~ A Service of
’. b Leibniz-Informationszentrum

.j B I l I Wirtschaft
) o o o Leibniz Information Centre
Make YOUT PUbllCCltlonS VZSlble. h for Economics ' '

Feicht, Robert; Stummer, Wolfgang

Working Paper
Complete closed-form solution to a stochastic growth
model and corresponding speed of economic recovery

IWQW Discussion Papers, No. 05/2010

Provided in Cooperation with:
Friedrich-Alexander University Erlangen-Nuremberg, Institute for Economics

Suggested Citation: Feicht, Robert; Stummer, Wolfgang (2010) : Complete closed-form solution to a
stochastic growth model and corresponding speed of economic recovery, INQW Discussion Papers,
No. 05/2010, Friedrich-Alexander-Universitat Erlangen-Nirnberg, Institut fir Wirtschaftspolitik und
Quantitative Wirtschaftsforschung (IWQW), Niirnberg

This Version is available at:
https://hdl.handle.net/10419/41470

Standard-Nutzungsbedingungen: Terms of use:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen Documents in EconStor may be saved and copied for your personal
Zwecken und zum Privatgebrauch gespeichert und kopiert werden. and scholarly purposes.

Sie durfen die Dokumente nicht fiir 6ffentliche oder kommerzielle You are not to copy documents for public or commercial purposes, to
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich exhibit the documents publicly, to make them publicly available on the
machen, vertreiben oder anderweitig nutzen. internet, or to distribute or otherwise use the documents in public.
Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen If the documents have been made available under an Open Content
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten, Licence (especially Creative Commons Licences), you may exercise
gelten abweichend von diesen Nutzungsbedingungen die in der dort further usage rights as specified in the indicated licence.

genannten Lizenz gewahrten Nutzungsrechte.

Mitglied der

WWW.ECONSTOR.EU é@“}


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/41470
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

IWQW

Institut fir Wirtschaftspolitik und Quantitative
Wirtschaftsforschung

Diskussionspapier
Discussion Papers

No. 5/2010

Complete closed-form solution to a stochastic growth
model and corresponding speed of economic
recovery

Robert Feicht
University of Erlangen-Nuremberg
Wolfgang Stummer
University of Erlangen-Nuremberg

ISSN 1867-6707

Friedrich-Alexander-Universitéat
IWQW
Institut far Wirtschaftspolitik und Quantitative Wirtschaftsforschung



Complete closed-form solution to a stochastic growth
model and corresponding speed of economic recovery

Robert Feicht® ana Wolfgang Stummer®

%Chair of Economic Theory, University of Erlangen—Niirnberg, Lange Gasse 20,

90403 Niirnberg, Germany; E-mail: robert.feicht@wiso.uni-erlangen.de

®Department of Mathematics, University of Erlangen-Niirnberg, Bismarckstrasse 1%,
91054 Erlangen, Germany; E-mail: stummer@mi.uni-erlangen.de,
as well as  Chair of Finance and Banking, University of Erlangen—Niirnberg,

Lange Gasse 20, 90403 Niirnberg, Germany; E-mail: wolfgang.stummer@wiso.uni-erlangen.de

July 1, 2010

Abstract. We consider a continuous-time neoclassical one-sector stochastic growth model of
Ramsey-type with CRRA utility and Cobb-Douglas technology, where each of the following
components are exposed to exogeneous uncertainties (shocks): capital stock K, effectiveness
of labor A, and labor force L; the corresponding dynamics is modelled by a system of three
interrelated stochastic differential equations. For this framework, we solve completely explicitly
the problem of a social planner who seeks to maximize expected lifetime utility of consumption.
In particular, for any (e.g. short-term) time-horizon ¢ > 0 we obtain in closed form the
sample paths of the economy values Ky, Ay, Ly and the optimal consumption c¢®P*(Ky, A, L)

as well as the non-equilibrium sample paths of the per capita effective capital stock k; =

Ky
Ay Ly

by the corresponding steady-state equilibrium distribution. As illustration, we present some

Moreover, we also deduce explicitly the limiting long-term behaviour of k; expressed

Monte Carlo simulations where the abovementioned economy is considerably disturbed (out

of equilibrium) by a sudden crash but recovers well within a realistic-size time-period.

Keywords: stochastic Ramsey-type growth; utility maximization; stochastic differential equa-
tions; explicit closed-form sample path dynamics; economic recovery; Monte Carlo simula-

tions; steady-state.

1 Introduction

Nowadays, continuous-time neoclassical stochastic growth models of Ramsey type are well es-
tablished tools for getting insights into the real mechanism through which uncertainties work
their way through the economy, see e.g. the seminal work of Merton (1975) as well as the recent
studies of Amilon and Bermin (2003), Roche (2003), Baten and Miah (2007), Smith (2007),
Bucci et al. (2008), Posch (2009b); comprehensive coverages of this subject can be found e.g.
in the books of Malliaris and Brock (1982), Turnovsky (2000b), Chang (2004), Wéalde (2009a).

1



It is well known that the deduction of closed-form pathwise solutions to such continuous-time
stochastic Ramsey growth models is not generally possible. Usually, for some components one
can obtain closed-form equilibrium solutions — in the sense of explicitly derived steady-state
distributions. Furthermore, one typically approximates in an indirect way the unknown solu-
tion sample paths by employing a corresponding numerical Euler method for the underlying
stochastic differential equations (SDEs). However, in principle there can be pitfalls (e.g. non-
convergence problems in case of wrong stepsize choices) to such an Euler-type approach even
in the case of SDEs with very smooth drift and diffusion term, like for the prominent Cox-
Ingersoll-Ross interest rate model (cf. Higham and Mao (2005)). Such potential difficulties
can be quite reduced in case of finding an explicit pathwise solution to be sampled directly

from.

Another advantage of finding explicit pathwise solutions to stochastic Ramsey growth mod-
els is that one gets the precise dynamics of involved economy components even if they start
respectively restart from a non-equilibrium (i.e. non-steady-state) distribution. The latter sit-
uation certainly appears in case of a sudden considerable (partial) economy crash, whereas the
former seems to be reasonable for modelling emerging economies like the BRIC countries and
other, newly industrializing, countries. Within such a context, the following questions arise:
how long does it take the model economy to recover back to — respectively to reach (e.g. for the

first time) — a steady-state equilibrium distribution ? Is this recovery time of realistic length 7

Within a neoclassical one-sector economy framework (posed in Section 2) which consists of a
continuous-time, “fully” stochastic, Ramsey-type growth model with CRRA utility and Cobb-

Douglas technology, the main goals of this paper are

e to solve completely explicitly the social planner’s problem — namely to maximize the
expected lifetime utility of consumption under appropriate SDE-type constraints on

capital stock K, labor-effectiveness A and labor force L — by obtaining in a closed form

— the optimal consumption strategy (see Section 3),

— the sample-path solutions K;, A, Ly at time ¢ > 0 of the underlying “optimized”
stochastic differential equations, and hence the non-equilibrium sample paths of

the per capita effective capital stock described by k; = ﬁ (see Section 3),

— the corresponding long-term limit respectively the equilibrium steady-state distri-

bution of k; (see Section 4),

e to study the corresponding speed of recovery from an economy crash by means of
“direct” (i.e. non-Euler-method-type) Monte Carlo simulations for realistic parameter

values (see Section 5).



2 The Economic Framework

In terms of the — at time ¢ > 0 prevailing — capital stock Ky, effectiveness of labor A; and labor

force Ly, the production function for the economy is supposed to be of the Cobb-Douglas-type

Y; = K (AcLy)' ™ (1)

for some arbitrary but fixed capital share (output elasticity of capital stock) o € (0,1). The
random dynamics of the effectiveness of labor (labor-augmenting technology level, total factor
productivity) A; evolves according to a geometric Brownian motion given by the stochastic
differential equation (SDE)

dA; = paAvdt + 04 AydBf Ag > 0 given, (2)

with average growth rate ps > 0 and constant volatility o4 > 0. Furthermore, the random
dynamics of the labor force (labor supply) L is represented by another geometric Brownian

motion solving the SDE
dL; = ppLydt + o LidBF Lo > 0 given, (3)

with average growth rate p; € R and constant volatility oy > 0. Finally, the random

dynamics of the capital stock K; evolves according to
dKy = [Y; — 6K, — Ly ¢]dt + o KydBf* Ky > 0 given, (4)

where o > 0 denotes the constant volatility, 6 > 0 the constant depreciation rate and ¢; the

random per capita consumption at time t.

Notice that we model our economy to be “fully stochastic” in the sense that (due to the
assumption o4 > 0, o, > 0, ox > 0) each of the economy values Ay, L, K; is exposed to a
source of uncertainties/shocks, here in form of independent standard Brownian motions B,

Bl BF. By employing (1), the dynamics (4) turns into the SDE!
ARy = [K(AiLy)' ™ — 6Ky — Ly ¢]dt + o KydBf Ky > 0 given. (5)

The representative consumer is supposed to have a constant rate p > 0 of time-preference and

CRRA utility?
| 5
u(c) = ——
©=5=— (6)
with coefficient of relative risk aversion (respectively, the reciprocal of the intertemporal elas-
ticity of substitution) ~. For the rest of this paper, we assume that the coefficient of relative

risk aversion is equal to the capital share, i.e. v = «. This equality is well established in

Hor technical reasons, we set (hiddenly) in advance both the drift term and the diffusion term to
be zero in case that K; turns strictly negative; later on it will however turn out that the solution
satisfies K; > 0 with probability 1 which is what one expects from capital stock

2we have chosen a power type form which converges to the logarithmic function as v tends to zero



literature, see e.g. Chang (1988), Xie (1991, 1994), Boucekkine and Ruiz-Tamarit (2004),
Wiilde (2005), Smith (2006, 2007), Boucekkine and Ruiz-Tamarit (2008), Ferrara and Guer-
rini (2009a,b), Posch (2009a,b), Posch and Wilde (2010).

In order to get precise and short mathematical formulations of the involved optimization
problem, we introduce the notation X; = (K¢, A¢, L) for the time-t economy values. Fur-
thermore, we use P to denote the underlying probability law 3 governing the economy-value
process (Xt)t>0, and by E the corresponding expectation. The term P*? stands for the
conditional probability law given that the time-s economy value X is x, with deterministic
three-dimensional vector z; in other words, P**[-] = P[-|Xs = z]. For the corresponding

conditional expectation we write E>%, i.e. E¥*[.] = E[- | X = z].

Within the abovementioned economy framework, the social planner is supposed to solve the
following optimization problem for fixed v € (0,1), depreciation rate 6 > 0, time-preference
rate p > 0, volatilities o, 04,0 > 0, and average growth rates pa > 0, ur, € R, under the
technical assumption

(L=7)pa+pL <p (7)

which we require to hold for the rest of this paper.

Optimization Problem 2.1. For prevailing economy value x > 0% at arbitrary decision time
s > 0, mazimize over all admissible nonnegative per capita consumption strategies (¢t)i>s €

C(s,x) 5 the expected (discounted) remaining-lifetime utility of consumption

Ts

1—y
S,T —pt G —1
E [ / e L dt] 8)

S

subject to the constraints (5), (2), (3).

Here, 15 denotes is the first time r > s for which K, becomes nonpositive. The corresponding

value function is denoted by V (s, x), i.e.

3on the sample space (2 of all continuous functions w : [0, 00) — R x [0, 00) x [0, 00) from the time-
interval [0, 00) into the three-dimensional Euclidean subspace R x [0, 00) x [0, 00); each such sample
point w € Q is identified with a particular potential economy-value-(path-)scenario from time 0 to
time co. As usual we omit w except for Lemma A.1 in Appendix A.2 as well as its later point of
application.

“here and henceforth, z > 0 means here that all three components of z are strictly positive; the
same terminology will also be used for vectors other than x.

Sas usual, for technical reasons, we confine ourselves here to a “sufficiently (maximally) large”
collection C(s, x) of so called admissible consumption strategies (¢;);>s which are nonnegative (adapted
cadlag) processes such that (i) all the involved quantities are well defined as well as finite wherever
needed, (ii) the system (5), (2), (3) of SDEs has a unique strong solution, (iii) the optimization problem
can be carried out and verified afterwards. Notice that from the well-known distributional properties
of the geometric Brownian motion L; (cf. (3)) it is easy to see that the value function V (s, x) is strictly
larger than —oo for all (s, z).
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1—v -1
V(s,x) = sup | D [/ e Pt ctli L, dt] . (9)
)

(ct)i>s€C(s,x ] -

In the following, without (much) loss of generalization we always suppose that ¢; depends
on (Ky)u>0, (Au)u>0, (Ly)u>o only in a time-homogeneous “memoryless” (“Markovian”) way,
i.e. ¢; = c¢(Ky, Ay, Ly) for some deterministic, nonnegative consumption strategy c(-) € C °.

Accordingly, with the help of the abovementioned assumption o = v, the SDE (5) turns into
dK; = [K] (AeL)'™7 — 0Ky — Ly o(Xy)]dt + o K dB* Ko > 0 given,  (10)

and one can simplify

70

1—y
X -1
V(s,z) =e P V(0,z) =e " sup EO” [/ et M Ly dt] . (11)
c()ec L=y

Hence, for the rest of this paper, we confine ourselves to this special case of Optimization
Problem 2.1:

find the value function V(0,x) (inclusively the optimizing consumption strategy ¢P'(-) )

subject to the constraints (10), (2), (3). (12)

In Table 1 we exemplarily mention some studies about continuous-time stochastic growth mod-
els (mainly with Cobb-Douglas type technology), which are similiar but of lower-dimensional
“uncertainty” than our framework; for comparison, we have also included some Solow-Swan

type investigations.

reference oK 0A A 0L L type
Amilon and Bermin (2003) =0 >0 €R Ramsey
Baten and Miah (2007) =0 >0 €R Ramsey
Bourguignon (1974) >0 >0 €R Solow—Swan
Bucci et al. (2008) =0 >0 eR =0 €R Ramsey
Jensen and Richter (2007) >0 >0 €eR Solow—Swan
Merton (1975) =0 >0 €R Solow—Swan & Ramsey
Posch (2009Db) =0 >0 €R Ramsey
Roche (2003) >0 >0 €R Ramsey
Smith (2007) =0 >0 €R Ramsey
Smith (2007) =0 >0 €R Ramsey
this paper >0 >0 €R >0 €R Ramsey

Table 1: Some literature comparison: “blank” spaces mean no-occurrence; eventual parameter restrictions are not
mentioned here.

Some further related investigations, which are less similar to ours than those mentioned in
Table 1, can be found in e.g. Eaton (1981), Chang (1988), Pindyck and Solimano (1993),
Corsetti (1997), Grinols and Turnovsky (1998), Attanasio (1999), Jensen and Wang (1999),
Pindyck (2000), Turnovsky (2000a), Bank and Riedel (2001), Jensen et al. (2001), Cagetti

Ssuch that (ct)¢>s € C(s,z) holds



et al. (2002), Fleming and Stein (2004), Kenc (2004), Maenhout (2004), Clemens (2005),
Fleming and Pang (2005), Hartley and Rogers (2005), Jensen and Larsen (2005), Jones and
Manuelli (2005), Steger (2005), Wéilde (2005), Sennewald and Wilde (2006), Turnovsky and
Smith (2006), Nishide and Ohyama (2007), Stein (2007), Elie and Touzi (2008), Morimoto
(2008), Morimoto and Zhou (2008), Dunbar (2009), Posch (2009a), Sotomayor and Cadenillas
(2009), Wilde (2009b), Chen and Wu (2010), Palacios (2010) and Posch and Wélde (2010).

3 Closed-Form Optimal Consumption and Closed-Form
Economy Sample Paths

By virtue of (11), it suffices to solve the Optimization Problem 2.1 for the special case s =0
(cf. (12)), for which we can identify = with the initial economy values, i.e. z = (Ko, Ao, Lg) > 0.
The corresponding unique optimal consumption strategy turns out to be cfpt = c°P'(X;) where
c°Pt(.) is given in terms of X = (K, A,L) >0 7 by

. K K
X) = Lo+ =) -+ FA =Nk oD T =T (13)

this will be derived in Appendix A.1 by solving the corresponding Hamilton-Jacobi-Bellman
equation explicitly, and verified in Appendix A.4 thereafter. Notice that

e the optimal consumption strategy c°P'(-) does not depend on the labor-effectiveness

(technology level) A,

e from the general parameter restrictions v € (0,1), 6 > 0, oxg > 0, o, > 0 as well as

assumption (7) one gets by > 0 and thus c°P*(X) > 0.
By formally plugging ¢** = ¢°P*(X,) into (10), one arrives at
dKy = [K](ALy)'™ — (0 + b)) Ky]dt + ox K dBE , Ko > 0 given. (14)

It is possible to obtain ezplicitly the closed form of the unique strong solution X; = (K, Ay, Ly) >
0 of the coupled system (14), (2), (3) of SDEs, and thus the desired non-equilibrium sample-
path dynamics of the economy values. In order to achieve this, let us first notice that (2), (3)

are uniquely solved by the well-known geometric Brownian motions

A = Agelra—2oW)ttoaB S g apq (15)

L, = Lgelr—2ob)ttorBl o (16)
Furthermore, as a next step we seek for the unique strong solution k; of the SDE

dky = [k — boky)dt + ky [oxdB[* — 04dBi* —01,dBF] , ko > 0 given, (17)

Twith slight abuse of notation



where

by:=8+ by +pa+pL—o04—0f = %‘S—i—uA—k%(l—v)o—%(—ai—%(l#—v)o—% (18)
can be negative, zero or positive, depending on the parameter constellations. Notice that we
start here with a single-valued distribution — namely with mass concentrated at ky > 0 — rather
than the equilibrium steady-state distribution®. In other words, the process (k;);>o starts in
non-equilibrium which explains respectively justifies our correspondingly chosen terminology
throughout this paper. As it will be derived in Appendix A.2, the unique strong (non-

equilibrium) solution of (17) is given by

ke = o0k B —oaBf~or B} —3bst
t 1
1—
[(1 -7) /e(l—“/)[—UKB§(+UAB§‘+ULB£+§b38] ds + ko'~ K , (19)
0
with bg:=0% + 0% + 07 + 2by = 2252 4 204 + (2 =)ok — 0% — 07 - (20)

Because of v € (0,1) and kg > 0, one gets with probability 1 that k& > 0 for all ¢ > 0. Notice
that b3 can be negative, zero or positive, depending on the parameter constellations. From
(19), (15), (16) we construct the process (K¢)i>0 by Ky :=kt Ay Ly. Accordingly, by means of
the appropriate three-dimensional version of Ito’s formula one can derive from (17), (2), (3)
that (Ky);>0 is the unique strong solution of the SDE (14); see Appendix A.3 for the details.

Since K, represents the capital stock at time ¢, one can interpret k; = Alfit as per capita

effective capital stock (capital per effective worker, capital per efficiency unit) at time ¢. ?

Summing up, with the help of (19) we arrive at the explicit closed form of the sample paths
of the economy value process given by X; = (K, Ay, Ly) with (15), (16) and

Kt = k‘tAt Lt (21)
_ ALgelm—-heek—t0—met Jtror BE
! 1
i
’[(1_7) / (- l-onBItoaBltor Bl tgbes] gg 4 (Ko )V (99
0

One gets immediately with probability 1 that K; > 0 for all ¢ > 0, and hence the random
remaining lifetime in Optimization Problem 2.1 with s = 0 (cf. (12)) becomes 79 = co. In a
similar way, one can deduce from (19) and (15) a closed-form sample-path expression for the
optimal consumption ¢** = ¢°P'(X;) = by ks A; (cf. (13), (21)).

Let us further study the abovementioned economy value processes. Of course — due to

their geometric Brownian motion nature (15) respectively (16) — the behaviour of the labor-

8which will be derived later on
9vice versa, by using the appropriate version of Ito’s formula for k; = ﬁ one can deduce from
(14), (2), (3) that k; is a solution of the SDE (17); since this is purely formal until one knows the

existence of a solution K; of (14), we have used above the opposite direction of arguments.



effectiveness process (A)>o respectively the labor-force process (L¢)¢>0 is very well known in
detail; for instance, A; respectively L; is lognormal distributed for each time ¢ > 0. Thus, in
the following we concentrate on deriving some properties of the capital stock process (K¢)i>o0
and its per capita effective counterpart (k:)¢>0. We first notice that by means of the explicit
representation (22) one can straightforwardly perform corresponding Monte Carlo simulations

upon future capital stock evolution scenarios; this will be done in Section 5 below.

Next, we investigate the corresponding probability distribution of the non-equilibrium per
capita effective capital stock k; for any fixed (e.g. short-term or long-term) horizon ¢ > 0; the
analogous conclusions for the capital stock K; can be then deduced in principle from (21),
(15), (16).

It is straightforward to deduce from (19) that the distribution of k; is given by

ky ~ [Yl,t{elyzt + 92}] = (23)

with constants 61 :=1—~ > 0, 3 :=ky' ™7 > 0 as well as random variables Y1+, Yo with the

following properties in terms of the newly introduced variables &:=(1 — v)\/0% + 0% + o7

b
and b4 2(1— ’y)(U;+UA+O'L)

o Y1~ LN(—5%bst,5%t), i.e. log Y1, is normal distributed with mean —&2bst and vari-
ance 52t,
t
o A
o Yo, ~ fe"2b4s*(1*7)["KB§*"ABS —orB;] ds, which in case of the assumption by > —1

0
respectively its equivalent characterizations

by > —2(1—7) (0% + 0% +07) <= 2%5+2/,LA+(4—37)0%(+(1—2'y)0124+(2—37)0% >0
(24)
has the following 1% density f(-), cf. Borodin and Salminen (2002, p. 612, formula 1.8.4):

5.2b4+1 b47§

fy)="r My g2, (

bi+35 k,ob4+5

;o y=0.

%’ 5]'62031) exp{——

Here, one involves the transformed Kummer function which for p > —% and z > 0 is defined
by

My (p,2) = ———2— SZQF’H /e ZCh(%)_*M( u,%,225h2u) sh(2u)sin(%)du,

0

a(a+1)...(a+k—1)zk
b(b+1)...(b+k—1)k!

with Kummer function M(a, b, z):=1+ Z as well as the hyperbolic func-

2k+1

tions chz = (e’ +e %) = kzog_k! and shz = (e*—e™¥) = Z Gryoi - Moreover, we

obtain the moments

0L ebesgue



t
Ek'™] = / (=0 (BE ~BI) =04 (B ~B{) o1 (BE ~BE)—1bs ()] ds]
0

K A L_1
+E|:e — [UKBt —oaB{*—o1Bj 7§b3t] k,ol—’y:|

t
~ - / E[euﬂ)[athK 435)—0/4(BffB£>faL<B£fB£>—%b3<tfs>]}ds

0
1
_|_,1€01*’YE[e(l—“/)[UKBtK—UABf—ULB{“—gbst]]

t
_ /e (1 7)b3+ —7)2 (0’%4‘0’1244‘0'%)](15—8) ds
0

g el 3N+ 3 (1) (R +oh+o)]t
t

= (1—7) /eb5(ts) ds+ kol 77 et =134 >0 (25)
0
with
bs = —3(1—bs+5(1—7)*(0k + 0% +0)
= Ja-n{-22 -2 -0k + 2 -0k + ol }. (26)
In the case b5 = 0 one gets
wp=(1=y)t+k'" (27)
and for b5 # 0
e A R ) (28)

From this, one can deduce a lower bound for the expectation of the per capita effective capital
stock via Jensen’s inequality

1

k] > {E[k')} ™ =7, t>0. (29)

4 Long-Term Limit and Steady State of the Stochas-
tic Non-Equilibrium Capital Stock

Recall that we know ezplicitly the closed form of the capital stock process (K3)i>o (cf. (22)), as
well as of the non-equilibrium per capita effective capital stock process (k)0 (cf. (19)). For
the latter, we now present the corresponding time-asymptotics and stationarity properties.
Those will be deduced in Appendix A.5 below in the usual implicit way by means of scaling

and speed measure techniques. Accordingly, starting from the SDE
dky = [k — boky)dt + ky [0 d B — o4dBf* — o1dBF] (cf. (17))

we obtain under the (here, equivalently characterized) assumption



by >0 = 282 4204 + (2 y)of — 0% — 707 >0 (30)

— which is stronger than assumption (24) — for every initial value kg € (0,00) the (infinite-

time-horizon-)limit distribution function

z

b6"”
Fiim(2) = lim POk, < 2] = (1—7)F(6b ) /exp{—bﬁml}k;Wlﬂﬂ}dk, z € (0,00),
— 00 7
0
(31)
with
. 2
b= rrorioryay >0 and (32)
2650 L 2pa + (2= 7)o — 0% — yo?
b= 1 2=k —oa=nor (33)

(ok +oa+0i) - (1—=7)
Notice that the limit distribution function Fj,(-) of (k:)i>0 does not depend on the ini-

tial value k. The corresponding distribution (i.e. probability law) will be denoted by Pj;p,;
according to (31) it has the density

b7

Jiim (k) = (1 =) If’fb g oxp{—bek? T POV, k€ (0,00) (34)
7

In contrast, one can also show that the per capita effective capital stock process (k¢)i>0 has
a steady-state distribution Py, — also known as stationary distribution, invariant distribu-
tion, equilibrium distribution — which means in particular that if at some time u > 0 the
distribution of &, is equal to Ps,, then at any later time v > u the distribution of k, is
also equal to Pseo. Indeed, one gets Psieq = Plim, 1.€. the steady-state distribution and the
limit distribution coincide. Hence, the steady-state distribution Py, has distribution func-
tion Fiteq(2) = Flim(z) given in (31) and density fstea(k) = fiim(k) given in (34). In the
light of this, within our framework there holds the effect that for long-term (but finite) time
horizons u the distribution of k, becomes close to Psieq, and thus at any later time horizon
v > u the distribution of k, stays close to Psq. Despite of this (approximative) equilibrium
effect, we emphasize again that in our context the per capita effective capital stock process
(kt)t>0 starts in non-equilibrium — namely, with the single-valued distribution at ko — rather

than with the steady-state distribution Pyeq.

Let us mention here that the above equilibrium investigations extend in a certain sense the
similar continuous-time steady-state studies under lower-dimensional uncertainty (cf. Table 1)
carried out e.g. by Merton (1975), Smith (2007) within a Ramsey type setup, and e.g. by Bour-
guignon (1974), Merton (1975), Jensen and Richter (2007) within a Solow-Swan type setup.
Also, these papers do not deal with finding explicit closed-form sample-path representations

of the capital stock processes (kt);>0 and (K¢)¢>0, which we have achieved in Section 3 above.

Next, we compute the mean pige, of the steady-state distribution P, (limit distribution
Plzm) by

10



b [ 13 p—[br(1—
stoa = (1 — k —be kY1 = lor (L= +1] g
Mt ( V)F(b7)/ eXp{ 6 }
0

/ ~boy i1y (35)
0

which is finite if and only if b7 > ;= . The latter is equivalent to
by > U%{ + 0124 + 012; (36)
which itself is equivalent to the original-parameters-involving condition
2288 4 9y > —(1 =)ok + 204 + (1+ )07 - (37)

Hence, under the requirement (36) respectively (37) — which is stronger than (30) and (24) —

we end up with

1
e—bﬁy yb7—m—1dy

stea — b1~
Hest 67 F(b7)

1

F(QPTH‘FQHA‘FU_W)U%{_QUQA_(1+W)U]%)
_ ( 2 )ﬁ (0 +o%+01)(1—7)
(0% +oitol)(1—7) r 2058 4204 +(2—7)0% —o% —v0?2
(—etrmmn )

<oo. (38)

For statistical and other matters it is also reasonable to study the long-term limit of the
continuous-time-average = f g(ks)ds, where g(+) is some nonnegative transform-of-interest of

0
the per capita effective capital stock. For this, we obtain the following ergodicity assertion
(see Appendix A.5)

Jim o / / 9(k) frim (K / 9(k) fstea(k
0 0
b [
(1=)5 o / g(k) exp{—bgk? 1} k~Lr0=DH gk with Probability 1,  (39)
7
0

o0

provided that the steady-state distribution average (ensemble mean) f 9(k) fstea (k) dk is fi-

nite. One can use (39) e.g. in connection with the verification of the consistency of some
statistical estimators and tests, and also for the time-average asympotics of other, economi-
cally relevant, functionals. Of course, the most important special case is the direct inference

upon k; (t > 0) which corresponds to the choice g(x) = x leading to

t

1
lim — ; / ksds = fistea with Probability 1
0

under the above assumption (37).
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5 Simulations and the Speed of Economic Recovery

In the following, we deal with Monte Carlo simulations of our per capita effective capital
stock process (kt)t>0. To start with, we present in Table 2 an overview of concrete economy-
parameter constellations recently used in some growth studies within frameworks which are
similar but not entirely comparable to ours: for instance, we consider here a continuous-time,
fully stochastic setup in the sense o # 0, 04 # 0, or, # 0, and we simulate (k¢)i>o directly
by means of the explicit closed-form sample-path representation formula (19) rather than by
applying an appropriately adapted version of a (by its nature indirect) numerical Euler type
method for approximating the underlying stochastic differential equation; the latter approach
is typically used in contexts where no explicit sample-path formula is achieved. Working
with (19), we avoid some potential pitfalls of the Euler type methods (e.g. non-convergence
problems in case of wrong stepsize choices) which can appear even in the case of SDEs with
very smooth drift and diffusion term, like for the prominent Cox-Ingersoll-Ross interest rate
model (cf. Higham and Mao (2005)).

reference P 5 el 0% oK oA nA or, nr
Acemoglu and Guerrieri (2008) 0.02 0.05 0.1-0.77 4.0 0.018
Amilon and Bermin (2003) 0.06 0.8 0.5 0.2

Barro et al. (1995) 0.05 0.3 2.0 0.01
Bernanke and Giirkaynak (2001) 0.07-0.12 0.36 0.08-0.75

Braun and Nakajimay (2009) 0.08 0.3 2.0

Bucci et al. (2008) 0.04 0.05 0.33 0.0148 0.02

Cagetti et al. (2002) 0.04 0.07 0.35 2.0 0.0192

Cagetti and Nardi (2009) 0.06 0.33 1.5

Caselli and Coleman (2006) 0.33

Conesa et al. (2009) 0.0833 0.36 4.0

Gollin et al. (2003) 0.05 0.065 0.5 1.0

Hall (2001) 0.1

Jensen and Richter (2007) 0.05, 0.08 0.2-0.6 0.03 0.01 0.01, 0.02
King and Rebelo (1993) 0.10 0.33 1.0-10.0 0.014
Nishide and Ohyama (2007) 0.02 0.08

Palacios (2010) 0.001 0.05 0.36 3.5 0.12 0.017

Posch (2009b) 0.03 0.05 0.5 1 0.02 0.01

Pyyhtia (2007) 0.33

Schmitt-Grohe (2000) 0.04 0.1 0.016

Williams (2004) 0.015 0.0517 0.35 4 0.0492 0.0176

Table 2: Some concrete parameters in literature; “blank” spaces mean no-occurrence or lacking of comparability.

For our direct Monte Carlo simulations, we employ parameters in the range of their counter-
parts in Table 2. However, for the abovementioned non-comparability reasons, we take some
freedom in our choices; this is also consistent with the particular goal to demonstrate the
flexibility of our context for ending up with realistic economy simulations under a reasonably
sized spectrum of parameter constellations (e.g. prevailing across different countries respec-

tively different macroeconomic phases of one and the same country).

Imagine the following fictitious situation, encountered (say) at the present time ¢ = 0: assume

that in the near past our economy — represented by the per capita effective capital stock

ie. 09 g% etc.) — was (approximately) in

old
stea:

process (k¢)i<o with “old” parameters par®® (

a steady-state equilibrium with old mean u For transparency, let us suppose that just
before t = 0 — say at time ¢t = O_ — the economy arrived at the values Ky_, Ag_, Lg_ such

K .
that kg = ﬁ = pod . Furthermore, assume that at time ¢ = 0_ there was a sudden

12



crash in the economy environment leading to

e a destruction of the equilibrium status, here for simplicity in the sense that the random

variable ko has — instead of the pre-crash awaited old equilibrium distribution P94, —

a single-valued distribution with mass concentrated at one point which (with a slight

abuse of notation) is also denoted by ko,

new

e a change from the old parameters par®? into new ones par (“parameter regime

switch”), where we also allow for the special case par™® = par?.

In such a context it is reasonable to ask the following question concerning the speed of economic
recovery: how long does it take that the economy reaches (respectively arrives close to) a

new equilibrium distribution PlY 7

The corresponding mean of P57 will be denoted by pi. For simplicity, we Zonﬁne ourselves
L . ko—Fk —po .
here to the realistic special case that 7¢% = p2d ' and that 0k070, = fo Irstea ~ —6% which

stea

means that we assume a crash of around 6% and search for the speed of recovery to return

“back to the old level”.

Of course, in an analogous way, one can investigate the more general question: how long does
it take that an “economy of current non-equilibrium status” transits from its current value kg
to an equilibrium distribution Pg.,? For instance, this also applies to boom type phases in

emerging economies (e.g. BRIC countries) and other, newly industrializing, countries.

Concerning this question, we carried out Monte Carlo simulations “directly” by means of our
explicit closed-form sample path representation formula (19). The corresponding results will

be described in the following.

Figure 1 shows the average of 200 simulated sample paths of the per capita effective capi-
tal stock process (k¢)¢>0 with initial value kg = 78.08, as well as volatilities o7 = 0.08,

o} = 0.03, o7’ = 0.02, average growth rates p/i*” = 0.02, p7°" = 0.01, capital share

"ew = (.6, time-preference rate p"¢“ = 0.04, and depreciation rate 9" = (0.05; according

old )

stea

Y
new

to (35), the new steady-state mean is pis = 82.45 (which is supposed to be equal to i

and thus we face a crash of W ~ —5.3%. Notice that we have normalized the vertical

axis in Figure 1 by division through kg = 82.45. In contrast, Figure 2 shows the analogue
for the considerably lower volatilities o** = 0.05, 0’} = 0.02, o7°* = 0.01, lower capital

share vy = %, as well as the same p/i* = 0.02, p7* = 0.01, p"* = 0.04, §"°* = 0.05 as
new
stea

above. This leads to the new steady-state mean pu = 6.38 (which is supposed to be equal

old

%04); the assumption of a 6% crash amounts to the initial value kg = 6.00. Notice that

to p

we have normalized the vertical axis in Figure 2 by division through kg = 6.38.

" despite of the possibly new parameters

13



These two constellations provide the following Monte Carlo simulation based answers to our
posed question: in Figure 1, the speed of economic recovery is about 6 years, whereas in

Figure 2 the recovery speed is about 9 years.

Recall that we work here within a continuous-time Ramsey-type setup which is “fully (three-
dimensional) stochastic” in the sense 04 # 0, o1, # 0, o # 0, and that we have simulated the
sample paths of the per capita effective capital stock process (k¢)i>0 directly by means of an
explicit closed-form non-equilibrium sample path representation (namely, (19)). In contrast,
Jensen and Richter (2007) perform similar simulations in a continuous-time lower-dimensional
stochastic Solow-Swan-type framework, by means of an indirect Euler-type method. They typ-
ically take a much larger difference between starting value and steady-state mean than we

do, leading to a — expressed in our terminology — much slower speed of recovery.

From our explicit closed-form representation formula (22), one can also simulate directly

the sample paths of the capital stock process (Ki;)i>o. This was carried out for yet an-

other parameter constellation: o%** = 0.06, o} = 0.025, o7 = 0.015, u’}* = 0.01,
e = 0.002, v = 0.50, p"* = 0.05, 6" = 0.07, which results in p7f72 = 15.92. Further-

more, we have assumed the following crash scenario: Ky = 0.94- Ky_ = 0.94 - 15.92 = 14.96
(i.e. 6% reduction of capital stock). Moreover, let us suppose that Ag = Ag_ = 1 (i.e. no
change of labor-effectiveness level, which by appropriate choice of units is set to 1) as well as
Ly =0.99-Ly_ =0.99 (i.e. 1% reduction of labor force, measured in appropriate units). This
leads to kg = 0.95 - kg_ = 0.95 - 15.92 = 15.12. The corresponding average of 200 simulated
sample paths of both (K;);>0 and (k¢)¢>0 are shown in Figure 3, where for the sake of a better
comparability we have normalized both processes by their pre-crash values K_ respectively
ko_. For the per capita effective capital stock process (kt)¢>0, the plotted simulation-runs-
average (black line) indicates a recovery speed of 8 years to the steady-state equilibrium,
whereas the simulation-runs-average (green/grey line) of the capital stock process (Ki)i>o0
reaches his pre-crash level after about 3.8 years but (due to its nature) does not end up in a

steady-state distribution and continues to grow with an average annual rate of 1.52%.

The above examples indicate in a certain sense some realistic flexibility respectively robust-
ness of our model, which can also be seen from further Monte Carlo simulations with various

different other parameter constellations; for the sake of brevity these are omitted here.

14



8
time t in years

Figure 1: Plot of the average of 200 simulated sample paths of the per capita effective capital stock process (kt)¢>o
with initial value ko = 78.08, as well as steady-state mean p7/ 5 = 82.45 arriving from the parameter constellation

oW = 0.08, o™ = 0.03, o} = 0.02, p% = 0.02, pu7* = 0.01, y*** = 0.6, p"* = 0.04, §"* = 0.05. This
means a 5.3% crash and search for the speed of a recovery to return “back to the old level”.
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Figure 2: Plot of the average of 200 simulated sample paths of the per capita effective capital stock process (kt);>o with
initial value kg = 6.00, as well as steady-state mean py 9 = 6.38 arriving from the parameter constellation o7 = 0.05,

oW = 0.02, o} = 0.01, pi*" = 0.02, p}e” = 0.01, 4" = 0.33, p"* = 0.04, §"** = 0.05. This means a 6.0%
crash and search for the speed of a recovery to return “back to the old level”.
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Figure 3: Plot of the average of 200 simulated sample paths of the capital stock process (K¢);>0 (green/grey line) and
of the per capita effective capital stock process (kt);>q (black line), with the parameter constellation o7 = 0.06,
o} = 0.025, o} = 0.015, p°" = 0.01, p}*" = 0.002, 4y = 0.50, p"*" = 0.05, 6™ = 0.07.

Let us finally mention that for the economy-value processes one can also obtain some statistical
decision sensitivity results along the lines of Stummer and Vajda (2007). For the sake of

brevity, this will appear in a forthcoming paper.

A Appendices

A.1 Derivation of the optimal consumption strategy

As usual, we first derive formally the Hamilton-Jacobi-Bellman (HJB) equation which cor-
responds to the Optimization Problem 2.1 for the special case s = 0 (cf. (12)). Let us
first observe that for any (admissible) consumption strategy ¢; = ¢(X;) the three-dimensional
economy-value process (X¢):>0 defined by X; = (K, A, L) is per assumption a unique strong
solution of the system of the three SDEs (10), (2), (3) where the latter two are uncoupled
linear (and thus straightforwardly treatable) SDEs. By employing the standard stochastic-
control-theoretic techniques (see e.g. Oksendal (2007, Chapter 11), Oksendal and Sulem (2007,
Chapter 3)), the corresponding HJB-equation has the form — in terms of X = (K, A, L) > 0 -

V1 oW (X) oW (X)
L — pW(X) + [KY(AL)"™ — 6K — Lo|——’ A2
US[E,E;){ o L= oW (X) + [ (AL) g, a2
IW(X) | 0 2@ W(X) | 5 0PW(X) | 5 2 W(X)
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By checking the first-order and second-order conditions one can immediately see that the

maximization (40) is uniquely solved by

_ (avg;{x))‘v — yma(x) | (41)

By plugging this into (40) we obtain

<—8W(X))I;W -1 W (X)\ 7| W (X)
0K v
L—pW(X)+ |K"(AL)"™" = 6K — L+ | =’ —
s W)+ | KA - ok - 1 (20 ] s
oW (X) OW(X) |1 5 20 W(X) | 5 o®PW(X) | 5 ,W(X)
+uaA 9A wr L oL + 50 K By + 5034 A2 + 501 L 92 — 0.
(42)
As a potential solution candidate, let us try the the educated guess
W(X):=bgK'" VL7 + bg A" 7L + by L (43)

for some constants bg, bg, bjg € R, which transforms (42) into
1

[(1—)bs]” 7 (E)1-7—1
1=

+[KY(AL)'"™" — 6K — L[(1 — ~)bs] Elbg(1 — y)K 7L + paAbg(1 — )AL
Hpup LbsyK VL0 4 by AT by + S0k K2 [—bs(1 — )y K~ L]
+162 A2 —bg(1 = )y A"V L) 4 Lo L2 —bg(1 — )y K L~ =0 forall K, A,L >0,

L — plbs K7L + bg A VL + byo L]

which is equivalent to

+L{ =y — (0= pp)brof =0 forall K, A,L > 0. (44)

But (44) holds if and only if the following three equations for (bg, by, b1g) hold:

bt= (L= )b = 2o 01— 3) ey + 50— (ke FoD)]. (45)
_ bs(1 — )
N il ) e ST (0)
1
" =) (47)

Notice that by assumption (7) the right-hand side of (45) as well as the denominators in
(46), (47) are all strictly positive. Consequently, there holds bg, by, byg > 0 which implies
W(X) > 0. Furthermore, the function W(-) is twice continuously differentiable on (0, 00) x
(0,00) x (0, 00), continuous on [0, c0) X [0, 00) x [0, 00) as well as linearly bounded; with respect

to the component K, the function W (-) is strictly increasing and strictly concave. Altogether,
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one gets W (X) explicitly from (43) together with the unique solution (bg, by, b1o) of (45), (46),
(47). From (41), (43) and (45) we obtain

K
o (X) = oK A L) = b >0 (48)

which coincides with (13).

As usual, the classical solution W (-) of the HJB (40) is a canditate for the desired optimal
expected lifetime utility of consumption V(0,-) given in (11), and v™%*(-) a canditate for the
corresponding optimal consumption strategy c°P!(-). However, in order to prove that this is
indeed the solution of the Optimization Problem 2.1 with s = 0 (cf. (12)) one has to run
through a standard verification procedure. This involves in principle (properties of) the cor-
responding optimal economy-value process (X¢):>o for which we shall derive the explict closed
form in the following two Appendices A.2 and A.3. Thereafter, in Appendix A.4, we shall
deal with the abovementioned verification procedure including in particular the transversality

condition.

A.2  Solution of the SDE (17)

In order to obatin a strong solution of the SDE (17), we shall use the following procedure
which for potential future research we develop in general terms and which is an extension of
a method e.g. presented in Pksendal (2007, Chapter 5). Consider a one-dimensional SDE of

the form

dX, = f(t, X)dt + X, [o1(0)dV,Y + oo (t)dv,? + Jg(t)th(g)] (49)

= f(t, Xp)dt + Xy o(t)" - AV, Xo=u1z,t>0,

where f(-,-), 01(-),02(:),03(+) are deterministic continuous real-valued functions and V; =

13

(Vt(l), Vt@), Vt(g))”’ is a three-dimensional Gauss process'? with continuous!® sample paths,

independent increments, Vo = 0, E[V;] = 0, and absolutely continuous variance function

{E[V; V"]} >0 (see e.g. Arnold (1974)). Thus, one can represent V; as a stochastic integral'4

t
v, = / G(s) AW, (50)
0

where {W;}i>0 a three-dimensional standard Brownian motion, and G(-) is a deterministic
t

function taking values in the space of all (3 x 3)-matrices such that [|G(s)[*ds < oo for all
0

t > 0 (cf. Arnold (1974)). Hence, {Vi}+>0 can be interpreted as a “straightforward” time-

2here, V; (and thus X;) is interpreted as a column vector, and tr indicates henceforth the transpose
of a vector respectively a matrix

13(with probability 1)

Hof Tto type
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inhomogeneous generalization of a Brownian motion. The following assertion describes how
to construct a SDE solution from a (pathwise) solution of a — generally easier to handle —

ordinary differential equation (ODE)!

Lemma A.1. Suppose that G(-) is continuous and define the auziliary stochastic process

(Fr(w))e=0 by

¢ ¢ t
F(w) = exp{—/al(s)dvsl(w) —/02 )dVE (w /03 YAV (w
0 0 0

o1(s)

+3 O] [(01(5%02(5),03(8)) “G(s) G(s)" - <a2<s)>] ds} >0 with probability 1.

o3(s)

Then the following holds: if there exists a stochastic process (Yi(w))e>0 such that for each fized
w € Q the corresponding (deterministic-function type) sample path t+— Yi(w) is a solution of
the ODE

dYCtliw) = F(w) f(t, F Y (w)Yi(w)), Yolw) =z, (51)

then the stochastic process (X¢(w))i>o defined by Xi(w):= F ' (w)Yi(w) is a strong solution
of the SDE (49).

Proof. One can represent F; = g(t, Z;), where

g(t,z):=exp{—2z+1 /5(5)ds} with

0
_ o1(s)
35 = (1(3).2(5).03(5)) - 6(s) Gl ()
o3(s
t t
and Z;:= [o(s)"dVy = [o(s)""Gs dW,. Thus, by Ito’s formula we obtain
0 0
dg dg L 0?
i = o Y, zyydt + 22 5 9t, 2,)dZ, + L 55, "I (t, Z4)(d7)?
— LEGt)dt — Fo(t)"G(t) dW; + LF (o(t)"G(t) dW;)
= Fo(t)dt — Fo(t)"G(t) dW; (52)
which by another application of Ito’s formula leads to
d(F7Y) = —F?dF,+F?dE)* = —F7'G@t)dt + F, ' o(t)" G(t)dW; + F,'G(t)dt

= E o) G(t)dw; .

From the appropriate two-dimensional version of Ito’s formula and (51) we get

5for the sake of transparancy, we exceptionally quote the involved sample point w in the formulation
(but not the proof) of Lemma A.1, and in its concrete application below
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dX; = d(F/'Y:) =F 'dY,+Yid(F7 ') +d(F ') dY;
= FE'Rf(t,F'Y) dt + Y F Lo Gty dw, + 0

which leads immediately to the desired SDE (49) with initial condition Xy =Yy = . O

Let us now apply the general Lemma A.l in order to derive a solution of the special case
dky = [k — boky)dt + ki [oxdBf — 04dB{* —ordB}],  ko>0, t>0. (cf. (17))

Accordingly, we set f(t, k) =k — bk, o01(t):=0k, 02(t):=—04, o03(t):=—0p,

W, :=(BK, B{*, Bf )tr and G(t):=1I3 with three-dimensional unit matrix /3. Hence, there
holds &(s) = 0% + 0% + 07 as well as

Fy(w) = exp {—ox Bff (w) + 04B{(w) + 01, BF (w) + 2 (0% + 0% + 02)t}. For fixed w € Q we
search for the function t — Y;(w) which solves uniquely the ODE

dY,(w)
dt

which can be found by straightforward ODE-techniques as

1

t
Yy (w) = et [ / (1 = 7)Fa(w)1™7 2005 g 4 1= |
0

Thus, by Lemma A.1, the process (k¢):>0 defined by

k:t(w) _ Ft—l(w)}/t(w) _ eUKBtK(w)faABg“(w)faLBtL(w)f%bgt .

1

t _—
. [(1 —7) /e(l'Y)[UKBS{{(WHUAB?(WHULBSL(WH%bSS] ds + ko™ o . (cf. (19))
0

with by :=0% + 0% + 07 + 2by (:) 2%6 + 204+ (2 = Y)o% — 04 —yo? | (cf. (20))
18

is a strong solution of the SDE (17). It is straightforward to see — directly respectively from the
belowmentioned formulae (61), (62) below together with Prop. 5.22 of Karatzas and Shreve
(1991) - that the solution (k);>¢ does not explode in finite time with probability 1. In order
to prove the strong uniqueness of solutions of (17), one can apply e.g. the corresponding

general results of Engelbert and Schmidt (1991, Section 4.5).

A.3 Transformation of (17) into (14)

By using the appropriate three-dimensional version of Ito’s formula together with the SDEs

(2), (3), (17) as well as the parameter definition (18), one can calculate
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dKy = d(keAiLy) (54)
= ALidky + AikydLy + Likyd Ay + kydAydLy + AydlydLy + Lydkyd Ay + dlyd ArdLy
= ALy { [k = boke]dt + ky [0k dBE — oadBi* — o1dBF]}

+ Ak {prLydt + o, LydBE Y + Liky {paAsdt + 04 AdB} + ki - 0
+ Ay { =0} Likydt} + Ly - {—03 Akydt} + 0
= [KJ(ALe)" 7 — (6 + b1) K] dt + o Kyd B

which means that (K:)¢>o defined by (54) (with arbitrary initial value Ky > 0) is a strong
solution of the SDE (14). The corresponding strong uniqueness can be shown as follows: let

(K;)i>0 be another strong solution of (14) with initial value Ko = Ko. Then by Ito’s formula

K,

dk; = d
¢ AL (55)
1~ — — K
= { [Kt’y(AtLt)li'y - (5 + bl)Kt] dt + O'KthBtI(} - 2—t [MAAtdt + O'AAtdBiA]
AL AZL,
K; K, K,
t L t 2 42 3 2712
-—— Ldt LB Ajdt Lidt
AL Lt + o1 LidBy ] + AL, A " AL R

= [k —boki]dt + k; [oxdBE — 04dB* — 01dBE] |

which shows that (%t)tzo defined by (55) is a strong solution of the SDE (17) with initial value
%0 = ko. Hence, by the strong uniqueness of (17) established in Appendix A.2 above, we have
with probability 1 that l;:vt = k; for all £ > 0. Thus, with probability 1 there holds E = K;
for all ¢ > 0, which is just the desired strong uniqueness for (14).

A.4 Verification

Recall from Appendix A.1 that the function W (-) defined by (43) is a canditate for the desired
optimal expected lifetime utility of consumption V(0,-) given in (11), and v™**(-) (cf.(48))
a candidate for the corresponding optimal consumption strategy c®’!(-). To show that this
is indeed the desired solution of Optimization Problem 2.1 with s = 0 (cf. (12)), one can
employ the usual (adequately adapted) standard verification procedure, see e.g. Dksendal
(2007, Chapter 11), Oksendal and Sulem (2007, Chapter 3). As a part of this, one can
conclude from the above considerations that v™*(-) is admissible, i.e. (v (X}));>0 € C(0,x).
Furthermore, the transversality condition

lim e " E[W(X;)] =0 (56)

t—o00

holds, which can be seen as follows:
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e P E[W(X;)] = e " E[bsK; L] +bgA; "Ly + bigLy]
t

= (1 —7)bgAy " Lo /E[exp{—(bl + 11— 9)%0% + 27707 )t + $(1 — v)bss
0
+(1 =)o (B — BE) + (1 — y)ouB2 +yoL(Bf — BY) + o1,BE}]ds
—|—b8Ké_7Lg Elexp{—(b1 + (1 —7)%0% + 2v20})t + (1 — Yok B + o B} ]
+bo Ay LoBlexp{((1 = pa + pr — p— (1 = 9)o% — 201 )t + (1 = Y)oaB{ + o1 B} }]

+b19Lo E [exp{ (,uL —p— %O’%)t + ULBtL}]
t
= (1 —)bgAy "L / eVt eb1s ds 4 by Ky TV L e U by Ay Lo e P10 by Ly elir )t
0 (57)
with biyi=(1— )22 + (1 = y)pa + 3(1 =)ok — (1 —y)yo% + 31 =)ot

t—o00

t
If by = 0 then [e "tetisds = te=®1! —— 0 (recall that by > 0 by (7) and (45)). If
0

t—o0

t
bi1 # 0 then one gets fe_blt ebis g = ﬁ(e(b“_bl)t—e_blt) —— 0 since by > 0 and
0

bii—br = (1—y)pa+pr—p—35(1—7)y0% <0 (cf. (7). Because of by > 0, b1y —b; < 0 and
pr, —p <0 (cf. (7)), also the last three terms in (57) converge to 0 as t tends to co. Thus, we
have verified (56).

A.5 Derivation of the limit distribution, steady-state distribu-
tion and ergodicity assertion (39)

In this section we deduce the long-term behaviour of the non-equilibrium per capita effective

capital stock process (k¢)i>0 with dynamics
dky = [k — boky)dt + ky [oxdBf — 04dBf* — 0,.dB}] | (cf. (17))

by applying (an adaption of) the corresponding general “ergodic” theory of one-dimensional
stochastic differential equations, see e.g. Karatzas and Shreve (1991), Kallenberg (2002). No-
tice that in (17) both the drift term and the diffusion term are bounded on compact subin-
tervals of the domain I = (0,00). By this and the nondegeneracy 0% + 0% + 02 > 0, all the

following quantities are well defined. Let us first examine the scale function

k 3
s(k) = / expd —2 / ity de (58)
1
EY—1
- —ﬁ e bo / exp{bs¢ — biaIn ¢} dC , k € (0,00), (59)
1
. . 2
with  bg:= AT ) 0 (cf. (32))
N 2b 1 _ b
and b= Gt t e LS @it (60
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where b3 is given by (20). It is easy to see that

li _— 1
kir&s(k:) 00 (61)

holds. Moreover, under the assumption b1 > 1 which is equivalent to

by >0, (cf. (30))

one gets
lim s(k) = +o0. (62)

k—oo

Another important tool in this context is the speed measure density

F— 2 _ 2
m(k) = s'(k)-(0%+04+02)-k2 exp{bb‘ [kW—l_i_bQ(l_,Y)1nk_1]}.(gg(+gi+gi).k2 (63)

and the corresponding speed measure defined by m(A4) = [m(k)dk for all Borel sets A in
A

(0,00). By means of the well-known gamma function I'(-) one immediately arrives at
0o
m((0,00)) = bge” /ebGy Yo7ty = bg' 07 e T(by) < 0. (64)
0
Since by (23), every k; (t > 0) has an absolutely continuous distribution, one can apply a
result of Pollak and Siegmund (1985) (see also Karatzas and Shreve, 1991, p. 352) to obtain
the desired limit distribution function (31) by

Fin(2) = Jim POk <2 = 20O (65)

z
sz 2 2 2 b2k“/—1 ba(1 Ink—1 dk
) W% 0% Fo7 yexp{bo 7 1o (1) nh—1]}

be' 07 ebs T'(by)

/exp{—b@-m—l}k‘“’?(l—”“} dk,  z€(0,00),
0

b7
= =7 15)(657)

where we have used (63), (64), (32) and (33). Finally, the ergodicity assertion (39) as well as
the equality between steady-state and limit distribution (i.e. Psteq = Pl ) follow by standard
techniques, see e.g. Kallenberg (2002, Chapter 23).

Acknowledgements. The second author is very grateful to Rainer Klump for inspiring and
initiating questions and discussions. Furthermore, we would also like to thank Gerhard Keller

for an insightful remark.

23



References

Acemoglu, D. and Guerrieri, V. (2008). Capital deepening and nonbalanced economic growth.
Journal of Political Economy, 116(3):467-498.

Amilon, H. and Bermin, H.-P. (2003). Welfare effects of controlling labor supply: an ap-
plication of the stochastic Ramsey model. Journal of Economic Dynamics and Control,
28(2):331-348,

Arnold, L. (1974). Stochastic Differential Equations: Theory and Applications. Wiley, New
York.

Attanasio, Orazio P, e. a. (1999). Humps and bumps in lifetime consumption. Journal of
Business € Economic Statistics, 17(1):22-35.

Bank, P. and Riedel, F. (2001). Optimal consumption choice with intertemporal substitution.
The Annals of Applied Probability, 11(3):750-788.

Barro, R. J., Mankiw, N. G., and Sala-i Martin, X. (1995). Capital mobility in neoclassical

models of growth. American Economic Review, 85(1):103-15.

Baten, A. and Miah, S. (2007). Optimal consumption in a growth model with the CES
production function. Stochastic Analysis and Applications, 25(5):1025-1042.

Bernanke, B. S. and Giirkaynak, R. S. (2001). Is growth exogenous? Taking Mankiw, Romer,
and Weil seriously. In Bernanke, B. S. and Rogoff, K., editors, NBER Macroeconomics
Annual 2001, Volume 16, pages 11-57. MIT Press, Cambridge, MA.

Borodin, A. N. and Salminen, P. (2002). Handbook of Brownian Motion: Facts and Formulae.

Birkh&user, Basel, 2. edition.

Boucekkine, R. and Ruiz-Tamarit, J. (2004). Imbalance effects in the Lucas model: an

analytical exploration. Topics in Macroeconomics, 4(1,15).

Boucekkine, R. and Ruiz-Tamarit, J. (2008). Special functions for the study of economic
dynamics: The case of the Lucas-Uzawa model. Journal of Mathematical Economics,
44(1):33-54.

Bourguignon, F. (1974). A particular class of continuous-time stochastic growth models.
Journal of Economic Theory, 9(2):141-158.

Braun, R. A. and Nakajimay, T. (2009). How large is the intertemporal elasticity of substi-
tution? Working paper, University of Tokyo, Kyoto University.

Bucci, A., Colapinto, C., Forster, M., and Torre, D. L. (2008). On human capital and economic
growth with random technology shocks. Departemental Working Paper 2008-36, University

of Milan, Department of Economics.

24



Cagetti, M., Hansen, L. P., Sargent, T., and Williams, N. (2002). Robustness and pricing
with uncertain growth. Review of Financial Studies, 15(2):363-404.

Cagetti, M. and Nardi, M. D. (2009). Estate taxation, entrepreneurship, and wealth. American
Economic Review, 99(1):85-111.

Caselli, F. and Coleman, W. J. (2006). The world technology frontier. American Economic
Review, 96(3):499-522.

Chang, F.-R. (1988). The inverse optimal problem: A dynamic programming approach.
Econometrica, 56(1):147-72.

Chang, F.-R. (2004). Stochastic Optimization in Continuous Time. Cambridge University
Press, Cambridge.

Chen, L. and Wu, Z. (2010). Maximum principle for the stochastic optimal control problem
with delay and application. Automatica, 46(6):1074-1080.

Clemens, C. (2005). Income taxation, productive government expenditure and stochastic
growth: On conditions for an optimal policy and the role of the risk premium. The B.E.

Journal of Macroeconomics, 5(1,14).

Conesa, J. C., Kitao, S., and Krueger, D. (2009). Taxing capital? Not a bad idea after all!

American Economic Review, 99(1):25-48.

Corsetti, G. (1997). A portfolio approach to endogenous growth: equilibrium and optimal
policy. Journal of Economic Dynamics and Control, 21(10):1627-1644.

Dunbar, K. (2009). Stochastic business cycle volatilities, capital accumulation and economic
growth: Lessons from the global credit market crisis. Working paper 2009-36, University

of Connecticut, Department of Economics.

Eaton, J. (1981). Fiscal policy, inflation and the accumulation of risky capital. Review of
Economic Studies, 48(3):435-45.

Elie, R. and Touzi, N. (2008). Optimal lifetime consumption and investment under a draw-
down constraint. Finance and Stochastics, 12(3):299-330.

Engelbert, H. J. and Schmidt, W. (1991). Strong Markov continuous local martingales and
solutions of one-dimensional stochastic differential equations (part iii). Mathematische
Nachrichten, 151(1):149-197.

Ferrara, M. and Guerrini, L. (2009a). A closed form solution to the transitional dynamics of
a modified Ramsey model. Working Paper 2009/6, Universitatea Spiru Haret, Facultatea

de Finante si Banci, Centrul de Cercetari Economico-Financiare Avansate.

25



Ferrara, M. and Guerrini, L. (2009b). The Ramsey model with logistic population growth
and Benthamite felicity function revisited. WSEAS Trans. Math., 8(3):97-106.

Fleming, W. and Pang, T. (2005). A stochastic control model of investment, production and
consumption. Quarterly of Applied Mathematics, 63(1):71-87.

Fleming, W. H. and Stein, J. L. (2004). Stochastic optimal control, international finance and
debt. Journal of Banking € Finance, 28(5):979-996.

Gollin, D., Parente, S., and Rogerson, R. (2003). Structural transformation and cross-country
income differences. Levine’s Bibliography 506439000000000259, University of California

Los Angeles, Department of Economics.

Grinols, E. L. and Turnovsky, S. J. (1998). Risk, optimal government finance and monetary

policies in a growing economy. Economica, 65(259):401-27.

Hall, R. E. (2001). The stock market and capital accumulation. American Economic Review,
91(5):1185-1202.

Hartley, P. and Rogers, L. (2005). Two-sector stochastic growth models. Australian Economic
Papers, 44(4):322-351.

Higham, D. J. and Mao, X. (2005). Convergence of Monte Carlo simulations involving the

mean-reverting square root process. Journal of Computational Finance, 8(3):35—62.

Jensen, B. S. and Larsen, M. E. (2005). General equilibrium dynamics of multi-sector growth

models. Journal of Economics Supplement, 10:17-56.

Jensen, B. S. and Richter, M. (2007). Stochastic one-sector and two-sector growth models
in continuous time. In Jensen, B. S. and Palokangas, T., editors, Stochastic Economic

Dynamics, part b, pages 167-216. Business School Press, Copenhagen.

Jensen, B. S., Richter, M., Wang, C., and Alsholm, P. K. (2001). Saving rates, trade, tech-

nology, and stochastic dynamics. Review of Development Economics, 5(2):182-204.

Jensen, B. S. and Wang, C. (1999). Basic stochastic dynamic systems of growth and trade.
Review of International Economics, 7(3):378-402.

Jones, L. E. and Manuelli, R. E. (2005). Neoclassical models of endogenous growth: The
effects of fiscal policy, innovation and fluctuations. In Aghion, P. and Durlauf, S., editors,
Handbook of Economic Growth, volume 1A of Handbooks in Economics 22, chapter 1, pages
13-65. Elsevier, Amsterdam.

Kallenberg, O. (2002). Foundations of Modern Probability. Springer, New York, 2. edition.

Karatzas, I. and Shreve, S. E. (1991). Brownian Motion and Stochastic Calculus. Springer,
New York, 2. edition.

26



Kenc, T. (2004). Taxation, risk-taking and growth: a continuous-time stochastic general
equilibrium analysis with labor-leisure choice. Journal of Economic Dynamics and Control,

28(8):1511-1539.

King, R. G. and Rebelo, S. T. (1993). Transitional dynamics and economic growth in the

neoclassical model. American Economic Review, 83(4):908-31.

Maenhout, P. J. (2004). Robust portfolio rules and asset pricing. Review of Financial Studies,
17(4):951-983.

Malliaris, A. G. and Brock, W. A. (1982). Stochastic Methods in Economics and Finance.
North-Holland, Amsterdam.

Merton, R. C. (1975). An asymptotic theory of growth under uncertainty. Review of Economic
Studies, 42(3):375-393.

Morimoto, H. (2008). Optimal consumption models in economic growth. Journal of Mathe-

matical Analysis and Applications, 337(1):480-492.

Morimoto, H. and Zhou, X. Y. (2008). Optimal consumption in a growth model with
the Cobb—Douglas production function. SIAM Journal on Control and Optimization,
47(6):2991-3006.

Nishide, K. and Ohyama, A. (2007). Timing an environmental policy optimally under eco-
nomic considerations. Interfaces for Advanced Economic Analysis 126, Kyoto University,

Graduate School of Economics.

Oksendal, B. K. (2007). Stochastic Differential Equations: An Introduction with Applications.

Springer, Berlin, 6. edition. corr. 4. print.

Oksendal, B. K. and Sulem, A. (2007). Applied Stochastic Control of Jump Diffusions.

Springer, Berlin, 2. edition.

Palacios, M. (2010). Human capital as an asset class: Implications from a general equilibrium

model. Working paper, Vanderbilt University, Owen Graduate School of Management.

Pindyck, R. S. (2000). Irreversibilities and the timing of environmental policy. Resource and
Energy Economics, 22(3):233-259.

Pindyck, R. S. and Solimano, A. (1993). Economic instability and aggregate investment. In
Blanchard, O. and Fischer, S., editors, NBER Macroeconomics Annual 1993, Volume 8,
pages 259-318. MIT Press, Cambridge, MA.

Pollak, M. and Siegmund, D. (1985). A diffusion process and its applications to detecting a
change in the drift of Brownian motion. Biometrika, 72(2):267-280.

27



Posch, O. (2009a). Explaining output volatility: The case of taxation. CESifo Working Paper

2751, University of Aarhus, School of Economics and Management.

Posch, O. (2009b). Structural estimation of jump-diffusion processes in macroeconomics.
Journal of Econometrics, 153(2):196-210.

Posch, O. and Walde, K. (2010). On the non-causal link between volatility and growth.
CREATES Economics Working Paper 2009-10, University of Aarhus, School of Economics

and Management.

Pyyhtia, I. (2007). Why is Europe lagging behind? Research Discussion Paper 3/2007, Bank
of Finland.

Roche, H. (2003). Stochastic growth: a duality approach. Journal of Economic Theory,
113(1):131-143.

Schmitt-Grohe, S. (2000). Endogenous business cycles and the dynamics of output, hours,

and consumption. American Economic Review, 90(5):1136-1159.

Sennewald, K. and Wilde, K. (2006). Ito’s lemma and the Bellman equation for Poisson

processes: An applied view. Journal of Economics, 89(1):1-36.

Smith, W. T. (2006). A closed form solution to the Ramsey model. Contributions to Macroe-

conomics, 6(1,3).

Smith, W. T. (2007). Inspecting the mechanism exactly: A closed-form solution to a stochastic
growth model. The B.E. Journal of Macroeconomics, 7(1,30).

Sotomayor, L. R. and Cadenillas, A. (2009). Explicit solutions of consumption-investment
problems in financial markets with regime switching. Mathematical Finance, 19(2):251—
279.

Steger, T. M. (2005). Stochastic growth under Wiener and Poisson uncertainty. FEconomics
Letters, 86(3):311-316.

Stein, J. L. (2007). United States current account deficits: A stochastic optimal control
analysis. Journal of Banking € Finance, 31(5):1321-1350.

Stummer, W. and Vajda, I. (2007). Optimal statistical decisions about some alternative
financial models. Journal of Econometrics, 137(2):441-471.

Turnovsky, S. J. (2000a). Government policy in a stochastic growth model with elastic labor
supply. Journal of Public Economic Theory, 2(4):389-433.

Turnovsky, S. J. (2000b). Methods of Macroeconomic Dynamics. MIT Press, Cambridge,

Mass., 2. edition.

28



Turnovsky, S. J. and Smith, W. T. (2006). Equilibrium consumption and precautionary
savings in a stochastically growing economy. Journal of Economic Dynamics and Control,

30(2):243-278.
Wilde, K. (2005). Endogenous growth cycles. International Economic Review, 46(3):867-894.
Wilde, K. (2009a). Applied Intertemporal Optimization. Lecture notes, University of Mainz.

Wiilde, K. (2009b). Production technologies in stochastic continuous time models. CESifo
Working Paper 2831, CESifo Group Munich.

Williams, N. (2004). Small noise asymptotics for a stochastic growth model. Journal of
Economic Theory, 119(2):271-298.

Xie, D. (1991). Increasing returns and increasing rates of growth. Journal of Political Econ-
omy, 99(2):429-35.

Xie, D. (1994). Divergence in economic performance: Transitional dynamics with multiple
equilibria. Journal of Economic Theory, 63(1):97-112.

29



01/2010

02/2010

03/2010

04/2010

01/2009

02/2009

03/2009

04/2009

05/2009

06/2009

07/2009

Diskussionspapiere 2010
Discussion Papers 2010

Mosthaf, Alexander, Schnabel, Claus and Stephani, Jens:
Low-wage careers: Are there dead-end firms and dead-end
jobs?

Schllter, Stephan and Matt Davison: Pricing an European
Gas Storage Facility using a Continuous-Time Spot Price Model
with GARCH Diffusion

Fischer, Matthias, Gao, Yang and Herrmann, Klaus: Volatility
Models with Innovations from New Maximum Entropy Densities
at Work

Schliter, Stephan, Deuschle, Carola: Using Wavelets for
Time Series Forecasting — Does it Pay Off?

Diskussionspapiere 2009
Discussion Papers 2009

Addison, John T. and Claus Schnabel: Worker Directors: A
German Product that Didn’'t Export?

Uhde, André and Ulrich Heimeshoff: Consolidation in banking
and financial stability in Europe: Empirical evidence

Gu, Yiquan and Tobias Wenzel: Product Variety, Price
Elasticity of Demand and Fixed Cost in Spatial Models

Schluter, Stephan: A Two-Factor Model for Electricity Prices
with Dynamic Volatility

Schllter, Stephan and Fischer, Matthias: A Tail Quantile
Approximation Formula for the Student t and the Symmetric
Generalized Hyperbolic Distribution

Ardelean, Vlad: The impacts of outliers on different estimators
for GARCH processes: an empirical study

Herrmann, Klaus: Non-Extensitivity versus Informative
Moments for Financial Models - A Unifying Framework and
Empirical Results

Friedrich-Alexander-Universitat
IWQW

Institut far Wirtschaftspolitik und Quantitative Wirtschaftsforschung



08/2009

09/2009

10/2009

11/2009

12/2009

13/2009

14/2009

01/2008

02/2008

03/2008

04/2008

05/2008

Herr, Annika: Product differentiation and welfare in a mixed
duopoly with regulated prices: The case of a public and a private
hospital

Dewenter, Ralf, Haucap, Justus and Wenzel, Tobias: Indirect
Network Effects with Two Salop Circles: The Example of the
Music Industry

Stuehmeier, Torben and Wenzel, Tobias: Getting Beer During
Commercials: Adverse Effects of Ad-Avoidance

Klein, Ingo, Kock, Christian and Tinkl, Fabian: Spatial-serial
dependency in multivariate  GARCH models and dynamic
copulas: A simulation study

Schliter, Stephan: Constructing a Quasilinear Moving Average
Using the Scaling Function

Blien, Uwe, Dauth, Wolfgang, Schank, Thorsten and
Schnabel, Claus: The institutional context of an “empirical law”:
The wage curve under different regimes of collective bargaining

Mosthaf, Alexander, Schank, Thorsten and Schnabel, Claus:
Low-wage employment versus unemployment: Which one
provides better prospects for women?

Diskussionspapiere 2008
Discussion Papers 2008

Grimm, Veronika and Gregor Zoettl: Strategic Capacity
Choice under Uncertainty: The Impact of Market Structure on
Investment and Welfare

Grimm, Veronika and Gregor Zoettl: Production under
Uncertainty: A Characterization of Welfare Enhancing and
Optimal Price Caps

Engelmann, Dirk and Veronika Grimm: Mechanisms for
Efficient Voting with Private Information about Preferences

Schnabel, Claus and Joachim Wagner: The Aging of the
Unions in West Germany, 1980-2006

Wenzel, Tobias: On the Incentives to Form Strategic Coalitions
in ATM Markets

Friedrich-Alexander-Universitat
IWQW

Institut far Wirtschaftspolitik und Quantitative Wirtschaftsforschung



06/2008 Herrmann, Klaus: Models for Time-varying Moments Using
Maximum Entropy Applied to a Generalized Measure of Volatility

07/2008 Klein, Ingo and Michael Grottke: On J.M. Keynes' “The
Principal Averages and the Laws of Error which Lead to Them” -
Refinement and Generalisation

Friedrich-Alexander-Universitéat
IWQW
Institut far Wirtschaftspolitik und Quantitative Wirtschaftsforschung



