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Abstract

We derive a semi-analytical formula for pricing forward-start options in the Barndorff-Nielsen-
Shephard model. In terms of computational time, this formula is equivalent to one-dimensional

integration.
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1 Introduction

The Pricing of forward-start options is one of the problems where realistic modeling of volatility
dynamics is of particular importance. The Barndorff-Nielsen-Shephard model tries to meet this
requirement. The general case of this model is introduced in Barndorff-Nielsen and Shephard
(2001). A possible modification of this model and parameter estimation technique is described
in Hubalek and Posedel (2008).

We use the affine property of the Barndorff-Nielsen-Shephard model in order to derive a for-
mula for pricing forward-start options. Applications of the affine processes in derivative pricing
have been studied in Duffie, Filipovic and Schachermayer (2003) and Keller-Ressel (2008). The
forward-start option pricing in other stochastic volatility models has been studied in Lucic (2004),
Kruse and Noegel (2005) and Bloch (2008).

In section 2 we derive a semi-analytical formula for pricing forward-start options in the Barndorff-
Nielsen-Shephard model. Section 3 provides numerical examples based on this formula. Finally,

section 4 concludes.

2 Derivation

The payoff of a forward-start option is

maz(- — ,0), 1)

where T is a maturity, Ty is a forward-start time and k is a relative strike.

Some techniques of pricing plain vanilla options require only the knowledge of the characteristic

function of the logarithm of the underlying . Since forward-start options can be seen as options

'Examples of such techniques are described in Attari (2004) and Carr and Madan (1999).
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on the underlying Uy = 5TT’ these techniques can be extended to forward-start options. The
0
only modification that must be made is to replace the characteristic function of the logarithm of

the underlying

U(u) = Eq(e™™™T) (2)

by the forward characteristic function

iuln SS—T
®puwa(u) = Egle "™ ]. (3)
Keller-Ressel (2008) has derived a general expression for the forward characteristic function of
the affine models in terms of the solutions of the generalized Riccati equations. In this paper we
use this result to derive an implementable formula for the forward characteristic function of the

Barndorff-Nielsen-Shephard model.

The risk-neutral dynamics in the BNS model is

d(log S;) = ddt + /V,dW, + pd.Jy, (4)
AV; = —AV,dt + dJy,, (5)

where J; is the Levy subordinator that drives the model, § is the drift that is determined by the

martingale condition for S;, A is the mean-reversion rate, p is the comovement parameter.

In general, the cumulant generating function of the affine models is defined by some functions

o(t,u,w) and (¢, u, w) and has the form
K (u,w) = In Eg[e"™ 5] = ¢(t,u, w) + Vi (¢, u, w) + uln Sp, (6)

ulnSt+w‘/,g] < 0.

for all u,w € C, where Egle



The forward characteristic function of the affine models has the form

. S
iuln oL

Ofpa(u) = Egle "] = Egle™ "% B [e™ 57| Fr ]| =
Eglexp(¢(T — Ty, iu, 0) + Vi, (T — Tp, iu, 0))] =
exp(o(T — To, 1u, 0)) Eq [V, (T — Tp, iu,0)] =

exp[¢(T - TO? iuv O) =+ ¢<TO7 07 w(T - TO? iuv 0)) + %w(Tm 07 w(T - TO; iuv O))] (7>

In the BNS-model

Y(t,u,w) = %(tﬂ —u)(1 — e M) 4 e M, (8)
o(t,u,w) = /0 F(u,¥(s,u,w))ds, (9)

where
F(u,w) = Ax(w + pu) — uls(p), (10)

and £(u) is the cumulant-generating function of the Levy subordinator J; that drives the model.
In this paper we consider an example of the BNS-model where the latent state follows the Gamma-

Ornstein-Uhlenbeck process. In this case the Levy subordinator J; is a compound Poisson process

Ny
Jo=Y (11)
n=1

where NV, is a Poisson process with intensity a and each x,, follows an exponential law with mean

%. The cumulant-generating function of J; is

k(u) = : (12)

We calculate the integral in (9) analytically in order to accelerate the pricing algorithm. (10)

and (12) yield
Aa(Ae™ + B)

Flu,gls,uw) = 5= S eew s D)’

(13)




where

Lo
A== |33 =) =] 0=+ up),
B:—up2+u2p2+%(ﬁ—u)(b—p—i—up),
Lo
C’—ﬁ(u —u) —w,
D:b—pu—i(uz—u). (14)

2\

Separating real and complex parts in (13) and applying the complex numbers division rule yields

Floab(s, v, w)) = Aa(e*Re(A) + Re(B) + i [e**Im(A) + Im(B)])
AT (b= p) (e Re(C) 4 Re(D) + i [e*Im(C) + Im(D)))
Aa
(b— p)(e *Re(C) + Re(D))? + (¢ »Im(C) + Im(D))? "

[(e7**Re(A) + Re(B))(e”**Re(C) + Re(D)) + (¢~**Im(A) + Im(B))(e~**Im(C) + Im(D))

+i{(e™Im(A) + Im(B)) (e *Im(C) + Im(D)) — (e **Re(A) + Re(B))(e *Im(C) + Im(D))}].
(15)

Let us introduce an auxiliary integral

e T 4 BeTPT 4
G, B,7,C,m,v,p, @) = e g e e BnGn T € R (16)

that can be evaluated analytically

arctan (L0 )
_ o _an_on Vo
G(a7ﬁ>77<.7777y7p7x)_ C + (2ﬁ C v ) P 4CV_772
1 1 px 2px _
r3(5-g) T e m e (17)
(9) and (15) yield
O(t.0.10) = G (Gal1) = Ga(0) + H{Ga(t) = Ga(O)]. (18)



where

G1(z) = G(Re(A)Re(C) + Im(A)Im(C),
Re(A)Re(D) + Re(B)Re(C) 4 Im(A)Im(D) + Im(B)Im(C),
Re(B)Re(D) + Im(B)Im(D),
(Re(C))* + (Im(C))?,
2Re(C)Re(D) + 2Im(C)Im(D),

(Re(D))? + (Im(D))?, \, ), (19)

Ga(7) = G(Im(A)Re(C) — Re(A)Im(C),
Im(A)Re(D) + Im(B)Re(C') — Re(A)Im(D) — Re(B)Im(C),
Im(B)Re(D) — Re(B)Im(D),
(Re(C))* + (Im(C))?,
2Re(C')Re(D) + 2Im(C)Im(D),

(Re(D))? 4+ (Im(D))?, \, ). (20)

Substituting (8) and (18) into (7) yields an analytic formula for the forward characteristic function

of the BNS model.

3 Numerical examples

We have applied derived formulas to illustrate how the price and greeks of a forward-start call
depend on each of the BNS parameters. The solid lines in Figures 1- 5 show the prices of a
forward-start call for a range of values of one parameter when all the other parameters are kept
constant. The five figures correspond to five BNS parameters. The strike of the option is 1.0, the

maturity is 3 years, the forward-start time is 1 year, the interest rate is set to 0.0 and there are
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Figure 1: Comovement scenario. A = 1.0,b = 50.0,a = 0.5, /Vy = 0.2
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no dividends. Dashed lines show the values of greeks corresponding to particular parameters.
Figure 6 shows price and theta for different forward start periods. To calculate theta we set

T =7+ Tp, keep 7 constant and calculate the derivative with respect to 7.

4 Conclusion

The pricing of forward-start options in the general form of the Barndorff-Nielsen-Shephard model
requires numerical integration? for each evaluation of the forward characteristic function. To-
gether with the integration in the Fourier space this yields computational times equivalent to
two-dimensional integration. However, if we use a particular form of the BNS model with the
latent state following the Gamma-Ornstein-Uhlenbeck process, an analytical expression for the
forward characteristic function is available. It reduces the computational time for pricing forward-
start options to a time equivalent to one-dimensional integration, i.e. just a few milliseconds on

a standard PC.

2See formula (9).
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