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Abstract In cross-border discounted cash flow (DCF) valuation, theorists and prac-
titioners face more problems than in national valuation. Although it is indicated in
the literature that the value of a firm is independent of the used currency, it is am-
biguous whether spot or forward exchange rates should be used. Furthermore, the
derivation of the corresponding cost of capital considering the correlation between
exchange rate risk and a firm’s business risk in a consistent global capital market
model is unclear, and the implementation of cross-border valuation in a two-phase
model with a coherent growth rate is largely neglected. This paper develops a con-
sistent framework for cross-border DCF valuation in a two-phase model focusing on
an unlevered firm. Based on a sound analysis of the multi-period global capital asset
pricing model, we derive valuation approaches in foreign and home currency with
the corresponding costs of capital, considering the correlation between exchange rate
risk and a firm’s business risk. Afterwards, we illustrate the transfer of the valuation
approaches to a levered firm with active and passive debt management. Finally, we
discuss the implications of the different valuation approaches from both theoretical
and practical perspectives.
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1 Introduction

Over the last decades, the relevance of cross-border investments has steadily in-
creased, and many international companies have emerged. Alongside this develop-
ment, cross-border valuation has become an important tool for analyzing investments
in foreign countries. However, the literature on discounted cash flow (DCF) valuation
(Berk and DeMarzo 2020; Brealey et al. 2020; Koller et al. 2020; Kruschwitz and
Loffler 2020) is often restricted to national valuation. If different currencies occur,
the literature indicates that the market value should be independent of the currency
used in valuation (see, for example, Koller et al. 2020, p. 507). However, although
this is a recently much discussed topic, especially in Germany (Baumgartner and
Schiiler 2023; Breuer and de Vargas 2021; Breuer et al. 2021; Schultze and Frey
2023), and important developments have been made (Drukarczyk and Schiiler 2021;
Schiiler 2021), some important details remain insufficiently explained in a multi-
period setting.

In this study, we derive a consistent cross-border DCF valuation model. We ex-
amine the global capital asset pricing model (GCAPM) to deduce conditions for
its application in a multi-period setting. Based on the GCAPM, we focus on an
unlevered firm and derive valuation approaches in home currency (HC), distinguish-
ing between the conversion of cash flows with spot and forward exchange rates.
Thereby, we establish a framework in which the HC-valuation approaches yield the
same result at the valuation date as the valuation approach in foreign currency (FC).
Furthermore, we incorporate our findings into a two-phase model and transfer im-
portant relationships to the valuation of a levered firm. Additionally, we compare
the different valuation approaches and assess their practicability.

Complications in valuation with different currencies arise when a company gen-
erates cash flows in FC and managers or shareholders are interested in the HC value
of these cash flows (Berk and DeMarzo 2020, p. 1099). To determine this value,
an FC- or HC-valuation approach can be conducted. In the former, cash flows are
discounted at a cost of capital based on the foreign capital market, and the valuation
result is converted to HC at the current spot exchange rate. In the latter, cash flows
are converted to HC first, and then discounted at a cost of capital expressed in HC
(Koller et al. 2020, p. 508). It is expected that in the case of correct application, the
FC- and HC-valuation approaches are equivalent and yield the same result (Koller
et al. 2020, p. 507; for further analysis, see Butler et al. 2013; Schiiler 2021).

Based on the existing literature, HC-valuation approaches can be distinguished
by whether spot or forward exchange rates are used to convert cash flows. The lit-
erature mostly focuses on the HC-valuation approach with forward exchange rates
(Erasmus and Ernst 2014; Berk and DeMarzo 2020, Chapter 31; Brealey et al.
2020, Chapter 27; Holthausen and Zmijewski 2020, Chapter 17; Koller et al. 2020,
Chapter 27, Appendix G), whereas the use of expected spot exchange rates for the
conversion of cash flows (Bekaert and Hodrick 2018, Section 15-16, O’Brien 2022)
is rarely discussed. The connection between these approaches, the derivation of con-
sistent discount rates, and other conditions for their application are only discussed
in Schiiler (2021) and Drukarczyk and Schiiler (2021, Chapter 17). They derive de-
tailed valuation equations in the single-period case. Furthermore, valuation equations
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are stated for a multi-period case, but derivations and corresponding limitations are
missing. Therefore, the main goal of our study is the consistent implementation of
DCEF valuation with HC-valuation approaches in a multi-period setting. We identify
the following five components to achieve this goal.

The first component is the derivation of consistent discount rates. For national
valuation, the cost of capital can be derived from the capital asset pricing model
(CAPM). For international valuation, the literature rarely elaborates on the derivation
of the cost of capital. O’Brien (2022) derives a discount rate that is consistent with the
international capital asset pricing model (ICAPM), which considers the integration
of capital markets (for literature on the ICAPM, see Adler and Dumas 1983; Sercu
1980, 2009; Solnik 1974; Stulz 1981). A simplified model is the GCAPM (O’Brien
1999; Schramm and Wang 1999; Schiiler 2021; Stulz 1999), where it is assumed
that the purchasing power parity (PPP) holds (Schramm and Wang 1999, p. 65;
Koller et al. 2020, pp. 512-516; Holthausen and Zmijewski 2020, p. 865). While
Fama (1977) derived conditions for the application of the multi-period local CAPM
(LCAPM), corresponding conditions for deriving a deterministic cost of capital
based on the multi-period GCAPM are not explicitly analyzed in the literature.

The second component is analyzing the integration of a correlation between
exchange rate risk and business risk of a firm. Beyond the classification based on spot
or forward exchange rates, HC-valuation approaches can be further distinguished
by whether a correlation between exchange rate risk and a firm’s business risk is
considered (see Schiiler 2021, p. 643). Regarding the inclusion of the correlation,
Bekaert and Hodrick (2018) point out that it may be difficult to derive information on
covariances in corporate valuation practice such that “As a practical matter, no one
does this.” (Bekaert and Hodrick 2018, p. 723). Berk and DeMarzo (2020) critically
assess their assumption of zero correlation and state, “Such an assumption often
makes sense if the firm operates as a local firm in the foreign market [...]. However,
many firms use imported inputs in their production processes or export some of
their output to foreign countries.” (Berk and DeMarzo 2020, p. 1110). Following
this argument, for international companies, the correlation between exchange rate
risk and a firm’s business risk should be considered.

The third component is the incorporation of different valuation approaches into
a two-phase model, including an explicit forecast phase and a steady state phase
(see, for example, Brealey et al. 2020, pp. 95-99). Whereas in the explicit forecast
phase detailed planning of cash flows is conducted, it is assumed that the firm has
reached a steady state thereafter. In this steady state phase, the expected values of
all input parameters increase at a constant rate, implying that the expected market
value also grows at this rate (Koller et al. 2020, pp. 259-260). If quantities occur in
FC and grow at a constant rate, this growth has to be transferred to HC.

The fourth component displays the integration of debt financing. Since interest on
debt is deductible from corporate income, debt financing has an immediate impact on
the market value of a firm (Kruschwitz and Loffler 2020, p. 73). In DCF valuation,
active (Harris and Pringle 1985; Miles and Ezzell 1980, 1985) or passive debt
management (Ashton and Atkins 1978; Modigliani and Miller 1958) is usually
assumed. Although we focus on an unlevered firm, and most results for the valuation
of an unlevered firm can be transferred to a levered firm, some relationships do not
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follow directly. Furthermore, the cited literature mostly either assumes the firm to
be equity-financed or does not explicitly consider debt financing. The concept of
passive debt management is stated in Schiiler (2021), but active debt management
has not yet been theoretically analyzed in cross-border valuation. Therefore, we
clarify the extension of the valuation approaches to a levered firm.

The fifth component is to deduce implications of our results for corporate val-
uation theory and practice. At first, the FC-valuation approach may seem more
practical since it is similar to national valuation (for an overview on national val-
uation, see, for example, Berk and DeMarzo 2020; Koller et al. 2020; Kruschwitz
and Loffler 2020). However, the FC-valuation approach requires knowledge about
the foreign capital market. In particular, “One problem with this approach is that it
is sometimes difficult to determine the appropriate foreign currency discount rate.”
(Bekaert and Hodrick 2018, p. 722). Furthermore, the FC-valuation approach does
not incorporate possible misvaluation of exchange rates (for a debate of the FC- ver-
sus the HC-valuation approach regarding exchange rate misvaluation, see O’Brien
2017, pp. 86-87). Koller et al. (2020) recommend, “Use a domestic-capital WACC
if the cross-border business is financed and taxed at domestic interest and tax rates.
As international companies tend to borrow in their parent country at parent company
currencies, this is the most common approach.” (Koller et al. 2020, p. 516). This
highlights the importance of HC-valuation approaches.

Other general problems of cross-border valuation include the forecasting of cash
flows, debt and interdependencies between subsidiaries in several countries, as well
as the integration of corresponding country risks, legal requirements, differences in
international accounting standards, and international taxation (for an overview of
problems in international valuation, see, for example, Erasmus and Ernst 2014, pp.
16-25). An overview of existing approaches to integrate political risk can be found
in Bekaert et al. (2016). For elaborations on special characteristics of international
taxation, we refer to Berk and DeMarzo (2020, pp. 1103—-1106) and Holthausen
and Zmijewski (2020, pp. 871-881). Overall, an analysis of all aspects of cross-
border valuation is beyond the scope of this study. Therefore, we focus on the DCF
valuation of a foreign firm from the perspective of a domestic investor. In this setting,
the FC-valuation approach is usually suitable; however, the described gaps in the
literature on HC-valuation approaches already apply to this case of cross-border
DCEF valuation. Thus, we analyze this basic setting to derive a sound framework that
can then be transferred to a more general setting.

In this study, we derive conditions and valuation equations for a consistent frame-
work for cross-border DCF valuation of a foreign firm. We analyze the multi-period
GCAPM and elaborate on necessary conditions for its application (Section 2). Based
on this, we develop valuation equations for different HC-valuation approaches us-
ing the FC-valuation approach as a starting point. In particular, we analyze HC-
valuation approaches with spot and forward exchange rates, with and without ex-
plicitly considering the correlation between exchange rate risk and business risk of
a firm, respectively. We thereby clarify the effects of such a correlation and provide
a justification for not considering the correlation in the approaches discussed in
the literature. In particular, we show conditions in which all approaches yield the
same result at the valuation date. Furthermore, we clarify that correct future mar-
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ket values can only be derived if covariances are explicitly considered (Section 3).
Moreover, we transfer important relationships to active and passive debt manage-
ment (Section 4). All results are embedded into a two-phase model and analyzed
for practicability (Section 5).

2 Capital Market Model

To build a sound valuation model, we need a foundation based on a capital market
model. We want to establish fundamental assumptions upon which we develop
valuation equations. In corporate valuation practice, the application of the LCAPM
is a popular model to estimate the cost of equity. However, the LCAPM is based on
segmented markets (Sercu 2009, p. 679). In a cross-border valuation with integrated
markets, the cost of equity should be estimated based on the GCAPM (Krapl and
O’Brien 2016; Koller et al. 2020, p. 512). Several studies have examined the GCAPM
(O’Brien 1999; Schramm and Wang 1999; Stulz 1999) and the influence of the
choice of model on the cost of capital (Ejara et al. 2020; Koedijk et al. 2002;
Koedijk and van Dijk 2004a, b), but conditions for the application in a multi-period
context have not yet been analyzed. Fama (1977) conducted a study on the multi-
period LCAPM. In particular, Fama excludes diversification options across periods;
that is, the portfolio decision of an investor at some time ¢ cannot be used to hedge
against uncertainty at time ¢ + 1. To do so, it is assumed that all input variables
are deterministic at the valuation date. It follows that expectations and covariances
do not depend on available information (Fama 1977). To provide a sound basis for
cross-border DCF valuation, we transfer the results of Fama (1977) and examine the
application of the GCAPM in a multi-period context.

We examine two countries with HC and FC, respectively. We assume that the
capital market participants of both countries are risk-averse and have homogeneous
expectations. Furthermore, the capital markets of both countries are assumed to be
perfect, complete, and fully integrated. This implies that there are no restrictions or
barriers and that the markets are free of arbitrage opportunities (Sercu 2009, p. 667).
The global capital market results from the two perfectly correlated local capital
markets.' The derived relationships also hold if more countries are considered. The
global market then comprises more countries, but the relationships obtained in this
section remain valid.

For exchange rates, we use the direct quotation, which means that the cost of one
unit of FC is given in units of HC (Sercu 2009, p. 72). Furthermore, we assume the
Fisher hypothesis to hold (Bekaert and Hodrick 2018, pp. 395-396) and the nominal
risk-free interest rates to be deterministic for all periods.? We require the covered

I Alternatively, one could start with two capital markets that are not perfectly correlated. An example
of such a setting can be found in Sercu (2009, pp. 668-669). However, the assumption of fully integrated
markets is widely accepted and is a condition for the application of the GCAPM (Stulz 1999; Koedijk et al.
2002; Sercu 2009, Chapter 19; Krapl and O’Brien 2016; Holthausen and Zmijewski 2020, Chapter 17;
Koller et al. 2020, Chapter 27), such that we use it for the analysis in our study.

2 The implications of Siegel’s paradox (Siegel 1972; Solnik 1993) are not discussed.

@ Springer



5 Page6of 34 Schmalenbach Journal of Business Research (2026) 78:5

interest parity (CIP) (Sercu 2009, pp. 123—125) but not the uncovered interest parity
(Sercu 2009, p. 430; Holthausen and Zmijewski 2020, pp. 865-867) to hold.? The
CIP is given by (Koller et al. 2020, p. 511)

[Tt (1409
0" =7/ .. 5.
[Th=i (1 + ir€)

where Sy is the current spot exchange rate and F; is the forward exchange rate of
period 7, which is the rate used in a contract made today to exchange a fixed amount
in period ¢. Furthermore, i }:C and i ,':C depict the risk-free interest rates of period
k in FC and HC, respectively. Superscript FC (HC) always refers to a quantity
expressed in FC (HC). Equation 1 states that it is irrelevant whether an amount is
invested at the risk-free interest rate in FC for ¢ periods and converted at the forward
exchange rate, or if the same amount is exchanged at the current spot exchange rate
and invested at the risk-free interest rate in HC for ¢ periods.

To rule out arbitrage, we require further for r < ¢ (Sercu 2009, pp. 123-125)

i et l_[;c=r+1(1 + ilIc—IC)
Fr,t =S8, 7 FCy ?
[Teer (L +i5)

where Fr,, is the forward exchange rate that is used in contracts made in period
r to exchange a fixed amount in period #, and S, is the spot exchange rate of
period r. These quantities are uncertain at the valuation date but certain from the
view of period r. Note that we always label uncertain variables by a tilde. Thus,
the condition of Eq. 2 states the CIP from the view of period r. These assumptions
imply that the forward exchange rate of period ¢ does not have to be equal to the
expected spot exchange rate of this period, but the forward exchange rate is the
certainty equivalent of the spot exchange rate (Sercu 2009, p. 135).

We also assume the purchasing power parity (PPP) to hold (Schramm and Wang
1999, p. 65; Koller et al. 2020, Appendix G; Brealey et al. 2020, pp. 725-726;
Holthausen and Zmijewski 2020, p. 865). We do not consider personal taxes. These
assumptions are in line with the assumptions of the GCAPM (O’Brien 1999, p. 74,
Koller et al. 2020, p. 827-829) and coincide with those of Schiiler (2021, pp.
619-621).

In the GCAPM, the global market portfolio replaces the local market portfolio of
the LCAPM (O’Brien 1999, p. 74) and contains securities from the capital markets of
both countries (Koller et al. 2020, p. 513). Since we assume PPP to hold, all investors
hold the same global market portfolio (Koller et al. 2020, p. 828). However, the rate
of return of the global market portfolio depends on the currency it is expressed
in. We start by analyzing the properties of the GCAPM in HC before we further
examine the relations of future spot exchange rates, and thereby, derive the security
market line of the GCAPM in FC.

To transfer the results of Fama (1977), we require the expectation of the return of
the global market portfolio expressed in HC of some period ¢ to be independent of

F,=S8 )]

)

3 Implications for the case that the uncovered interest parity holds are discussed in Schiiler (2021).
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the available information before time ¢. Therefore, the return r,M HC s independent of
the o-algebra F;_ I Where (]-"t),eN is the natural filtration of the process (rt oH )teN.
This implies Eq [rt ] = E[ ] for 6 < t, where [Eg[-] denotes the expectation
conditioned on Fy. This assumption is the first requirement for deterministic input
parameters.

The same assumption is required for the return of a security k. The expected
return of the security in some period ¢ must be 1ndependent of the information
available before time ¢, which 1mp11es Eq [rt l'IC] = E[rt l'IC] for 0 < t. It follows
that the covariance of the return rt and the return of the global market portfolio is
also 1ndependent of the available information. Consequently, this also holds for the
global beta ﬁt HC Tt follows that all input parameters of the security market line are
deterministic, which yields

]E[~k HC] — HC + (]E[ MHC] HC) ﬁk HC HC + MRPHC ,Bk L,HC , (3)

where M RP denotes the global market risk premium.
To convert the quantities from HC to FC, we analyze the characteristics of the
exchange rates. The change of future spot exchange rates is defined as

55— 20 . @)

To obtain deterministic input parameters, we require further the expected change
in spot exchange rates of period ¢ to be independent of the occurred states before
this time. It implies that, although the spot exchange rates of period ¢t — 1 and ¢ are
random variables, the ratio SS is independent of the information available before
time ¢ and thus,*

Eg[85] = E[55] forH <1 . &)

Since the two capital markets are fully integrated, all properties of the capital
market in HC transfer to that in FC. Again, the expected return of some period ¢ is
assumed to be independent of the available information before time ¢. Furthermore,
the expected return of some security k expressed in FC does not depend on available
information and follows the security market line

[~k FC] — FC + (]E[~M FC] FC) ﬂk FC FC 4 MRPFC k FC (6)

4 Eq. 5 is equivalent to the process Sy / E[g t])ren being a martingale, see the Appendix (Sect. 6.1) for
further elaborations.
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We can convert the expected return from FC to HC by (O’Brien 2017, pp. 58,
124)

E[FMHC] — (1 + E[f,M’FC]) : (1 + E[Sf]) + Cov [F,M’FC, 8,5] —1
~M FC ) ~MFC 38§ (7)
— B[ ]—I—IE[S,]—I—E[rt : .5,] .

The return in FC is multiplied by the change in spot exchange rates, and a covari-
ance is added since these quantities can interact. Alternatively, in the second line of
Eq. 7, the return of the global market portfolio expressed in HC can be computed by
adding the expected return of the market portfolio expressed in FC to the expected
change of spot exchange rates. Moreover, the expectation of the product has to be
added to consider interaction between those quantities.

Overall, we have derived conditions for deterministic input parameters at the
valuation date by transferring the results of Fama (1977). Furthermore, we have
derived a link between the capital markets in HC and FC via spot exchange rates.

3 Valuation of an Unlevered Firm
3.1 Assumptions

We follow the line of Schiiler (2021) and consider an unlevered foreign company
that generates cash flows in FC. This company is to be valued from the perspective
of a domestic investor such that the market value of the firm needs to be expressed
in HC. It follows that one has to decide on the currency of the valuation: Either
the cash flow is first converted into HC and then discounted in HC (HC-valuation
approach), or the cash flow is discounted in FC and then converted to HC (FC-
valuation approach) (Schramm and Wang 1999, p. 64; Koller et al. 2020, p. 508).

If the HC-valuation approach is used, another distinction can be made. The con-
version of cash flows can either be done using spot or forward exchange rates. We
distinguish the HC-valuation approaches further into whether a correlation between
exchange rate risk and business risk of the firm is explicitly considered, which yields
four possible HC-valuation approaches. If we do not explicitly consider the correla-
tion in the conversion of cash flows, we label the approach as a modified approach.
Note that we do not assume the correlation to be zero but analyze the effects of
neglecting it in the conversion of cash flows. Since it may be difficult to derive
information on covariances in corporate valuation practice, this is a useful concept
(Bekaert and Hodrick 2018, p. 723). We derive a consistent framework in which
the FC-valuation approach and all HC-valuation approaches yield the same market
value at the valuation date.

In this section, we derive valuation equations for an unlevered firm. We assume
that future free cash flows (FCF) expressed in FC of the foreign company are given,
where the FCF always describes the cash flow of an unlevered firm. The projection of
the cash flows is based on a two-phase model: For the explicit forecast phase, which
comprises 7" periods, a detailed business plan is developed. Based on that, period-
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specific cash flows are computed. After the explicit forecast phase, it is assumed that
the firm has reached a steady state, in which all input parameters grow at the state-
specific rate gFC. It follows that the expectation of all input parameters grows at the
constant rate [E[gF¢], which does not depend on the information available at time ¢.
In particular, for the steady state, it is assumed that the expected FCF grows at this
rate. We analyze the effects of this steady state on the HC-valuation approaches by
deriving corresponding growth rates in HC. In the following, we always start with
the FC-valuation approach and then derive valuation equations for the HC-valuation
approaches.

3.2 FC-valuation Approach

We use the FC-approach as a starting point since it is well-known from national
valuation. Only the multiplication of the market value at the valuation date by the
current spot exchange rate constitutes an additional step. Using a recursive valuation
approach, the expected market value in FC of some period ¢ is

E[CFIS,] + E[ViY ®
u,FC ’

E[VF™] =
1+ 040

where CFFC is the FCF and V" is the market value of the unlevered firm of
period ¢. If the unlevered firm is considered, we denote it by a superscript u. The
discount rate p*FC displays the unlevered cost of equity, which coincides with the
expected return and follows from applying the security market line of the GCAPM
in FC, see Eq. 6.5

The expected market value at the beginning of the steady state phase can be
derived with the Gordon-Shapiro formula (Gordon and Shapiro 1956).° Note that
we assume the business risk, and therefore the unlevered cost of equity, of the foreign
company to be constant in the steady state phase. The resulting market value in FC
at the valuation date is multiplied by the current spot exchange rate, which yields
the market value in HC: V"M = V°FC . 5.

3.3 HC-valuation Approach with Spot Exchange Rates

In this approach, we analyze the conversion of cash flows from FC to HC using
spot exchange rates. For the expectation of the FCF of period ¢ follows (Sercu 2009,
p. 668)

E[CFHCS] = E[CFC .S,

__ - P 9
= E[CFI]-E[S,] + Cov[CFFC,S,]. ®

5 According to the theoretical foundation presented in Sect. 2, we obtain deterministic costs of capital. For
a further discussion of this, see Kruschwitz and Loffler (2020, p. 33).

6 The growth rates are assumed to be iid, see Kruschwitz and Loffler (2020, p. 50).
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The conversion of the cash flow results in an expectation of the product of the FCF
and the spot exchange rate. When using a product of expectations, the covariance of
these quantities must be added, see the second line of Eq. 9. Superscript S indicates
that we exchange the FCF at the respective spot exchange rate using this pattern.

We can convert the expected market value from FC to HC following the same
pattern, that is,

E[ViHOS] = B[VEFCT-E[S,] + Cov[VY™C, 5] . (10)

To derive a recursive valuation formula, the converted cash flows need to be

discounted at a domestic cost of capital. Thus, we use the cost of equity p?flc S

that is estimated with the security market line of the GCAPM in HC, see Eq. 3. The
expected market value of some period ¢ can be derived as

E[CF}'55] + B[V
TICS : (1

B[V =
L+ o

Thus, the sum of the FCF and the market value of period ¢ + 1 is discounted at
the unlevered cost of equity. All quantities are expressed in HC.

To establish a connection between the discount rates in FC and HC, we compare
this approach to the FC-valuation approach and use our results on the multi-period
GCAPM to obtain (Schiiler 2021, Eq. 31 and O’Brien 2022, Eq. 10)

pHES — (1 4 pFCY . (1 + E[55]) + Cov[F“F €551 -1, (12)

see the Appendix (Sect. 6.2.1). Thus, to deduce the unlevered cost of equity in
HC, the cost of equity in FC is converted to HC by multiplying it by the expected
change in spot exchange rates, and the covariance of the return of the unlevered
firm and the change in spot exchange rates is added. The derived cost of equity is
deterministic since the distribution of the return of the unlevered firm and the change
in spot exchange rates does not depend on future information, see Section 2. This
assumption and thus our analysis of the GCAPM is essential. Naturally, we have
obtained the analogous link for the costs of equity in HC and FC as we did for the
return of the global market portfolio, see Eq. 7.

To obtain a growth rate in HC, we compute the change of the expected market
values from period ¢ to ¢t + 1 conditioned on all available information at time ¢, see
the Appendix (Sect. 6.2.2), and conclude (Schiiler 2021, Eq. 39)

E[Z"S] = (1 + E[g™)) - (1 + E[55]) + Cov[37.85]— 1. (13)

To obtain this growth rate, the growth rate in FC is multiplied by the change in
spot exchange rates and a covariance is added. The computation follows the same
structure as the computation of the unlevered cost of equity in HC, see Eq. 12.
Again, the derived conditions for the application of the GCAPM are essential. Only
with this, we can show that the expected growth rate in HC is deterministic at the
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valuation date.” As for the FC-valuation approach, the Gordon-Shapiro formula can
be used to calculate the terminal value.

As the current spot exchange rate is deterministic, for ¢ = 0, the covariance
disappears in Eq. 10 and this market value coincides with the market value derived
by the FC-valuation approach. We conclude that if the correlation between exchange
rate risk and business risk is explicitly considered in the conversion of cash flows,
it also has to be considered in the cost of capital. This happens automatically if
the cost of equity based on the domestic capital market is applied. Furthermore,
the correlation also has to be explicitly considered for the conversion of the growth
rate.’

3.4 Modified HC-valuation Approach with Spot Exchange Rates

In this approach, we analyze consequences of omitting the covariance in the con-
version of the FCF. We specify

E[CFI®S™) = E[CFF] - E[S,] . (14)
This expectation is based on the constructed cash flow
CFICS™ _ EFFC. 5, — Cov[CF, 5] .

Since the covariance is deterministic, it disappears when taking expectations.
Thus, the expectation of the FCF in HC of Eq. 14 does not coincide with the
expectation from Eq. 9. The fact that the underlying definition of the FCF does not
depict a real but a modified cash flow on the capital market in HC is denoted by the
superscript star S*.

The conversion of the expected market value applying this pattern results in

E[V4HCST] = R[VAFCT B[S . (15)

This is a modified market value, in analogy to the modified cash flow: Compared
to the HC-valuation approach with spot exchange rates, the covariance is omitted.
To obtain the correct market value at the valuation date with a recursive valuation
equation using the modified cash flow and the modified market value, we adjust the
discount rate accordingly. The approach is based on the FC-valuation approach, in

7 In the steady state phase, we assume a constant change of exchange rates. It follows that the cost of
equity and the growth rate in HC are constant. If this was not assumed, both quantities would be time-
dependent.

8 The valuation equation and the formula for the growth rate coincide with Schiiler (2021, Egs. 39, 42).
However, the author does not elaborate on underlying conditions. Furthermore, in Schiiler (2021, Eq. 42), it
is not labeled how the expected market value of period one is converted to HC but it is left up to the reader
to differentiate. In particular, the expectation “E[Vy pc.1]” appears in both parts of Eq. 42. However,
these terms do not coincide since it makes a difference whether forward or spot exchange rates are used for
the conversion of future quantities to HC (see also Section 3.7). We clarify this by distinguishing between
different expectations and by labeling how a certain value is converted.
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which the valuation equation is expanded with future expected spot exchange rates,
see the Appendix (Sect. 6.2.3). For the modified expected market value at period ¢
follows

_ E[E\F‘/HC’S*] + E[V”’HC’S*]

E[’I‘/’u,HC,S*] t+1 *t+1 7 (16)
’ L+ o®
where
prHES™ = (14 ™) - (L + E[5S]) — 1. a7

The corresponding discount rate for this approach is the product of the cost
of equity in FC and the change in spot exchange rates. Thus, if covariances are
neglected in the numerator, they also have to be neglected in the denominator.
At the valuation date, the covariance of the current market value and current spot
exchange rate amounts to zero, such that Eqs. 10 and 15 coincide and we obtain
the correct valuation result. This is because covariances mathematically cancel out
of the valuation equation at the valuation date (see also Schiiler 2021, Eq. 11, who
showed this in a single-period setting). However, covariances do not cancel out
in the computation of future market values, such that future market values differ
compared to the HC-valuation approach with spot exchange rates. Therefore, we
refer to future market values as modified market values. Due to our assumptions
from Section 2, the discount rate from Eq. 17 is deterministic. However, it cannot
be derived by applying the GCAPM in HC. Instead, the discount rate is based on
the cost of equity in FC. It follows that it cannot be referred to as a cost of capital.
Therefore, we refer to it as a modified discount rate. Overall, we call this a modified
approach.

To apply the approach with expected spot exchange rates for the steady state
phase, we need to convert the growth rate in FC to a modified growth rate in HC.
To do so, we compute the change in market values of some period ¢ to ¢t + 1 and
obtain

E[Z"C5"] = (1 + E[g°) - (1 + EFS) — 1. (1%

As for the conversion of other quantities in this approach, the computation of the
growth rate is conducted without an explicit consideration of covariances.

3.5 HC-valuation Approach with Forward Exchange Rates

When using forward exchange rates for the conversion of the FCF to HC, we
agree today on a contract to exchange the expected FCF of period ¢ at the forward
exchange rate F; (Bekaert and Hodrick 2018, p. 106). At that time, the FCF usually
does not coincide with this expectation. Depending on the development of the FCF,
we have either exchanged too much or too little at the forward exchange rate F;.
Consequently, we have to exchange the outstanding amount at the uncertain spot
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exchange rate TST, (Berk and DeMarzo 2020, p. 1098). For the converted FCF in HC
follows

CFYF = E[CF'°]- F, + (CFF® —E[CFF)) -5, .

forward transaction spot transaction

Taking expectations yields
E[CFI“F] = E[CF!C]- F; + Cov[CFFC. 5] . (19)

Since this approach combines spot and forward exchange rates in the conver-
sion of cash flows, we also need a combination of discount rates, using both spot
and forward exchange rates, to obtain the correct result at the valuation date (for
more details consider the Appendix, Sect. 6.3). This is very complex and therefore,
not practical. Consequently, we will not consider the HC-valuation approach with
forward exchange rates further.

3.6 Modified HC-valuation Approach with Forward Exchange Rates

By considering the spot transaction in the HC-valuation approach with forward
exchange rates, the conversion of the FCF results in a complex combination of spot
and forward exchange rates. Consequently, it may be useful to leave out this spot
transaction and thus, only consider the forward transaction. We define this adjusted
expectation regarding forward exchange rates as

E[CFHSF"] = E[CFFC]- F, . (20)

Compared to Eq. 19, the covariance is neglected. Thus, it is a modified cash flow,
which we denote by superscript F*.

The conversion of the market value from FC to HC following this pattern results
in a modified expected market value, that is,

E[V“HCET ] = BV . F, | (21)
The derivation of a recursive valuation equation is analogous to the modified
HC-valuation approach with spot exchange rates (see the Appendix, Sect. 6.2.4 for

a derivation). For the modified expected market value of period ¢ follows

_ ECHGT+EVET

E[74HCF " * . (22)
’ L+ pir”
where
AT = 4 ") (148 — 1 @9
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and

HC
_F 1:1+zt _ 24)

F 1+4if¢

The corresponding discount rate for this approach is computed by multiplying
the cost of equity in FC by the change in forward exchange rates. This discount rate
cannot be derived with the GCAPM in HC. Thus, we do not refer to it as a cost of
capital but use the term modified discount rate.

The modified expected growth rate expressed in HC using forward exchange rates
follows as

E[g"CF ) = A +E[E™ ) -1 +6F)—1. (23)

At the valuation date, the forward exchange rate is equal to the current spot
exchange rate, such that Eq. 21 coincides with Eq. 10. In particular, at the valuation
date, the market value derived with this approach equals the market values derived
with the other approaches. We conclude that to obtain the correct valuation result at
the valuation date, the covariance is neglected in the conversion of cash flows, the
discount rate and the growth rate.” Consequently, as outlaid above, the discount rate
cannot be referred to as a cost of capital but constitutes a modified discount rate.

3.7 Interim Summary of the Valuation of an Unlevered Firm

We started with the FC-valuation approach for the valuation of an unlevered for-
eign firm, which is well-known from national valuation. Afterwards, we have pre-
sented HC-valuation approaches with spot and forward exchange rates. We have
distinguished the HC-valuation approaches further whether the correlation between
exchange rate risk and business risk of the firm is explicitly considered in the con-
version of cash flows. If we do not consider covariances, we call the approach
a modified approach. For each approach, we derive corresponding discount rates.
For the HC-valuation approach with spot exchange rates, the discount rate is based
on the domestic capital market. In contrast, the modified HC-valuation approaches
require modified discount rates, which use the foreign cost of capital. They are
converted to HC by multiplying them by the change in exchange rates. Since the
resulting discount rates are not directly based on the GCAPM, we do not refer to
them as a “cost of capital”. Furthermore, to apply the HC-valuation approaches in
a two-phase model, we convert the growth rate from FC to HC. Depending on the
valuation approach, the conversion of the growth rate differs. Overall, if the corre-
lation is omitted in the conversion of cash flows, it also has to be neglected in the
computation of discount rates and growth rates.

We highlight that future market values derived by different HC-valuation ap-
proaches do not coincide: The correct future market value can only be derived with

9 The valuation equation and the formula for the growth rate coincide with Schiiler (2021, Egs. 39, 42).
For a further comparison, see Footnote 8.
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the HC-valuation approach with spot exchange rates. The application of a modi-
fied HC-valuation approach results in modified market values, see Eqgs. 15 and 21.
Furthermore, with the FC-valuation approach, it is not intended to derive future
market values in HC. However, at the valuation date, the current spot exchange rate
is deterministic such that it is equal to the current forward exchange rate, and the
covariance of the current market value and current spot exchange rate amounts to
zero. Thus, the market value computed with the FC-valuation approach coincides
for t = 0 with the market value of the HC-valuation approaches, see Egs. 10, 15
and 21. Consequently, at the valuation date, all valuation approaches yield the same
result.

We conclude that for the valuation of an unlevered firm, all approaches can be
applied to obtain the correct market value at the valuation date, but it is essential to
use consistent assumptions. Since the HC-valuation approach with forward exchange
rates was impractical, we did not consider it further. In the following, we transfer
our results on the HC-valuation approach with spot exchange rates and the modified
HC-valuation approaches to the valuation of a levered firm.

4 Valuation of a Levered Firm
4.1 Assumptions and Overview of Financing Policies

Since interest on debt is deductible from corporate income, debt financing has a di-
rect impact on the market value of a firm. However, it also adds another risk com-
ponent. In addition to business risk and exchange rate risk that we considered in the
valuation of an unlevered firm, financial risk has to be taken into account (Copeland
et al. 2014, p. 535, Schiiler 2021, Section 4). To derive valuation equations on a clear
theoretical basis and focus on the effects of foreign currency debt, we do not include
the costs of financial distress and possibility of default, which implies that debt is
risk-free. This assumption is common in other fundamental analyses (see, for exam-
ple, Miles and Ezzell 1985) and can be relaxed by using the cost of debt instead of
the risk-free interest rate (Arnold et al. 2018; Brealey et al. 2020; Clubb and Doran
1995; Inselbag and Kaufold 1997).

We continue to value a foreign company from the view of a domestic investor.
This foreign company issues debt in FC. When passive debt management is used,
the amount of debt DFC is defined deterministically at the valuation date for all
periods ¢ € N (Modigliani and Miller 1958, 1963). When active debt management
is assumed, the debt-to-market value ratio 6; is defined deterministically at the valu-
ation date.!° It follows that the amount of debt Bf C=0, -Vf’FC is a random variable
(Harris and Pringle 1985; Miles and Ezzell 1980, 1985), where Vf’FC denotes the
market value of the levered company. Note that if the levered firm is considered,

10 The expressions “active” and “passive” debt management are for example also used in Appleyard and
Strong (1989) and Clubb and Doran (1991). Miles and Ezzell (1980) also use the term “active rebalancing
by the firm”. However, active and passive debt management can also be referred to as “financing based on
market values” and “autonomous financing”, respectively (see, for example, Kruschwitz and Loffler 2020).
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we denote it by superscript £. As before, we also label in the exponent whether
a quantity is expressed in FC or HC and how it is converted. The conversions follow
the same pattern as in Section 3. We consider these two financing strategies and give
an overview of important relationships, starting with active debt management.

4.2 Valuation Approaches for Active Debt Management

In this section, we assume active debt management according to Miles and Ezzell
(Miles and Ezzell 1980, 1985). Thus, tax shields in FC are certain in the period of
their occurrence but uncertain from the view of all previous periods. For national
valuation, Miles and Ezzell (1980) have shown that the unlevered cost of equity is
the appropriate discount rate for the uncertain tax shields (for DCF methods with
active debt management in national valuation, see, for example, Kruschwitz and
Loffler 2020, pp. 96-114). We transfer their results to the valuation of a foreign
company. We do not explicitly state formulas for the application of a two-phase
model since the results from Section 3 still hold. In particular, the derived formulas
for growth rates, see Eqs. 13, 18 and 25, in conjunction with the Gordon-Shapiro
formula, can also be applied for a levered firm with active debt management.

For active debt management the FCF method can be applied circularity-free. It
uses the weighted average cost of capital (WACC). For the FC-valuation approach,
the WACC can be computed as

prTC = pbFC (1=, ) +iFC- (1 =) - 6,4 . (26)
where 7FC is the foreign corporate tax rate and p®FC denotes the levered cost of
equity for active debt management in FC. The levered cost of equity can be derived
by applying the GCAPM in FC with the levered beta. Alternatively, the levered
cost of equity can be derived by applying the adjustment formula for active debt
management to the unlevered cost of equity (Miles and Ezzell 1985) as

£,FC u,FC wFC _ .FC oL ie
P = o0 4 (o =y ).(1_1—,FC)'L1_1, @7
+ 4
where L;_; = 13’9—1 denotes the leverage at time ¢ — 1. The adjustment formula

considers that tax shields are certain in the period of their occurrence and uncertain
from the view of all previous periods. Using the levered cost of equity, the equity
value can be alternatively derived with the FtE method. The FtE depicts the payments
to the shareholders of a levered firm. Since the computation of the FtE requires
information about future debt levels, a circularity problem arises, which can be
solved by using a spreadsheet software. This is well-known from national valuation.

The conversion of quantities to HC follows mostly the same pattern as before. In
particular, the conversion of the market value of the levered firm for the HC-valua-
tion approach with spot exchange rates and the modified HC-valuation approaches
follows the same pattern as the conversion of the market value of the unlevered
firm. For a detailed derivation of the conversion of the levered cost of equity, see
the Appendix (Sect. 6.4.1). For the FCF method, the corresponding WACC for the
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three HC-valuation approaches needs to be specified. For the modified HC-valuation
approaches, the relation between the WACC in FC and in HC is the same as for the
unlevered cost of equity. For the HC-valuation approach with spot exchange rates
the relation slightly differs. We derive

prHSS = (14 pP™) - (1 + E[85]) + (1 — 6,-1) - Cov[FFFC, 851 — 1. (28)

For a detailed computation of Eq. 28 see the Appendix (Sect. 6.4.2). While the
first term remains the same as before, the covariance enters only with the factor 1 —
0;—_1. Since the risk-free interest rate is deterministic, the corresponding covariance
amounts to zero.

Inserting the formula for the WACC in FC into the WACCs in HC, respectively,
yields

pf’HC’j _ pf,HC,j (1 — 91‘—1) + n;—'sHCaj 0,1, 29)
where j € {S,S*, F*} and

at et = O = (1€ (1= ) - (L4 EIF) - 1 (30)
nPICFT = (1 +iFC. (1= 7)) 1+ 8F) -1, 31

see the Appendix (Sect. 6.4.3). The structure of the WACC, see Eq. 29, does not
change. It is the sum of the levered cost of equity, which is weighted by the equity-
to-market value ratio, and the cost of capital n>HC, which is weighted by the debt-
to-market value ratio. The deductibility of interest on debt is considered in n®HC:
Since the tax shield appears in FC, the risk-free interest rate in FC is multiplied by
the factor 1 — 7 and is converted to HC only afterwards. The risk-free interest rate in
FC is deterministic such that the computation of n%HC does not involve a covariance.
In particular, n®HCS and n»HSS™ coincide, see Eq. 30. Note, that the foreign debt-
to-market value ratio 6 is the same from an HC-perspective such that it is used in
the computation of the WACC in HC, see the Appendix (Sect. 6.4.3).

The levered cost of equity for the HC-valuation approach with spot exchange
rates, that is p®HCS | can be derived from the GCAPM in HC. Compared with the
derivation of the unlevered cost of equity, the levered beta instead of the unlevered
beta is used. Again, the modified HC-valuation approaches are not based on the do-
mestic capital market such that the GCAPM in HC cannot be applied. Nevertheless,
adjustment formulas can be used. In the Appendix (Sect. 6.4.4), for the (modified)
HC-valuation approach with spot exchange rates, we obtain,

¢,HC, ] w,HC, j u,HC, j HC,S TFC'izFC
o = +(Pt’ /PR )'(I_W)'L’—l’ (32)
t

where j € {S, S*} and

S = (149 1+ EBf) -1 &9
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and for the modified HC-valuation approach with forward exchange rates
£,HC,F* u,HC, F * wHC,F* _ .HC - ifC
Pr = Pt + (o —i ) l——F=c ) L1 (34)
t

The overall structure of the adjustment formulas remains unchanged: To the
unlevered cost of equity in HC, a risk premium is added. If spot exchange rates are
used, see Eq. 32, the risk premium depends on the difference of the unlevered cost
of equity and 7MCS. In the computation of ¢S the risk-free interest rate in FC is
multiplied by the change in spot exchange rates. We subtract 7S instead of the
risk-free interest rate in HC to consider the exchange rate risk of the tax shields.
Compared with n%HCS which was used in the computation of the WACC, the tax
shield is not considered. Future forward exchange rates are certain such that the
corresponding tax shields in HC do not contain exchange rate risk and the risk-free
interest rate is used in Eq. 34. The third term of the adjustment formulas coincides
for all approaches and considers that tax shields are certain in the period of their
occurrence such that they can be discounted at the risk-free interest rate for one
period. The involved quantities are expressed in FC since the tax shield appears
in FC. At last, the expression is multiplied by the leverage ratio. The formulas for
unlevering and relevering beta follow accordingly. Using these adjustment formulas,
also the FtE method can be applied. As for national valuation, all DCF methods are
equivalent and at the valuation date, the FC-valuation approach and all HC-valuation
approaches coincide.

4.3 Valuation Approaches for Passive Debt Management

In this section, we assume passive debt management (for DCF methods with passive
debt management in national valuation, see, for example, Kruschwitz and Loffler
2020, pp. 90-95). Thus, all tax shields in FC are certain. We state the APV method
since it can be applied without circularity problems. It uses the value-additivity
principle by computing the value of the unlevered firm and the value of the tax shield
separately. Valuation equations for the unlevered firm are derived in Section 3. It
remains to analyze the value of the tax shield in FC and HC, respectively. Afterwards,
we shortly discuss the FtE method for passive debt management.

Since future debt levels are certain under the assumption of passive debt man-
agement, the tax shield in FC of some period ¢, TSFC¢ = ¢ .iF¢. DFC is certain.
Discountirgg future tax shields at the risk-free interest rate yields the value of the tax
shield V,75-F¢,

To derive valuation equations for the HC-valuation approaches, the conversions
follow the same pattern as before. Since the tax shield is a deterministic quantity
under the assumption of passive debt management, covariances amount to zero. In
particular, both approaches using spot exchange rates coincide. We obtain

E[TS}'“%] = B[TS;“5"] = TSfC - E[S)]
TS/F =TS F, .
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The tax shields converted with spot exchange rates are not risk-free anymore
since they contain exchange rate risk. Thus, they are discounted by n?c’s, which is
defined as in Section 4.2. Since forward exchange rates are deterministic, the tax
shields converted with forward exchange rates are certain in HC such that the risk-
free interest rate in HC is the correct discount rate. As before, the value of the tax
shield of period ¢ # 0 differs between the approaches but coincides at the valuation
date.

For passive debt management, in the steady state phase, the debt levels grow at
expected rates instead of growing state-specific. Thus, for the HC-valuation approach

with spot exchange rates, the expected growth rate amounts to
E[g"% = (1 + E[g)D - (1 +EB) — 1. (35)

where compared with before, the covariance disappears. In line with the calculation
of the tax shield, the calculation of the growth rate coincides with the growth rate
of the modified HC-valuation approach with spot exchange rates. Thus, the Gordon-
Shapiro formula can be applied to calculate the value of the tax shield for passive
debt management, but for the HC-valuation approach with spot exchange rates, the
growth rate differs from the growth rate of the FCF.

To derive the equity value with the FtE method, the levered cost of equity is
again necessary. However, the GCAPM cannot be applied to derive this discount
rate. For é)assive debt management, the distribution of the return of the levered
firm, F,( o+ , at some time ¢ depends on the occurred states before this time, since
financing risk differs between the states of each period. In particular, the expectation
is dependent on the available information at some time 6 < ¢. This is not consistent
with our assumptions of the multi-period GCAPM such that the levered discount
rate does not constitute a cost of capital (see also Kruschwitz and Loffler 2020, pp.
107-109 on this characteristic in national valuation). Nevertheless, also for passive
debt management, it is possible and widely used to derive a suitable discount rate
pe’FC to obtain a consistent valuation equation for the FtE method. Similar to the
procedure in the modified HC-valuation approaches, it can be derived by applying
the adjustment formula for passive debt management to the unlevered cost of equity
(Inselbag and Kaufold 1997, Eq. 7).

In the derivation of valuation equations for the HC-valuation approach with spot
exchange rates, we always use that the covariance of the return of the firm and the
change in spot exchange rates does not depend on future information. Since for
passive debt management, financing risk differs between the states of some period,
this assumption is not fulfilled. It follows that the shown relations no longer hold
and the levered cost of equity cannot be derived. In particular, it is not possible to
apply the adjustment formula in a similar form as for active debt management. Note
also that in the steady state phase, the expected FtE does not increase at a constant
growth rate. Since the value of the tax shield increases at a different growth rate
than the FCEF, the growth of the FtE is not constant (see Dierkes and Schéfer 2021,
for how to incorporate different growth rates into terminal value calculation). Due
to the dependency of covariances on future information, we do not further consider
the FtE method for the HC-valuation approach with spot exchange rates. For the
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modified HC-valuation approaches, the conversion of the Flow to Equity and the
levered cost of equity follow the same pattern as before.

5 Implications for International Valuation in Theory and Practice

We have presented a consistent framework for valuing a foreign firm using the FC-
valuation approach, the HC-valuation approach with spot exchange rates, and the
modified HC-valuation approach with spot and forward exchange rates, respectively.
A summary of our findings is presented in Fig. 1. We started with an unlevered
firm and showed that the FC-valuation approach and the different HC-valuation
approaches yield the same result at the valuation date (labeled as “y” for “yes” in
Fig. 1). This also holds for the valuation of a levered firm with either active or
passive debt management. Thereby, we confirm existing results on the irrelevance
of the chosen valuation approach. However, it has not been pointed out before that
future market values do not coincide: The correct future market values can only be
obtained with the HC-valuation approach with spot exchange rates. The modified
HC-valuation approaches yield modified future market values (labeled as “n” for
“no” in Fig. 1). Furthermore, in the FC-valuation approach, it is not intended to
determine future market values in HC (gray space in Fig. 1). If only the market
value at the valuation date is of interest, all approaches are theoretically equivalent.

As the first component of our goal of deriving a consistent framework for DCF
valuation with HC-valuation approaches, we identified the derivation of consistent
discount rates. We show that the application of the GCAPM in HC is only possible
for the HC-valuation approach with spot exchange rates, regardless of whether an
unlevered or a levered firm is considered. In the FC-valuation approach, the corre-
sponding discount rate is based on the foreign capital market. This also holds for the
modified HC-valuation approaches: Since the modified discount rates are adjusted
to the neglection of covariances in the conversion of cash flows, they are computed

Characteristic unlevered firm active debt man. passive debt man.

FC HC HC HC FC HC HC HC FC HC HC HC
s S* F* S S* F* s S* F*

valuation at t = 0 y y y y y y y y y y y y
valuation at ¢ > 0 y n n y n n y n n
cost of capital based on domestic market v n n y n n n n n
neglection of covariance v n y y y n y y v n y y
constant growth of the FCF y y y y vy v v y y y y y

neglection of covariance in TS y n y y y y y y
constant growth of VTS y y y y y y y y

constant growth of the FtE y y y y y n y y

Fig. 1 Characteristics of different valuation approaches, where FC denotes the FC-valuation approach;
S denotes the HC-valuation approach with spot exchange rates; S* denotes the modified HC-valuation
approach with spot exchange rates; and F* denotes the modified HC-valuation approach with forward
exchange rates; “y” (“n”) means that a certain characteristic is (not) met, and a gray space means that
a certain characteristic does not apply
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using the cost of equity in FC. In particular, they cannot be directly derived from
the GCAPM, such that we do not refer to them as a “cost of capital”. Overall, the
analysis of the foreign capital market can be avoided only by applying the HC-
valuation approach with spot exchange rates.

The second component was the correct integration of a correlation between ex-
change rate risk and the firm’s business risk. We demonstrate that this correlation
is explicitly considered in the HC-valuation approach with spot exchange rates by
adding a covariance term in the conversion of cash flows, debt levels, costs of capital,
and growth rates. It is possible to neglect the covariance in the conversion of cash
flows, but then it also has to be neglected in the computation of all other quantities
to obtain the correct valuation result at the valuation date. This results in a modified
valuation approach.

The third component was the incorporation of the valuation approaches into a two-
phase model. For each approach, we presented formulas for computing growth rates,
such that for an unlevered firm, the Gordon-Shapiro formula can be applied to each
HC-valuation approach.

The fourth component was the integration of debt financing, distinguishing be-
tween active and passive debt management. For active debt management, we demon-
strate that the overall structure of adjustment formulas remains unchanged, but
adaptations are required to consider exchange rate risk. Furthermore, the computed
growth rates of the unlevered firm can be transferred to the valuation of a levered
firm. The debt levels, and therefore the value of the tax shield and the FtE, grow at
the same rate as the FCF. As for national valuation, only the FCF method can be
applied circularity-free, such that its application is the most convenient choice, but
it is also possible to apply another method since all DCF methods are equivalent.

For passive debt management, the multi-period GCAPM cannot be applied to
derive the levered cost of equity, because the expected return depends on available
information and is therefore not deterministic at the valuation date. As a conse-
quence, the discount rate in the HC-valuation approach with spot exchange rates
cannot be deduced in the same way as for active debt management. Moreover, in
this approach, the growth rate of the tax shield value differs from that of the FCF,
resulting in an inconstant growth of the FtE. The APV method can be applied
circularity-free, making it the best choice for passive debt management.

The fifth component was deducing practical implications. For this end, we need
to distinguish between different occasions of cross-border valuation. We chose to
analyze the valuation of a foreign company without debt in domestic currency and
other interdependencies. This was necessary since even for this simple setting, the
DCF framework of the HC-valuation approaches has not yet been clear. Although,
the FC-valuation approach is usually the simplest choice for this occasion, our
consistent implementation of HC-valuation approaches serves as an important basis.

If a company generates cash flows in both FC and HC and also issues debt in
both FC and HC, the valuation becomes more extensive, but our results can be
transferred (for characteristics on combining foreign and domestic debt, see Bekaert
and Hodrick 2018, p 742; Schiiler 2021, Section 5). If the HC-valuation approach
with spot exchange rates is applied, all quantities and possible interdependencies can
be expressed in HC. Furthermore, the required cost of capital can be determined on
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the basis of the domestic capital market. If more countries are considered, the benefits
of this approach increase further: It is still only necessary to analyze the domestic
capital market. However, this approach has the disadvantage that converting the FCF
from FC to HC requires information about the covariances Cov[CF¥C, S,]. Thus
far, no standardized approach exists to estimate these covariances. Nevertheless,
depending on the extent of foreign operations and the sensitivity to exchange rate
fluctuations, it is conceivable to start by estimating the correlation as a standardized
measure in the interval [—1; 1]. Multiplying the correlation by the estimated standard
deviations of the FCF and the spot exchange rate yields the covariance.

Other covariances are only theoretical quantities, so their estimation is not nec-
essary for practical use: The covariance of the market value of the firm and the spot
exchange rate, COV[VF C,TS‘}], is redundant since the market value in HC is directly
calculated via a recursive procedure. The growth rate of the FCF can be derived
implicitly by estimating the growth rate of the converted FCF in HC, so that the es-
timation of the covariance of the growth rate in FC and the change in spot exchange
rates, Cov[gtFC, 8,5 ], is also dispensable. Furthermore, in the case of determining the
cost of capital with the GCAPM in HC, the estimation of the covariance of the re-
turn of the firm and the change in spot exchange rates, Cov[F} c 8;9 ] is not required.
Consequently, only the estimation of the covariance of the foreign FCF and the spot
exchange rate is necessary. This holds for an unlevered firm as well as for a levered
firm with active or passive debt management.

In the literature of cross-border valuation, covariances are often neglected for
practical reasons when converting cash flows. This suggests the application of a mod-
ified HC-valuation approach, see Fig. 1. If a modified HC-valuation approach is
applied, one has to choose between forward and spot exchange rates. Whereas spot
exchange rates have to be forecasted (for an overview of exchange rate forecasting,
see, for example, Bekaert and Hodrick 2018, Chapter 10; the discussion is also
ongoing in Germany, see, for example, Breuer et al. 2021, p. 1963-1964), forward
exchange rates are known and therefore, easier to implement. Indeed, the litera-
ture often focuses on the approaches with forward exchange rates. Consequently,
when choosing among the modified HC-valuation approaches, the modified HC-
valuation approach with forward exchange rates can be more convenient. If either
of the modified HC-valuation approaches is used for a more extensive cross-border
valuation, all quantities are converted to HC. However, all involved foreign capital
markets have to be analyzed to obtain the corresponding modified discount rates
for discounting the converted cash flows. Furthermore, for quantities that already
occur in HC, a discount rate based on the domestic capital market has to be used,
thereby requiring an analysis of the domestic capital market. If the uncovered in-
terest parity holds true (for a discussion of the uncovered interest parity, see, for
example, Sercu 2009, pp. 430—431), expected spot exchange rates equal forward ex-
change rates such that both modified valuation approaches are equivalent (see also
Schiiler 2021). Alternatively, it is also possible to use the FC-valuation approach
for each country individually and add up the resulting values; however, even with
this approach, one must analyze all foreign capital markets. Additionally, for both
the modified HC-valuation approaches and the FC-valuation approach, it is unclear
how interdependencies are considered.
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The use of a cost of capital derived from the domestic capital market in connec-
tion with a modified cash flow leads to deviating valuation results. O’Brien (2022)
used a constant perpetual growth model with a cost of capital based on the ICAPM
for his analysis. The author computed the deviation of market values that were de-
duced under different assumptions. In particular, the author compared a consistent
application of an approach with spot exchange rates to an inconsistent approach in
which covariances are neglected in the conversion of cash flows, but a domestic
discount rate is used. O’Brien shows that the deviation can be substantial (O’Brien
2022). Similar results can be expected for the application of the GCPAM. If forward
exchange rates are used in connection with a domestic discount rate, we expect sim-
ilar results. Both cases can be subject for future research. Thereby, it is of particular
interest whether modified cash flows computed with spot or forward exchange rates
in combination with a domestic discount rate yield smaller deviations, and which
input parameters have the greatest impact. It is conceivable that the deviations are
small for companies with only few cross-border relations. This would make such
a mixed approach legitimate and useful. For big multinational companies, more sub-
stantial deviations might occur. Therefore, we recommend to use the HC-valuation
approach with spot exchange rates for more extensive cross-border valuations. The
decisive advantage is that only the domestic capital market has to be analyzed to
derive costs of capital. This is in line with Koller et al. (2020), who recommend
a domestic cost of capital in most cases of a valuation of an international company.
However, further research is needed to develop a standardized method for estimating
covariances and expected spot exchange rates.

Overall, to obtain the correct results at the valuation date, one needs to main-
tain consistent assumptions throughout the valuation process. Depending on the
business model of the firm, the appropriate approach should be selected. Other
problems, such as the integration of country risks, legal requirements, differences
in international accounting standards, international taxation, and interdependencies
between subsidiaries regarding services, supplies, and financing, are not considered
in this study. However, for these problems, we recommend applying the HC-valu-
ation approach with spot exchange rates. All quantities are then available in HC,
and adequate adjustments can be made. A more detailed elaboration is subject to
further research. Overall, we have developed a consistent theoretical framework for
international valuation that can be used as a basis for further research.

6 Appendix
6.1 Elaborations on the Change in Exchange Rates

We define
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In the following, we show that Eq. 5 is equivalent to the process (M ¢)teN being
a martingale: Let (G;);ey be the natural filtration of (S,)teN Thus, (M,)teN is also
adapted to this filtration. First, we show that Eq. 5 implies that the expected change
in spot exchange rates is equal to the change of expected spot exchange rates: For
t € N, we obtain

~  E[S]  E[Sd E[S]

S, -1 =09¢-1" ~ = ~— = ~—
' R[S Ehlh&] E[;’]
—1 —1

where we used Eq. 5 in the last step. Taking expectations yields

~ E[S S E[S
E[S;_i] = _EISd & E|l—|= 5] . (36)
E[V_St ] Se—1 E[S¢-1]
Sr—1 ~
Now, we can show that Eq. 5 implies that (M);en is a martingale. We have

S, S, S, S..1  E[S —
By [My] =By | —— | = =5 By | ——— | = =25 A[«t] =M,
E[S | E[S/] Si1 E[S:] E[S:-1]

(37
where we used Eqgs. 5 and 36 in the third equation. It remains to show that A(j\;l/,),eN
being a martingale implies Eq. 5. By dividing Eq. 37 on both sides by S;_; and
taking expectations, Eq. 36 follows. We use this to show

E[S, E[S,] — E[S, -
E,_1[5,] = g[_ll By (M) = ’sf[_l] Moy = E[SL _]1] —E[,).

With the law of total expectations, Eq. 5, and therefore the claim, follows.

As we assume PPP to hold, the expected change in spot exchange rates equals
the expected change in inflation rates (Brealey et al. 2020, pp. 722-723; Koller et al.
2020, p. 828). It follows that by defining the process (M;);en, we adjust the spot
exchange rate for inflation effects. Since the resulting process is a martingale, Eq. 5
can be understood as the assumption that the process of the inflation-adjusted spot
exchange rates (M);en represents a fair betting game in the sense that for any
given value M,_1, the inflation adjusted exchange rate on average does not change
from period 7 — 1 to 7. In other words, the development of the conditional expected
values of the process (M;);en follows the rules of rational expectation formation.
This means that all the information available in some period ¢ is correctly evaluated
when forming these conditional expected values.
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6.2 Derivation of Equations for the Valuation of an Unlevered Firm
6.2.1 Derivation of Eq. 12

The return of the unlevered firm is defined as

~1FC T7u,FC

e _ CF i +Vihy |
+1 — =~

Vi

Note that

—_—

Corr[7/"'T,CFIC 1= 1.

This correlation of 1 between the return of the unlevered firm and the FCF always
holds true in our setting since it is a direct consequence of the characteristics of the
GCAPM. It follows

~u ° ~r Tru < 1
COV;[rtfl(:,82g+l] = COV;[CFF_?_I + thf, Stt1]- = Fc = - (38)
Ve S,
The market value that is computed using the HC-valuation approach with spot
exchange rates needs to coincide with the market value that is computed using the
FC-valuation approach and multiplied by the spot exchange rate. We obtain for the

market value in HC of some period ¢

i Et[ﬁfil] : IEt[fs:t+1] + COV:[ﬁfilsgwl] + Et[ff//?flcsl

u,HC,S
L+ 044

SuFC T
| Y

Using
E VLTS = B V] Ee[Siq1] + Cove VLS. ]

and solving for 1 + p;'flc S yields

CIGHARS AT | B

u,HC,S __
L+ p7" = TR
t Ot
n COVt[ﬁf$1s§t+l] + Cov; [V;‘ff,§,+1]
s,
E,[S CFFS, + V¢ 7§,
(14 Y. t[~t+1] + Cov, t-i’-iMFC 1 St
t Vy St

= 1+ o) - (L +E[BS,]) + Cov[FaT. 65, .
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In the second step we used Eq. 38. In the last step, we used that the return of the

unlevered firm 7, +1-11 and the change of spot exchange rates 8, 11 1s independent of
the information available at time ¢, see Section 2. In particular, the cost of capital in
HC is deterministic.

6.2.2 Derivation of Eq. 13

The change of the expected market values from period # to ¢ + 1 conditioned on
information available at time 7 is computed as

E[V”HCS]

-HC.S ¢

1+Et[g;{tc+l] Vut—HJEls
t

B VT B[S 1] 4 Covi [V, Si44]
T/’u,FC 'S’t
= (1 + E[g™]) - (1 + E,[85,,]) + Cove[37. 57,1 .

where we used Eq. 38. Since the change in spot exchange rates and the growth rate
in FC does not depend on the available information at time ¢, the expected growth
rate is deterministic and Eq. 13 follows.

6.2.3 Derivation of Eq. 16

Converting the expected market value in FC of period 7 at the expected spot exchange
rate of period ¢ and expanding with E[S;44] yields

(BICFIS,] + BV - BIS 1]

(14 pf0) - (L + BI85 D)
Note, that we used Eq. 36 in the last step. By defining

B[V} = E[Vi™) - E[S)] =

piHEST = (14 o) - (1 + E[8S]) — 1

we obtain
<3~HC,S* T5u,HC,S*
E[7" HCSY) E[CF. 7 1+ E[V. " ]
u,HC,S * :
1+ p4
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6.2.4 Derivation of Eq. 22

Converting the market value in FC of period ¢ at the forward exchange rate F; and
expanding it with F;4; yields the valuation equation at time 7, that is,

u,FC
u,HC,F* T7u,FC _ (E[CF 1] + E[Vt+1]) ’ Ft+1
]E[Vt ] E[V ] t - u.FC )
A+ pp) -1+ 5z+1)

where

sF Fia - 1 +lt+1

I+1 Ft 1+lt+1
By defining
u U, u 1 + lHC
T = (L ) A4 D) — 1= (14 ) e
14
we obtain

STHC,F* Su,HC,F*

E[’I}’M,HC,F*] . E[CFtH ] +E[Vt+1 ]
t - 1 u,HC,F * ’
+ Pk

6.3 Derivation of a Valuation Equation for the HC-valuation Approach with
Forward Exchange Rates

To obtain a valuation equation for the HC-valuation approach with forward exchange
rates, we need to derive the corresponding cost of capital to discount cash flows that
are derived according to Eq. 19. To do so, we compare this approach to the market
value derived by the FC-valuation approach and multiplied by the spot exchange
rate. From the view of period 7, we obtain

! Et[CFt+1] From + COVt[CFF$_17St+l] +Et[v?f1C’F]

¢ u,HC,F ’

'I‘/’;l,FC . 'Sw’
L+

(39)

with

B [VOEOF] = B VOS] Frgr + Covi [VEES, Sl -
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Solving for 1 + pt”flc F yields

(ECFSS,] + EVi51) - Framn

1+ pu’H-EiF = Tru g
1t Vt’FC 3,
| CowlCFE, Sl + Cov [V, Si41]
Viere.s,
~ —_— ~uFC ~
Fiit1 CFZC-I + thl Si+1
= (14 p“F¢ . ZL*L 4 cov T =
( pt+1 St t V?,FC St

F =
u,FC t,t+1 ~u,FC
=0+ pt-il-:l TS + COV[rtJrFl ’8ts+1 ’

t

where we used Eq. 38 in the second step. Due to our assumptions of the multiperiod
GCAPM, the covariance does not depend on the available information at time 7. By
applying the arbitrage condition, see Eq. 2, we obtain

Frit1 _ E 1+ iC _ P
S[ S[ 1+ltFC Ft

’

and conclude

F, <
u,HC,F u,FC t+1 ~u,FC
P =+ Py - F, + Cov [rt+1 v52g+1] - 1.

Note that we use the uncertain forward exchange rate F,,,H for the conversion
of the cash flow. Note also that we equate the computation of the market value using
this approach with forward exchange rates to Vﬁ’FC 'S;, see Eqg. 39. Consequently, by
using p“HCF a5 discount rate, we obtain a cash flow that is based on spot exchange
rates. Thus, the resulting cash flow has to be discounted using p**HSS

6.4 Derivation of the Levered Cost of Equity and the WACC for Active Debt
Management

6.4.1 Derivation of a Link Between the Levered Cost of Equity in HC and the
Levered Cost of Equity in FC

To derive a link between the levered costs of equity in HC, pZ’HC’S , and the levered

cost of equity in FC, p“FC, we compare the FC-valuation approach to the HC-

valuation approach with spot exchange rates. From the view of period ¢, we obtain

1 EJFIESSS) + B E )

t+1
¢,HC,S

Fre. 3
1+ p/0

t
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From rearranging follows

£,
| 4 pLHOS _ E/(FIE[] + BET)
t+1 Eg FC ~§t
- (BAFTES) + BAELT) EdlSin]
(B AFTESS,) + B(ELT) -5,

COV,[FIEFC +ESC S ]
Eé FCUS,

= (14 p) - (L + E 85, 1]) + Cov, [777€, 85,11 .

£,FC
t+1)

In Section 2, we describe that the expectation of the change in spot exchange
rates does not depend on the information available at time 7. Note that in the case
of active debt management, the distribution of the return of the levered firm at some
time ¢ also does not depend on the occurred states before time ¢ since financial
risk is constant in every state of this period. It follows that the covariance does not
depend on the available information at time ¢, such that the levered cost of equity
Jo +H1C S is deterministic. The relations for the modified HC-valuation approaches

follow similarly.
6.4.2 Derivation of Eq. 28

To derive a link between the WACC in HC p“HSS and the WACC in FC p®FC, we
apply the same pattern as in Sect. 6.4.1. From the view of period ¢, we obtain

SEHC,S ¢.HC,S
perc 3 L E([CF0] + BV 1]

t oIt 7,HC,S
I

From rearranging follows

~1HC,S 5L, HC,S

1+pr,HC,S _ IEt[CFt+1 +Et[Vt+1 ]
t+1 ’I‘/“Z,FC 'S:
Tt

 (BICFIS) + EVE) EifSia]
(B (CFFS 1 + B VD) -5

S(L+ p[37)

COVt[CFFcl + Vt+1 ) SH-I]
Vere.s,
= (14D - L+ B85 1D + (1= 6,) - Cov, 7™, 55,41

Note that in the last step we used, that the risk-free interest rate is deterministic,
such that its covariance amounts to zero.
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6.4.3 Derivation of Eq. 29

Inserting the formula for the WACC in FC, see Eq. 26 into Eq. 28 yields

PP = (14 P (1= 6py) +FC - (1 =27 - 6,) - (1 + E[S))

+ (1= 6,-1) - Cov[7 7€, 85— 1
= (U + o) - (1 + EIBS]) + CovlF ", 851) - (1 = 61-1)

+ 0 (L+EBS) + G- (1 =) -0, - A + E[BS]) — 1.

£,FC {,HC,S

By inserting the relation between p and p , we obtain

prHOS = (14 p™1O5) (1= ) + (1407 (1 =7") - ) - (L + BB — 1
=pHOS (1= 021) — Oy + 1+ (1= 7)) - (1 + E[5]) - 6,
= ptHES L (1 —6,_1) + ((1 +iFC (1= . (1 +E[85) — 1) O_1 .

Defining n%HCS as in Eq. 30 yields Eq. 29 for j = S. The modified WACCs
pTHGS " and pPHGF " follow analogously. In the proof, we used that the debt ratios
coincide in both currencies. This can be shown as follows. For the HC-valuation
approach with spot exchange rates, we obtain

[/HC,S  PFC . T B
gHC.S _ D, Di¢-s, D¢ FC

t ~HC.S IrFC s IrFC t t-
[z ’ t 9t t

We start with the debt ratio in HC on the left-hand side, for which we want to
show that it is deterministic. In a first step, we insert the definition of the debt-
to-market value ratio in HC. We obtain a ratio of stochastic quantities in HC. We
do not use expected values here since we start with a stochastic quantity. The
debt level and market value in HC are based on the respective quantities in FC,
which are multiplied by the spot exchange rate. We do not use covariances here
since we still consider stochastic quantities and do not take expectations. The spot
exchange rates cancel out, yielding the fraction of the debt level in FC and the
levered market value in FC. Both quantities are stochastic. However, this is equal
to the debt-to-market value ratio, which is deterministic by definition of active
debt management. Since the quantity on the right-hand side is deterministic, the
quantity on the left-hand side is also deterministic. Thus, the debt-to-market value
ratio in HC is deterministic and coincides with the debt-to-market value ratio in FC.
The modified HC-valuation approach with spot exchange rates does not use state-
dependent quantities but modified expectations, such that we obtain

guc.st _ EIDYO" ] E[D)-E[S)] _ EID] _ e

frd — * = y—2 — = = = :91.
! E[VHCS™  E[VIC-E[S,] E[VI]

Again, the debt-to-market value ratio in HC coincides with the specified ratio 6. The
modified HC-valuation approach with forward exchange rates follows analogously.
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6.4.4 Derivation of Eq. 32

In the following, we show a detailed computation of Eq. 32 for j = S. Note that
for the return of the levered firm in FC, the same adjustment formula holds as for
the levered cost of equity, that is,

£,FC FC FC . iF—}C—l

- u, u, ¢ FC

oy = AT+ GEY — i) l———— | L.
1+ lt+1

For the covariance of the return of the levered firm and the change in spot
exchange rates follows

FC , :FC
¢,FC ~u,FC ~u,FC Lit1
COV[’:+1 ’ t+1 = Covlr, iy, t+1] + Cov[ri3y ’8t+1] - l—kizt -LiC.
t+1
(40)
By using the adjustment formula for p*FC, see Eq. 27, and the relation between
p4FC and ptHCS | we obtain
£HC,S _ FC FC _ .FC i FC
P =\ L+ oy + (o =iy - (1= T LiC ) - (L4 B8
+ i
+ Cov[FF € 8,+1] —1.
Inserting Eq. 40 and applying the formula for the link between p“HCS and p*FC,

see Eq. 12, yields Eq. 32 for j = S, that is,

£,HC,S HC,S HC,S HC,S TFC 'F£1
u, u, t FC
Piir = Py (Pt+1 — M1 ) : % | .
1+ lt+1

Equation 32 for j = S*, and Eq. 34 can be obtained similarly.
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