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Abstract

In the common Fourier regression model we investigate the optimal design problem
for estimating pairs of the coefficients, where the explanatory variable varies in the
interval [—m,w]. L-optimal designs are considered and for many important cases L-
optimal designs can be found explicitly, where the complexity of the solution depends
on the degree of the trigonometric regression model and the order of the terms for
which the pair of the coefficients has to be estimated.
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1 Introduction

Fourier regression models of the form

(1.1) y = 0o+ 252]'—1 sin(jt) + ZB?;‘ cos(jt) +e, t € [-m,7].

J=1 J=1

are widely used in applications to describe periodic phenomena. Typical subject areas in-
clude engineering [see e.g. McCool (1979)], medicine [see e.g. Kitsos, Titterington and
Torsney (1988)], agronomy [see e.g. Weber and Liebig (1981)] or more generally biology [see
the recent collection of research papers edited by Lestrel (1997)]. Applications of trigono-
metric regression models also appear in two dimensional shape analysis [see e.g. Young
and Ehrlich (1977) and Currie et al. (2000) among many others]. An optimal design can
improve the efficiency of the statistical analysis substantially and therefore the problem of
designing experiments for Fourier regression models has been discussed by several authors.
Optimal designs with respect to Kiefer’s ¢,-optimality criteria have been studied by Karlin
and Studden (1966), page 347, Hill (1978) or Wu (2002) among others [see also Pukelsheim
(1993), p. 241}, while Lau and Studden (1985) discuss the problem of constructing robust
designs if the degree m in model (1.1) is not exactly known. Designs for identifying the de-
gree m have been determined by Biedermann, Dette and Hoffmann (2007), Dette and Haller
(1998) and Zen and Tsai (2004). More recent work discussed the problem of constructing
optimal designs for the estimation of a particular coefficient in the Fourier regression model
(1.1) [see Dette and Melas (2003) and Dette, Melas and Shpilev (2007)]. These authors also
demonstrated that uniform designs are optimal for estimating a subset of the coefficients
{Bair—1, B2iys - - s Boip—1, P2i, }, where 1 < iy < ... <4, <m, re{l,...,m}.

The main purpose of the present paper is to obtain further insight into the construction of
optimal designs for estimating parameter subsystems in the Fourier regression model (1.1).
In particular we are interested in the L-optimal design problem for estimating pairs of the
coeflicients {2, Bai, } and {Baj,-1, B2j,—1}, where 41,05 € {0,...,m}, ji1,752 € {1,...,m}.
The precise estimation of specific pairs of coefficients is of particular interest because in many
biological applications, such as two dimensional shape analysis, one or two coefficients have
a concrete biological interpretation [see e.g. Young and Ehrlich (1977), Currie et al. (2000)].
In Section 2, we introduce the general notation and state several preliminary results. We
formulate and prove a particular version of the equivalence theorem for L-optimal designs,
which is an important tool for the determination of the optimal designs in Section 3. Here L-
optimal designs are found explicitly for several cases. Finally, several examples are presented
in Section 4 in order to illustrate the theoretical results.



2 L-optimal designs

Consider the trigonometric regression model (1.1), define 8 = (8o, 31, ...02m)" as the vector
of unknown parameters and

f@) = (fo(®), ..., fam(®) = (1,sint, cost, ..., sin(mt), cos(mt))’.

as the vector of regression functions. Following Kiefer (1974) we call any probability measure
¢ on the design space [—, 7] with finite support an (approximate) design. The support points
of the design & give the locations, where observations are taken, while the weights give the
corresponding proportions of the total number of observations to be taken at these points.
If the designs & puts masses ; at the points ¢; (i = 1,..., k) and n uncorrelated observations
can be taken, then the the quantities &;n are rounded to integers such that Zle n; = n [for a
rounding procedure - see e.g. Pukelsheim and Rieder (1992)] and the experimenter takes n;

observations at each ¢; (i = 1,...,k). In this case the covariance matrix of the least squares
estimate for the parameter [ in the trigonometric regression model (1.1) is approximately
given by

o? !

o (),
where

21) e = ([ s ) e pmean

denotes the information matrix of the design & [see Pukelsheim (1993)]. Note, that for a
symmetric design ¢ after an appropriate permutation P € R*"+H1>2m+L of the order of the
regression functions the information matrix (2.1) will be block diagonal, that is

M(§) 0 )

(22) v = parr = (M 0

with blocks given by
(2.3) M.(&) = (/ cos(it) cos(jt)d&(t )) )
i,j=0

(2.4) w9 = ([ swanysmie)”

ij=1

For a given matrix

k
(2.5) L=) LIl k<2m

=0



with vectors [; € R?*™! the class Z; is defined as the set of all approximate designs for
which the linear combinations of the parameters [73,i = 0,...,k are estimable, that is
l; €eRange(M(§)); i = 0,...,k. Similarly, the sets = and Z. are defined as the sets of all
designs for which the matrices My(§) and M.(£) are nonsingular, respectively. Finally a
designs &* is called L-optimal if

¢ = arg nin trLM™(£),

G:L

where L is a fixed and nonnegative definite matrix and for a given matrix A the matrix A™
is the pseudo-inverse which is characterized by the four conditions

(a) AATA=A (b) ATAAT = AT
() (AANT = AAT (d) (ATA)T = At A.

[see Rao (1968)]. The following result gives a characterization of L-optimal designs, which
is particularly useful for designs with a singular information matrix. For a nonsingular
information matrix this theorem was formulated and proved in Ermakov and Zhigljavsky
(1987). The theorem is stated for a general regression model y = 37 f(t) + & with 2m + 1
regression functions and a general design space .

Theorem 2.1 Let L € RCHUXCm+) denote a given and nonnegative definite matriz of the
form (2.5) and assume that the set of information matrices is compact.

1) The design & is an element of the class Zp, if and only if

M- (OME) =11, i=0,... k.

2) The design & is L-optimal if and only if

(2.6) max p(t, &) = tr LM ™ (&%),

tex

where @(t,&) = fL(#)MT(E)LMT(E)f(t) Moreover, the equality
(2.7) p(ti, &) = trLM™(£")

holds for any t; € supp(£*).

Proof. The first part of this theorem was proved in Rao (1968). For a proof of the second
part we use the following lemma.

Lemma 2.1 If A is a nonnegative definite matriz, then A+A* > 2AT A and there is equality
if and only only if A = AT A.



Proof of Lemma 2.1. Let A = BT B, where B € R™". By definition of the pseudo-inverse
matrix we have AT = B* B+ so that

A+ AT —24TA = B"B+B"B™ —2BTB™'BTR
= (B"-BYB-B")=(B-B""(B-BT)>0,
where the third equality is obtained from the identity
B*B™'B'B =B"(BB")Y'B=B"BB'B = B"B.
O

Now we return to the proof of Theorem 2.1. In the first part we show that a L-optimal design
satisfies the conditions (2.6) and (2.7) For any a € (0, 1) define &, = (1 — a)&* + a&;, where
& denotes the Dirac measure at the point ¢ and assume that the design £* is L-optimal. In
this case the inequality

trLM™ (&) > trLM ™ (&%)

is satisfied for all @ € (0, 1), which implies

+
%@“) ’a:0+2 0.
«
On the other hand we obtain observing the identity
OLM ™" ()M (&) _ .  OM* (&) tip \OM (&)
Ja =0=1 Oa M(a) + LM (%) Ja
the inequality
otrLM™ (&, oM™ (& a
rﬁ—a(g) la=or = tr {L%} la=o= tr {—LM+(£Q) M (& )M+<§a)} oo+

= trLM™ (&) —trLM* (£ )M (&) M (£F)

LM / ST () M) LM (€7) f(s)€.(ds)

= trLM™ (&) — o(t,§7) = 0

Therefore we have
p(t, &) <trLM™(£)

for all t. Moreover, the equality

/ (L EE(dl) = / i LMY () £(0) 7 (6) M (€)E(dt)
= LM (E)M(E)MH(E) = trLMH(€)

5



is obviously fulfilled for any design £ € =;. It now follows that statements (2.6) and (2.7)
are satisfied.

In order to prove the converse implication we assume that the design £* satisfies (2.6) but is
not L-optimal. We denote an L-optimal design by & and define

o = (1 - O‘)g* + agy.
In the following discussion we use the notation M (&,) = M,, M (&) = My, M(£*) = M,

and obtain from Lemma 2.1 the inequality

0 < ol —a)trL(MyM; + M.M;t — 2M, M M, M) M}

= trL(aM M} — o* M, M} 4+ aM,M;" — o M, M;")M;

(
+ trL(—2aM M} M, M;" + 20> My M M, M )M
= trL(aM M — o* MM} + o> My MM, M )M}
+ trL(aM,M; — o> M, M;" — 2aM, M M, Mt + o My MM, M) M
= trL(aM((1 — )M + aM;")) M
+ trL(aM, M — oM M} — 2a M, M} + o* M M + M, M} — M, M})M
= trL(aM;((1 — a)M} + aM)) M}
+ trL((1 — a)M,(aM;" + (1 —a)M) — )M}
(

(
= trL((aM{ + (1 —a)MHM, — )M} =trL(aM; + (1 —a)M — M),

which implies
trL(M}) < trL(aM; + (1 — a)M]).

In other words, we have proved that the functional & — ¢trLM™(€) is convex on the set =,
and consequently it follows that

.
0>t (e) - erar(e) > R | e - [ peratan,

On the other hand, we have by statement (2.6) the inequality tr LM™(£*) > ¢(t,&*), which
yields

trLM™(£") > /go(t,g*)gl(dt).
i.e. a contradiction to the previous inequality. Theorem 2.1 is proved.

O

In general an analytical determination of L-optimal designs is very difficult. Theorem 2.1
can be used to check the optimality of a given design numerically. Moreover we will use this
characterization in the following section for an explicit construction of L-optimal designs for
special parameter subsystems in the Fourier regression model (1.1).

6



3 Analytical solutions of the L—optimal design prob-

lem

In the present section we develop explicit solutions of the L-optimal design problem in the
Fourier regression model (1.1) for several parameter subsystems. We begin with the problem
of constructing optimal designs for estimating two coefficients corresponding to the sinus- or
cosinus functions. More precisely, define e; € R*"*! as the jth unit vector and consider the
matrices

Lofg)-ialz)-n = Cl3]-1%z)1tCl3]1%]z ]
Lojg) alz) = Clz)%[z] TC|z)%| 2]

We call an L-optimal design with the matrix L(QL%J ralm o and L(%mJ e L-optimal

2 |»
design for estimating the pair of coefficients BQL%J_l, B4L%J—1 and ﬁQL%J, 54L%J7 respectively.

Theorem 3.1 Consider the trigonometric regression model (1.1) with m > 3.

1) The design

. oty —tpr o =t bty
g(2L%J—1,4L%J—1)_ 1 1 1 1 1 )

% % PO % % SR, 2n
with

) 4
o] ma i) Ty, oo R

n n
15 L-optimal for estimating the pair of coefficients BQL%J_l, ﬁ4L%J—1'
Moreover,

trLMJr(géL%J_L 4L%J—1)) =

2) For any o € [0,w,] the design

5* i —T _tn—l —tl 0 tl tn—l ™
elel4s) " \w,—a wp1 ... Wi Wo Wi ... W @ )’
with
-1
n = Q{EJ7 tl:(z )ﬂ-yl:2> ) Ty
2 n
5—1
Wy = \/gwl, wlz\/; s wi:wi_g,i:l...,n
n

15 L-optimal for estimating the pair of coefficients ﬁQL%J, ﬁqgj.

7



Moreover,

tTLM+(€Z2L I. 4L%J)) =trLM™ (& ) = \/75

3
0. 2[%]) Ty

v[3

3) The L-optimal design {?0 22 ]) for estimating the pair of coefficients 3,02 =) coincides
’ 2
with the design SZ‘QL%L Az ) defined in part 2).

Proof. We will only prove the first part of the theorem for the case where the degree m
of the Fourier regression model is even. All other statements of the theorem are treated

similarly. In this case \_%J = % and the design in part 1) of Theorem 2.1 can be rewritten
as
. —ty —tme1 ...~ t1 . tm
Sm—1, 2m-1) = | 1 1 11 1)
2m 2m e 2m 2m """ 2m
with

| 2 ; 2 4
t; = VJ I (=) Vg, 2 = = arctan(V/5).

21 m m

The proof is based on the characterization of L-optimal designs given in Theorem 2.1. Recall
the definition of the matrix M, = M,(§) € R™™ in (2.4) and let my; ;) = my;5(§) denote
the element of the matrix My in the position (4,j). We consider the system of equations

. ., m
(31) ms[g,%] = 07 .7:1727"'7m7 j%??
(3.2) Mgjm = 0, 7=1,2,...,m—1,
(3.3) Msm m) = SinQ(%fE) ,
(3.4) Mifmm] = sin®(maz) .
We will show below that the design f?m_l, m—1) satisfies these equations. Under this as-

sumption we obtain for the function ¢(t,£*) in Theorem 2.1 the representation

Plt,€%) = fTO)MT(EV LM (E) f(t) = — 2
2
Now a straightforward calculation shows

trLM* (&) =



and it is easy to prove that the condition (2.6) is satisfied calculating the solution of the

equation—&p(t75*) = 0. Moreover, a similar calculation shows that the equalities
ot
1 1 V5 3
trLM™(£) = o(t;,£) = + S
(&) = ¢t &) sinz(—’gm) sin?(max) 2 2

are satisfied, and it remains to show the identities (3.1) - (3.4). For a proof of these identities
we note that

~ . .m I, ... m
Myfjm) = 2 Z sin(jty) sm(;tk)wk = Z sin(jty) sm(;tk) ,
k=1 k=1

and that sin(Ft;) = (—1) Renl sin(%§x). Consequently, we obtain

) sin(’3 7) Z(_l)L%J sin(jty).

m
k=1

Next we prove the identity Z?Zl(—l)L%J sin(jt) = 0 if j # % . For this purpose we use
the definition of ¢; and obtain

Z(—l) henl sin(jtx) = sin(jz) + Sin(%) cos(jx) — COS(%) sin(jz)

) cos(jz) + cos(%) sin(jx)) +...

+ (—1)(%71) sin((m — 1)2%‘7) cos(jz) + COS((m — 1)27rj

5 ) sin(jm))

m

mj) F(—1FE - 1].

Now applying standard trigonometric formulae it is easy to calculate the sum in the last
expression if j # 7, i.e.

2 (—1)kCOS(27::j) = COS?j—Tr) (—1)kcos(27;:j)cos(%)
k=0 m/ k=0
= o (o) eos() — (eos(CoT) - eos(%) ) +
(-1 (cos( ;f’)”) +cos(= ATy,



Therefore we have proved that
Z 7 sin (jtr) = sin(jz) (1 + (=1)2 71 4 (—1)7+% — 1) =0,
k=1

which shows that the first equation in (3.1) is satisfied. The equality mjm = 0 (j # m)
follows by similar arguments, that is

Lgm si < o
Msjm] = ;sm(jtk) sin(mty) = 1n§z@x) ;(—1)k31n(jtk)
71 :
- sm(yx)(? COS(ZW]{U) (—l)j—1>
m

1 & _
ms[%7%] = SIHQ(%x)EZ(—lyt%J _ SiHZ(%x)7
k=1
1 m
Mymm = sin’(ma)— Z(_l)zk _ sin2(ma)
mi3
which completes the proof of Theorem 3.1. -

Remark 3.1 Note that Theorem 3.1 is only correct for trigonometric regression models of
degree m > 3. For example, if m = 2 the L-optimal design 52‘173) is given by

. —nT+z —x T™T—X
SL3) = i)
4

1
4
+ % For any a € [O, %5] the L-optimal

=
NS

oI5

where 2 = arctan(v/5), and trLM; (5(1 3)) =
design £(, 5 s given by

c ( —T -5 0 5 0 )
02 — | 5-v5 Vi1 5-v5 V/5-1 J
g @ 5 @

8 8

and trLM - (5(0 2) )= f + 3 3 If m = 3 the L-optimal design 5 1.3) Is given by

N —nT+x —T T™T—X
s = 1)
4

1
1

=
el 8
=

10



where x = arctan(v/5) and tr LM (£*) = #5, while the L-optimal design {f,,) is given by

N -7 —T+x —=I 0 T mT—x T
o2 = | 1 ) :

Z—Z—Of z z Z_Z z zZ (0%

for any a € [0,§ — 2], where 2 &~ 0.15195067, = ~ 0.932928804 and trLM;"(£),,) =~
2.77004565. The optimality of the designs can be easily checked by an application of Theorem
2.1.

Remark 3.2 Note that by Theorem 3.1 the sum of variances of the estimates for the cor-
responding coefficients in a Fourier regression model of degree m > 3 is given by */75 + %
for the L-optimal design, while the D-optimal design yields 4 for this sum. Thus the sum
of variances obtained by the L-optimal design is approximately 65% smaller than the sum
obtained by the D-optimal design.

There are two other cases, where L-optimal designs for the trigonometric regression model
(1.1) can be constructed explicitly. They are stated in the following two theorems. For the
sake of brevity only a proof of Theorem 3.3 is given here.

Theorem 3.2 Consider the trigonometric regression model (1.1) with m = 3k. The design

e [ —tm —tmer ... =ttty
g_(wm Wil ... W1 W1 ... wm)’
with
T x s T I T
t1 = %—%, tQZ%, tgzﬁ‘i‘%, ti:ti73+%72:475"'7m7
z 1—4z z .
W = o Wy = TR W3:E7 w; =wi_3, t=4,5...,m

is L-optimal for estimating one of the pairs of the coefficients {Bok—1, Bar—1}, {Pok—1, Bek—1},
{Buak—1,B6r—1}. Here only the values x and z depend on the particular pair under considera-
tion and are defined as the solution of the system

Otr LMY (€¥)

=0
ox
(3.5)
otr LM 71(£%)
—c = = 0.
0z
Similarly, for any o € [0, w,,] the design
5* - —T —tm,1 e —tl 0 tl Ce tm,1 s
N wn =@ Wpe1 ... W W Wi e Wy @ )]

11



m =3k | {2k — 1,4k — 1} | {2k — 1,6k — 1} | {4k — 1,6k — 1}
x /3 0.6476 37/10
2 1/4 0.14 (3—+/5)/4
trLM;? 8/3 2.7044 (V5 +3)/2

Table 1: The solutions of © and z of the the system (3.5). The L-optimal design for esti-
mating the specific pair of coefficients in the Fourier regression model (1.1) is specified in
the first part of Theorem 3.2.

m =3k | {0,2k} | {0,4k} | {0,6k} | {2k, 4k} | {2k, 6Kk} | {4k, 6k}
T 0.9329 | 7/2 /3 | 11177 | 0.9232 1.1668
z 0.1519 | 1/4 1/6 | 0.1258 0.14 0.1478

trLM;Y | 2.77 2 2 3.4826 | 2.7044 | (v/5+3)/2

Table 2: The solutions of © and z of the the system (3.6). The L-optimal design for esti-
mating the specific pair of coefficients in the Fourier regression model (1.1) is specified in
the second part of Theorem 3.2.

with
T T—2x T
ty = 0, ti=—, ta=——" ti=tig+—, i=34...,m—1,
0 » = b L 3+k ( m
1 -4z z Z a4
wy = Wi =—, Wy=—, W =wjs, 1=34....m
0 S 2= 7 3

is L-optimal for estimating one of the pairs {Bo, Bar }, {Bo: Bar }» {50, Bek }» { Bk, Bar }» { Bk, Bor }

{Buk, Per.}- Here only the values x and z depend on the particular pair under consideration
and are defined as the solution of the system

otr LM 71(€%)
ox
(3.6)
otr LM71(€%)
0z
Note that Theorem 3.2 shows that all designs for estimating one of the considered pairs

Only the values x and z depend on the particular pair under
the

have the same structure.
consideration. Some numerical values for the parameters x and z in Theorem 3.2.

Tables 1 and 2.

12



Theorem 3.3 Consider the trigonometric regression model (1.1) with m = 4k. The design

. —tm —tme1 ... —t ti ...t
£:< m m m>’

Wm Wm—1 e W1 W oLes W
with
T T ™ — T2 ™ — T ™ .
th = e tziz, l3 = 2 ’t4:—k 7752‘:751—4‘1‘%;@:5;6"';7”7
z1 1—421 1—421 Z1 .
w = 5, W= , W3 = , Wp = —, wizwi74,2:5,6...,m
k m m k

is L-optimal for estimating one of the pairs of coefficients {Bog_1, Bar—1}, {Pok—1, Bek-1},
{Bar—1, Bae—1}, {Bar—1, Bon—1}, {Bav—1,Bsk—1}, {Bek—1,Osk—1}. Here only the values x1, x5
and z; depend on the particular pair under consideration and are defined as the solution of
the system

otr LM71(€%) otr LM71(€%)
— = =0, ———=~2=0
81'1 81'2
(3.7)
otr LM71(€%)
s S )
821
Similarly, if n = 5Tm then for any a € [0,w,] the design
f*_ —Tr _tn—l —tl 0 tl tn—l s
C\wn—a wneg ... Wl Wy Wi ... Wpey o )
with
T i) ™ — X9 ™ — I T .
to = 0, ;=2 ty="2, t3= ty=—"L ti=tis+—,i=56....n—1,
0 y = = am o o 5+k: ( n
1 —421 —422 Z1 z9 . 5.6
Wg = ————— W =Wp=—, Wo=W3=—, Wj =Wj_s5, 1 =0H,06,...,n
0 Qk ) 1 4 k; 2 3 k; 5

is optimal for estimating any of the pairs of the coefficients {Bo, Bar}, {Bos Ber}> {50, Per},
{Bak, Bar}s {Bak, Bor}s { Bk, Bsi}s {Bak Boxf { Bk Bsx}, {B6k> Bsx ). Here only the values 1,

To, 21 and zo depend on the particular pair under consideration and are defined as the solution
of the system
otr LM 71(£%) otr LM 71(£%)
—_— =0, ———==0
6.771 8.772
(3.8)
otr LM 71(£%) otr LM 71(£%)
821 822

The numerical values of the quantities x1, x2, z1 and zy are listed in the Table 3 and 4.

= 0, =0.

13



m=4k | {2k — 1,4k —1} | {2k —1,6k—1} | {2k—1,8k—1}
x /4 0.6476 0.4845
To /2 /2 1.1912
2 (6 —/6)/20 0.14 0.0909
trLM7' | (7T+26)/4 2.7044 2.731
m =4k | {4k — 1,6k — 1} | {4k —1,8k —1} | {6k —1,8k —1}
T 0.7338 arctan(v/5)/2 0.4523
To 1.3884 (7 — arctan(v/5))/2 1.2566
2 0.168 1/8 0.1417
trLM! 2.96 (v/5+3)/2 (vV5+3)/2

Table 3: The solutions x1, xo and z of the the system (3.7). The L-optimal design for
estimating the specific pair of coefficients in the Fourier regression model (1.1) is specified
in the first part of Theorem 3.3.

m=4k | {04k} | {06k} | {0.8k} {2k, 4k} | {2k.6k}
T /4 /3 /4 /4 0.9232
To /2 /3 /2 /2 0.9232
2 0.0863 1/6 1/8 2v2-1 0.07
2 0.0773 1/6 1/8 A=y2 0.07
trLM:' | (V5 +3)/2 2 2 V24+9/4 | 2.7044
m =4k | {2ks8k} | {4k6k} | {4kSk} {6k, 8k}
7 0.7132 | 1.0157 /4 0.8814
To /2 /2 /2 /2
2 0.033 0.0708 | 0.0863 0.0477
2 0.14 0.093 0.0773 0.1297
tr LM 2.731 31149 | (V5 +3)/2 | (V5+3)/2

Table 4: The solutions of x1, x2, 21 and z3 of the the system (3.8). The L-optimal design for
estimating the specific pair of coefficients in the Fourier regression model (1.1) is specified
in the second part of Theorem 3.35.
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Proof of Theorem 3.3. We will only prove the first part of Theorem 3.3, the second part
is treated similarly. We begin with the case k = 1, i.e. m = 4, for which it is easy to
check by direct calculations that the design £* defined in the first part of Theorem 3.3 is
L-optimal. The corresponding numerical values of the quantities z1, x5 and z; can be found
as the solution of the system of equations defined by (3.7). Now let & > 2 and m = 4k. We
consider the system of equations

(

Mg =0, j=1,2,... 4k j#k j#3k

Maping =0, j=1,2,... dk—1, j#2k

Mk p] = 4 (21 sin?(z;) + (1/4 — z) sin2(:v2))

M3 = 4 (21 sin(xy) sin(3z1) + (1/4 — 21) sin(xz) sin(3z2))
Misfak,2n] = 4 (218i0(221) sin(4xy) + (1/4 — 21) sin(222) sin(4xz))
| Msfak,a) = 4 (z1sin®(4a) + (1/4 — 1) sin®(42,))

where mygp; jj = Mg ;(€") is the element of the matrix M (£*) € R™ ™ in the i-th row and
j-th column. We will prove below that these equalities are satisfied for the design £*. In
this case it follows that the quantities tr LM 1(£*) and @(t,&*) = fT(#)MT(E) LM (E%) f(t)
in Theorem 2.1 are independent of the value k (note that the matrix L is a given diagonal
matrix where the non vanishing entries depend on the particular pair of parameters under
consideration). Consequently it is sufficient to prove Theorem 3.3 in the case k = 1, which
has been done in the previous paragraph

In order to prove that the equalities (3.9) are satisfied we note that for i = 1,...,4k—1, i #
k, 2k, 3k we have

4k
Mg = ZZsin(k‘tj)sin(itj)w]

j=1
k
= 2 Z (Sin(kt4j_3) sin(it4j_3)w4j_3 -+ Sin(kt4j_2) Sin(it4j_2)w4j_2))

k
+ 2 Z (Sin(kt4j_1) sin(it4j_1)w4j_1 + Sin(kt4j) sin(it4j)w4j)
j=1

= 2sin(1 %Z )71 (sin(ityj_3) + sin(ity;))

J=1

1 .
+ 2sin(x9) ( _ZI)EZ )77 (sin(ityj—o) + sin(ity;—1))

J=1

15



For the first sum in the last line we obtain

(—=1)771 (sin(ity;_3) + sin(ity;))

(—1)771 (sin(%(ml +(s—1)m)) + sin(%(ﬂ —x + (s — 1)77)))

j=1

_ (_1)k 1Ty — 1T . 1T — 1T .

= m <COS(T — m) — COS(T + 27?))

+ i(cos(m—1 + i7r) — cos(m—1 — m)) =0.
2sin (1]:) k k

Similarly, it follows (substituting x; for z5) that the second sum also vanishes, which implies
Mg = 0, fori=1,...,4k — 1, i # k, 2k, 3k.

For the element my,) we find for i = 1,...,4k — 1, ¢ # k, 2k, 3k

k
ms[4k7ﬂ = 2 Z (Sin(kt4j,3) Sil’l(it4j,3)W4j,3 + Sin(kt@;g) sin(it4j,2)a)4j,2))
7=1
k
+ 2 Z (sin(kt4j,1) sin(’it4j,1)w4j,1 + sin(kt4j) sin(it4j)w4j)
7=1

k
= 2sin(x; %Z sin(ityj_3) — sin(its;))

J=1

[y

k
1 1
+ 2sin(xq) (Zl — 21)%Z<sm ityj—o) — sin(ity;— 1))

Jj=1

A straightforward calculation now yields

(Sin(it4j_3) — Sin(it4j>>

M-

1

<
Il

(Sin(%(xl + (s —1)m)) — sin(é(ﬂ — 1+ (s — 1)7?)))

M-

1

(cos (% — m) — cos (% + z'7r) + cos (Zil — i?‘(‘) — CoS (”Tl + 271'))

<
I

a 2sin (1) o
and the same arguments show that the second sum also vanishes, which implies mgus; = 0.
To conclude the proof it remains to calculate the quantities mgy jn), 4,5 = 1,...,4 , for
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which we obtain

k

ms[ik’jk] = 2 Z (sin(ikt4T,3) sin(jkt4r,3)w4r,3 + sin(z’kt4r,2) sin(jkt4r,2)w47«,2))
r=1
k

+ 2 (sin(ikty_1) sin(jkty_1)wi_1 + sin(ikty, ) sin(jkts,)wi,)
r=1

k
— Z (sin(i(xy + (r — 1)) sin(j(zy + (r — 1)7))
(

+ Sln( xy +rm))sin(j(—z + 7))
k
1 2sin(ixg) sin(jzs) o L
- —1)EHNr=1) 4 (1) GE+a)r
+ <4 Z1> 2 ; (( ) +(=1) )
2sin(izy) sin(jxq) 2z 1 2sin(ixg) sin(jzs)
- G2 |
k 4 k
k
X Z ((_1)(i+j)( )+ ( 1)(1+J)T)
r=1
From this representation it is obvious that the quantities mgpx i), 2,7 = 1,...,4 have the
values specified by the system of equations and the theorem has been proved. O

Remark 3.3 Note that for any k with m/2 < k < m and for any 3 € [0, 5-] the design
¢ B ( -7 T . —7T+&k_171' 7r)
0,2k) = 1 1
O =\t -5 L + 3

is L-optimal for estimating the pair of coefficients {3y, fFar }. Moreover, in this case it follows
that
tTLMc_l(go,%)) =2

[see Dette and Melas (2003), Lemma 2.3]

4 Examples

In this section we present several examples, which illustrate the theoretical results obtained
in Section 3.
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4.1 L-optimal design for estimating the coefficients of sin(2¢) and
sin(4t¢) in the Fourier regression model of degree 4.
In this example we present the L-optimal design for estimating the coefficients 33, (7 (i.e.

the coefficients at sin(2t) and sin(4t)) in the trigonometric regression model of degree 4. The
L-optimal design is directly obtained from Theorem 3.1 and given by

. [ -—m—x —F—x —S+rxr —r x §-—r S+T T—X
éf(377)_ 1 1 1 11 1 1 1 ’
8 8 8 8 8 8 8 8

where x = %arctan (\‘73) ~ 0.49068. The corresponding support points of the design 52‘3’7)
are depicted in Figure 1.

2062 | 1.08
2.651/./ \0.491
—2.651 /6.491
—2.06 "1 08

Figure 1: Support points of the L-optimal design for estimating the coefficients (3, B7 in the
Fourier regression model of degree 4.

The matrices M({(3 ) and M 1(5("377)) for this design are given by

1 3—5 5+3v5 2v/5
2 0 =570 i el U SR
M | 0 A 0 0 e 0 =59 0
8(5(377)) - 35 0 1 0 ) s (5(3 7)) - 25 0 5+3v/5 0
h ’ V5-5 ° ° 5+3v5
35—
0 0 0 5 0 0 0 10

respectively. The matrix corresponding to the cosine terms is of no interest, but is readily
seen that (using an appropriate permutation of the regression functions)

oo (M) 0
M+(§(3,7))_< 0 Mgl(fzﬁ:aj)) |

18



A straightforward calculation shows that the matrix M™ (£ 7)) LM ™ (&5 7)) 1s given by

M+(£(377))LM+(€(3,7)) = (0 MS—I(52‘3’7))1;5]\/[;1(5?3,7))) ’

where Lg is the corresponding block of the matrix L. Therefore the function w(t,gg‘&?)) is
given explicitly by

UL Eim) = FTOM (€ LA ) £0) = SV oy 1 BEVEE oy

The equalities (2.7) are checked by a direct calculation and the function ¢(¢, & 2‘377)) is depicted

M VY [\

in Figure 2.

oV

Figure 2: The function p(t, 55377)) defined in Example 4.1.

4.2 L-optimal design for estimating the coefficients of cos(2t) and
cos(3t) in the Fourier regression model of degree m = 4.

We consider again the trigonometric regression model of degree m = 4 and use Theorem 3.3
to determine the L-optimal design for estimating the pair of coefficients (3, and (g, which
correspond to the terms cos(2t) and cos(3t). The L-optimal design for estimating these
coefficients is given by

2

£ = —m -213 -7 -—-102 0 102 % 213 «
@O =\ 0175 —a 0.09 0.145 0.09 0.175 0.09 0.145 0.09 a )’

and the support points of the optimal design are depicted in Figure 3. We finally note that
a straightforward calculation yields for the function ¢(t, £, 6)) in Theorem 2.1 (%, 6) =
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fT(t)M+ (6?476))LM+ (5?476))f(t) =
= 2.851 — 0.262 cos(2t) 4+ 0.116 cos(4t) 4+ 0.262 cos(6t) 4 0.147 cos(8t).

This function is depicted in Figure 4.

Figure 3: The support points of the L-optimal design for estimating pair of coefficients (3,
B¢ in the Fourier regression model of degree m = 4.

| A /
vy oy

Figure 4: The function p(t, 52‘476)) defined in Example 4.2.
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