=<27Β7=<Α /≅3 /:: ;/≅57</: 5/;3Α =4 / ΑΧ>3≅/2-

27Β7∆3 =≅757</: 5/;3 ΑΧ>3≅/227Β7∆3?Λ

Corollar∃ 1 Le∀ hN; vi be a !#pe addi∀i∃e game. Then hN n T; vT i i! !#-

pe addi∀i∃e fo each T 2 2N if and onl∋ if hN n T; vT i i! con∃e& fo each

T 2 2N .

Remark 1 In ∃ie% of Theo em 1, a game hN; vi i! conca∃e if and onl∋ if fo 

each T 2 2N ∀he ma ginal game hN n T; vT i i! !#baddi∀i∃e.

4 To al clan games

C:/< 5/;3Α 6/∆3 033< 7<Β≅=2Χ132 7< ∃=ΒΒ3≅Α 3Β /:. (1989) Β= ;=23: Α=17/:

1=<ϑ71ΒΑ 03ΒΕ33< Κ>=Ε3≅4Χ:Λ>:/Γ3≅Α (1:/< ;3;03≅Α) /<2 Κ>=Ε3≅:3ΑΑΛ>:/Γ3≅Α

(<=<-1:/< ;3;03≅Α). I< / 1:/< 5/;3 Β63≅3 7Α / 5≅=Χ> =4 Κ>=Ε3≅4Χ:Λ>:/Γ3≅Α

Ε6716 6/Α ∆3Β= >=Ε3≅ /<2 Β63 Κ>=Ε3≅:3ΑΑΛ>:/Γ3≅Α =>3≅/Β3 ;=≅3 >≅=ΙΒ/0:Γ 7<

Χ<7=<Α Β6/< =< Β637≅ =Ε<. !=≅3 >≅317Α3:Γ, / 5/;3 v 7Α / clan game Ε7Β6 1:/<

C 2 2N n f;; Ng 74 7Β Α/Β7ΑΙ3Α Β63 4=::=Ε7<5 4=Χ≅ 1=<27Β7=<Α:

(/) v(S) � 0 4=≅ /:: S � N ;

(0) Mi(N; v) � 0 4=≅ 3/16 i 2 N ;

(1) C:/< >≅=>3≅ΒΓ: 3∆3≅Γ >:/Γ3≅ i 2 C 7Α / ∆3Β= >:/Γ3≅, 7.3., v(S) = 0 4=≅

3/16 1=/:7Β7=< S Ε7Β6 C * S;

(2) )<7=< >≅=>3≅ΒΓ: v(N)� v(S) �
P

i2NnSMi(N; v) 74 C � S.

F=≅ <=Β/Β7=</: 1=<∆3<73<13, 23Ι<3 PC := fS � N j C � Sg /Α Β63 1=::31-

Β7=< =4 /:: 1=/:7Β7=<Α 1=<Β/7<7<5 Β63 1:/< C.

A 5/;3 v 7Α / ∀o∀al clan game Ε7Β6 1:/< C 2 2N nf;; Ng 74 v 7Α ;=<=Β=<71

/<2 vjS 7Α / 1:/< 5/;3 (Ε7Β6 1:/< C) 4=≅ 3∆3≅Γ S 2 P
C . ∀=Β713 Β6/Β 7< Β63

23Ι<7Β7=< =4 / Β=Β/: 1:/< 5/;3 /ΒΒ3<Β7=< 7Α ≅3ΑΒ≅71Β32 Β= 1=/:7Β7=<Α Β6/Β 1=<Β/7<

7



Β63 1:/< C, Α7<13 Β63 1:/< >≅=>3≅ΒΓ =4 v 7;>:73Α Β6/Β 7< Β63 =Β63≅ ΑΧ05/;3Α

Β63 16/≅/1Β3≅7ΑΒ71 4Χ<1Β7=< 7Α Α7;>:Γ Β63 Η3≅= 4Χ<1Β7=<. ∀=Β3 4Χ≅Β63≅ Β6/Β

;=<=Β=<717ΒΓ 7;>:73Α (/) /<2 (0). AΑ Α6=Ε< 0Γ ∗==≅<3∆3:2 3Β /:. (2002) /

5/;3 v 7Α / Β=Β/: 1:/< 5/;3 Ε7Β6 1:/< C 74 /<2 =<:Γ 74 v 7Α ;=<=Β=<71, 3∆3≅Γ

>:/Γ3≅ i 2 C 7Α / ∆3Β= >:/Γ3≅, /<2 4=≅ /:: 1=/:7Β7=<Α S1; S2 2 P
C Β63 4=::=Ε7<5

C-conca∃i∀∋ p ope ∀∋ 6=:2Α:

S1 � S2 /<2 i 2 S1 n C 7;>:Γ Mi(S1; v) �Mi(S2; v):

 3Β N = f1; : : : ; ng /<2 C 2 2N n f;; Ng. I< Ε6/Β 4=::=ΕΑ Ε3 23<=Β3 0Γ

MV N
C
Β63 Α3Β =4 /:: ;=<=Β=<71 5/;3Α =<N Α/Β7Α4Γ7<5 Β63 ∆3Β= >:/Γ3≅ >≅=>3≅ΒΓ

Ε.≅.Β. 3/16 >:/Γ3≅ i 2 C.

G7∆3< / 5/;3 v 2 MV N
C
/<2 / 1=/:7Β7=< T 2 2NnC , Β63 C-ba!ed T -

ma ginal game vC
T
: 2NnT ! R 7Α 23Ι<32 0Γ

vC
T
(S) := v(S [ T [ C)� v(T [ C)

4=≅ 3/16 S � N n T .

+3 1=<Α723≅ <=Ε Β63 3Μ31Β =4 ≅3?Χ7≅7<5 ΑΧ0/227Β7∆7ΒΓ 4=≅ 3/16 C-0/Α32

;/≅57</: 5/;3 =4 /< =≅757</: 5/;3 v 2MV N
C
.

Theorem 2 Le∀ v 2 MV N
C
. Then v i! a ∀o∀al clan game if and onl∋ if fo 

each T 2 2NnC ∀he C-ba!ed T -ma ginal game


N n T; vC

T

�
i! !#baddi∀i∃e.

Proof. (7) ∋Χ>>=Α3 hN; vi 7Α / Β=Β/: 1:/< 5/;3 Ε7Β6 1:/< C 2 2N nf;; Ng /<2

:3Β T 2 2NnC . +3 Α6=Ε Β6/Β Β63 5/;3 vC
T
7Α 1=<1/∆3 /<2 63<13, ΑΧ0/227Β7∆3.

(6ΧΑ, Ε3 6/∆3 Β= Α6=Ε Β6/Β 4=≅ 3∆3≅Γ >/7≅ =4 1=/:7Β7=<Α S1; S2 2 2
NnT /<2

3∆3≅Γ i 2 N Ε3 6/∆3 Β6/Β

i 2 S1 � S2 7;>:73Α Mi(S1; v
C

T
) �Mi(S2; v

C

T
):

(/93 S1, S2 /<2 i /Α /0=∆3. +3 27ΑΒ7<5Χ7Α6 Β63 4=::=Ε7<5 ΒΕ= 1/Α3Α:

8



(7.1) i 2 S1 n C. +3 6/∆3

Mi

�
S1; v

C

T

�

= vC
T
(S1)� v

C

T
(S1 n fig)

= v (S1 [ T [ C)� v(T [ C)� v ((S1 n fig) [ T [ C) + v(T [ C)

� v (S2 [ T [ C)� v ((S2 n fig) [ T [ C)

= (v (S2 [ T [ C)� v(T [ C))� (v ((S2 n fig) [ T [ C)� v(T [ C))

= vC
T
(S2)� v

C

T
(S2 n fig)

= Mi

�
S2; v

C

T

�
;

Ε63≅3 Β63 7<3?Χ/:7ΒΓ 4=::=ΕΑ 4≅=; Β63 C-1=<1/∆7ΒΓ =4 v.

(7.2) i 2 S1 \ C. +3 6/∆3

Mi

�
S1; v

C

T

�

= vC
T
(S1)� v

C

T
(S1 n fig)

= v (S1 [ T [ C)� v(T [ C)� v ((S1 n fig) [ T [ C) + v(T [ C)

= 0

= v (S2 [ T [ C)� v(T [ C)� (v ((S2 n fig) [ T [ C)� v(T [ C))

= vC
T
(S2)� v

C

T
(S2 n fig)

= Mi

�
S2; v

C

T

�
;

Ε63≅3 Β63 Β67≅2 /<2 Β63 4=Χ≅Β6 3?Χ/:7Β73Α 4=::=Ε 4≅=; S1[C = (S1 n fig)[C

/<2 S2 [ C = (S2 n fig) [ C, ≅3Α>31Β7∆3:Γ.

(77) ∋Χ>>=Α3 Β6/Β 4=≅ 3/16 T 2 2NnC Β63 5/;3


N n T; vC

T

�
7Α ΑΧ0/227Β7∆3.

(/93 S1; S2 2 P
C Ε7Β6 S1 � S2. +3 Α6=Ε Β6/Β Β63 7<3?Χ/:7ΒΓ

Mi (S1; v) = v (S1)� v (S1 n fig) � v(S2)� v (S2 n fig) =Mi (S2; v)

6=:2Α 4=≅ 3/16 i 2 S1 n C.

9



 3Β i 2 S1nC /<2 T := S1n(C [ fig). (/93 Β63 1=/:7Β7=<Α C[fig � N nT

/<2 S2 n S1 � N n T , /<2 <=Β713 Β6/Β (C [ fig) \ (S2 n S1) = ;. B31/ΧΑ3


N n T; vC

T

�
7Α ΑΧ0/227Β7∆3, Ε3 6/∆3

vC
T
(C [ fig) + vC

T
(S2 n S1) � v

C

T
((S2 n S1) [ C [ fig)

7Μ

vC
T
(C [ fig) � vC

T
((S2 n S1) [ C [ fig)� v

C

T
(S2 n S1)

7Μ

v (C [ fig [ T )� v (T [ C)

� v ((S2 n S1) [ C [ fig [ T )� v (T [ C)� v ((S2 n S1) [ T [ C) + v (T [ C)

7Μ

v (C [ fig [ T )�v (T [ C) � v ((S2 n S1) [ C [ fig [ T )�v ((S2 n S1) [ T [ C)

7Μ

v (S1)� v (S1 n fig) � v (S2)� v (S2 n fig)

7;>:Γ7<5 Β6/Β v 7Α C-1=<1/∆3 /<2 63<13, / Β=Β/: 1:/< 5/;3 (Ε7Β6 1:/< C).
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