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Price Indices on the Basis of Unit Values
Unit Value Indices as Proxies for Price Indices

Peter M. von der Lippe

Abstract

In some countries a Paasche price index based on unit values is compiled as a proxy for a true
Paasche (or Laspeyres) price index on the basis of prices. This is for example the case in
German foreign trade statistics. Unit values are average prices referring to a "commodity
number” (CN), that is an aggregate of (more or less homogeneous) commodities defined by a
commodity classification. They are often easily available as free by-products of other
statistics (foreign trade or wage statistics for example) and therefore less costly than true
transaction prices of well-defined specific products as they are in general reported in price
statistics.

Changes in unit values between two points in time, however, do not only reflect a price
movement but also changes in the quantities transacted. They are, in other words, affected by
a structural component, the changing mix of commodities within CNs and therefore biased
relative to genuine price indices. The focus of the paper is on explaining this bias. It is shown
that amount and sign of the "unit value bias" depends on the correlation between the change
of quantities of the goods included in the CNs and their respective base period prices, while
current period prices do not matter. This result is useful as it may help to define
"homogeneity" with respect to CNs and thus conditions under which unit values may be
acceptable as (cost-effective) substitutes for prices.

This paper is a revised version of my contribution to the 11" Ottawa Group Meeting in
Neuchatel (Switzerland) 27" to 29™ May 2009 http://www.ottawagroup2009.ch/

Key words: Price index, unit value index, unit values, axioms, foreign trade statistics,
Bortkiewicz, Drobisch.

JEL: C43, C80, EO1, F10
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1. Introduction

Only few countries (among which Germany and Japan) are able to provide on a monthly basis
both, a unit value index (UVI) and a true price index (PI) for measuring the price
development in export and import. UVIs are internationally not uncommon and increasingly
relevant. Some recent empirical studies of the impact of the methodological differences
between these two indices (Silver (2007), Silver (2008), von der Lippe (2007b)),1 however,
gave rise to concerns in that UVIs can be viewed only as an unsatisfactory surrogate of Pls.

The problem with UVIs is, however that the term is used for quite different indices. On the
one hand there are indices actually compiled in official statistics as for example the German
export and import” and which are in the focus of this paper (and of v.d.Lippe (2007b)). On the
other hand the term UVI is also in use for another index, primarily of theoretical interest, that
should preferably be called "Drobisch index" in the honour of W. M. Drobisch (1871)*, and to
which most of the present literature under the key word "unit value index" is devoted. This
applies for example to Parniczky (1974), Balk (1994), (1998), (2005), (2008; 72-74) and
Diewert (1995), (2004). Diewert (2010) and v.d.Lippe (2007a; 18-20, 415-428) examine both
types of unit value indices (or "price indices on the basis of unit values"). We will refer to
Diewert's paper in particular in section 3.

It is therefore necessary to start with some (more than usual) remarks concerning definitions,
notation and terminology, and this will be done in section 2. Unit values are a sort of average
prices (for a group of goods) and in an index on the basis of unit values they take the part
prices of individual goods have in the case of a price index (which thus uses data on a much
more disaggregated level).

Section 3 compares the Drobisch index to the "normal" Paasche and Laspeyres price index
and introduces the method of describing biases in terms of covariances which also will be
amply used in the next sections. This part of the paper is based on Diewert (2010). We briefly
report some equations of Diewert in which he explored earlier "bias" results (relative to the
index of Drobisch) of Balk and Parniczky together with some new results of Diewert.

In section 4 the "unit value index" (UVI) as actually compiled in Germany for exports and
imports is compared to a price index of Paasche. This UVI differs from the Drobisch index
and may be viewed as a Paasche index compiled in two stages where unit values instead of
prices are used in the first, or "low level aggregation" stage. Again some interesting
covariance expressions are found for the "bias" showing that the bias is apparently closely
related to the heterogeneity of the aggregate underlying the calculation of unit values.

It has been suggested” that all bias formulas developed in sec. 3 and 4 may be viewed simply
as special cases of a general theorem on linear indices found by L. v. Bortkiewicz. In section
5 it is shown that this is in fact the case.

"I am very grateful to Erwin Diewert for his valuable remarks to my former draft of this paper and to the earlier
texts quoted above. Also Jens Mehrhoff was very helpful. Some of the hypotheses examined in v.d.Lippe (2007b)
as well as conceptual and empirical differences between customs-based UVIs as opposed to survey-based price
indices (PIs) are described in the annex of this paper. The empirical part in particular is owed to Jens Mehrhoff.
See von der Lippe and Mehrhoff (2008).

* The method of a UVI is also quite common in the case of indices of wages or prices for certain services (air
transport for example). Unit values will definitely gain importance because it can be expected that scanner data
will be ever more frequently used in statistics.

3 See the paper of L. von Auer in this special edition of the Jahrbiicher.

*1t was actually Bert Balk who expressed this idea in the discussion of my presentation in a conference in
Nuremberg (Sept. 2010).
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In section 6 some conclusions and suggestions for further research are given and in the annex
we briefly present some basic information concerning the German foreign trade statistics as
well as some results of our empirical study comparing the UVI of exports and imports to the
respective (Laspeyres) price indices.

2. Unit values and price indices on the basis of unit values

2.1. Definition and some properties of unit values

It is important to realize that unit values are defined only for several goods grouped together
in a sub collection of goods defined by a classification of products (e.g. of commodities for
production or for foreign trade statistics). The relevant unit of the classification is called
"commodity number" (CN) and the unit value of the k™ CN (k=1, ..., K)in period t is a kind
of average price of the ngx goods of this CN

ijkjtqkjt _Vy =i Qe

K = Pt
zj e Q. &= Q.

where the summation takes place over the j = 1, ..., nx (nx < n) goods of a CN and refers to
periods O (base period), or 1 (reference period) respectively. Hence the unit value of an
aggregate (for example a CN or any collection of goods) is simply the value Vi, divided by
the total quantity of the aggregate under consideration. The notion of "unit value" is quite
relevant in statistics because situations are not infrequent in which data on both, values as
well as the underlying quantities are readily available. They may be even more common than
situations in which one can dispose of all ny individual prices.

(1) P = p,um,, inperiodst=0, 1

The properties of unit values are, however, not entirely satisfactory.5
If no data on quantities is given but only the number of units (ny) instead, the unit value p,,
reduces to the average price p,, = ijkjt / n, of the k-th CN. We also have p,, =p,, if all n
prices in t are equal p,; =p,, (Vj=L...,n, ).8
If unit values can be calculated for the same (k-th) CN for the two periods t =0, and t = 1 the
ratio of unit values

ﬁkl Vkl QkO Vkl . QkO V(i(l

(2) — = = : :~k
Poo Vio Qu Ve Qu Qg

can be regarded as a "low level" price index. Note, however, that this ratio is not a mean of
price relatives

Pu Qo Pyt ( Piodxp | Py ( PijoMygi
(22) = j B Zj
P Qu Pijo ijpkjoqkjo Pyio ijpijmij

> From eq. 1 follows that unit values violate proportionality (and therefore also identity). If all n, individual
prices change A—fold (pyj; = Apxjo Vj) the unit value as a rule does not change A—fold unless the quantity-structure
coefficients m are constant (my;; = myjp). Unit values also violate commensurability which is due to the fact that
Qy is affected from changes in the quantity units to which the price quotations refer.

®In what follows we will have both types of covariances, those in which the unweighted arithmetic mean of
prices appears and also those in which the unit value appears. The fact that unit values may coincide with
arithmetic means irrespective of the quantities involved implies that different bias-formulas in terms covariances
may well coincide. This applies in particular to the case of a vanishing covariance, which is usually the
interesting situation of "no bias".
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because the sum of the weights (in brackets in the rightmost expression) do not add up to
unity7 unless myj; = my;p for all j. This sum is rather

L(k)

(2b) cwlla S g
7 ProQui Qo

where Q5™ is the Laspeyres quantity index of the k™ CN. When no price changes within

t

each CN and therefore the unit value ratios p,,/P,, reflect only a structural change (in the
absence of a price change) we get

(2¢) 5k1/§k0 = Q](;l(k)/él& = Sgl

for each k instead of the general formula of eq. 2 and it will be shown (sec. 4) that the S,
terms are the key figures to explain the "unit value bias".

2.2. Price indices on the basis of unit values

It appears useful to make a distinction between two types of "price indices based on unit
values" (instead of prices). In addition to the well known Drobisch index (part 2.2.1) we have
a less well understood class of indices (see part 2.2.2) which are necessarily compiled in two
steps and make use of unit values as building blocs in the first step.

2.2.1. Drobisch index
This index defined by

Zijpkjlqkjl/zkzjqkjl :& Zijpkjlqkjl _ Vo, :E
zkszkjoqkjo/zkzjqkjo Q, zkszkjoqkjo Qy Do

is unfortunately more often than not called "unit value index" although it is quite different
from an index defined later by eq. 4 (the index PU" instead of P”) which is also called "unit
value index". To avoid confusion and this ambiguity the index P° should better be called
"Drobisch index" as it was being proposed by Drobisch (1871).2

3) Py =

It should be noted, that the problem with the Drobisch index is that it is in general not

possible - let alone meaningful - to summate over the quantities of all n = Xnyx commodities, as

required in the compilation of "Drobisch's" index. Hence unlike the K terms Q,, = qujt the
j

term Q, = Zquﬁ = sz (and therefore also p,) is in general not defined. Even if there
k k

were a common unit of measurement for all quantities sums of quantities have a meaningful
interpretation only if they are taken over related goods such as the commodities of a
commodity number (CN). Unsurprisingly the Drobisch index is not compiled in the practice
of official statistics and primarily of theoretical interest. This applies also to

Qo = (301 =Q,/Q, which may be called "Drobisch quantity index".

7 By the same reason unit value ratios as opposed to price relatives Piji/Pkjo violate proportionality.

¥ The label "Drobisch's index" is, however, uncommon which is possibly due to the fact that it is already in use
for another index also advocated by M. W. Drobisch, viz. the arithmetic mean of a Laspeyres and a Paasche
price index. For more details concerning his index P see also the contribution of von Auer in this journal.
However von Auer does not mention the "unit value index" of official statistics which is pr.
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Note also that the PP index is not simply a weighted mean of ratios of unit values
Py /Py because

p ProO
(3a) Py = N gkl {Zpkg k(; where o, = th/Zkat =Q./Q,
k0 \ 2 ProOxo

which means that in general (with changing structure of quantities between CNs, that is Oy #
Oo) the index PP can not be viewed as being aggregated over "low level" unit value ratios
Pui/Pro - Results gained from studying the "elementary” or low level ratios p,,/p,, cannot

simply be translated into statements relevant for the Drobisch index. Eq. 3a also shows that P°
not only reflects changes of the structure of quantities within CNs (via p,,/p,, which

depends on the my;; and myjo coefficients)9 but also between CNs (unless Gx; = Gk holds for
allk=1, ..., K).
2.2.2. Paasche index of unit values

According to eq. 3a the Drobisch index is not a weighted arithmetic mean of K ratios of unit
values P,,/P,, - However, such a mean is in fact the following index '’

P _ f’kl f’kole _ Zkﬁlekl _ Zkﬁklskl
4) PU, =) — = = — = — .
Pxo Zk ProQui Zk ProQui Zk P00
By contrast to the Drobisch index this index does not require the calculation of a total unit

value of all goods (and maybe also services) at two points in time, 0 (base period) and 1
(present period), that is p, and p,. It necessitates only the calculation of unit values for

specific CNs, p,,and p,, respectively.

It is in particular useful that it is not necessary to add quantities across all CNs in order to get
a total quantity Q, = Zkat . The need for such quantities is just the reason for the fact that

the Drobisch index formula is of limited use only for the official price statistics (at least when
a broader aggregate of goods is concerned). In practice we cannot meaningfully add
kilograms of farm products to kilograms of cars, or kilograms of TV-sets let alone "add" over
quantities without referring to a common unit of measurement. Thus it clearly is an advantage
that the index PU* requires only quantities Q. They can more reasonably be established than
the all-items sum Q; because they are defined for a CN only, and the CNs are in turn explicitly
formed to cover fairly similar products.

The index PU" (eq. 4) is called "unit value index" in German official statistics. However, this
name is notoriously mistaken for the index P° (eq. 3). So presently the same name is in use
for quite different formulas. To avoid ambiguity and confusion we propose to call

e the P° index (eq. 3) Drobisch index instead of (the unfortunately very common term)
"unit value index", and

e the PU" index (eq. 4) Paasche (price) index of unit values (as opposed to the "normal"
or "true" Paasche price index defined in eq. 7) or PU" index for short instead of calling
it (again) "unit value index"; to add "price" in the (unfortunately) rather long name for
the PU* index is necessary because there are also quantity indices in which use is made

® This applies for example to the indices discussed in sec. 2.2.2.
' This, of course applies also to PU" defined in eq. 4a.
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of unit values (as weights; see eq. 5) and the PU® index can reasonably be compared
only with a price index.

There seems to be no obvious reason why the Paasche formula should be preferred to the
Laspeyres formula, such that

(4a) PU, = —%%’“2“
k0 <k0

appears to be equally useful and should be called "Laspeyres (price) index of unit values".
However, our motivation to study this type of "unit value" index was initially the German
statistics of export and import prices, and there PU" (rather than PU") indices are in use. We
are therefore going study in what follows primarily the Paasche variant PU" (eq. 4).

Three final remarks may be appropriate

1. Indices of the PU type, that is PU" and PU" may be viewed as two-stage or two-level index
compilations where in the first (low) level use is made of unit values rather than prices.
There are, however, some differences to the usual notion of "low level" aggregation which
normally applies to situations in which no information about quantities is available, and
therefore no weights can be established (unlike the upper level for which the introduction
of weights is characteristic). Moreover in low-level aggregation prices usually are referring
to the same commodity in different outlets. Here (and also in the case of using scanner data
for the purposes of price statistics) quantities are known and unit values refer to different
commodities grouped together by a classification.

2. In a unit value index for the measurement of prices, that is in PU indices quantities act as
weights. It is also possible to measure the dynamics of quantities on the basis of sums of
quantities Qy (t = 0, 1) which then yields QU-indices and where unit values consequently
take the part of weights. So for example

L Zme’ko
(5) QU01 - - ~ ~
szopko

is a Laspeyres type quantity index of unit values.'? Out of the many possible variants of PU
and QU indices respectively, we choose only two on which we focus in what follows, viz.

PU;, and QUj,.
3. We saw that the Drobisch index P° (like the value index V. but unlike the PU" index) is
not a mean value of unit value ratios p,,/P,, (unless Ox; = Gxo holds for all K between-

CNs quantity shares 6), and in the same way the PU" index is (unlike the true Paasche
price index P defined in eq. 7) not a weighted arithmetic mean of price relatives

" Diewert suggested two other names for this index, "hybrid Paasche" (Pyp) index, and "Drobisch-Paasche"
index. Pyp does not seem to be satisfactory because there are indices in which use is made of both, prices or price
indices from an outside source (for certain sub-aggregates) on the one hand and unit values (in the case of other
sub-aggregates) on the other, and such indices may (rightly) be called "hybrid". This applies for example for
Canada; see the information given by Statistics Canada in the Internet concerning the Canadian "International
Merchandise Trade Price Index (IMTPI)" according to which this index "blends unit value indices with specified
indexes", or the index is "based in part on actual unit values" and also makes "use of price relatives provided by
other sources". The term "Drobisch-Paasche" on the one hand raises the problem of how to call the "true"
Paasche price index (Paasche- Paasche?).

12 Note that this differs from the "unit value quantity index" (better Drobisch's quantity index) X Qy /X Qyo as
mentioned above. The QU (analogously to (5) for QU") makes use of period 1 unit values.
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Pyt Pijodxji P
(6) PUP = . L = ) ] = ) o W,.
o Zk ZJ Pxjo Zk Ql(;1 ijkjoqkjo ZK ZJ Pijo ¥

unless the weights add up to unity (zk zjwkj =1) which is for example the case if

quantities within each CN change at the same rate
(6a) qkjl/qkjo = 651

or don't change at all qij; = qkjo (so that le =1 for all k). This means in other words, that
the within-CN quantity shares, reflecting the structure of quantities remains constant).

Interestingly it turns out in sec. 4 that these are also the conditions under which no bias of
the PU* index occurs."

2.2.3. True price indices and indices based on unit values

In this part indices we are going to introduce "true" price indices (PIs) in order to compare
them to (price) indices on the basis of unit values (UVIs, equations 3, 4, 4a). For this purpose
we make the assumption - unrealistic though14 - that a price index is comprising all K CNs
with all n = ¥nx commodities so that the same positive prices are involved in both types of
indices, PIs and UVI. The difference is only that in the case of UVIs the underlying individual
prices are not known. We then get for the indices of Paasche and Laspeyres

K ng
) Py, = ;;pkﬂqm = Zk P Qu
01 e ’
izpkjoqkjl zk szkjoqkjl

k=1 j=1

and

K

Z Zpkﬂqko 3 Zk ijkjlqkjo

(7a) P =—2

K ny = —
ZZpkjoqkjo zk ProQuo

k=1 j=1

For some of the following considerations it is useful to note that the following decompositions
of the value index Vg exist

) Vo = PU(I;IQU(};I = PU(l)DlQU](;l = zplql/zpoqo ,and
(3a) Vo = PoLngl = P;le .
From this follows that equality of PU” and P* amounts to s the for

zkf’QO _ Zijpkjlqkjl _ zkf)lekl
zkﬁkOle zkszkjoqkjl zkszkjoqkjl

PU;, =P, = or equivalently

" It is interesting to note that condition (6a) amounts to equality of PU" and the true Paasche price index P”. This
is also instantly shown in the next paragraph (see eq. 9).

' Strictly speaking the assumption is not justified, however, because in the case of foreign trade prices under
consideration here price indices are based on a sample survey whereas unit value indices are resulting from a
comprehensive customs statistics. This inaccuracy may be acceptable because our focus is on the formal aspects
of the differences between the two types of indices. In addition to the coverage there are many more conceptual
and methodological differences between UVIs and PIs for example in German foreign trade statistics. In the
annex we try to give briefly an account of the differences and empirical findings as regards their consequences.



Peter von der Lippe, Price Indices on the Basis of Unit Values 8

i Q
) zkszkjoqkjo 2 :zkszkjoqkjo =
90 Qo

i1 _ Qu

a condition given if for all j and k holds —— = (3151 , as stated in eq. 6a.

90 k0
It is easy to verify that the corresponding condition for PU;, = P;; which is interesting from

the point of view of German price statistics' is less straightforward. However, we find for the
condition PU{, = P,; a condition similar to (9) using reciprocal quantity changes

Qi Q
(9a) Zk szkjoqkjl — = Zk szkjoqkjl <
0 Qy

It should be kept in mind, that both types of indices using unit values, the Drobisch index PP
as well as the PU indices (such as PU" and PUL) have much less satisfactory axiomatic
properties than the price indices introduced here (P* and P“).'® All these indices violate
proportionality (and thus also identity by implication), commensurability and the mean value
property (regarding the price relatives). As shown in eq. 6a PU" is a mean of price relatives
only in the unbiased case (that is when PU” = P"). In contrast to "true" price indices P* and P”
all indices based on unit values reflect changes in the structure of quantities within - and in
the case of PD also between - CNs in addition to changes in prices.17 In other words, they
violate the principle of pure price comparison.'®

3. Bias of the unit value index of Drobisch

For convenience of presentation we introduce the following notation to denote a covariance
related to all n = ¥ynx commodities (summation takes place over k and j)

(10) Cov(x,y,w) = ZZ(ijt _i)(YKjt _y)wkj = zzxkjtykjtwkj —X-y

where x and y are variables with arithmetic means X = ZZ X Wy and y = ZZ YWy and
w are weights ZZW i =1. By the well known "shift theorem" of eq. 10 the covariance
around the point (centre of gravity) X,y is shifted to the point 0, O (origin) resulting in the

covariance zz XYy Wy; around the origin. In the case of a covariance for the ni elements
of the k-th CN only we introduce the symbol

(10a) cov, (X, y, W)= zk(xkjt =X )(ijt — Y )WZj where zjwzj =1

j=1

In Diewert (2010) we find the following three bias formulas (bias of P® in relation to PP)19

'> As mentioned above, we there have a price index of Laspeyres and a "unit value index" of Paasche.

'® Unlike Diewert we do not consider Fisher's "ideal index" (PLPP)”2 here and in sec. 3.

' They therefore can indicate a change in prices although each price remained constant, and the index also does
not necessarily represent an "average" price change (beteen the lowests and the highest price change).

'8 This has already been established by the SNA 1993 which states that unit values are "affected by changes in
the mix of items as well as by changes in their prices. Unit value indices cannot therefore be expected to provide
good measures of average price change over time" (§ 16.13). Interestingly the SNA did not seem to realize that
the same argument (no pure price comparison) would apply also to chain indices.

' In what follows we only quote the results without showing how they were derived. The equations 11, 12, 13
and 14 correspond directly to the equations 20, 22, 25 and 29 in Diewert (2010).
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| .
—% —1=bias(P”,P") = a. Cov(pkjo,skjl - skjo,l/n) where

o1 Po

(11)

(11a) _ e _ Qe

E Zk qukjt Q,

are quantity shares relative to the fotal quantity (so that Z:Z:skjl /n =1), and the

"unweighted" (weights uniformly 1/n) covariance is given by

1 _ 1 _
(11b) Cov(pyjos Sy _Sij’H) = Zk Zj(pkjo —Po )({Skjl — Sy} _O)H and p, = Zzpkjo/n .
A second bias equation reads as follows

P, 1= COV(pij’ij’Sij)

(12) — using quantity shares syjo as weights and
Poi Po
S..
(12a) Gy, = skjl/skjo —1 because ZZSkjo sﬂ =1 we get ZZSkjonjo =0.
kjo

Furthermore a sort of "average" base period price is now ZZskjopij =p, instead of p,

defined in (11b) and the relevant covariance is
(12b) COV(ijo ) ij , Skjo) = Zk Zj (pkjo — Do Xij - 0)' Skjo -
Finally the bias can also be described by (third bias equation)

P_(i_l _ COV(pij’qlgl/qkjo ’Skjo)

(13) -
P(;)l PoQy

using

(13a) ZZSij g _ (301 so that we get

kjo
(13b) Cov(pij’qkjl/qij’ Sijo) = Zk zj (pij —Po )(qkjl/qkjo —-Qq ) Skjo
for the relevant covariance. This third expression seems to be most interesting for two reasons:

1. It closely corresponds to our result in section 4 and

2. It is worth noting that a case in which the covariance (13b) is vanishing is given when
all changes of quantities qiji/qijo are equal and therefore equal to Qm, and this is

precisely the situation of eq. 6a and 9 where PU; =P, in which case (that is
i1 /di0 = Qo) PUY, is also equal to P,

It is also interesting to note that the three results are equivalent. It can, for example, easily be
seen that

Q: o~
(13¢) COV(pij’qkjl/qij »Sijo) = Zzpkjo qﬁskjo —PoQu

kjo

~ Qe ~
= Qolzzpijijsij using < = (Gy; +DQ,,, and

kjo
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(12¢) Cov(pyy>Gyy»Si0) = ZZ (ijo ~B, )(ij _()). St
= zzpijijskjo since ZzsijijO =0, and we then get
Py

1= Cov(pij’ij’sij) _ Cov(pij’qkjl/qkjo ’Skjo)
P(i Do O

To sum up: the bias of PP relative to P* will be zero if

bias(P",P") =

1. the covariance (11b), (12b) or (13b) vanishes, or if one or both of the following two
special conditions for this situation occurs, viz.

2. all base period prices are equal, so that p,,, =p, =p, VKk, ], or

3. quantity shares do not change (skji = Sxjo in (11b) or syji/skjo = 1 in (12b) or as in (13b)
absolute quantities within a CN change at the same rate q,; /q,;, = (3131 for all k and j.

A discussion of the direction and amount of bias in terms of covariances will be deferred to
section 4, because we will there encounter basically the same covariances.

Diewert also derived three equations for the bias of P° relative to P“ (corresponding to
equations 11, 12 and 13). We only quote

(14) P—OLI— = Cov(pkﬂ’qkjo/qkjl’skjl)

D ([~ \I
Por P1( 01)
-~ ~ -1
(14a) COV(pkjl’qij/qkjl sSig) = Zk Zj(pkjl -P )(qkjo/qkjl - (Q(n) ) Skjt»
which is the equivalent to eq. 13. Note that
e the bias is now P*/P° — 1 (by contrast to PP/PP -1),

where the covariance is given by

e the current period prices pyj take the part of base period prices pyjo, and

¢ we now consider reciprocal quantity relatives qijo/qij1 around their mean 1/ (301 instead

of quantity relatives around (301.

The last mentioned aspect is relevant in the following way: the covariance 14a will vanish if
Qo _ Qo holds, a condition also stipulated in (9a) for PU{, = P,; . It should be kept in mind
910 k1

that though q,,/q,; = 1/ (3‘51 does not differ from q,; /qy;, = (3131, this does not mean that (14a)
amounts to the same scenario as in (13b).

4. Bias of the Paasche index of unit values

We now express biases in terms of covariances of the type introduced in (10a), that is
referring to specific CNs in which quantity shares my; are defined relative to the total quantity
Qx of the CN (within-CN-shares my;; as opposed to total shares sy defined in (11a))

(15) M= it/ Qke.-
The various quantity shares used in this paper are related as follows

(15a) Sijt = My O -
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We call the ratio of PU" defined in (4) and P’ defined in (7) "structural effect" S (or S-effect
for short) because it is the changing structure of quantities which makes the difference
between PU" and P*

P P
(16) S=—7"

01

=bias(PU",P") +1.

Due to (8) and (8a) S can also be expressed in terms of quantity indices

Qm i Qusig ¢ PuQu
(17) —z . z Soi ' ———
U, Qm Z Qm K0 o kakOle

where Q" is the Laspeyres quantity index for the k-th CN so that S is a weighted arithmetic

mean of "contributions" (of CNs) to the structural effect. Our aim now is to explain the S,
"contributions" with reference to covariances. It can easily be shown that

L(k) ~ L(k)
(18) Sh == =4 P (i -a3)

Qu pkOQOt

L(k)

and that the numerator pko( Qm) is the following covariance

- Qqi =
(19) Covy (pkjo’qkjl/qkjo ’mkjo) =c, = Zj(pkjo —Pxo {_ﬂ_ Ql&j *Myo

Kj0
QiiPo . ~
:%_PWQM pkO( o Qm)
K0

The "contribution" S§, as ratio of two indicators of quantity change can also be written as

L) ijkjoqkjl/szkjoqkjo B ﬁkl/ﬁko B Z Pijo9 i _~

(20) Spr ===

le zjqkjl/zjqkjo - P(fl(k) z i

that is as ratio of indicators of price movement (Pj,"*

is the Paasche price index for the k-th
CN), or as two different expressions for the average base period price in absolute terms, and

(100 biasQt = Pl WkQ“) w0t iy )

ProQo: Pkon

=Sy —1

may be viewed as a low-level (referring to a specific CN only) counterpart of (13).

It was only when I presented an earlier version of this paper at the 1" Meeting of the Ottawa
Group in Neuchétel 2009 that I became aware of the fact that G. Parniczky (1974) had already

mentioned the covariance (19), or more precisely (13), because he studied the ratio P(ﬂ / Poﬂ

instead of PU_, / P, . So he examined LPPO rather than % %" because his focus was on

01 01
P, , while mine was — and still is — on PUy, .

2 Interestingly Parniczky presented his result with explicit reference to a theorem of L. v. Bortkiewicz (however
without detailed derivation of his formula using the theorem), which was also our point of departure in order to
arrive at (19). In the following section this theorem will be considered in a more systematic manner.
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A major difference between the equations 19 and 13 is that PU" is a mean of K ratios P, /Do
and P* a mean of "low level" Paasche indices

PP _ zPP(k) leszkjomkjl
o1 = 01 )
K Zk leszkjomkjl

however, as shown in (3a) it is not possible to express in a similar fashion the Drobisch index

1)

P, =p,/P, (and the value index Vo) as a mean of p,,/P,, ratios.
It is now appropriate to give an interpretation to the result (19). This equation tells us, that

e a commodity j tends to raise (lower) S=Qp /QUf, as a weighted sum of S}, =

Q¥ / le terms whenever the covariance cy is positive (negative) and the commodity j
has a non-negligible weight given by the share mujo = qjo/Zqijo of the total quantity at
the base period, and

e the covariance cx will be negative21 so that S tends to be less than unity (in short: ¢y < 0
— Sg,< 1 = S < 1) if quantities of goods with above average prices (Pyo > Pyo) in the

base period tend to change below average (q, /qkjo <(§(l§t) or if goods with below

average base period prices. Correspondingly one may infer: ¢y >0 — S§,>1— S > 1.

It is important to note that the covariance cy is not reflecting a substitution process in response
to a change in the price structure because the prices in t = 1 are irrelevant and prices may even
remain constant so that pyj; = pijo. Note that ¢ # 0 only necessitates a positive variance of
base period prices. What matters is not the change of prices but only the structure of base
period prices. In other words, it is only important whether it is a quantity change

Qe /o #Q of a good j of which the base period price is above average or below

22
average.

The interesting case of a zero covariance ¢k as defined in (19) - that is no contribution to the
S-effect - takes place if within each CN

1. all base period prices are equal, so that p,;, =p,, =Py, Vj, and/or

2. forall j =1, ..., ng holds myj; = myjo (no structural change within a CN), or quantities
change at the same rate A so that A =q.;, /q,;, =Qq"' = Qh .

3. the CN consists of only one commodity so that nx = 1.

which is a set of conditions obviously closely related to conditions mentioned in our
comments to eq. 11b, 12b and 13b.

As to the first statement: Equal prices in 0 entail equality of quantity shares (m = q¢/Xqo) and

expenditure shares (poqo/Z podo), or equivalently Q- =Q¥,, because then

*! The empirical studies I performed in cooperation with Jens Mehrhoff (see the annex) clearly demonstrated that
a negative S-effect (S < 1) is much more likely than a positive S-effect (S > 1). It also revealed that the most
frequently observed case is PU" < P < P" (or equivalently Q"< Q"< QUM.

22 After all it seems therefore difficult to "explain” the sort of economic behaviour which gives rise to a negative
and a positive covariance cy in terms of utility maximizing behaviour similar to the well known microeconomic
theoretical underpinning of the (negative) substitution-effect responsible for P* < P*. The S-effect implies that a
change in quantities may even take place although all prices remain constant.

3 or do not change (A=1).
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22) Q= Z& Qo _ Z,E-mkjo coincides with
Qo qukjo Qo

i 9xoPijo
Q0 zjqkjopkjo

(22a) Qg =)’

The second statement follows from S =PUjy, / P, and comparing (21) to

(23) PU, —ZPP(k) leijijmkjl
o1 =

01
K 2 leszkjomkjo

Q]61 _Zkalzjmkjlpkjo
U(I;l Zkalzjmkjopij

shows that assuming myj; = my;o for all j and k gives P, =PUg , or Q;, =QUy, (thus S = 1).

or considering

(23b) S=

k) _ Rk v, ﬁ \% k)
Lk) _ : : 01 _ Ykl __ 01 _ pPl

Note that Q™" = Q, implies == =_—"-=—"==F;"".
Qo Pwo 01

This once more confirms that the (contribution to the) S-effect may described either in terms

of two measures of quantity movement Q" and le or alternatively of two measures of

price change, Py and p,,/D,, respectively.

Note that absence of the S-effect implies P;, = PU;, but this does not mean that the Drobisch

index PUJ, = zk f’k15k1/zk P00, is also equal to PU;, = Zk l~3k1ck1/zk PoO =P, unless
for all k holds Gx; = Ok. "No S-effect" is therefore to be kept distinct from "no bias of the
Drobisch index", because PU" (by contrast to P¥) is reflective of changes within CNs and P°
will also be affected by changes between the CNs.

Now to the third statement: The difference between PU® and P® will also diminish to the
extent that CNs are formed in a way that they are becoming more "homogeneous". Obviously
we get ¢, = 0 also with ny identical observations (with respect to the variables pijo, qkji/qxjo), or

equivalently with n, = 1 (and therefore n = £n, = K).**. Interestingly we then again have PU"
= P and a Drobisch index P” which will still be in general different from PU" and P*.?°

This again shows that the Drobisch index P”

® is not just an aggregation of the low-level unit value ratios p,,/P,, (this applies to pU”
and PU" but not to PD), and that

e absence of the S-effect (that is unbiased PU indices) is not tantamount to an unbiased
Drobisch index, and that finally

e axiomatic properties are quite different in the case of P° as opposed to PU" and PU".

An interesting consequence of this finding (see statement 1 above) is the following advice
"for choosing how to construct the subaggregates: in order to minimize bias (relative to the
Paasche price index), use unit value aggregation over products that sell for the same price in
the base period" (Diewert 2010, p. 14). One might add (alluding to the other two conditions):

> In this situation Puit = Pie and gy = qie (t = 0, 1). We come close to this situation if a CN is clearly dominated
by one specific good, and the other (similar) goods are more or less insignificant.
2 1t can easily be seen since PU =P = Ypri9ki/Zproqx: but PP = Cpr19x1/Zqk)/ (Epxoqre’Zqko)-
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where changes in the structure of quantities transacted appear less likely - or where products
are "homogeneous" in the sense of similar quantity changes — or the CN is dominated by one
specific good only.

In contrast to section 3 we do not consider here the bias of PU" with respect to P*, or — what

is much more complicated — of PU" with respect to P". Instead we mention briefly only
another covariance equation which may be useful for understanding the difference between

PU;, and P} . As an alternative to (19) one my explain the contribution 1/ Sg, to the (inverse)

structural effect 1/S instead of the contribution Sf, to S. The relevant covariance is given by

* q 1 1 Prod
(24) COVk(qkﬂ/qkjo’l/PkJo’ij) cl Z[ Kjl QL(k)J( — J k09 kj0

Kj0 Pio  Pxo Zpkjoqkjo

= ( ) ( (. L(k))

= 01 "=
ijkjoqkjo Pxo

using expenditure weights wijo = pijoqujo/E Pjodkjo rather than myjo = qujo/Xqijo, and cz is

1 ~ V1(Ak _ ALK Ak

related to 1/S}, as follows —k:1+(pk°)~ ( Sy )= QL%I() ,
Soi (pko) 01 01

rather than Sf, . The inverse structural effect S™' is a weighted sum of these 1/ Sg, terms with

weights QpV's /D" Qg™'s,, (instead of the weights é}jlsko/zk QX s,, in (17)) and

so that c; explains 1/S},

(24a) (Pro) ey =—c,.

shows that the covariances are closely related to one another.”

5. Bias formulas and a theorem of L. v. Bortkiewicz

It can be shown that all covariance equations introduced in the sections 3 and 4 are simply
special cases of a theorem first derived by L. von Bortkiewicz (1923) in which two linear
indices (ratios of scalar products) X, and X are compared.”’ Given

: « o .
25) X, = Xy1Y1 _ Z 1Y1 and (250) X, =X = x}yo _ z 1Yo

XyY, ZXOY1 XoY¥o ZXOYO
the theorem states that the ratio of the two indices is given by

26) X

0

X, =y = Y1
(27) Cyy :Z(x_;_xj(_l_ J %XOYO —X-Y and weights w,=X,y,/D XY, -

Using (25) through (27) and two indices derived from interchanging x and y, viz.

% The covariances necessarily have different signs. The covariance cy relates to S rather than S’l, however, on
the other hand ¢ can more readily be compared to the covariance C of eq. 30.

* This is a generalized theorem of Bortkiewicz for the ratio X,/X, of two linear indices. See von der Lippe
(2007), pp. 194 — 196. The best known special case of this theorem is X, = P* and X, = P’ of eq. 30.
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— X ' ' X
(28) Y=t w, = LYKo XNy ingose =S 2N
Yo ZYOXO Xo¥o XY ZXIYO
it follows
X, Y ' ' c, : :
(26a) Sro =T RoYo oy Y Ghere Cxy =X,¥,/%,¥0 =X, Yy
Xy Yy X0y, XY, X-Y

Note also that it turns out that the product-moment x,y, /X,y around the origin is
(29) Ty = XI1Y1/Xon0 =X,Y, =Y, X, by contrast to

(27a) Cy =Ty — XY =X, (Y, - Y,) =Y, (X, -X,).

The best known special case of this theorem is of course™

X,/X, =P /P and Y,/Y, =Qf,/QL (or vice versa) leading to the covariance

(30) C= z(pﬂ POLIJ(&— Lj Pidio _vy —QLP:=QLP" —QLP: so that

Zplo 10
30a)  C=Q% (P, -PL)=PL(Q}, QY ) and Yy, = Vo: the value index
showing how Paasche and Laspeyres indices are interrelated (we usually expect C < 0 and

therefore P, <P)).%

It can easily be seen that the eqs. 19, 24, 30 and 31 are simply special cases of the
Bortkiewicz-theorem.>® This is shown in table 1. In particular for the covariance of (19) it is
also shown what happens when the vectors x and y are interchanged.

Note, however, that the theorem does not allow comparing any two indices. It is for example

Zk PuiOui z PxiOxo

possible to compare X, =PU{ = = to X,=PUg, = resulting in the
Zk ProOwi Zk P00
covariance
= ISkl L Q ﬁkOQkO
(31 C= (~——PU j{ -QU; j
Zk Pxo " Qo o z ProQuo
(la)  =QuU(PU} -PUY )=PU},(QU, -QUY,)

in perfect analogy to (30) and (30a). In the first place it does not appear straightforward to
comp