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Abstract

In the common nonparametric regression model the problem of testing for a specific para-
metric form of the variance function is considered. Recently Dette and Hetzler (2008) pro-
posed a test statistic, which is based on an empirical process of pseudo residuals. The process
converges weakly to a Gaussian process with a complicated covariance kernel depending on
the data generating process. In the present paper we consider a standardized version of this
process and propose a martingale transform to obtain asymptotically distribution free tests
for the corresponding Kolmogorov-Smirnov and Cramér-von-Mises functionals. The finite

sample properties of the proposed tests are investigated by means of a simulation study.

Keywords and Phrases: nonparametric regression, goodness-of-fit test, martingale transform, con-
ditional variance
AMS Subject Classification: 62G05

1 Introduction
We consider the common nonparametric regression model
(11) Y;"n = m(tw) + O'(ti’n)g(t@n), 1= 1, e,

where €11,...,6,, With &, := €(t;,) are assumed to form a triangular array of rowwise indepen-

dent random variables with mean 0 and variance 1 and m and o? denote the unknown regression



and variance function, respectively. In the regression model (1.1) the quantities 0 < t1,, < t3, <

... <tyn <1 denote the explanatory variables satisfying

?

(1.2) —/Oti’"f(t) dit. i=1,. . .n,

n+1

where f denotes a positive density on the interval [0, 1] [see Sacks and Ylvisacker (1970)]. Because
additional information on the variance function such as homoscedasticity can improve the efficiency

of the statistical inference, several authors have considered the problem of testing the hypothesis
(1.3) Hy:0*(t) = o*(t,0); Vtelo1],

in the nonparametric regression model (1.1), where {o?(-,0) | § € ©} is a given parametric class of
variance functions and © C R? denotes a finite dimensional parameter space. Most authors consider
linear regression models [see e.g. Bickel (1978), Breusch and Pagan (1979), Cook and Weisberg
(1983) among others or Pagan and Pak (1993) for a review]. In the nonparametric regression model
(1.1) there exist several papers discussing the problem of testing homoscedasticity [see Dette and
Munk (1998), Zhu, Fujikoshi and Naito (2001), Dette (2002) or Liero (2003)]. Recently Dette, van
Keilegom and Neumeyer (2007) proposed a test for the parametric hypothesis (1.3), which is based
on the difference of two empirical processes of standardized nonparametric residuals under the null
hypothesis and alternative. Weak convergence of the resulting process is shown and — because the
limit distribution is complicated and depends on certain features of the data generating process —
the consistency of a smoothed bootstrap procedure is established. Moreover, although the resulting
test has nice theoretical and finite sample properties (in particular, it can detect local alternatives
converging to the null hypothesis at a rate n~"/ 2) the approach requires rather strong assumptions
regarding the differentiability of the variance and regression function. Dette and Hetzler (2008)
suggested a procedure, which is, on the one hand, able to detect local alternatives at a rate n~'/2
and requires, on the other hand, minimal assumptions regarding the smoothness of the regression

and variance function. These authors proposed to estimate the process

(1.4) Si(w) = /Ot (02(x) — o?(x, 9*)) V() f(z) de

using pseudo residuals [see Gasser, Sroka and Jennen-Steinmetz (1986) or Hall, Kay and Titter-
ington (1990)], where

(1.5) 0" = arg rgéiél /01 (02(1‘) — o*(x, 9))2\/Mf(:c) dx

is the parameter corresponding to the best approximation of the function o by the parametric class
{c%(-,60 | 6 € ©} and w denotes a weight function [which was actually chosen as w = 1 by Dette

and Hetzler (2008)]. Under very weak smoothness assumptions on the regression and variance
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function they proved weak convergence of the estimated process, say (St(w))te[o,u, to a Gaussian
process. The Kolmogorov-Smirnov and Cramér-von-Mises statistic based on (St(w))te[m} were
proposed for testing the hypothesis (1.3). Because the covariance kernel of the limiting process
depends on the data generating process in a complicated way, a bootstrap procedure was applied
to obtain the critical values.

It is the purpose of the present paper to construct an asymptotically distribution free test for the
parametric form of the variance function which is on the one hand able to detect local alternatives
converging to the null hypotheses at a rate n~/2 and on the other hand requires minimal smooth-
ness assumptions. For this purpose we consider a standardized version of the process discussed by
Dette and Hetzler (2008), where the weight function is estimated from the data. We apply the
martingale transform proposed by Khmaladze (1981, 1989) in order to obtain a distribution free
limiting process. This transformation has been used successfully by several authors in goodness-
of-fit testing problems for hypotheses regarding the regression function [see Stute, Thies and Zhu
(1998), Khmaladze and Koul (2004) or Koul (2006) among others|, but to our best knowledge,
it has not been studied in the context of testing hypotheses regarding the variance function. In
Section 2 we briefly review the main features of the empirical process proposed by Dette and
Hetzler (2008) and introduce a standardized version of this process which will be the basis for
our test statistic. In Section 3 and 4 we consider the martingale transform and show that the
transformed (and standardized) empirical process is asymptotically distribution free. In Section
5 we discuss several examples and investigate the finite sample properties of a Cramér-von-Mises
test based on the martingale transformation, while some of the more technical details are deferred

to an appendix.

2 The basic process based on pseudo residuals

We assume that the regression function m, the variance function o2 in (1.1), the design density f
and the weight function w in (1.4) are Lipschitz continuous of order v > % and that the moments
of order 8 of the errors ¢;,, exist and are uniformly bounded. In general, the moments of order

j > 3 of the errors may depend on the explanatory variables ¢; ,,, that is

m;(tin) = E [e] i=3,...,8,
and the functions ms and my, are also assumed to be Lipschitz continuous of order v > % For the

sake of a transparent presentation we consider at the moment linear hypotheses of the form

(2.1) Hy: o (t) =) 0;07 (1), for all t € [0,1],

J
Jj=1



where 6y, ...,604 € R are unknown parameters and o, ..., 0> are given linearly independent func-

tions satisfying
(2.2) o7 € Lip,[0,1], j=1,....d

The general case of testing hypotheses of the form (1.3) will be briefly discussed at the end of
this section. It is is shown in Dette and Hetzler (2008) that the process defined in (1.4) can be
consistently estimated by

(2.3) Si(w) = BY(w) = BFA™'C(w),
where the elements of the matrix A = (Gij),<; j<q and the vector C(w) = (&1(w), ..., éq(w))" are
defined by
(2.4) al-j——Za (thn) 07 (ten) s 1<, < d,
(2.5) éi(w):n_rZR A W(ten)o? (ten), 1<i<d,
k=r+1
respectively,

(2.6) By(w) = sm<ty\ W (tin) RS,
j=r+1
and B, = (B},..., B)" with
PR, [ ,
(2.7) By =- > <0l (tin), i=1,....d.
j=1

In (2.5) and (2.6) the quantities R;,, denote pseudo residuals defined by

(2.8) Rin=> dYjin, j=r+1,...,n

1=0

where the vector (dy, ..., d,)T € IR™! satisfies

(2.9) idi:o, idf:l
=0 =0

and is called difference sequence of order r [see Gasser, Sroka and Jennen-Steinmetz (1986) or Hall,
Kay and Titterington (1990) among others|. The following result was proved in Dette and Hetzler

(2008) and provides the asymptotic properties of the process St(w) for an increasing sample size.



Theorem 2.1. If the conditions stated at the beginning of this section are satisfied, then the
process {/n(S;(w) — Se(w)) hepo,) converges weakly in D[0, 1] to a centered Gaussian process with
covariance kernel k(ty,t2) given by the non-diagonal elements of the matriz VoY, ,,Vib € R?*2
where the matrices Yy, 5, € RUTDX@H2) gng V, € R¥H2) gre defined by

V11 V12 W11 *++ Wig
V21 V22 W21 +-° Wy
(2.10) Yty = | wir war 211 - 24 |
Wi1g Wa2d <d1 " Zdd
T A—1
2.11 Ve = (L|U U= B, A
(2.11) > = (lL|U), = — ;
BF A1
)

respectively. The vector Bl is defined by
(2.12) Bl = (/Otaf (x) f(x) da:,...,/ta§ (x) f (x) dx) )
0
the elements of the matric A = (a;j)1<i j<a are given by
(2.13) ai; = / 1 of(x)oi () f(z) dz, 1<4d,j<d,
0
the elements of the matriz in (2.10) are defined by
Vi = /01 7.(8)0 (8) L goney) (s)w(s)f (s) ds, 1<1i,j<2,
wij = /1 7o(s)0" (5) 07 (5) Loy () w(s)f (s) ds, 1<i<21<j<d,
0
2 = /Oln(s)# (5) 0% (s) 0% () w(s) f (s) ds, 1<ij<d

with 7,(s) = my (s) — 1 4+ 40,, and the quantity o, is given by

s T—m 2

(2.14) 6= (Y didyam)
m=1 j=0

Note that the null hypothesis (2.1) (or more generally the hypothesis (1.3)) is equivalent to S;(w) =
0 Vit e [0,1], and consequently rejecting (2.1) for large values of the Kolmogorov-Smirnov or

Cramér-von-Mises statistic

1
K, = +/n sup |§t(w)| , G, = n/ |§t(w)|2an(t)
] 0

te[0,1
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yields a consistent test. Here F,(t) = 13" 1y, < is the empirical distribution function of

the design points. Moreover, it is demonstrated by Dette and Hetzler (2008) that this test can

~1/2_ Because the limiting

detect alternatives which converge to the null hypothesis with a rate n
distribution depends on certain features of the data generating process, these authors proposed a
bootstrap procedure to calculate the critical values.

If (A (t,w)),c[0) denotes the limiting process in Theorem 2.1 it follows from the Continuous Map-

ping Theorem [see Pollard (1984)] that
D p (!
K, 2 sup [Aftw)] . Gu [ A w) AR ().
te[0,1] 0

Using the Lipschitz continuity of the regression and variance function, it was shown in the proof
of Theorem 2.1 that the process A, (t,w) = /n(Sy(w) — Sy(w)) exhibits the same asymptotic

behaviour as the process

(2.15) A, (t,w) = Cu(t,w) — Dy(t,w),
where
\/ﬁ n
2.1 = 1y, \/ i) i
(2.16) Cn(t, w) n_riz;l {t: n<t} w(tin) Zin,
(2.17) Dy(t,w) = BTA”( vn i ZimiJw(tsn) o2(t: ))d
. n\l, t n_ri:T—H inn n j\li,n j:17

the vector Bl = (B},..., B{) and the matrix A = (a;;)i<; j<a are defined in (2.12) and (2.13),
respectively, and the random variables Z;,, are given by Z;, = L7, — E[L?,], with

(2.18) Lin =) djo(tijn)€i-jn-
§=0

Because {Z;,, | i = 1,...,n, n € N} is a triangular array of r-dependent random variables, it

follows observing
E|[Z,]+2 Z E[ZjnZjtmn) = (ma (tjn) —1+46,) 0 (tj,) + O (n™7)
m=1

[see Dette and Hetzler (2008)] that the process {C,(t, w)}icpo,1] converges weakly in D[0,1] to the

process W o 1), where W denotes a Brownian motion and the function v is defined by

(2.19) ¢®=Ammmwmm

with
B(x) = (my(x) — 1+ 46,)0*(z).
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Note that the transformation ¢ depends on the unknown function g which is not known, because
it contains the variance and the fourth moments of the innovations ¢; . In the following we will
use the specific weight function w(x) = 1/5(z) for which the function 1 reduces to ¥ (t) = F(t) =
fg f(x)dx, and for this choice the process {Cy(t, 1/5) }1ejo1) converges weakly to a Brownian motion
W o F. We assume in a first step that the function 3 is known and investigate the martingale

transformation of the standardized process
(2.20) A1) = (1) = Dy(t)

where A%(t) = A, (t,1/0),

n o« _
(2.21) COD) = Cut.1/8) = L 3 1z 2B 1),
i=r+1
(2.22) DY) = Du(t1/8) = BEAT Y 5™ 7 gt (1),
=T o
g(z) = (0%(x),...,02(x))". In a second step we will estimate the function 8 nonparametrically

and consider the corresponding processes standardized by this estimate. More precisely, we will

show that the corresponding martingale transform of the process
(2.23) D= $1/8) = BX(1/8) — BI A~ C(1/8)

leads to an asymptotically distribution free test. Here B is an appropriate estimate of the function
3 and C(w), BY(w) and B, are defined in (2.5), (2.6) and (2.7), respectively.

Remark 2.2. For the problem of testing a general nonlinear hypothesis of the form (1.3) we

propose to consider the process

. R ] — R
Si(w) = B(w) = = > sz (b, 0)yf0(tin),
i=1

where

. 1 n 2
f — are mi (R? - 2%,9) tim
arggglgn_riﬂ;l in =0 (tin,0) ) yJw(tin)
is the least squares estimate of the parameter 6* defined by (1.5). In this case it was shown by Dette
and Hetzler (2008) that under assumptions of regularity the process {y/n(Sy(w) — Se(w)) hejo,
exhibits the same asymptotic behaviour as described in Theorem 2.1 for the linear case, where the
functions o7 have to be replaced by
2 8

o

2(t,0
o= (t, )9:907

Thus all results presented in the following section can be transferred to the nonlinear case using

this identification.



3 The martingale transform of the process A

It follows by similar arguments as given in Dette and Hetzler (2008) that the process {A2(¢)}efo 1]
defined by (2.20) converges weakly in D0, 1], that is

(3.1) A B WoF - BTA W, =R,

where W is a Brownian motion and V{ denotes a centered normal random variable with mean 0

and covariance matrix

L= / o(2)g" (2) f (z)da

Because the distribution of the process Rgo is complicated, we consider in the following section
an operator, which transforms the process ]:220 on the martingale part in its corresponding Doob-
Meyer decomposition. Following Khmaladze and Koul (2004) we define a linear operator 7" such
that

[IS]

(3.2) TR, = RY ,
(3.3) T(BfA™V,) =0,

where the symbol 2 denotes equality in distribution and the process R, is given by R, = W o F.

For this purpose we consider the matrix

(3.4) H(t) = / 9(u)g™ (u) f (u) du

and define for a function 7 its transformation Tn by

(3.5) (T0)(t) = n(t) — / (W) H () / 9(=)n(dz) F(dy),

where only functions are considered such that the integral on the right hand side of (3.5) exists.
Note that the matrix H(z) is non-singular for all z € [0,1) because the functions o%,..., 03 are
linearly independent; see Achieser (1956). If 7 is a stochastic process on the interval [0,1], the corre-
sponding integral in (3.5) is interpreted as an Ito-integral [see Oksendal (2003)]. A straightforward

calculation shows that

T(BfA™'Vp) =0,
Cov(TReo(r), TRx(s)) = F(r A s),

which yields for the process defined on the right hand side of (3.1)

(3.6) TROZTR. 2R EworF



(note that f?go is a Gaussian process and that the operator T is linear). The following theorem

shows that a similar property holds in an asymptotic sense for the process { A2 (¢)}iejo,1-

Theorem 3.1. If the assumptions stated in Section 2 are satisfied, then the transformed process

{TAY(t) }reo,1) converges weakly in D[0,1] to a Brownian motion in time F', that is
{TA) (O} eeton = {W o F()}eepou

Proof. The assertion of the theorem follows from the statements

(3.7) TAY = TC?,
(3.8) {TC)() ey = W 0 F() hico,-

For a proof of (3.7) we recall the notation D? = AY —(C? in (2.22) and obtain by a straightforward
calculation from the definitions (3.5) and (2.22)

TDY(t) = TAt) — TC(t)
— DO(t) - / (W) H () / 9(2)g" () F (d=) F(dy) A~

(n—r Z ZinB 2 (tn)g (tk’">>

k=r+1

- D0 - [ i) P A (L

S 28 o)

k r+1

(3.9) = i) - Bra (M S ZeB ot )gten) = 0.

k=r+1
The process T'C? is a sum of r-dependent random variables. Therefore, weak convergence of the
finite dimensional distributions and tightness can be shown using similar arguments as in Dette and
Hetzler (2008). Thus the assertion follows showing that the covariance kernel of the limiting process

is given by F'(s At). For the calculation of the asymptotic covariances we use the representation

n

(3.10) TCO(t) = vn i Cin(t),

where

t
Cin() = L <ty ZinB ™ (tin) —/ 9 W H " W)L 503 9(tin) ZinB 2 (ti0) F(dy)
0

(3.11) = CU)(t) - C2)(t)

i,n



and the last line defines the random variables CZ»(;) (t) and Cﬁl) (t) in an obvious manner. Observing

that

(3.12) E[Z2,] + 2 Z B[ ZinZitmn] = B(tin) + On™)

m=1

[see Dette and Hetzler (2008)], it follows for r < s

E[CY (r) +22E e, ()]

= 1{ti,n§T}E[Zi2,n]ﬁ_1(ti,n) +2 Z 1{ti,n§1“} E[Zi,nZi-l—mm]ﬁ_l(ti,n) + 0(1) - 1{t¢,n§r} + 0(1) .

m=1
This implies

n—r

(nff,,)Q Z E[C’ C(l +QZE m H—mn(s)] = F(r)+o(1),

i=r+1
and similar arguments show

n—r

ﬁ S (E[C() +22E O Z+mn(8)]>

= /OSgT(y)H‘l(y) /rg(x)F(dﬂf)F(dy)JrO(l)’

n—r

ﬁ > (EClme +22E 2 CDa(s))

- /07" /05 gT(yl)Hfl(yl)H(yl Vo) H () g(y2) F(dys) F(dy1) + o(1) .

A combination of these results and an application of Fubini’s theorem yield

n—r

B[TCA(rTCH(s)] = ﬁz (ECia(r) +2ZE in(1)Cisma(s)]) +o(1)
= P+ [ SH ) / ' g(a)F(dx) F(dy)
[ / () F(dr)F(dy)
+/OT Ong(yl)H‘l(yl)H(yl\/yz)H‘l(yz)g(yz)F(dya)F(dyl) +o(1),
= F(r) +o(1).

which implies the assertion of the theorem.
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4 The martingale transform of the process {f“t}te[o?”

As pointed out in Section 2, the process {/n(S;(1/8) — Si(1/83)) b,y (or its asymptotically
equivalent counterpart {A9(¢)}ie,1)) depends on the unknown function 3 (more precisely on the
(unknown) functions o?(+) and my(-)). Similarly, the operator T' defined by (3.5) is not completely
known and has to be estimated from the data. In this section we propose an empirical process,
where the unknown quantities have been replaced by estimates and study the application of an
empirical version of the martingale transform. For this purpose we first have to specify the estimate
in the process {f‘t}te[o,l] defined in (2.23). We consider the Nadaraya-Watson weights

K (tj,n_ti,n)
h
(41) Wi; = )
Zl 1 (tln tzn)

at the points ¢;,, (i = 1,...,n) where K denotes a symmetric kernel function and h defines a

1,7 =1,...,n,

bandwidth converging to 0 with increasing sample size. The estimate of the function 5(-) is now
defined by

(4.2) +(46, — 1) Z Wi (Yin = 1 (tj0))* Visretn — 1 (tiriin))’,
where 7, (ti,) = 7, wi;Yj, denotes the Nadaraya-Watson estimate at the point #;, (i =
1,...,n). Throughout this paper we assume that

(H) The bandwidth h satisfies h = h,, = O(n_TIH), where 7 > 3 denotes the Lipschitz constant
defined in Section 2.

(K) The kernel K is symmetric, nonnegative, supported on the interval [—1,1] and satisfies
K(u) <1 forall u e [—1,1] and K(u) > « for all |Ju|| < 1/2, where x > 0.

It will be proved in the appendix that under these additional assumptions

(4.3) sup

t€(0,to]

IZ Huns Zind Bltin) = Bltin)}| = 0p(1)
and similar arguments as given in Dette and Hetzler (2008) show that

(4.4) An(t) = v (Te = Si(1/8)) = AL() + 0, (1)

11



uniformly with respect to ¢ € [0,1]. In this representation, {A}(¢)}ep0,1) denotes the process
obtained from {A%(¢)}iep0,1) by replacing 3(¢) by its estimate B(t) defined in (4.2) and the vector
B, and the matrix A by their estimates B; and A defined in (2.4) and (2.7), that is

(4.5) A1) = Co(t) — Dy(t),
where
iy - VN B-1/2(p
(46) On(t) - n—r Z 1{t¢7n§t}Zz,n6 (tz,n) )
i=r+1
Dlt - BTAil \/ﬁ Z’Ln t'Ln A,1/2 tzn .
) = BEATEL S Ziaglta) 7 )

Similarly, we replace the operator T by its empirical version defined by

(4.7) (Tan)(t) = n(t) — / o7 (W) H (y) / g(=)n(dz) F(dy),

where the matrix H,(z) is given by
1 1 n
(48) (o) = [ g Fdn) = 3 1 o (tn)a” ()
z i=1

and F,(t) = L 3" | 14, < denotes the empirical distribution function of the design points.

Note that the matrix H(z) used in the transformation (3.5) is singular at the point 2 = 1, and as a
consequence, the matrices H, !(z) are unbounded on the whole interval [0,1]. To circumvent this
difficulty, we restrict the process T}, AL to the interval [0, #5] with a fixed 0 < ¢ < 1. This approach
was also suggested by Khmaladze (1989) and Stute, Thies and Zhu (1998) among others.

The following results show that the asymptotic properties of the processes {TA%(¢)}iejo4,) and
{T, A} (t) }eoo) coincide, and as a consequence we obtain weak convergence of the martingale
transform of the process defined on the left hand side of (4.4).

Theorem 4.1. If the assumptions stated at the beginning of Section 2 and the assumptions (H)
and (K) are satisfied, then for any 0 < ty < 1 the process {T, A, (t)} ety converges weakly on

DI0,to] to a Brownian motion in time F, that is

{T2AL O eton) = {W 0 F(O}ielos

Corollary 4.2. If the assumptions of Theorem 3.2 are satisfied, then for any 0 < ty < 1 the

process {1, Ay (t) bcjor,) converges weakly on D0, to] to a Brownian motion in time F, that is
D
{TnAn(t) brepo.0) = {W 0 F(t) brepo.o)-

12



Proof of Theorem 4.1. Obviously the assertion follows from the statement

(4.9) sup [TAD() — T,AL(1)] = 0,(1).

te(0,to]

In order to prove the estimate (4.9) we note that (using the notation D} = Al — C1)

<n&—ﬂ%ww:mm—zf@m#@/g@mmmmm

zng zn 1/2( zn))

i=r+1

= D}(t) — étA !

'Lng 1n 1/2(zn)zo~

i=r+1
Consequently (observing the corresponding result for TAY — TC? in (3.9)), the assertion follows if

the statement

(4.10) sup |TC(t) — T,C, ()] = 0,(1)

te(0,to]

can be proved, where

T@mZQM—Af@w#w/mmmwﬂwzww—mw
n@m=wmw—lf@w#@/'<mmw J(dy) = CL(t) — BA(1),

C? and C! are defined in (2.21) and (4.6), respectively, and the equalities define the processes BY

and B! in an obvious manner. It follows by a Taylor expansion, by the estimate (4.3) and the

estimate
(4.11) sup | (t) — m(t)| = O, (n_# V/log n)
te[0,to0]
[see Mack and Silverman (1982)] that
(4.12) sup [C,(t) = Cy(t)] = 0,(1).
tE[O,to]

We now consider the remaining difference

(4.13) +



where we have used the notation
1 1
Uo) = [ 9)CHa) . Ut = [ gl
y y
The five terms in this expression are estimated separately. The second term is bounded by

sup || H, " (y) — H ()| T,

ye[outo]

where

T = / 19" )1 Un) | Ea(dy)

1 & N _
< T = DI N2 3 10000050 2008 03001
=1

n—r.
Jj=r+1

| - || denotes the euclidean norm on R¢ and its induced matrix norm on R%? simultaneously,
and we have used the definition of U, (y). A straightforward application of the Cauchy-Schwarz
inequality shows

\/ﬁ n B 1/2
S 9t ZinS P Ga)F) = 0)

Jj=r+1

1 n
BT < — > llg" ) (E
=1

uniformly with respect to ¢ € [0,%], which implies 7},; = O,(1) uniformly on the interval [0, to].
From the assumption (1.2) on the design it follows that

(4.14) sup ||H,, " (y) — H ' (y)]| = o(1),
ye[oztO}

and we obtain that the second term in (4.13) is of order 0,(1). Using similar arguments if follows
that the first and third term on the right hand side of (4.13) are also of order o,(1). For the

estimate of the remaining difference we show the estimate

(4.15) sup

te[0,to]

/O g7 (W) H ™ (9) U, (9) F(dy) — / " W) H () Un(y) F(dy)| = 0,(1)

using Lemma 6.6.4 in Koul (2002). Note that for the application of this result one has to show
the tightness of the process {U,(2)}aecjo)- For this purpose we consider the components of U,

separately, that is

VRN 2 ~1/2
—r Z 1{ti,n2$}0—p(ti7n)ﬁ / (ti,n)Zi,na b= 17 s 7d’

n )
i=r+1

U (@) =

and introduce the notation

vp(t) = Ly <ozyeop ()82 (2).
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Now a similar calculation as in Dette and Hetzler (2008) yields

TL2

EUP ) - U9 = ——E[( 3 nituZn) ] < Cla -y

(n o T) i=r+1

for some constant C' > 0 and 0 < y; < yo < ty. This implies tightness of each component Ur(Lp ) [see
Billingsley (1999)] and as a consequence tightness of the process U, [see Billingsley (1979)]. O

Remark 4.3. Theorem 4.1 and Corollary 4.2 remain correct if the Nadaraya-Watson weights
in the estimate 3 defined in (4.2) are replaced by local linear weights. This follows by a careful
inspection of the proof of the estimate (4.3) in the appendix. In practical applications the use of
local linear weights is strictly recommended because of the better performance of the local linear

estimate at the boundary of the design space.

5 Finite sample properties

In this section we investigate the finite sample properties of the new test by means of a simulation

study. We have generated data according to the model

(5.1) Yin=14tn,+0o(tin)ein, i=1,...,n,

where t;, =i/(n+1), i=1,...,n, and simulated the power of the test for the hypothesis
(5.2) Hy: o*(t)=1+0t*

and the variance functions

(5.3) o?(t) = 1+ 3t* + 2.5¢sin(27t),
(5.4) o*(t) = 1+ 3t* + 2ce™,
(5.5) o%(t) = 1+ 3t2 4 4ev/t.

Note that the choice ¢ = 0 in (5.3) - (5.5) corresponds to the null hypothesis of a quadratic
variance function. The errors ¢, ,, are standard normal distributed and we use a difference sequence
of order 7 = 1 for the calculation of the pseudo residuals R;,, which determines the weights as
dy = —dy = 1/+/2 and yields B(x) = my(z)o*(x). In order to apply the test we have to calculate

the transformation

Tohn(t) = Tu(Vn(Si(1/6) = S,(1/8)))
for the process A, (t) given in (4.4). Under the null hypothesis (5.2) we have S;(1/3) = 0 for all
t € [0, 1], and the process A, (t) can be written as

An(t) = VnSi(1/6) = Co(t) — Du(t)

15



with

én(t) - n—r Z 1{tzn<t}6 /2( l”)RZQ?l’
i=r+1
Do(t) = BTA™ \F Zﬁ V2 (tin) RE 19 (tim).
i=r+1

By a similar argument as given in the proof of Theorem 4.1 it can be shown that TnDn(t) =0 for
all t € [0,1], and as a consequence it is sufficient to calculate the transformation T,,C,,. We use the
Cramér-von-Mises statistic G,, = fol (T, An)%(t)dF,(t), and from Corollary 4.2 and the Continuous
Mapping Theorem it follows that

(5.6) G = /(TA) 1) dF,( H/ W2(F F(t):/()lWQ(t)dt

where W denotes a standard Brownian motion. If w, denotes the 1 —a quantile of the distribution
of the random variable fo W?2(t)dt, then the test, which rejects the null hypothesis (5.2) if

(5.7) G > w,

has asymptotically level a and is consistent against local alternatives converging to the null hy-

~1/2_ As an estimator of the function 8(x) = my(z)o*(x) we use the estimator

pothesis at a rate n
(4.2), where 1y, (+) is the local linear estimator of the regression function. The bandwidth for the
calculation of the local linear estimate was determined by least squares cross validation. If hcy
is the bandwidth obtained by this procedure, the bandwidth in the estimator (4.2) was chosen as
hev /2.

1000 simulation runs were performed in each scenario to calculate the rejection probabilities, which
are shown in Table 5.1. For the sake of comparison, the table also contains the corresponding
rejection probabilities of the bootstrap test proposed by Dette and Hetzler (2008), which are
displayed in brackets. We observe a rather precise approximation of the nominal level in all cases,
even for the sample size n = 50. Under the alternatives the behaviour of the two tests is different.
In model (5.3) the bootstrap test yields a substantially larger power than the test based on the
martingale transformation. In model (5.5) the situation is similar for the sample size n = 50, but
the differences between the rejection probabilities of the two steps are smaller. In model (5.4) the
bootstrap test is more powerful for the alternative corresponding to ¢ = 0.5, while for ¢ = 1.0 the
test proposed in this paper yields better rejection probabilities. On the other hand, if the sample
size is n = 100 or n = 200 the test based on the martingale transformation always yields a larger

power than the bootstrap test.
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n =50 n =100 n = 200
¢ | 025 05| 10| .025| 05| 10| .025| .05| .10
0| .028| .040| .085| .014| .037| .08 | .021| .038| .090
(.025) | (.049) | (.105) | (.024) | (.038) | (.092) | (.024) | (.055) | (.107)
(53) | 05| .063| .132| .214| .171| .264| .415| 420 | .553| .724
(.316) | (.382) | (.481) | (.458) | (.528) | (.613) | (.661) | (.732) | (.811)
1| 101 | .194| .319| 277 | 404 | 582| .680| .823| .935
(.655) | (.726) | (.777) | (.855) | (.893) | (.928) | (.975) | (.984) | (.996)

0| .026| .046| .083| .020| .033| .070| .021| .049| .094
(.029) | (.049) | (.099) | (.024) | (.043) | (.103) | (.023) | (.049) | (.088)
(5.4) | 0.5 | .110 | .194| .331| .343| .507 | .676| .780 | .894 | .958
(.182) | (.253) | (.331) | (.243) | (.331) | (.434) | (.371) | (.450) | (.560)
1| 226| 349 | .525| 582 | .732| .862| .878| .947 | .987
(.242) | (.331) | (.413) | (.286) | (.388) | (.491) | (.491) | (.610) | (.729)

0 | .036| .054| .096| .017| .032| .085| .018| .053| .104
(.035) | (.059) | (.099) | (.030) | (.054) | (.111) | (.020) | (.034) | (.073)
(55) | 0.5 | .079 | .141| 242 | .224| .334| .500| .508 | .649 | .788
(.189) | (.249) | (.340) | (.259) | (.335) | (.439) | (.402) | (.493) | (.622)
1| .144| 268 | .412| 415| 568 | .732| .859| .931| .973
(.316) | (.393) | (.508) | (.487) | (.596) | (.678) | (.713) | (.788) | (.856)

Table 5.1. Rejection probabilities of the Cramér-von-Mises test (5.7) for the hypothesis (5.2) in
the regression model (5.1). The corresponding rejection probabilities of the bootstrap test proposed
by Dette and Hetzler (2008) are displayed in brackets.

Acknowledgements. The work of the authors was supported by the Deutsche Forschungsgmein-
schaft (SFB 475, Komplexitatsreduktion in multivariaten Datenstrukturen) and in part by a NIH
grant award IROIGMO072876:01A1. The authors are also grateful to Martina Stein, who typed

parts of this paper with considerable expertise.

6 Appendix: Proof of (4.3)

Throughout this section we omit the index n; in particular we write ¢; and Z; instead of ¢;,, and
Zjn, respectively. For the sake of brevity we only indicate the main steps of the proof, details can

be found in Hetzler (2008). Furthermore we restrict ourselves to the case ¢ = 1 and r = 1 and
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note that the general case is proved exactly in the same way with some additional notation. This
simplification yields for the random variables Z;

€ —¢&i—1

V2

Zi = doO’(ti)gi + dla(ti,l)ei,l =
A straightforward calculation gives
1 « -
(6.1) A(t) = 7 Z Ly Z{B(:) — B(ti)} = ZAj(t)v
i=1
where

Ai(t) = % 2"1: L<ty Zi z"; wij (€5 — ma(ts)),
i= j=

Ay(t) = % z”; Li,<tyZi il wized (m(t;) — ma(t;)),
i= j=

As(t) = % z”; Lit,<y Zi z”; wizeF (m(t;) — mn(t;))?,
i= j=

Ay(t) = % i Li<ty Zi i wije; (m(t;) — ma(t;))?,
i= j=

1 n n .
As(t) = NG D lenZi Y wig(m(t;) — a(t;))"
i=1 j=1
We rewrite m(t;) — my(t;) = pj — > p_q Wjrex With

(6.2) pj = m(t;) — Z wipm(ty) = Z wjr(m(t;) —m(ty))

and first consider the term A;. For its expectation we have

1 n n
EA(t) = 7n Z Li,<y E[Zi Z wijhi),
i=1 j=1

where we used the notation h;; := 5? — my(t;). Note that |Ehi;| = |ma(t;) — ma(t;)| < LAY
whenever |t; —t;| < h (recall the Holder continuity for the function m,) and that it follows from

the assumption on the design and the kernel

En(tj—ti) . Bnlty—t)
Con - Y= kCin/2

where Kj(z) = K(x/h)/h and C; and Cy denote positive constants. This yields

(6.3)

; 1
E[Z; ; wijhij] = B[ Zi(wiihi + wii—1hii1)] = O (E)
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‘H

uniformly with respect to i =+ 1,...,n, and it follows that E A;(t) = O(

estimation of the second moment we decompose A%(t) as follows

AY(t) = Di(t) + Do(t) + Ds(2),

—=) = o(1). For the

B

with

1 & -
Dy(t) = gzl{tigt}Zf(Zwijhig‘)za
i=1 Jj=1

n—1 n n
2
Ds(t) = - Z Lii<oy Lt i< ZiZia Z (B Z Wit 1 ki1 ks

i=1 Jj=1 k=1
1 n n
Ds(t) = - Z 1{ti§t}1{tl§t}ZiZlZwijhijZwlkhlk-
li—1]>2 j=1 k=1

Observing (6.3) it follows for the set A; := {i — 1,1}

E[Zf Z wiwikhijhig] = E[Z@2 Z wiwikhiiik] + QE[ZE(wiihii +w;i—1hii-1) Z wikhir)
J.k=1 JkEA; kZA;
+ E[Z} (wiihii + wii—1hi ;1))
= E[le Z wijwikhijhik] +0 (n_lh_l) +0 (n_zh_g)
JkEA;
= O(h”)+ 0 (n'h™ ") +0 (n°h7?)
= O(h?).

A similar calculation shows EDy(t) = O(h?7). For the remaining estimate for the term Dj3(t) we
consider the set A;; = {i — 1,4,/ — 1,1} and obtain

E[Zizlzwijhijzwlkhlk] = E|Z:Z Z wiwighij g

=1 k=1 kg A,
+ElZi Zy(wiihi; + wighiio + wiha + wig_ahig 1) > wiehi)

kg A
+E[Z; Zi(wiihii + wyi—1hyi—1 + wihy + wig—1hg—1) Z wi;hij]

JE€A

+E[Z:Z Z wiwighii ).
J k€A
Note that the random variables Z; and Z; are independent whenever |l — i| > 2 and consequently
the first three terms in the above expression vanish. The remaining fourth term can be decomposed

in a sum of 16, which are all of the form

1
ElZ; Zywiwyhiihy) = O (thz) :
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This yields
1
Ds(t) =0 | —
E Dy(t) (nh2>

and as a consequence E A%(t) = O (=5) = o(1). Thus we obtain
(6.4 A4(t) = o,(1)

uniformly with respect to ¢t € [0,%y]. In order to derive a corresponding estimate for the term A

we use the decomposition

Ag(t) = Ani(t) — Axa(t)

with
A (t) = Z Ly, <ty Zi wae 05
Ago(t) = Z Ly, <0y Zi Z wjj€ Z WjkEk-
Now the Holder continuity of the regression function implies |p;| = | > p_; wjr(m(t;) — m(ty))| <

LAY for some positive constant L and a straightforward calculation shows (note that the random

variables Z; depend only on ¢; and €;_1)

[
wagjpj ( ) ’

which implies

(65) El4s ()] = O (h)

By a similar calculation it follows that E[Ags(?) ( ) and a combination of this estimate
with (6.5) gives
1
6.6 A ()] =0 —=
(6.) ElAs(r) (h =

The estimation of the second moments of A (t) and Ay (t) is more complicated and we indicate

the calculations for the term Ag;(t), which can be decomposed as
A5\ (t) = Bu(t) + Ba(t) + Bs(t),

where
16 & -
- S L 7S el
i=1 j=1
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32 «
BQ(t) = Z 1{t <t}1{t1+1<t}Z ZH—I Z wzygjp] Z Wiy1, lgl P,

7j=1 =1
Bs(t) = Z 1{t <t}1{tl<t}Z Z szg5 iPj Zwlrﬂpr
\l i|>2

Using the estimates (6.3) we obtain

n

16
E[Bl (t)] = Z FE [1{t <t}Z Z ’LUZQJ ]6 2:| + — Z FE |:1{t1§t}Z7,2 Z wijwiﬁ?e?pjpl]

i=1 j#l

-0 (hz_l) O = O™,

A similar calculation shows E By(t) = O(h*") and

wl(0] = O ( h) ,

n

which implies

(6.7) B[4, ()] = O(h™).

Similarly we obtain

1
E A3, (t) =0 (W) ,

and a combination with (6.7) gives

EAL(t) = O (#) -0 (néiﬁ) = o(1).

On the other hand we have from (6.6) the estimate FAy(t) = O <
follows that

(6.8) Az(t) = 0p(1)

uniformly on the interval ¢ € [0,%]. The term As(¢) can be treated by similar arguments, which

#ﬁ) =0 (nZﬁ) = o(1) and it

are omitted for the sake of brevity [see Hetzler (2008) for more details]. Tedious calculations yield
(6.9) A3(t) = 0,(1)

uniformly with respect to t € [0,¢]. Finally we use the estimate (4.11) and obtain the remaining
terms in (6.1)

A € 2= 3012 wes mlty) = (1))

A 4 n n
< sup | (t) —m(t)]’ - NaD Z |Zi] sz‘j\gﬂ

te(0,t0]

2v+42

= 0, (n_%(logn)g’ﬂwlw?) =0, (n4v+2 logn> = 0,(1)
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and

n

A0 < sup i (t) = mio)l' 2= 3 12

te(0,to]
= 0, (nfﬁ\/ﬁ(lognf) = 0, <n% logn) = 0,(1)

uniformly in ¢ € [0,¢o]. Combining these estimates with (6.4), (6.8) and (6.9) it follows that
A(t) = 0p(1) holds uniformly with respect to t € [0, o], which proves (4.3).
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