A Service of

ECOMNZTOR pr

Make Your Publications Visible.

Leibniz-Informationszentrum
Wirtschaft

Leibniz Information Centre
for Economics

Lu, Mia; Mononen, Lasse; Netzer, Nick

Working Paper

The swaps index for consumer choice

Working Paper, No. 418

Provided in Cooperation with:
Department of Economics, University of Zurich

Suggested Citation: Lu, Mia; Mononen, Lasse; Netzer, Nick (2026) : The swaps index for consumer
choice, Working Paper, No. 418, University of Zurich, Department of Economics, Zurich,

https://doi.org/10.5167/uzh-220550

This Version is available at:
https://hdl.handle.net/10419/343174

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dirfen die Dokumente nicht fiir 6ffentliche oder kommerzielle
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewahrten Nutzungsrechte.

WWW.ECONSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://doi.org/10.5167/uzh-220550%0A
https://hdl.handle.net/10419/343174
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

University of
Zurich™

University of Zurich

Department of Economics

Working Paper Series

ISSN 1664-7041 (print)
ISSN 1664-705X (online)

Working Paper No. 418

The Swaps Index for Consumer Choice

Mia Lu, Lasse Mononen and Nick Netzer

First version: August 2022
This version: August 2026




The Swaps Index for Consumer Choice

Mia Lu, Lasse Mononen and Nick Netzer*

This version: August 2026
First version: August 2022

Abstract

We extend the swaps index of rationality, introduced by Apesteguia and Ballester
(2015) for a finite set of alternatives, to the standard infinite consumer choice setting in
which other rationality indices are typically defined. We show that the swaps approach
recovers the decision-maker’s true preference from choice data for a class of behavioral
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1 Introduction

Measuring the degree of rationality of choices has a long tradition in economics. The early
literature on revealed preference theory (Samuelson, 1938; Houthakker, 1950; Arrow, 1959)
provided conditions under which choices can be classified as perfectly rational. Subsequent
authors have acknowledged that human decision-makers often deviate from rationality, if
only by mistake or lapse of attention, and have proposed measures that quantify these
deviations. The most prominent examples of rationality measures are Afriat’s efficiency
index (Afriat, 1973) and Varian’s goodness-of-fit index (Varian, 1990).! These indices have
been applied in various empirical studies and have facilitated important insights, for example
on the development of rationality during childhood (Harbaugh et al., 2001), the correlation
between rationality and wealth (Choi et al., 2014), and the causal impact of education on
rationality (Kim et al., 2018).

More recently, Apesteguia and Ballester (2015, henceforth AB) have proposed the swaps
index of rationality, which is based on counting the minimal number of choices that would
have to be swapped to reconcile behavior with the maximization of a preference. This not
only quantifies deviations from rationality but additionally delivers a revealed preference,
as in the original revealed preference literature mentioned above. The swaps preference is
the one closest to the observed behavior in terms of the number of required swaps. AB
have shown that their approach recovers the decision-maker’s true preference from choice
data for a large class of boundedly rational behavioral models.? The swaps preference can
thus be used as a welfare measure, connecting the literature on measuring rationality with
the literature on behavioral welfare economics (e.g. Készegi and Rabin, 2007; Bernheim and
Rangel, 2009; Rubinstein and Salant, 2012; Benkert and Netzer, 2018).

AB obtained their results in a setting with a finite number of alternatives. We extend
the swaps approach to the standard consumer choice setting with infinite commodity spaces.
This is the canonical setting in which most other common rationality measures are defined.
Applications include, among others, consumer demand from competitive budget sets and
choice under uncertainty where investors purchase Arrow-Debreu securities. We show that
the swaps approach still recovers the true preference in this setting under a suitably defined
monotonicity condition. We discuss the plausibility of the monotonicity condition by showing

that it is satisfied for various behavioral models of interest but violated for others. We then

1Other rationality measures have been proposed by, among others, Houtman and Maks (1985), Echenique
et al. (2011), Dean and Martin (2016), and Echenique et al. (2023).

2Halevy et al. (2018) and Lanier and Quah (2026) show that other rationality indices can also be given
an interpretation as a minimal distance between observed behavior and preferences, for suitably defined
distance measures, but AB (p. 1292f.) argue that these indices do not generally recover true preferences from
behavioral data.



provide methods for computing the swaps index and swaps preferences for real-world data
sets.

The swaps approach rests on the swaps distance between observed behavior and any
candidate preference. In the finite case, if alternative x was chosen from budget set B and the
candidate preference is =, then the number of swaps required to reconcile this behavior with
the maximization of > is simply the number of alternatives in B which are strictly preferred
by > over x. This is the number of alternatives a decision-maker with preference > must
have “overlooked” when choosing x. The swaps distance between a stochastic choice function
and a preference is the probability-weighted average of these numbers across observations.
A swaps preference is a strict preference minimizing the swaps distance to the stochastic
choice function. The swaps index is the minimum swaps distance.

For the infinite case, AB (Online Appendix D.3) proposed replacing the number of pre-
ferred alternatives in a budget set by their Lebesgue measure, but did not derive general
results in that setting. We implement their proposal. Our approach is more general than
the proposal by AB in several dimensions. First, we allow for arbitrary stochastic choice
from a budget set, not only finite randomization. Special cases include deterministic choice
or finite randomization, as well as continuous distributions like uniform trembles over the
entire budget set or more complex singular distributions like continuous trembles on the bud-
get frontier. Second, we allow for arbitrary collections of choice situations, not only finite
collections of competitive budget sets. This allows us to embed conventional, deterministic
Walrasian demand functions for all prices as a special case. We are also flexible enough to
model nonlinear prices, endowment points, and even frames which affect behavior without
affecting the budget set. Third, we impose only mild regularity conditions on preferences
and obtain various results without requiring continuous utility functions or convexity of
preferences.

Our first set of results centers around the recoverability of preferences from behavioral
data. The central property that guarantees recoverability is monotonicity. For the finite
case, AB define a stochastic choice function to be monotone with respect to preference > if
x >~ y implies that the probability of choosing z is larger than the probability of choosing
y, on average across all budget sets in which both x and y are available. Several behavioral
models generate choice data which satisfy monotonicity with respect to the decision-maker’s
true preference, for example a simple trembles model in which uniform choice mistakes
happen with small probability. AB show that >-monotonicity implies that > is a swaps
preference. For our definition of monotonicity in the consumer choice setting, we first apply
a Lebesgue decomposition of the choice probability measure into its absolutely continuous

and singular components. Then we require that x > y implies that the density of the



absolutely continuous component is weakly larger for x than for y, on average across all
budget sets in which both z and y are available. We furthermore require that all bundles
in the support of the singular component are optimal with respect to »=. Based on this
definition, we show that >-monotonicity implies that > is a swaps preference. The swaps
approach can therefore be seen as a preference estimator for the entire range of behavioral
models that generate monotone data.

To illustrate this range, we study examples of boundedly rational behavioral models. As
in the finite case, many of them generate data satisfying monotonicity. The first example
is a uniform trembles model in which the decision-maker chooses optimally from a budget
set with probability 1 — ¢ and randomizes uniformly over the budget set with probability e.
The decision-maker’s true preference is a swaps preference when choice mistakes take this
form. Furthermore, and again in analogy to AB, the swaps preference is unique when the
data are rich. To establish this result, we exploit a connection to the problem of unique
recoverability of preferences from conventional, deterministic Walrasian demand functions
(Mas-Colell, 1977). A second example for which monotonicity obtains is a continuous version
of the multinomial logit model. A third example is a model of framing, in which choice is
influenced by defaults or presentation effects more generally. As long as this affects only
the absolutely continuous component of choice and averages out across frames, monotonicity
is satisfied. There are, however, also behavioral models which violate monotonicity. For
example, even a noisy decision-maker may understand that consumption bundles in the
interior of the budget set are dominated and may randomize over the budget frontier instead
of the entire budget set. As we will show, monotonicity with respect to the true preference
breaks down in that case. Swaps preferences will be systematically distorted by the need to
explain the choices on the budget frontier. Other models for which monotonicity fails include
a limited attention version of the logit model (Matejka and McKay, 2015) and a random
parameter model in the context of choice under uncertainty (Apesteguia and Ballester, 2018).

We conclude the first part of the paper with a discussion of approximate recoverability.
If a data set is close to >-monotone, are the swaps preferences close to =7 We derive a
bound on the Kendall tau distance between swaps preferences and any arbitrary preference,
which reflects how well the arbitrary preference explains the data. This bound allows us to
show that approximate recoverability holds under a strict notion of monotonicity but not
necessarily otherwise.

Our second set of results concerns the computation of the swaps index and swaps prefer-
ences for data sets typically encountered in empirical applications. These data sets consist
of a finite number of deterministic choices from different budget sets, a special case of our

general setting. We restrict attention to monotone preferences here, as such data can oth-



erwise always be explained by preferences that rank the finitely many chosen bundles above
all others, generating a Lebesgue swaps distance of zero. We show that the swaps index can
be calculated by solving a simple minimization problem. Each ranking of the chosen bundles
is associated with a unique minimal swaps value, obtained by adding across all observations
the Lebesgue measure of how much the higher ranked bundles and their principal upper sets
cut into each observation’s budget set. The swaps index is the minimum of these values
across all rankings. Our result is more general than an analogous recent result by Lanier
and Quah (2026), because it holds for arbitrary budget sets and for preferences that are not
necessarily continuous. Furthermore, we provide an alternative characterization as a binary
minimization problem where revealed preferences are deleted at a cost until the revealed
preference graph becomes acyclic. This follows the approach of Mononen (2023), who stud-
ied similar techniques for the conventional rationality measures discussed above and showed
that the approach is computationally feasible.

Deriving swaps preferences is complicated by the fact that they are neither guaranteed
to be unique nor to exist in the infinite consumer choice setting. Lanier and Quah (2026)
have shown that a swaps preference does not exist when GARP is violated in the standard
case of linear budgets and when continuity of preferences is required. Perhaps surprisingly,
this finding turns out to be driven by the requirement of continuity. We show that a swaps
preference always exists within the class of monotone but not necessarily continuous pref-
erences. We then derive robust swaps preferences among the chosen bundles, which are the
pairwise rankings that all preferences with a swaps distance sufficiently close to the swaps in-
dex must have in common. The idea of robust preferences was proposed by Lanier and Quah
(2026), who study them for the distance functions underlying the indices of Afriat, Varian,
and Houtman-Maks, but not the swaps distance. If a swaps preference does not exist (for
example when continuity is required and GARP is violated), these robust swaps preferences
are a reasonable alternative welfare measure. If swaps preferences do exist (for example
when only monotonicity is required), then robust swaps preferences are the rankings that all
swaps preferences agree on, capturing what is unambiguously revealed by the data, similar
in spirit to Bernheim and Rangel (2009). We show that our minimization problems that
characterize the swaps index also characterize the robust swaps preferences. For example,
when all rankings that solve the above-described minimization problem rank two bundles in
the same way, this ranking is a robust swaps preference.

Finally, we study a short empirical application using the experimental data of Castillo
and Freer (2023). Their experiment involves nonlinear budget sets. Several older measures
of rationality are not defined in this setting, which makes it an ideal application for the

swaps index. Castillo and Freer (2023) use the Houtman-Maks index as a distance measure



to test the hypothesis of quasilinear preferences. We compare the Houtman-Maks index with
the swaps index, without putting additional requirements on preferences. We show that the
swaps index differentiates levels of rationality more finely than the Houtman-Maks index and
thus allows for more fine-grained hypothesis tests. Furthermore, robust swaps preferences are
more complete than robust preferences based on the Houtman-Maks distance. In addition
to showcasing the applicability and computational feasibility of our results, these findings
support the swaps index as an informative approach that generates rich preferences useful
for welfare analysis.

The paper is organized as follows. Section 2 studies the recoverability of preferences
from behavioral data. Section 3 provides methods to compute the swaps index and swaps
preferences. Section 4 contains our empirical application. Section 5 concludes. Proofs are

relegated to the Appendix.

2 Recoverability

In this section, we study whether the swaps approach can correctly recover a decision-maker’s
true preferences. We assume that the decision-maker sometimes chooses differently from her
most preferred option, for example due to random stochastic errors or lack of attention, but

we observe only the decision-maker’s choices and not her true preferences.

2.1 Formal Framework

The choice set is X = ]RJLF, where L denotes the number of commodities. The commodities
could be different consumption goods, or they could refer to states of the world. Budget sets
Bs C X are parameterized by 6 € A C R¥, where K denotes the number of parameters.
The budget sets are assumed to be bounded and Lebesgue measurable for each 6 € A. In
the standard setting, 6 € A C RJLFJr is a price vector and By = {v € X | §- oz < 1} is
the competitive budget set.> Our approach is more general and § could, for example, also
encode kinks in the budget line generated by endowment points in an insurance setting,
other nonlinear budget lines as generated by nonlinear screening mechanisms, and even
frames which affect choice without affecting the budget set.

The observed behavior of the decision-maker is summarized by her choice data, here

defined as a collection D of probability measures, D = (v, (j1s)sea).* First, v is a full support

3The implicit assumption then is that the decision-maker’s demand satisfies homogeneity of degree zero.
Hence we do not need to distinguish between demand on {z | § - ¢ < w} and {z | (6/w) -« < 1} and can
normalize wealth to 1.

4Throughout, all probability measures are defined on the Borel algebra, and expressions like “absolutely



probability measure on the sample space A, representing how often the decision-maker faces
a choice situation indexed by d. We think of this as exogenous to the decision-maker. For
example, the measure v could describe the frequency of budget problems as determined by
an experimenter. Since A can be finite or infinite, this encompasses the case of choice from
finitely many different budget sets but also allows observation of a demand function for all
prices, as in the conventional Walrasian approach to consumer demand. Second, the choice
behavior of the decision-maker for any choice situation § € A is captured by a probability
measure us on the sample space Bs. That is, for any measurable subset of alternatives
A C By, 1s(A) is the probability that the decision-maker chooses a consumption bundle in the
subset A conditional on facing the choice situation . Again, we consider general probability
measures here. This includes the cases of deterministic choice, discrete randomization, and
stochastic choice described by a density function.

By Lebesgue’s decomposition theorem, we can decompose every s into an absolutely

continuous measure p§ and a singular measure p5 such that
. c s
Hs = fbs + Hs-

Moreover, this decomposition is always unique. Due to the absolute continuity, we can then

write the measure p§ in terms of a density fs such that

5(4) = [ Bla)da

for every measurable subset A C Bs.° The singular measure p3 captures the possibility of
deterministic choice, discrete randomization, or stochastic choice on other subsets of Bs that
have Lebesgue measure zero.

Unlike in the finite case of AB, indifferences cannot be assumed away in the consumer
choice setting with infinite commodity spaces. Instead, we only impose two weak regularity
conditions on the decision-maker’s preferences. First, we assume that her complete and
transitive preference relation > on X can be represented by some (Borel) measurable utility
function v : X — R. A sufficient condition for this would be continuity of >=. Second, we
assume that > has thin level sets, i.e., the sets L(z) = {z € X | u(z) = z} have Lebesgue
measure zero for all z € R. One consequence is that we can use A\({y € A | y = x}) and

AM{y € A | y > z}) interchangeably, where A\ denotes the Lebesgue measure and > the

continuous” or “singular” refer to the Lebesgue measure.

®Note that, while js is a probability measure, us and ps are generally not probability measures, unless
us itself is already absolutely continuous or singular. Hence fs is not a probability density function, because
J p, J5(x)dx = pi§(Bs) can be smaller than one. This does not have to concern us in the following.



asymmetric part of >~. We denote the set of preference relations that have thin level sets
and for which measurable utility representations exist by Z.

We now define the swaps index in this setting. It is a natural extension of the swaps index
for finite sets and was already proposed by AB (Online Appendix D.3). We generalize it
here by allowing for infinite collections of observed choice situations, unconstrained stochastic
choice in each of those situations, and our larger class of preferences. The swaps distance

between a preference > and choice data D is defined as

W(=. D) = /A / A{y € By |y = o})dus(x)dv(6).

It measures the inconsistency of the given choice data D with the given preference >. For
any chosen bundle z in a budget set By, inconsistency with > is measured by the Lebesgue
volume of the upper contour set of x in Bs. That is, the inconsistency is measured by how
many available alternative bundles were strictly preferred to x but not chosen and would
thus have to be “swapped” with x to make choice consistent with maximization of >. The
overall inconsistency of D with > is then computed by first taking the weighted average of
this volume over all bundles in the budget set, and then taking the weighted average over all
choice situations, where the respective weights are the observed frequencies in the data.5”
The swaps index for the given choice data D is defined as
I(D) = QQ;W(E’D)'

If a preference attains the infimum, we refer to it as a swaps preference. A swaps preference is
a preference with the smallest possible inconsistency with the choice data. Note that swaps
preferences are neither guaranteed to be unique nor to exist in the infinite consumer choice

setting. We will return to this issue repeatedly in the following sections.

2.2 Main Result

Our goal is to establish a condition which ensures that the decision-maker’s true preference

is a swaps preference. To this end, we introduce a monotonicity property, which we adapt

6The fact that u is a measurable function implies that all upper contour sets are Lebesgue measurable
and their weighted average volume within each budget set is well-defined. In our definition of the swaps
distance, we implicitly restrict attention to choice data sets for which the weighted average over all choice
situations is also well-defined. In particular, we assume that fs(z) is jointly measurable in z and 4.

TA similar measure was proposed by Heufer (2008). The main difference is that Heufer (2008) does not
use the Lebesgue measure of the upper contour set of a chosen bundle with respect to a candidate preference,
but instead uses the Lebesgue measure of the bundles which are revealed to be preferred over the chosen
bundle by the decision-maker’s other choices and monotonicity.



from the finite setting of AB. Informally speaking, monotonicity with respect to a given
preference, typically interpreted as the decision-maker’s true preference, requires that more

preferred bundles are chosen more often.

Definition 1. The choice data D = (v, (us)sen) are =.-monotone for a preference =, € X

if they satisfy the following two conditions:

(1) The absolutely continuous component has expected densities that are monotone in =,

VeyeX ar.y= f3(2)dv(6) > / f5(9)dv ().
{0eA|{z,y}CBs} {0eA|{=z,y}CBs}

(1) The support of the singular component is optimal with respect to =,

Vo € AVa € supp(u3) :x =y Yy € Bs.

Condition (i) requires that a more preferred bundle x has a higher expected density in
the absolutely continuous component of the data than a less preferred bundle y, and in this
sense is observed more frequently on average across all decision problems in which the two
bundles are available. A strong sufficient condition is f5(x) > fs(y) for all 6 € A, so that the
inequality holds pointwise in the integrals. Bundles in the support of the singular component
(e.g., mass points) are observed even “more frequently,” so condition (ii) requires them to
be preference maximizing.®

We will discuss the plausibility of the monotonicity property in the next subsection. First,

we state the main result of Section 2.
Proposition 1. If D satisfies >=,-monotonicity, then =, is a swaps preference.

The intuition for Proposition 1 is that >,-monotonicity ensures that the choice data are
informative about >,. This preference then minimizes the weighted inconsistency with the
data and is a swaps preference.

As a first interpretation, the swaps approach can thus be seen as a preference estimator
that is robust across the range of behavioral models that generate data satisfying monotonic-
ity with respect to the decision-maker’s true preference. We will follow this interpretation in

Subsection 2.3, where we start from behavioral models and establish monotonicity, so that

8We could relax Definition 1 in two ways but refrain from doing so for ease of notation. First, we could
replace condition (4¢) by the weaker requirement that A\({y € Bs | y =+ x}) = 0 for all = € supp(p3), thus
allowing for non-optimal bundles in the support of pj provided that the Lebesgue measure of better bundles
is zero. This would give some additional degrees of freedom when =, is not a continuous preference. Second,
we could relax the requirements in Definition 1 on null sets of the product measures v X pg.



the swaps approach is justified because it recovers the correct preference from the noisy data.
A second interpretation is to start from given data and assume that a preference has been
found for which those data are monotone. Proposition 1 then implies that this preference
minimizes the swaps distance to the data, which could be seen as a desirable welfare property
in itself, without recourse to a specific behavioral model.

Monotonicity implies the existence of a swaps preference. However, the swaps preference
is not necessarily unique, so the true preference cannot necessarily be recovered uniquely
from the data. We will return to this issue in the next subsection, where we illustrate that
uniqueness can be achieved with rich data sets. Furthermore, in Section 3 we will study the

notion of a robust swaps preference, which is useful when multiple swaps preferences exist.

2.3 Applications

To illustrate the plausibility of the monotonicity condition and to elaborate on the unique
recoverability of the preference, we now discuss several examples of behavioral models for

which monotonicity is satisfied or violated.

2.3.1 Uniform Trembles

A first example satisfying >=,-monotonicity is a uniform trembles model, which AB have
studied for the finite case. In choice situation § € A, the decision-maker chooses optimally
in budget set Bj according to her true preference =, with probability 1—e > 0. For example,
Figure 1 illustrates a case where the unique optimal bundle is z*. With probability ¢ > 0,
the decision-maker trembles uniformly over all bundles in By, as indicated by the shaded red

area in Figure 1.

Figure 1: Uniform Trembles.



Formally, the choice data D = (v, (is)sea) are given by an exogenous distribution v over
choice situations and, for each 0 € A, a probability measure us that can be decomposed
into an absolutely continuous component u§ with constant density fs(z) = ¢/A(Bj) and a
singular component p§ that satisfies pj(A) =1 —eif 25 € A and p3(A) = 0if 25 ¢ A, where
x} denotes the optimal bundle in Bs according to >, (assumed to be unique for simplicity).
It is easy to see that these data satisfy >.-monotonicity. The density condition (i) in the
definition holds with equality for each 0 € A separately, and condition (i) is satisfied since
the non-tremble choice is optimal according to =,. It follows from Proposition 1 that the
true preference =, is a swaps preference.

The swaps preference will generally not be unique. For example, if only a single budget
set is observed, as in Figure 1, then any preference for which bundle x* is optimal is a swaps
preference (the same would be true in a finite setting). Observing choice from additional
budget sets puts more constraints on the set of swaps preferences, because all mass points
have to be explained as optimal to achieve the same minimum swaps index as the true
preference =,. Our next result gives conditions under which the swaps preference becomes
unique when the data set becomes complete.

We make use of an existing recoverability result for conventional, deterministic Walrasian
demand functions by Mas-Colell (1977). We restrict attention to preferences > that are
continuous, monotone, and strictly convex. As defined in Mas-Colell (1977, p. 1411), such
a preference is lipschitzian if, for every 0 < r < oo, the function Vi, : K, — C given by
Vi .(x) ={y € K, | y = '} is Lipschitz continuous, where K, = {y e RZ | 1/(1+7r) <y, <

1+7Vi=1,...,L} and C is the set of nonempty, compact, and convex subsets of R .

Proposition 2. Let A=R~Y, and B ={z € X | §-x < 1}. Let D = (v, (1s5)sen) be choice
data generated by a uniform trembles model with a true preference =, that is continuous,
monotone, and strictly convex. If =, is additionally lipschitzian, then it is the unique swaps

preference in the class of continuous, monotone, and strictly convex preferences.

To understand the logic of the result, it is instructive to consider the Walrasian demand
function x* generated by preference >,. Under the lipschitzian assumption, Mas-Colell
(1977) has shown that any other preference = # >, generates a Walrasian demand function
x that differs from z* for at least one price vector §y. Continuity of Walrasian demand then
implies that x* and x must differ on an open set of prices. Furthermore, the set of bundles
that > prefers strictly over z* has strictly positive Lebesgue measure on that open set of
prices. Since the singular part of the choice data generated by the uniform trembles model
is described by z*, its swaps distance to >, is zero but strictly positive to >~. We also show

in the proof that all preferences explain uniform randomization and hence the absolutely

10



continuous part of the choice data equally well (Lemma 1 in Appendix A.2). It follows that
>~ is not a swaps preference.
We can calculate the value of the swaps index for data generated by a uniform trembles

model as follows (where the third equality follows from Lemma 1):
10)= [ [ Ay e Byl - eDduste)iv(s)
A JB;

_ /A S /Ba My € By | y = 2})dudv(s)

. € )\(35)2 ”
=[x
:e/ A(B‘S)dy((S).

2

The degree of irrationality is increasing linearly in the noise parameter €. It also depends
on the decision-maker’s environment described by v. If she is confronted with larger budget

sets, then her uniform trembles over those sets imply a larger degree of irrationality.

2.3.2 Uniform Trembles on the Budget Frontier

Now consider a variant of the uniform trembles model. With probability 1 — e, — €5 > 0,
the decision-maker chooses optimally in budget set Bs according to >=,. With probability
€1 > 0, she trembles uniformly over all bundles in Bs. With probability €5 > 0, she trembles
uniformly over all bundles on the frontier of Bs. For example, the decision-maker may find
it easier to understand that bundles in the interior of the budget set are dominated than to
determine the exact location of the optimal bundle on the budget frontier. Trembles on the
frontier would then arise when the decision-maker is mildly distracted, while trembles on the
entire budget set would arise only if distraction is strong.

Formally, the measure 5 is decomposed into the absolutely continuous component p§
that captures trembles on the entire budget set and the singular component x5 that captures
trembles on the budget frontier and the optimal choice. This is illustrated in Figure 2,
where the optimal bundle is x* and trembles take place sometimes on the budget line and
sometimes on the entire budget set.

Suppose for simplicity that we only observe one budget set B as in Figure 2. It follows
immediately that the choice data are best explained by an indifference between all bundles
on the budget line. With an indifference curve like the bold red line, all singular choices are
perfectly explained. Since all preferences explain the uniform trembles on the entire budget

set equally well, it follows that some perfect-substitutes preference is a swaps preference.

11



Figure 2: Uniform Trembles on the Budget Frontier.

In fact, the choice data are monotone with respect to that perfect-substitutes preference.
Whenever the true preference is different, as depicted by the convex blue indifference curves
in Figure 2, its swaps distance to the data is strictly larger, because it generates upper
contour sets with strictly positive volume for all non-optimal choices on the budget line.
Hence, the true preference is not a swaps preference and recoverability fails. The value of
the swaps index is I(D) = €;\(B)/2, missing the trembles that arise with probability e,.”

Indifferences cannot be ruled out in the consumer choice setting, in contrast to the
finite setting. The bold red line in Figure 2 is also compatible with strictly monotone
preferences, a restriction proposed by AB (Online Appendix D.2) to deal with indifferences.
Note furthermore that the recoverability problem would not disappear when imposing the
additional restriction of strictly convex preferences, so that an indifference among all bundles
on the budget line is no longer possible. Preferences with indifference curves closer to the
bold red line still perform better than the true preference. The problem is also not due to
the assumption of observing only one budget set. Figuring out the swaps preference is more
difficult when the environment is richer (see Section 3), but the previous arguments imply
that preference elicitation will be systematically distorted by the need to explain the singular
choices on the budget frontiers.

An interesting special case arises when €; = 0, so that trembles take place entirely on the
budget frontier. We can now attempt to solve the problem by reducing the dimensionality
of the commodity space. Consider again an example with two commodities, * = (z1, xs),
and a single budget set, as in Figure 2. Write the decision-maker’s problem as a choice

of ;1 € B = [0,27"**] and determine z, as a residual on the budget line. The data are

9The value €1 A\(B)/2 follows from the same calculation as in Subsection 2.3.1, after observing that only
the uniform randomization over the entire budget set contributes to the swaps distance for the optimal
perfect-substitutes preferences.
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then given by the choice of x] with probability 1 — €, (singular component) and a uniform

distribution on [0, z7***] with probability €2 (now the absolutely continuous component). We

can look for a swaps preference on B = [0, 27"**]. Note that Z now excludes the complete
indifference, which would not have thin level sets in the lower dimension. As before, all
preferences in &% explain the uniform randomization equally well. The same arguments as
in Subsection 2.3.1 then imply that any preference for which zj is optimal in B is a swaps
preference, generating a swaps index of I(D) = exx"* /2. In particular, the decision-maker’s
true preference on B induced by her true preference >, on Ri satisfies that condition. Hence,
reducing the dimensionality of the commodity space solves the problem when the observed

choice is entirely singular.

2.3.3 Random Parameter Models

There are behavioral models for which recoverability fails even after a reduction of the dimen-
sionality of the commodity space. Consider the following example of a random parameter
model in the context of choice under uncertainty (e.g. Apesteguia and Ballester, 2018).

Let = (21, 22) € X = R% denote consumption in two states of the world. The decision-
maker is endowed with a bundle (w, w—d) € X, reflecting that her wealth is w if no accident
occurs (state 1) but is reduced by d > 0 if an accident occurs (state 2). The probability of
an accident is 0 < p < 1. The decision-maker can buy insurance. Each unit of insurance
costs ¢, to be paid in both states of the world, and pays 1 in case of an accident. We assume
q > p so that the insurance company earns profits. The resulting budget set B is illustrated

in Figure 3. The dashed 45-degree line indicates perfect insurance bundles.

Figure 3: Random Parameter Model.

13



The decision-maker is an expected utility maximizer with CARA utility u(z;) = —e /%

where > 0. It is an easy exercise to show that the optimal bundle is

(x1,29) = (w—qd—%%,w—qd—%),

with

52111(2) —ln(ﬂ) > 0,
p q

where we assume [ > J§/d to rule out corner solutions at the endowment point.

Suppose choice is governed by a uniform distribution of g on [B. — €/2, 5, + €/2] for
some € > 0, i.e., the preference parameter is uniformly distributed around [3,. This model
generates singular stochastic choice on the budget line, as indicated by the bold red line
segment around z* in Figure 3. Hence, by our previous arguments, the swaps approach
applied in R% predicts an indifference among all chosen bundles, which has no plausible
relation to the underlying random parameter model.

Reducing the dimensionality of the commodity space does not solve that problem. The

min  ,.max

decision-maker can be conceptualized as choosing z; from B = [z7"", 27"**], where

qo
ﬁ* - 6/2.

_ 0
B +€/2

2 = w — qd + and 27" = w — qd +
Due to nonlinearity in the risk aversion coefficient, choice is not uniform on B. It is described

by the density

qé

f(xl):e(xl—w—f—qd)??

which is strictly decreasing in x;. These data are monotone with respect to preferences
that always favor smaller values of x1, i.e., higher levels of insurance. The decision-maker’s
average risk aversion coefficient [, induces a preference on B that is unimodal with an
interior peak at x7 = w — qd + ¢d/5, and therefore does not satisfy that condition. More
generally, within the parametric class of CARA utility functions, swaps preferences are the
preferences with 5 > 3, +¢€/2. Thus, the lowest swaps coefficient of risk aversion is the upper
bound of the interval of possible true coefficients. The swaps approach overestimates risk

aversion systematically.
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2.3.4 Logit Models

In a conventional multinomial logit model (or Luce model) for a finite set of alternatives,

the probability of choosing an alternative x from a set B is given by

(1)

where v > 0 is a noise parameter. As v — 0, choice concentrates on the utility maximizing
alternatives in B. As 7 — 00, choice converges to uniform randomization. The model can
be justified as a random utility model with Gumbel error terms (see e.g. Anderson et al.,
1992).10

We can translate this idea to our consumer choice setting by postulating that each us
is absolutely continuous and the decision-maker chooses from Bs in choice situation § € A

according to the density

w0/

fs(z) = W'
It is immediate that the resulting data D are monotone with respect to the preference
represented by the utility function u, which is hence a swaps preference.

There are modifications of the logit model for which monotonicity fails. Matejka and
McKay (2015) study a rational inattention model in which the decision-maker has to learn
about her true utility function and pays an entropy-based cost of information. Consider their
setting with a finite set of alternatives and assume that the utility function u; arises with
prior probability ¢;, where i = 1,...,m. Matejka and McKay (2015) show that the rationally
inattentive decision-maker chooses stochastically according to a modified multinomial logit

formula. When the true utility function is w;, her conditional choice probabilities are

p(x’ B)eul(x)/'y

p(l’,Blle) = ZyeBp(y,B>eui(y)/,y7

(2)

where

=1

10Gee Alés-Ferrer et al. (2021) for a critique of the distributional assumptions made in conventional random
utility models like the multinomial logit and for a constructive way to dispense with these assumptions by
using response time data.
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are the unconditional choice probabilities. When all alternatives are ex ante homogeneous,
this simultaneous system of equations yields the conventional logit formula (1) from above.
Otherwise, conditional choice probabilities are distorted towards unconditional choice prob-
abilities. We show in Appendix A.3 that the conditional choice probabilities are not always
monotone with respect to the preference »; represented by u;. We may have p(x, Blu;) >
p(y, Blu;) even though u;(x) < w;(y). We also show that the unconditional choice prob-
abilities are not always monotone with respect to the prior expected preference. We can
have p(z, B) > p(y, B) even though > ", qu;(z) < D", qu;(y). It follows that there is
not necessarily a plausible relation between swaps preferences and true preferences for data

generated by the rational inattention model.

2.3.5 Framing

Consider a situation in which choice is affected by frames (Salant and Rubinstein, 2008). For
example, one of the bundles in a budget set could be marked as the default, and different
defaults could lead to different choice behaviors. A choice situation could then be described
by 6 = (p,d) € A, where p € RY | is the commodity prices and d € Bs ={z € X | p-z < 1}
is the default bundle. More generally, we can always combine budget sets with different
frames that describe the way in which the budget set is presented or that encode other
relevant features of the environment such as the level of distraction for the decision-maker.

Formally, given an arbitrary set of choice situations A, we can define an equivalence
relation ~ on A by letting § ~ ¢’ if and only if Bs = Bg. In words, § ~ ¢’ means that the
two choice situations d and ¢’ involve the same budget set and hence can differ only in their
framing. In the above example, we would have § = (p,d) ~ (p/,d’) = ¢ if and only if p = p'.
Denote the equivalence class of § by [d].

If frames have no systematic directional effect on choices but only encode different levels
of noise, then our previous arguments apply. For example, if we have a uniform trembles
model as in Subsection 2.3.1 and different frames only affect the level of noise €, because
they generate different levels of distraction, then the data still satisfy >,-monotonicity for
the true preference >, and the true preference can be recovered from the data as before. In
other applications, such as the one with defaults, frames have systematic directional effects
on choices. Here, the fact that condition (i) in the definition of >,-monotonicity requires
only a ranking of the expected densities becomes important. A natural sufficient condition

for this ranking to remain valid despite directional distortions is that >, y implies

/ @ dv@) = [ fo)dn@)
[9] (9]

16



for each equivalence class [0] with {z,y} C B;. In words, as long as the directional effects
arise only in the absolutely continuous part of the data and do not reverse the preference
ranking on average, monotonicity and preference recoverability are preserved.

This result may be useful for the analysis of nudging (Thaler and Sunstein, 2008). In
the spirit of the behavioral welfare approach by Benkert and Netzer (2018), one could check
monotonicity of frame-dependent choice data and then evaluate the quality of choices under
different frames using as a welfare criterion the respective preference for which monotonicity

obtains, with the goal of ranking frames according to their induced decision quality.

2.4 Approximate Recoverability

After having explored behavioral models which do or do not generate monotone data, we
now discuss an approximate version of the recoverability result. For example, we can stick
to our interpretation that >, is the decision-maker’s true preference and that the behavioral
model generates =,-monotone data. When those data are slightly perturbed, if only due
to measurement error that does not necessarily obey preference monotonicity, are swaps
preferences guaranteed to remain close to =,7 Alternatively, and in line with our second
interpretation of Proposition 1 above, if we find a candidate preference =, for which the
data set is almost monotone, will >, be close to a swaps preference?

As a measure of distance between preferences, we use a weighted Kendall tau distance

d@utﬂzl;Xﬂthﬂ@>awwmwﬂ%w,

where the weighting function w : X x X — R, is an exogenous, integrable function chosen
to make the integral well-defined for all pairs of preferences. For instance, when w is a
symmetric density, then d(>1,>2) captures the probability of disagreement (divided by 2)
between the preferences for randomly chosen bundles (and takes values between 0 and 1/2).

We now restrict attention to the case where the data D are absolutely continuous, i.e.,
us = s for all 0 € A. For all (x,y) € X x X, define

M%w=/ (fs(x) — f5(y)) dv(5).
{6cAl{z,y}CBs}

The previous > ,-monotonicity becomes the requirement that x >, y implies m(z,y) > 0.
As discussed earlier, this means that the data provide systematic evidence for =,. The size
of m(z,y) reflects the strength of this evidence. Strength of evidence has not played a role

so far but becomes important now.
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Proposition 3. Suppose D is absolutely continuous and =g is a swaps preference. For any

preference =, € X,

a>0

d(>s, =) < inf /X . I(z >, y) max {w(x,y) — am(m,y),O} d(z,y). (3)

Our bound on the distance between the swaps preference >g and >, reflects the data’s
strength of evidence for or against preference >~,. For any fixed a > 0, the expression on
the right-hand side of (3) is relatively small when x >, y implies that m(x,y) is positive and
large. It is relatively large when x =, y implies that m(zx,y) is small or even negative.

Consider the case where D is actually >,-monotone. Suppose first that monotonicity
is strict, in the sense that x >, y implies m(z,y) > 0. This holds, for example, for an
absolutely continuous logit version of a Walrasian demand function observed on all linear

12 A first implication is the novel

budget sets.!’ The bound in (3) is zero in that case.
insight that, for strictly >=,-monotone data, =, is the unique swaps preference up to almost-
everywhere pairwise agreement. As an immediate corollary, we obtain a unique recoverability
result for the logit model, analogous to Proposition 2. A second insight is that, if we perturb
strictly monotone data slightly and this changes the function m continuously, then the bound
in (3) grows from zero continuously. Even after the perturbation, swaps preferences recover
>, approximately.

Suppose second that monotonicity is not strict, i.e., there are instances with x >, y but

m(z,y) = 0. In this case, the bound simplifies to

/X . L(x =, y)L(m(z,y) = 0)w(x,y) d(z,y).

This bound reflects that a possible multiplicity of swaps preferences arises from switching
pairs where there is no evidence of preferences in either direction. An extreme case is pure
uniform trembles over all budget sets without any singular choice, which implies m(z,y) =0
for all pairs. In this extreme case, the bound takes its maximal value of 1/2 (when w is a
symmetric density). It is not possible to improve this bound, because any preference is a
swaps preference and hence the maximal distance of 1/2 does indeed arise between any given
>, and some swaps preference. If we perturb such data slightly, the swaps preference can

change substantially. Non-strict monotonicity is not sufficient for approximate recoverability.

1 S¢trict monotonicity requires each non-indifferent pair of alternatives to be jointly observed in a collection
of budget sets with strictly positive measure, as otherwise m(z,y) = m(y,x) = 0 for the respective pair.

12When x =, y implies m(z,y) > 0, the integrand in (3) converges pointwise to zero as a — co. Since
the integrand is bounded in absolute value by the integrable function w(z,y), the dominated convergence
theorem implies that the entire integral converges to zero as « — oo, which implies that the infimum is zero.
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Finally, if we start from a data set D that is not >,-monotone in the first place, then
the bound in (3) can be interpreted as quantifying how close D is to »=.-monotonicity. For
example, the bound is maximal for “strictly anti-monotone” data sets. By contrast, when
~. and m(z,y) sometimes agree and sometimes disagree on pairwise comparisons, taking
the infimum over o > 0 optimally trades off the countervailing effects, taking into account

both the strength of evidence m(x,y) and the weight w(x,y) of the different pairs.

3 Computation

In this section, we provide methods to compute the swaps index and swaps preferences. In
contrast to the previous section, we restrict attention to the case where only finitely many

choices are observed and where preferences are monotone.

3.1 Formal Framework

The decision-maker is assumed to choose one bundle from each of finitely many budget sets.

With a slight abuse of notation, we summarize the observed choice data by

D = ((By,21),...,(Bp,27)),

where z; is the bundle chosen from budget B; C Rf; and 7T is the number of decisions.
Denote the set of bundles that are weakly larger in all coordinates than a given bundle x by
= ={ye R |y >2a'Vi=1,...,L} and the set of bundles that are strictly larger in all
coordinates by > = {y € RE | y* > 2' Vi = 1,...,L}. The sets 2= and z< of pointwise
smaller bundles are defined analogously. Following Forges and Minelli (2009), we assume
that budget sets can be described by a function g, : RY — R such that B, = {z € R |
g:(z) < 0}. For example, in the linear case with prices §; € R%, and income w; > 0, we have
g¢(x) = 6 - x —w;. We assume that g; is continuous and strictly increasing, i.e., g;(y) > g:(x)
whenever y € 22 and z # y. We also assume that all budget sets are nontrivial (there exists
z € RY, with g(z) < 0) and that all chosen bundles are on the boundary of the budget set
(g¢(x) = 0) and mutually distinct (x; # zp for all t #£ t').

Denote by Z); C Z the subset of preferences that are monotone, by which we mean that
y =z when y € = and y = = when y € 2. Denote by Zcy C %) the subset of monotone
preferences that are continuous. For the following results, we fix an arbitrary set #Z* with
Koy C X C Xy and define the swaps index as the infimum of the swaps distance between
the data and those preferences, I(D) = infycp W (=, D).
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3.2 Swaps Index

Denote the set of strict rankings of the chosen bundles that respect monotonicity by
P = {r: {z}L, = {1,...,T} | 7 is bijective, and 7(zy) > 7(2;) when zp € z7}.

The following result provides a simple minimization problem that yields the swaps index.

Proposition 4. Given choice data D = ((By,z1), ..., (Br, xT)), the swaps index is

I(D) = min tT /\(Btﬂ( U ztz)) (4)

=1 t|mw(xy ) >7(zt)

According to the proposition, each ranking 7= € II” of the chosen bundles is associated
with a unique value, obtained by adding across all observations ¢ the Lebesgue measure of
how much the principal upper sets xtz, of all bundles xy that are ranked above x; cut into
the budget set B;. This is a crucial simplification, as we can restrict attention to one specific
and easy-to-calculate configuration of upper contour sets. Then we need to optimize only

over the rankings of the observed bundles.!?

X1

X2

Figure 4: GARP Violation.

In Figure 4, the procedure is illustrated for a simple case with T = 2 linear budgets and
a GARP violation, where the problem reduces to comparing the sizes of the two shaded red

areas. The area next to x; corresponds to the case where we rank 7(x;) > 7(z3), and the

130ur construction differs from the suggestion in AB (Online Appendix D.3) because they impose the
requirement of convexity of preferences. Our result generalizes Lanier and Quah (2026, Lemma 2) by allowing
for nonlinear budgets and preferences that are not necessarily continuous. Our result holds irrespective of
the chosen set Z* of preferences. This has important consequences for the existence of swaps preferences,
as we will show in the next subsection. Lastly, problem (4) is not one of the linear ordering problems that
AB discuss for the finite case, because the right-hand side cannot be written as a sum of pairwise costs.
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area next to xy corresponds to the case where m(x2) > m(z1). Since the latter area is smaller
in the figure, 7(z2) > m(x;) is the solution to problem (4) and determines the swaps index.

Next, we offer an alternative representation of the swaps index as a binary minimization
problem, where revealed preferences are removed to make the revealed preference graph
acyclical. This type of problem has previously been studied by Mononen (2023) and is
known to be computationally feasible for typical data sets from the literature. To state the
result, define the strict revealed preference P by z;Pzy < g(xy) < 0. Furthermore, define

the dominance relation M by x;Mxy < x; € th/
Proposition 5. Given choice data D = ((By,x1), ..., (Br,z7)), the swaps indez is

T
. > . .

I(D) = Urgn};{lM 2 A(Bt N <t/|(xtg/)€Uxt,>) such that P\ U is acyclical. (5)

This reformulation of the previous problem has a graphical interpretation. The strict
revealed preferences correspond to a directed graph where each chosen bundle x; is a vertex
and there is a directed edge between x; and xy when x; Pxy. We want to make this revealed
preference graph acyclical by removing edges (xy, x;), keeping those that arise from domi-
nance of the bundles. There is a cost of removing edges, based on the Lebesgue measure of
how much the union of the sets xtz, cuts into By, like before. Hence, the cost of removing
multiple edges from a given x; is not additive if the sets xtz, overlap. Deleting one edge can
reduce the marginal cost of deleting another. This is in contrast to Mononen (2023), where

the cost of removing each edge is defined independently.

3.3 Swaps Preferences

Propositions 4 and 5 give expressions for the swaps index but remain silent about the swaps
preferences. A swaps preference does not even have to exist. Indeed, Lanier and Quah (2026)
have shown that a swaps preference often does not exist in the conventional setting with
linear budget sets: it never exists when the data violate GARP and one requires continuity
of preferences.

This is illustrated in Figure 5, based on the previous example in Figure 4. For the solution
m(xe) > m(x1) to problem (4), the bold orange and blue lines sketch limiting indifference
curves that explain the two choices with minimal swaps distance. These limiting indifference
curves are overlapping (but depicted with a small offset for better readability). Continuous
preferences can only approximate such overlapping indifference curves, which explains the

non-existence of a continuous swaps preference as established by Lanier and Quah (2026).
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Figure 5: Limiting Indifference Curves.

As the next result shows, the conclusion is very different if we allow for all monotone

preferences.

Proposition 6. Given choice data D = ((By, 1), ..., (Br, a:'T)), if #* = Xy then a swaps

preference exists.

In the proof, we construct a monotone utility function u that agrees with an arbitrary
given solution 7 to problem (4) on the chosen bundles and achieves the swaps index exactly.
In the example in Figure 5, we start by assigning a utility of zero to all bundles. We then
change the utility to u(z) = 1 for all bundles 2 € 27 (which includes the chosen bundle z;).
The next step is to further change the utility to u(xz) = 2 for all bundles z € :UQZ, possibly
overriding earlier changes. In the general case, this procedure is iterated following the order
given by the solution 7 to problem (4). The resulting utility function is weakly monotone
and takes integer values. It can then be perturbed slightly to achieve monotonicity without
overturning the ranking of the chosen bundles. The resulting function is not continuous but,
by construction, achieves the swaps index as characterized in Proposition 4. Hence a swaps
preference is guaranteed to exist in the set Z);.

Lanier and Quah (2026) suggest the notion of robust preferences for a given measure of
distance between preferences and data. Robust preferences are those binary comparisons
that all preferences close enough to the infimum distance must have in common. They study
robust preferences for the distance measures underlying the Afriat, Varian, and Houtman-

Maks indices. In the following, we will study robust preferences for the swaps distance.

Definition 2. Given choice data D = ((By,z1), ..., (Br, xT)), x 1s robustly swaps-preferred
to y if there exists =° € Z* such that all = € Z* with W (=, D) < W (=", D) satisfy x = y.

Denote by =* the binary relation that summarizes all robust swaps preferences and by

=" its asymmetric part. The notion of a robust swaps preference is of interest not only when
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a swaps preference does not exist but also when multiple swaps preferences exist. In the
latter case, it follows from the definition that = >* y if and only if all swaps preferences
agree on that ranking (see the discussion in Lanier and Quah, 2026). Hence, robust swaps
preferences capture the preference components that are truly revealed from the data and
remain silent on those preference components that are ambiguous due to multiplicity. This
is similar in spirit to the unambiguous choice relation by Bernheim and Rangel (2009).
Denote by ITP* the set of minimizers in our optimization problem (4). The following result

shows that these solutions describe robust swaps preferences among the chosen bundles.

Proposition 7. Given choice data D = ((By,1),...,(Br,zr)), for each z; and xy, the
following (i) implies (ii):

(i) m(z¢) > m(zy) for all T € TIP*.
(17) @y = zp.
If #* = Xy or if a swaps preference does not ezist, then (ii) also implies (i).

If all solutions of problem (4) agree on the ranking of two distinct bundles, then that
ranking corresponds to a robust strict swaps preference. An immediate corollary is that, if
there is a unique minimizer in (4), then it represents the robust swaps preferences among
the chosen bundles and these are complete. This is the case in the example in Figures 4
and 5, where we obtain x5 >* x;. The converse implication is that any robust strict swaps
preference generates agreement among all solutions to problem (4) and can therefore be
detected this way. Equivalently, disagreement among multiple solutions implies that there
is no corresponding robust swaps preference. This converse is true either when a swaps
preference does not exist (as in Lanier and Quah, 2026, when continuity of preferences is
required and the data violate GARP) or when all monotone preferences are admissible (which
is sufficient for the existence of a swaps preference by Proposition 6). It cannot be true for
arbitrary preference sets. In a case where multiple solutions to (4) exist, and hence there are
multiple swaps preferences in %), that disagree on some bundles, we can always artificially
create a robust swaps preference by removing exactly all disagreeing preferences from #,;.
Such artificial robust swaps preferences cannot be detected by the optimization problem (4).
We conclude this discussion by pointing out that the proposition characterizes robust swaps
preferences among the chosen bundles, but of course these can be extended to non-chosen
bundles using monotonicity and transitivity.

It is instructive to also consider the solutions to our alternative minimization problem of
removing revealed preferences. Denote by %* the set of minimizers in problem (5) and by

trans(-) the transitive closure of a binary relation.
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Proposition 8. Given choice data D = ((By,21),...,(Br,xr)), it holds that 7(x;) > m(zy)
for all m € TIP* if and only if (x4, zy) € trans(P \ U) for allU € U *.

This result implies that the solutions to problem (5) characterize robust swaps preferences
among the chosen bundles in exactly the same way as the solutions to problem (4). A benefit
of the alternative characterization is its computational convenience, which we will exploit in
Section 4. Furthermore, the result shows that, under the assumptions for which Proposition
7 asserts (i) = (i), a necessary condition for a robust swaps preference x; >=* xy is that we

observe a conventional revealed preference (z¢, zy) € trans(P) in the data.

4 Empirical Application

In this section, we provide a short empirical application. The goal is to show that our
theoretical results can be used in practice and that the swaps index generates insights that
go beyond older measures of rationality.

We use the experiment of Castillo and Freer (2023), whom we thank for sharing the data.
In that experiment, 65 subjects chose bundles from 20 different budget sets. A bundle (m, z)
specifies a monetary payment m and the number z of real-effort tasks (data entry) that the
subject does not have to solve, out of ten tasks. Defining x in this way implies that z is
a good rather than a bad. Importantly, the budget frontiers in the experiment are concave
and only piecewise linear. This design allows Castillo and Freer (2023) to test whether
subjects’ preferences are quasilinear. For us, the design is interesting because several of the
conventional measures of rationality are not defined for nonlinear budget sets, so that the
swaps index is a natural candidate in this application.

Castillo and Freer (2023) use the Houtman-Maks index to calculate a distance between
observed choices and different rational choice benchmarks. For example, they check what
fraction of observations one would have to remove until a subject’s remaining choices become
rationalizable by quasilinear preferences. This approach is well-defined irrespective of the
shape of budget sets. To obtain statistical tests, they bootstrap the distribution of the index
for choices that are randomly sampled from the experimental data. The null hypothesis of
random choice is rejected in favor of preference maximization when a subject’s rationality
index is better than some percentile of the distribution for random choices.

We mimic this approach and calculate the Houtman-Maks distance to the benchmark
of maximizing monotone preferences. Table 1 reports cutoffs for rejecting random choice
and the resulting individual pass rates. For example, among 400’000 randomly generated
choice data sets, the most rational ten percent generate a Houtman-Maks index of 0.10 or

less, because removing two of the 20 choices is sufficient for rationalizability. Among all 65
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Table 1: Pass rates and cutofls.

Pass rates Cutoffs
p =0.10 p = 0.05 p=0.01 p=010 p=0.05 p=0.01

H-M  85% (55/65) 75% (49/65) 75% (49/65) 0.1000  0.0500  0.0500
Swaps 85% (55/65) 74% (48/65) 52% (34/65) 0.3463  0.0911  0.0001

subjects, 55 achieve this value or less. Hence the rate of subjects who pass as more rational
than random is about 85% at a significance level of p = 0.10.

We conduct exactly the same exercise for the swaps index, using Proposition 5 for com-
putation. With the MATLAB solver, the average computation time for a swaps index is 0.02
seconds and the maximum is 0.11 seconds. The results are reported in the second row of
Table 1. As can be seen, the swaps index agrees with the Houtman-Maks index for the least
stringent significance level p = 0.10. The two measures diverge for lower values of p. Since
subjects make 20 choices, the Houtman-Maks index takes only discrete values in steps of size
1/20 = 0.05. As a consequence, the cutoffs do not even differ between p = 0.05 and p = 0.01,
generating the uniform pass rate of 75%. The swaps index is continuous in the geometry
of the budget sets and separates these two cases. The pass rate is a slightly lower 74% at
p = 0.05 and a substantially lower 52% at p = 0.01. We consider this finer differentiation a
desirable property for a measure of rationality.!4

We also derive robust preferences for both the Houtman-Maks index and the swaps
distance. For swaps, we do this using Proposition 8. We consider all solutions that remove
revealed preferences from the revealed preference graph (keeping those due to dominance)
and achieve acyclicity at minimal cost. Robust preferences among the chosen bundles are
those that survive in the transitive closure of each solution. We proceed analogously for
Houtman-Maks. We consider all solutions that remove the minimal number of observations
from the data to achieve rationalizability. Robust preferences are those that survive in
the transitive closure of the revealed preferences (adding those due to dominance) in each
solution.

Table 2 summarizes the results. On average across subjects, we obtain about 211 strict
revealed preferences in the conventional sense, i.e., there are 211 ordered pairs of chosen
bundles in the transitive closure of P. This is a large number. Since there exist 380 ordered

pairs of the 20 chosen bundles, an upper bound on the number of strict revealed preferences

4 (astillo and Freer (2023, Appendix 2) additionally study two versions of the Afriat index but point
out that its definition and interpretation are ambiguous for nonlinear budget sets. In their test of locally
nonsatiated preferences, one version of the index differentiates the two cases p = 0.05 and p = 0.01 strongly
(their Table 5) but the other version much less (their Table 6).
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Table 2: Robust preferences.
#trans(P) # =* % complete

H-M 211.03 157.13 0.83
Swaps 211.03 184.42 0.97

that are compatible with acyclicity is 380/2 = 190. Hence a substantial number of revealed
preference cycles exist. With the Houtman-Maks approach, about 157 of these revealed pref-
erences are robust on average. With the swaps approach, about 184 preferences are robust.
This number is close to the theoretical upper bound of 190, implying that robust swaps
preferences among the chosen bundles are close to complete (average 97% completeness,
compared to only 83% for Houtman-Maks). The swaps approach is highly informative and

generates preferences suitable for meaningful welfare analysis.

5 Conclusions

We study the swaps index by Apesteguia and Ballester (2015) in a consumer choice setting
with infinite commodity spaces. We show that the swaps approach has a solid foundation,
because many (but not all) plausible boundedly rational models of behavior generate choice
data for which the true preference of the decision-maker is recovered as a swaps preference.
We also show how the swaps index and robust swaps preferences can be computed for
standard consumer choice data sets. Our empirical application illustrates the applicability
and usefulness of the approach.

The basic swaps index is nonparametric. Parametric assumptions on utility functions are
often desirable and commonly used in practice (see e.g. Halevy et al., 2018). Information in
the form of parametric assumptions can easily be incorporated in our setting. This has been
done, for example, by Chung et al. (2025) in their study of the causal effect of attention-

enhancing drugs on rationality.
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A Appendix

A.1 Proof of Proposition 1

Fix =, € Z and an arbitrary = € #. The distance between > and D can be decomposed as

W (=, D) = /A /B N{y € By |y = a})dui(x)dv(5) (6)
" /A /B A{y € By |y > 2)) fs(2)dedv (6). (7)

For the inner integral of the first summand (6), we have, for all 6 € A,

[ Mwe Bs 1y - ahuit@) 20 = [ Aty e Bs [y - ahiduia),

Bs

because the singular component p is rationalized by >, by definition of > ,-monotonicity.
It follows that the first summand (6) is minimized by >, among all preferences in %.

Considering the second summand (7), first define
A= | fo()v(0) = [ 14y} € B fo()iv ),
{6eA[{z,y}CBs} A

so that, for all z,y € X, x =, y implies A(x,y) > A(y, z) by >=.-monotonicity. We can then

rewrite (7) as

|/ Ay € 85 |y = et ()
_/A/Ba /Béﬂ(y>x)dyf5(x)dxdy(6)
:/A/X/XIL({x,y}ng)Il(y>-x)dyf5(a:)dxdy(6)
_ /X /X /A 1({z,y} C By)(y = ) f5(x)dv(6)dydz

= [ [ 1m0 ([ 1) € B sita)ans)) dus
:/X/Xll(y>—x)A(x,y)dydx.

Fix an arbitrary linear order > on X with measurable upper contour sets (e.g. the lexico-
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graphical order) and define

Y={(z,y) e X x X |y>xz, xty, vy}

so that every pair of bundles is contained in one order only, and not at all if either > or =,

involves an indifference. We can then further rewrite

/X /X 1y = 2)A(z, y)dydz
:KLAE@>IH@¢@@A@wmwx

— /X . Ly = 2)1(y % 2)A(z,y)d(z,9)
_ /Y (L(y = 2)A(x,y) + Lz = y) Ay, 2)) d(z,y),

where the first equality uses that the Lebesgue measure of indifference sets is zero for all

preferences in % and hence 1(y %, x) = 1 almost everywhere in the inner integral. For any
(z,y) € Y it holds that

L(y = 2)A(z,y) + L(z = y) Ay, ) > Ly =« 2)A(z,y) + 1(z =, y) Ay, z),

because both sides of the inequality are identical when > and >, agree, and the inequality

follows from >,-monotonicity when > and >, disagree. Hence

/A /B A{y € Bs | y > 7)) fs () dudv ()
_ /Y (1(y = 2)A(z, ) + 1(z = 9)A(y, 2))d(z, y)
> /Y (1(y . 2)A(z, ) + 1(z =0 ) Aly, 2))d(z, y)

= [ [ Mwe Bsly - e futordsants).

It follows that the second summand (7) is also minimized by >, among all preferences in Z.

Hence >, is a swaps preference.

A.2 Proof of Proposition 2

Let = # >, be any continuous, monotone, and strictly convex preference. For each price

vector § € A = R% | the optimal bundles in B; are unique so we can represent them by
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a Walrasian demand function, denoted by z*(8) for =, and by x(J) for »=. It follows from
Berge’s maximum principle that z*(4) and x(J) are continuous functions.

For uniqueness, we need to show that W (=, D) > W (>,, D). As in the proof of Proposi-
tion 1, we can decompose the swaps distance for any preference >’ into a singular part and
an absolutely continuous part, W (>', D) = W*(>', D) + W¢(*', D), where

We(=', D) = /A A{y € Bs |y =" 2°(8)})(1 — )dv(8)

and

//35 {yeBd|?/>ﬂf})( dnd(5),

using the definition of the uniform trembles model with true preference ..

We first state a useful lemma.

Lemma 1. For any bounded and Lebesque measurable set B C Ri, the unweighted average

volume of the upper contour sets is the same for all preferences,

/BA({y€B|y>x})dx:>\(§)2 Ve, (8)

Proof. The result is immediate when A(B) = 0. When A\(B) > 0, the Lebesgue measure of
the upper contour set of x within B is the probability that a uniformly drawn bundle from B
is preferred over z, multiplied by the constant A(B). Averaging this probability over all x in
B gives the probability that among two bundles that are sequentially drawn uniformly and
independently from B, the second is preferred over the first. This probability is independent
of the preference = € # and equals 1/2. Hence, integrating \({y € B | y > x}) over all z in
B yields A\(B)?/2.15 m

Lemma 1 immediately implies W¢(=, D) = W¢(i=., D). It also holds that W*(=., D) = 0
by definition of the uniform trembles model. Hence it suffices to show that W*(>, D) > 0.

Since > # =, it follows from Theorem 2 in Mas-Colell (1977) — using the property that
> is lipschitzian — that there exists a price vector dy such that z(dy) # x*(dp). Continuity of
x and x* then implies that there exists an open ball U(dy) around ¢ such that x(d) # z*(9)
and in particular z(0) = x*(J) for all § € U(dy). Let u be a continuous utility representation
of =. Then u(z(0)) > u(z*(0)) for all § € U(dp).

It follows that u™'((u(z*(6)), u(x(d)))) C R% is open and nonempty for all § € U(d). It

15We are grateful to Jakub Steiner for suggesting this short proof.
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furthermore follows that v ((u(z*()), u(x(4))))Nint(Bs) is open and nonempty. Nonempti-
ness holds because u(az(d) + (1 — a)z*(0)) € (u(x*(9)),u(x(d))) for all a € (0,1), by
strict convexity and the fact that z(d) uniquely maximizes u on Bs. Thus by continu-
ity there exists v € (0,1) such that u(y(az(d) + (1 — a)z*(0))) € (u(z*(5)),u(z(d))) and
v(az(d) + (1 — a)z*(0)) € int(Bs). Therefore

W*(=, D) = /A A{y € Bs |y = *(5)})(1 — )d(d)

> [ A (@), (e 5) N (B (1 () > 0.
U(do)

A.3 Non-Monotonicity of Rational Inattention

Consider an example in the finite setting of Matejka and McKay (2015) with B = {z,y}.
Suppose the decision-maker has one of two possible utility functions. Utility function u
with uy(z) = 2 and uy(y) = 0 has prior probability ¢. Utility function us with us(x) =0
and us(y) = 1 has prior probability 1 — g. Setting v = 1 without loss of generality, the
normalization condition (17) in Matejka and McKay (2015) becomes

q + l—gq -1
@ B) + (1o B)e? | o B+ (1 plw, Bl "

from which the unconditional choice probability p(x, B) can be obtained. The two conditional
choice probabilities p(z, Blu;) and p(z, Blug) then follow from (2).

For ¢ = 0.35, we obtain the numerical solution p(x, B) ~ 0.45. Hence p(z, B) < p(y, B)
even though ¢2 + (1 — ¢)0 = 0.7 > 0.65 = ¢0 + (1 — ¢)1, showing that unconditional choice
probabilities are not monotone with respect to the prior preference.

For ¢ = 0.6, we obtain p(z, B) ~ 0.89, from which it follows that p(z, Blu;) ~ 0.98
and p(x, Blug) = 0.74. Hence p(x, Blug) > p(y, Blug) even though us(z) = 0 < 1 = us(y),
showing that conditional choice probabilities are not monotone with respect to the true

preference.

A.4 Proof of Proposition 3

As shown in the proof of Proposition 1, for any = € % we can write

W= D)= [ [ 1= 2)At s
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where we use absolute continuity of the data. Given any two preferences =1, =5 € #, define

Y ={(r,y) e X x X |z =2 y,x 41 y}.

Thus,
W(=,, D) /X /X 1y =1 2)A(z, y)dyde
_ /X/XIL(y 1 @)1 (2 ko y)Alz, y)dyda
— [ (1 2)A@0) + 1 =1 ) Aly.) dGo.)
and
W (s, D) = 1(y =9 z)A(z,y)dydx

—

1(y =9 z)1(x #1 y)A(z, y)dydz

(L(y =2 2) Az, y) + Lz =2 y)Aly, x)) d(z, y)

—

Ay, z)d(z, y).
It follows that

WD) = Wz D) = [ 101 2) (Ae.g) = Algoa) da)

= [ 11 2)mGe i),

For every (z,y) € Y and every & > 0,

m(z,y) = kw(z,y) — (kw(z,y) — m(z,y)) = kw(z,y) — max{rw(z,y) — m(z,y),0}.
Hence,

W(1,D) = Wiz2, D) > [ 151 ) (rola,y) = max{ e, ) = m(a,0), 0) d(e. )
—« [ 1 Dt i)

— /Y 1(y »=1 ) max{rw(z,y) — m(z,y),0}d(x,y)
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> Kkd(>1,72)

- /Ymax{/iw(as,y) —m(z,y),0}d(z,y).

For =1 =>g and =5 =", we have 0 > W (g, D) — W(>,, D) and therefore

dlmsm) < - [ max{ru(e.g) = miz.p). Obd(e.)
1

= /X . I(x =, y)L(x #s y) max{rkw(z,y) — m(z,y),0}d(x,y)

1

— - /X . I(x =, y) max{rw(z,y) — m(z,y),0}d(z,y)

= /X . L(z =, y) max{w(z,y) — m(z,y)/k,0}d(z,y).

Since the inequality holds for all x > 0, it also holds for the infimum. Substituting o = 1/k
yields the result.

A.5 Proof of Proposition 4

We prove the result by two lemmas. The first lemma shows that (4) is an upper bound
for the swaps index even when we minimize over the small set Zcp.'® The second lemma
implies that the same expression (4) is a lower bound for the swaps index even when we
minimize over the large set #);. Taken together, the swaps index must be equal to (4) for
any Zcoy C % C RZyy.

Lemma 2. Given choice data D = ((By, 1), ..., (Br, :L’T)), for any ™ € 1P,

T
inf W(=,D) <> MBn = ). 9
ERCEENNICLIGHVIE) Y

t|m(xy)>m(xe)

Proof. Given any 7 € II”, we construct monotone continuous preferences that coincide with
7 on the chosen bundles and achieve a swaps distance arbitrarily close to the right-hand side
of (9). Hence the infimum of W (>, D) over Zc); cannot exceed this expression.

Step 1. We first construct limiting upper contour sets and indifference sets, which may
still overlap for the different chosen bundles. By permuting indices, we can w.l.o.g. assume
that 7(z1) < m(x2) < ... < w(xy). For each t € {1,...,T}, let A, be the downward closure

60ur proof is constructive. Lanier and Quah (2026) prove the result non-constructively for the case of
linear budgets. Their technique would apply to nonlinear budgets as well.
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of int By,
Ay ={r eR" |3y e RY, g:(y) < 0,z € y=}.

Define A; = RE\ A;, noting that A, contains the bundles z € Ri with g;(x) > 0, but is a
subset of R” not of RY. Then define Uy = R” and, recursively for each n € {1,...,T},

Uy, =Unp1 N (Anu ( LTJ xf))

t=n+1

Thus, the limiting upper contour sets U, are given by the bundles that are at or above the
boundary of the budget set, plus all bundles that are pointwise larger than those bundles
x; which 7 ranks above z,,, then extended naturally to R” and restricted to those bundles
which were already in the earlier limiting upper contour set U,_1. The construction implies
U, CU,_; and xtz CU,forallte {n,...,T}. The limiting indifference sets are defined by
the boundary of U, in Ri. Formally, I,, = U, N RJLF for all n € {1,...,T}. It holds that
T, € fn, because x,, is on the boundary of A,, and not contained in any xtz for t > n, since 7

respects monotonicity. The Lebesgue measure of the intersection of B, with U, is given by

A(Bn N (tgjﬂxf)).

Summing across all n € {1,..., T} yields the right-hand side of (9).
Step 2. We now shift the upper contour sets and indifference sets to remove overlap.

Define for all S C RF and n € R
S+n={yeRF|3xeSwithy' =a'+nforalli=1,... L}

Note that for some sufficiently small n° > 0, x,, ¢ (z7 — n°) for all n and all ¢ > n, since 7
respects monotonicity. Let n < 7° and n < min{z} | 1 <i < L,1 <t < T, z! > 0}, where
the second inequality ensures that no coordinate of xtz is shifted exactly to zero. Then define

Uy = RE and, recursively for each n € {1,...,T},

U, = (Un_1 + %) N (An U (tL:JH (27 — 77)))-

In contrast to the construction in step 1, the shifted upper contour set U, contains some

additional bundles around each better-ranked xtz, but is restricted to bundles strictly away
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from U,,_1, so that U, C U,_;. It still holds that 27 C U, for allt € {n,..., T}, because even
T subsequent upward shifts of the upper contour sets of size /T do not exceed the downward
shift of xtz of size . The respective indifference sets are again defined by the boundary
I, = 0U, NRE for all n € {1,...,T}. It still holds that z,, € I, because z,, ¢ (z7 — 1)
for t > n when 7 is small enough, as pointed out above. Furthermore, any ray through the
origin intersects these indifference sets in at most one point, because g; is strictly increasing
and 7 is small enough to not shift any coordinate of 27 to zero, as also pointed out above.

Step 3. We next construct a preliminary utility function « : ]Ri — R that respects the
shifted upper contour sets and indifference sets. First define @(0) = 0. Consider then any
non-zero x € RY with « ¢ Ur. There exist unique n € {0,1,...,7 -1}, a < 1,and 8 > 1
such that ax € I, and Sz € I, 1, where we let Iy = {0}. Define

1l -«

B—a

u(x) =n+

Finally, consider any « € Ur. There exists a unique o < 1 such that axz € Ip. Define

u(x) = —T.
() =~
The construction implies that « is continuous and strictly increasing along rays through the
origin, and that @(z) = n whenever z € I,,.

Step 4. We finally construct a utility function u : ]RJLr — R that additionally respects

monotonicity. For each z € R, define

u(z) = g;ggﬁ(y)-

Hence, u is continuous and monotone, and u(x) = n still holds when z € I,,.
Step 5. When 1 — 0, the upper contour sets of u converge to the limiting sets constructed

in step 1. The result now follows from continuity of the Lebesgue measure. m

The second lemma implies that (4) is also a lower bound for the swaps index even when
we minimize over the large set #);. The result is slightly stronger to be also useful later on.

Denote the set of strict rankings of the chosen bundles that respect strict monotonicity by

2 = {m: {=}, — {1,...,T} | wis bijective, and 7(xy) > 7(z;) when z, € ;" }.
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Lemma 3. Given choice data D = ((By,x1), ..., (BT,ZL‘T)), for any m € H>D> and = € Xy

such that xy = x; implies w(xy) > m(T1),

T

Y Ay eBi|y=x}) Z;T;)\(Btﬁ< U m§)>

t=1 t|m(xyr ) >7(xt)

Proof. Forallt=1,...,T,

My € Bily = ze}) = MB:N{y €RY |y = x4}

ey
t'|w(x

¢)>m(2t)

where the inequality holds because for any ¢’ with 7(zy) > 7(x;) we either have zy > x; and
thus 2;; C {y € RY | y = 2}, or 2y ~ z; in which case z;; \ {y € RY | y = 2;} has Lebesgue

measure zero. [l

Lemma 3 implies that (4) is a lower bound for the swaps index defined over %), after
observing that, for any =€ %), there exists 7 € II” C IIZ such that zy > z; implies

m(zy) > m(x;), by monotonicity of the preference >.

A.6 Proof of Proposition 5

For a ranking 7 € II”, define

cm-ya(mo( U )

tm(xy)>m ()

By Proposition 4, the swaps index is I(D) = min,cqp C(m). Define the set of deleted

revealed-preference edges induced by 7 as
A,r = {(xt,l't/) epP ‘ 7T($t/) > 7T(xt>}.

Because 7 respects monotonicity, A, C P\ M. Moreover, P\ A, is acyclical since 7 represents
it. Observe that if (z;,z1) ¢ P, then A\(B, N ;) = 0. Hence,

O(r) = éA(Btﬁ ( U xf))

t | ((Et ,Qﬁt/)eAﬂ—
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Thus every feasible ranking 7w generates a feasible edge-removal set A, with the same value.
It follows that

T

min A(Bt N ( U xf,)) s.t. P\ U is acyclical < min C(7) = I(D).

UCP\M rellP
\ t=1 t|(xe,xp )€U

Conversely, take any A C P\ M such that P\ A is acyclic. Thus there exists a ranking
ma such that if (v, 2,) € P\ A then ma(z;) > ma(wy). Since M C P\ A, if , € 2, then
7a(zs) > wa(zy). Hence, m4 € IP. Now suppose (24, 7;) € P and ma(zy) > wa(x;), hence
(x4, 27) ¢ P\ A. Thus (z4,2}) € A and so A, = {(z,2¢) € P | ma(zy) > wa(zy)} C A.

Hence, we have

cr)=SABn( U @)= ama( U %))

t=1 V|(2t,00) E AR , =1 V|(2r,0,) €A

Thus every feasible edge-removal set A generates a feasible ranking 74 with a weakly lower

value. It follows that

(D) = A(Ben ( 7)) st PAU is acyelical.
(D) = 7{2%[% C(m) UICn};{lMZ ¢ N t,|($L$J)€Uxt S \ U is acyclica

These inequalities together imply that the optimization problem (5) has the value I(D).

A.7 Proof of Proposition 6

Fix any ranking 7 € II”. We construct a utility function v : R — R that respects T among
the chosen bundles. We then show that the preference = represented by w satisfies = € %y,

and generates a swaps distance
T
W (=,D) < ZA(Bt N ( U :cj))
t=1 t’|7r({Et/)>7T(£Et)
When 7 is a solution to problem (4), the resulting > is a swaps preference by Proposition 4.

Define ¢ : RZ — R by

B w(xy) if x =z, forsomet=1,...,T
() =
0 otherwise.
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Then define v : RE — R by v(z) = max,c,< 0(y). Since 7w € II” respects monotonicity, we
obtain v(z;) = w(x;) for all t = 1,...,T. Furthermore, y € 2= implies v(y) > v(x), so v is
weakly monotone. Then define u(z) = v(z) + o(z) for o(z) = 1 — exp(— Y=, #%). Since
o(z) € ]0,1), adding it never overturns a strict ranking of v between bundles. In particular,
w still respects m among the chosen bundles. Furthermore, w is strictly increasing (hence is
measurable and has thin level sets), so that the preference it represents satisfies = € Z;.
Consider any t = 1,...,7 and y > =z, which requires v(y) > v(x;) = w(a;). This
implies that there must exist zy with 7(zy) > 7(z¢) and zy € y=, or, equivalently, y € xtz,

Therefore,

(TS U xtz,

| (@y)2m(x)

We obtain

T

W(=D)=> My € B |y-m}) < iA<Btm< J >$t>>>

t=1 = t/‘ﬂ'(mt/)Zﬂ'(L’Et

:é)\(Btﬂ( U )a:f,)),

t () >m(xt

where the last equality follows because m(xy) = m(x;) requires # = t, and A\(B; Nz7) = 0.

A.8 Proof of Proposition 7

Step 1: (i) implies (ii).

As shown in the proof of Lemma 2, for any 7 € II” we can construct preferences = € Zecs
that coincide with m on the chosen bundles and achieve a swaps distance arbitrarily close
to the right-hand side of (9). If m(zn) > 7(xse) for all m € IIP* it follows that there exist
preferences = € Zcy with xp = x2 that achieve a swaps distance arbitrarily close to I(D),
by Proposition 4.

Consider instead any preference = € %), such that 2 = zp. Iif xp ¢ xt%, then choose any
7 € IIP which satisfies m(z2) > 7(zp1) and additionally 7(zy) > w(x;) whenever zy = x,
which exists due to monotonicity of ». Lemma 3 shows that the swaps distance is at least
the right-hand side of (9) for the chosen 7. Since 7 ¢ II”* and this set is finite, it follows
that the swaps distance of all these preferences is strictly bounded away from I(D).

If 24 € 23 and therefore 7(vy) > 7(zs2) for all # € TP, we must have 2, ¢ 27 and

T2 ~ zp by monotonicity of =. Choose any 7 € IT” which satisfies 7(xy) > 7(x;) whenever
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xp > x; and additionally that there does not exist t with w(x) > mw(x) > w(z2) (if there
exists at least one ¢’ with xy ~ z,2 ~ 2, and zp € xt% and zp € aztz/, we can replace t! by the
appropriate ¢’ in the following argument, which guarantees the existence of such a ranking
7). Construct 7/ € IIZ from 7 by only switching the values of z;1 and z;2. Since there does

not exist ¢ with m(zn) > m(x,) > 7(xs2), it still holds that zy = x, implies 7'(xy) > 7'(xy).

By Lemma 3,
T T
YAy € By = a}) > ZA(Bm ( U xf))
t=1 t=1 t |7 (@) >7! (xt)

By the definition of 7/, for all ¢t ¢ {t!,¢?} we have
)\(Btﬂ ( U a;f)) - )\(Btﬂ ( U xf))
t| 7! (g ) >7 (x4) t|m(xy) > ()
Additionally, it holds that A(Be N xtzl) = 0 since zp € xt%, and therefore

(o U ) =a(mn( U o))

tmw(z, ) > (T2 '’ (zyr)>7 (2,2)

_ )\(Btz n ( U x>)

|’ (zyr)>7 (2,2)
Furthermore,

men( U @) almn( U o))

t| 7! (zy)>7 (x,1) () >m(z,1)

(U )

V| (xy)>m(x,1)
where the inequality follows from the observation that

((wn) (o LU )

(g )>m(z,1)

:)\(Btlﬂ(xt%\ U x§)>>o

t|m(zy)>m(z,1)
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since xy € xt%, 7 € I1P, and the function g, defining B, is strictly increasing. Thus

T

ZA({yeBt|y>xt})2§;)\(Btﬂ( U x§)>

t=1 t | () > (xt)

T
> mi M BN =),
mpA(mn (U )

tm(xy)>m(xy

which again shows that the swaps distance is strictly bounded away from (D).
Taken together, sufficiently close to I(D), all preferences must satisfy xy = 42, which

implies (x4, x2) € =* and (242, 20) ¢ =%, hence x4 =* 1.

Step 2: (ii) implies (i) if either Z#* = Xy or a swaps preference does not ezist.

We will show that a violation of condition (¢) implies that (i7) is also not true. This is
immediate when the violation is due to w(z;) = 7(xy) because t = t'. It is also immediate
when 7(z;) < w(xy) for all 7 € IIP*, because in that case xy =* z; by the first part of the
proof, and therefore z; ** xy by asymmetry of >=*. Hence consider the remaining case where
there exist m, 7 € IIP* with 7(z;) > 7(zy) and 7(z;) < 7(xy).

Suppose first that a swaps preference does not exist. Let =% € %* be arbitrary. Since a
swaps preference does not exist, I(D) < W (=" D). As shown in the proof of Proposition 4,
we can therefore construct a preference = € Zoy C Z* that agrees with 7 and a preference
= € %oy C Z* that agrees with # and which satisfy W (=, D), W(=,D) < W(=° D).
Hence (x4, xy) ¢ =* and (zy,x;) ¢ =*, so there is no robust swaps preference.

Suppose next that Z* = #Z);. As shown in the proof of Proposition 6, there exists a
swaps preference > € %Z* that agrees with 7 and a swaps preference = € %* that agrees

with 7. Again, (24, zy) ¢ =* and (zy,x;) ¢ =%, so there is no robust swaps preference.

A.9 Proof of Proposition 8

Suppose that 7(z;) > 7(zy) for all 7 € IIP* but, by contradiction, (z;,xy) ¢ trans(P\U) for
some U € %*. Denote P = trans(P\U) and define P = PU{(zy, x;)}. We first show that P
is acyclical. Since P\ U is acyclical by definition of %/*, it follows that Pis acyclical. Thus,
if P were not acyclical, there would have to be a cycle of the form xy pxtpmtlp . pxtn P:L‘t/,
which implies (z, zy) € P by the definition of transitive closure, a contradiction. Hence,
since P is acyclical and M C ]5, there exists a ranking # € II” that represents P, ie.,

(24,,1,) € P implies 7(zy,) > 7(zy,). It follows that 7 also represents P\ U. As in the
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proof of Proposition 5, define Az = {(z4,,21,) € P | 7(xy,) > 7(xy,)} C U, so that

cw-3amn( U w@)-Xama( U )

t=1 V|7 (xy)>7 () t'|(ze,v )EAR

Sama( U ) =10

t=1 ¥/ (x4, ) EU

By Proposition 4, this implies 7@ € II1P*, which is a contradiction because 7(xy) > 7(xy).
Suppose next that (zy, zy) € trans(P \ U) for all U € %* but, by contradiction, there
exists 7 € IIP* with 7(xy) > 7(x;). As shown in the proof of Proposition 5, the set A, =
{(zt,z¢) € P | m(xy) > m(xy)} is a feasible edge-removal set which induces the same value
of the objective in (5) as 7 induces in (4), so that A, € % * because both problems achieve
the same minimal value. Denoting P = P\ Ay, it therefore holds that (z,zy) € trans(P)
by our assumption, but (z, xy) ¢ P. Hence there must be a sequence xtf)xtlp e f’xtn Pxy.
Since 7 represents P, this implies 7 (z;) > 7(xy,) > ... > m(xy,) > 7(zy), contradicting that

m(xy) > m(xy).
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