~ A Service of
’. b Leibniz-Informationszentrum

.j B I l I Wirtschaft
) o o o Leibniz Information Centre
Make YOUT PUbllCCltlonS VZSlble. h for Economics ' '

Kannan, Aswin; Kreimeier, Timo; Walther, Andrea

Article — Published Version
On solving nonsmooth retail portfolio maximization
problems using active signature methods

Computational Management Science

Suggested Citation: Kannan, Aswin; Kreimeier, Timo; Walther, Andrea (2025) : On solving
nonsmooth retail portfolio maximization problems using active signature methods, Computational

Management Science, ISSN 1619-6988, Springer Berlin Heidelberg, Berlin/Heidelberg, Vol. 23, Iss.
1

https://doi.org/10.1007/510287-025-00544-3

This Version is available at:
https://hdl.handle.net/10419/342954

Standard-Nutzungsbedingungen: Terms of use:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen Documents in EconStor may be saved and copied for your personal
Zwecken und zum Privatgebrauch gespeichert und kopiert werden. and scholarly purposes.

Sie durfen die Dokumente nicht fiir 6ffentliche oder kommerzielle You are not to copy documents for public or commercial purposes, to
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich exhibit the documents publicly, to make them publicly available on the
machen, vertreiben oder anderweitig nutzen. internet, or to distribute or otherwise use the documents in public.
Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen If the documents have been made available under an Open Content
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten, Licence (especially Creative Commons Licences), you may exercise
gelten abweichend von diesen Nutzungsbedingungen die in der dort further usage rights as specified in the indicated licence.

genannten Lizenz gewahrten Nutzungsrechte.

-. http://creativecommons.org/licenses/by/4.0/
Mitglied der
WWW.ECOMSTOR.EU K@M 3
. J . Leibniz-Gemeinschaft


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://doi.org/10.1007/s10287-025-00544-3%0A
https://hdl.handle.net/10419/342954
http://creativecommons.org/licenses/by/4.0/
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

Computational Management Science (2026) 23:1
https://doi.org/10.1007/510287-025-00544-3

ORIGINAL PAPER |

®

Check for
updates

On solving nonsmooth retail portfolio maximization
problems using active signature methods

Aswin Kannan'? - Timo Kreimeier'? - Andrea Walther'

Received: 16 July 2024 / Accepted: 2 September 2025 / Published online: 13 November 2025
©The Author(s) 2025

Abstract

The retail industry is governed by crucial decisions on inventory management, dis-
count offers like promotions and stock clearing as so-called markdowns, presenting
two sets of optimization problems. The former is an estimation problem, where the
underlying objective is to predict the coefficients of demand (sales) elasticity with
respect to product prices. The latter is the dynamic revenue maximization prob-
lem, which takes in the coefficients of demand as inputs. While both tasks present
nonsmooth optimization problems, the latter is a challenging nonlinear problem in
massive dimensions. This is further subject to constraints on inventory, inter-prod-
uct relationships, and price bounds. Traditional approaches to solve such problems
relied on using reformulations and approximations, thereby leading to potentially
suboptimal solutions. In this work, we retain the nonsmooth structure generated by
the max type (or equivalently absolute value type) function and solve the resulting
problem in its abs-quadratic form, i.e., in a quadratic matrix-vector-product based
representation including linear arguments in the abs-evaluation. Subsequently, we
present an adaptation of the Constrained Active Signature Method (CASM) that
explicitly exploits this abs-quadratic structure of the problem yielding the Quadratic
Constrained Active Signature Method (QCASM). In the process, we also guarantee
convexity of the objectives under some mild realistic assumptions on the market de-
mand and structure. Two real world retail examples (UK and US market data from
2017-2019) and one simulated use-case are studied from an empirical standpoint.
Numerical results demonstrate good performance of QCASM and further show that
such solvers can be used significantly by the retail science community in the future.

Keywords Retail - Nonsmooth optimization - Revenue maximization - Pricing -
Active signature method
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1 Introduction and survey

Retail markets primarily gravitate towards revenue maximization. While the revenue
can simply be expressed as a direct product of price and sales, these two quantities are
actually more complicated in reality (Cohen 2017; Cohen et al. 2016; Kannan et al.
2020) as they depend on multiple factors like consumer demand, time-line, inventory
levels, and relationships between SKUs. Here, SKU refers to Stock Keeping Unit, or
in simpler terms product ID. It can also be noted that pricing and consumer demand
vary significantly from one SKU to another, e.g., pricing of a T-shirt may differ sig-
nificantly from that of rice or sugar. Consumer demand is usually a consequence of
prices, social aspects, geographical indicators, and many other criteria (Roy 1938;
Chan et al. 1990). Retailers also face challenges in maintaining sufficient inventory
levels at their respective outlets that are subject to several logistic factors, practical
weather aspects, and storage limitations. Within the same SKU, the demand towards
different sizes can vary. For example, the demand for a medium size T-shirt may be
higher than that of a large or small T-shirt. Proposing a different SKU to each such
size is deemed to be arduous and less robust, since this can significantly increase the
problem dimension. One way to handle such variations is by deploying the stock
response factor (Li et al. 2022), which models demand as a function of both customer
preferences and available inventory levels.

Another crucial aspect with retail markets is the aspect of discounts (Cohen 2017,
Cohen et al. 2016; Kannan et al. 2020; Kannan and Panchamgam 2020). Discounts
are usually offered in two levels, respectively referred to as promotions and mark-
downs. Promotions are lower levels of discounts intended to increase product sales
temporarily. These reductions are usually enforced when a new competitive product
is introduced or if sudden changes in inventory are required. Products are also pro-
moted when there is a sudden random surge/drop in customer demand levels. Mark-
downs on the other hand are offered during inventory clearance. These prices are
considerably lower than the base and are brought forward as a mechanism to either
discard older stocks or when replacing the SKU, e.g., when terminating a product
from the catalogue. There exist constraints on the number of times promotions or
markdowns are offered, since they are tied to several internal policies and regulations
of the corresponding businesses. Lastly, there also exist inter-item constraints within
multiple SKUs, e.g., SKU “A” cannot be promoted when SKU “B” is promoted.

It is practically obvious and well established that consumer demand is monotoni-
cally decreasing in terms of price, predominantly following an S-like pattern as shown
in Fig. 1, (Roy 1938), or Cohen et al. (2016). Here, vaguely the region between the
markdowns and the base price is concave. The overall curve can be neither convex or
concave and the patterns are not the same as above for all SKUs.

Usually, the windows of promotions and markdowns respectively are between
70-80 percent and 30-50 percent of the base price. However, this is not rigid and the
window can be wider/shorter depending on the product type. Quite often, products
are priced between the base price and promotional levels. From the standpoint of
analysis, both convex (Song et al. 2008; Huang et al. 2013) and concave (Chen et al.
2006; Dossche et al. 2010; Huang et al. 2013) instances of demand-price curves have
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Fig. 1 Demand-price curve for regular
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been studied in detail. A detailed study on the different types of demand models and
the related examples are presented in Sect. 2.

Product prices can cither belong to a discrete ladder or be continuous. Say,
pt € {1.1,2.5,3} represents a discrete ladder. This is prevalent in fashion-type set-
tings. In such settings, the number of price points considered are limited and the
problem is reformulated as a mixed integer linear programming problem. The result-
ing optimization tasks are either solved using standard mixed-integer linear program-
ming solvers like Gurobi for smaller dimensions (Cohen 2017; Subramanian and
Sherali Oct. 2010) or solved using heuristics-based approaches for larger dimensional
instances (Hua et al. 2021; Ma and Fildes 2017). We focus on solving the continuous
version of this problem, allowing for prices to take any intermediate value between
the lower and upper bounds. For more details on such models, the reader is asked to
refer to (Yaghin Ghasemy Ghomi et al. 2014; Chan et al. 1990).

Underlying Nonsmoothness Demand functions are generally unknown and prod-
uct-specific, typically estimated from data. While some studies use machine learn-
ing to model demand involving both price and design attributes, this work focuses
only on price. Linear models offer simplicity but can be limiting, while nonlinear
models raise tractability concerns. To strike a balance, the paper adopts piecewise
linear demand functions, which capture retail scenarios effectively while remaining
computationally manageable.

In problems involving historical data, piecewise linear functions have been
found to offer a practical way of representing the demand-price relationship (Cohen
2015, Chapter 4), Kannan et al. (2020); Kannan and Panchamgam (2020). For cases
where the underlying demand is convex or concave, corresponding piecewise linear
approximations can be constructed accordingly.

d(ph) ~ max(a; — bpt, a; — bipt), or di(p!) ~ min(a; — bipl,a; — bip!).

Note that d!(p!) denotes the demand of product i at time ¢, which is dependent on the
price pt. Also, @’s and b’s are suitably defined non-negative scalars. It is worth noting
that the above expressions can naturally accommodate more than two pieces without
loss of generality. Beyond data-driven nuances, the revenue maximization problem
is inherently nonsmooth-primarily due to reference price effects and stock response
behaviors. While reference price effects resemble price caps, stock response factors
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1 Page 4 of 37 A. Kannan et al.

depend on inventory levels rather than price. These aspects are elaborated further in
Sect. 2.

Active Signature Methods A natural question that would arise is the possible use
of slack variables (sales) s! to reformulate the problem into a smoother version by
deploying constraints and incorporating terms of the form p!s! in the objective. For
example, d(p!) = min(a; — b;pl, a; — bipt) can be presented as constraints of the
form as follows.

{st <a;—bipl, st <a; —bpl, Vi,t}.

While such reformulations work reasonably well in practice, we note that these do
not present guarantees on global optimality and can potentially lead to suboptimal
solutions, unless computationally expensive global solvers are used. Some more
foundational details related to such formulations are presented in Sect. 2.3. In cases
where the demand function d(p!) is concave, convexity of the objectives is pre-
served when using the primitive formulation. These optimization problems fall under
the category of “Extended Quadratic Linear Programs” (EQLPs). We propose an
appropriate adaptation of the active signature method (Griewank and Walther 2018;
Kreimeier et al. 2025) as alternative to solve our EQLP. While Kreimeier et al. (2025)
focused on solving a problem with piecewise linear objectives, the novelty in this
work arises from extending the same to quadratic objectives of a certain structure. We
name our solver Quadratic Constrained Active Signature Method (QCASM). More
details of this method are explained in Sect. 3. It is important to note that this exten-
sion to the piecewise quadratic case allows for the first time to verify minimality with
polynomial effort yielding a complexity-wise feasible approach within an algorithm.
The corresponding extention of the optimality conditions from the piecewise linear
case to the piecewise quadratic setting are detailed in Sect. 3.2.
Contributions: Our focus is on two different questions.

e Prediction: Given historical data on price and demand for each SKU, we
solve a regression problem to obtain our nonsmooth demand functions. This
problem is a piecewise linear optimization problem and takes the form:
mingp>0 Y icr Z?=1 ’fi(a,b,p) — d;?b5| , where f;(a,b,p) is a PLF (piece-
wise linear function) of the min or max type. We deploy the extended active sig-
nature method mentioned above to solve the same. We consider both convex and
nonconvex PLFs in this paper, i.e. max(d — bp, a — bp) and min(a — bp, a — bp).

e Revenue maximization: Setting d!(p!) = fi(a,b,pt), we deploy QCASM
to solve the revenue maximization problem. This takes the form:
minpep Y ,c7 O ier —Jfi(a,b,p})pi. Note that the constraint set 7 and index
sets 7, F are defined appropriately (more details in the next section).

Although prior work has examined relevant datasets, these are not publicly available
(Burman et al. 2021; Hekimoglu Sept. 2019). Some open-source alternatives (Chen
xxxx; Seaman and Bowman 2021; Skenderi et al. 2021) exist, but they are primarily
geared toward clustering tasks or emphasize product attributes other than price. For
our study, we adopt three widely used open-source datasets (Cohen et al. 2022; Dag-
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ing et al. 2012; Eben-Chaime 2023) that explicitly provide multi-year price-sales data
across SKUs for individual retailers. Section 2 introduces the mathematical model,
Sect. 3 outlines the proposed method, Sect. 4 presents empirical results, and Sect. 5
concludes the paper.

2 Problem formulation

Our formulation focuses on the continuous version of the pricing and inventory man-
agement problem-two core pillars of retail optimization. We incorporate a range of
practical constraints, including inventory limits, bounds on promotions and mark-
downs, interdependencies in item pricing, and the possibility of replenishments. Dis-
crete pricing aspects, such as ladder-type constraints, are outside the scope of this
work and are earmarked for future investigation, with the current study serving as a
foundational step in that direction. Following the direction of prior studies (Kannan
et al. 2020; Cohen 2017), the revenue maximization problem for a firm can be posed
as follows.

_ tt t
Zr)nir}h ZZ P d; ( pz )+ o(d; (p; ))

€T teT revenue costs
subject to I = I! +ul — di(p!) Inventory Dynamics constraint
ol < pt < p¥, vt e Tp Promotion constraint (1)
92 < pﬁ <oy, vVt e Tm Markdown constraint
pl— pz- > Kij, V{i,j} eN Inter-Item constraints
ul =0, VteT; Non-replenishment time-slots
I ul,pt >0, VieN,teT Non-negativity constraints.

Here, I!, pt, and u! respectively denote the inventory level, price, and replenish-
ment quantity of product i at time ¢. The set Z represents the collection of prod-
ucts or SKUs, and 7 = 0,1,...,T denotes the set of time steps under consideration
(typically in days), where T is the total number of such steps. At various times of
the year, stores may not receive any replenishments due to regulatory restrictions,
transportation challenges, or unforeseen disruptions such as power outages. Seasonal
discounts-comprising promotions and markdowns-are applied only at specific time
points denoted by 7, and 7, respectively. The parameters p! and p* define the lower
and upper bounds on promotional prices, while #' and #* do the same for mark-
down pricing. Additionally, A/ denotes the set of product pairs that are linked through
inter-item (relative pricing) constraints. This notation will be followed consistently
throughout the document.

An example of inter-item constraints is the following: If milk is priced at 2 Euros
per litre, then yogurt should be priced at the least around 1.5 Euros per litre. The
demand d!(p!) predominantly follows different trends and can turn out to be dis-
continuous, nonlinear, and nonconvex. Some real world examples of historical data
from a retail store are shown in Fig. 2. Given that there are no closed form expres-
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Fig. 2 Examples of demand-price curves for regular products from Cohen et al. (2022)

sions, we attempt to approximate the demand by means of piecewise linear functions.
There has been extensive research along these lines for several types of demand func-
tions (Huang et al. 2013). Recent granted patent works (Kannan and Panchamgam
2020) use one such approximation to solve a discrete version of our problem, where
di(p;) ~ max;(h;(p})), h;(p) = al — blp;.

While the above formulation is comprehensive, we focus on a simplified vari-
ant for our algorithmic implementation (discussed later). This reduction is primar-
ily to manage complexity and maintain clarity. Importantly, the proposed QCASM
algorithm remains applicable to the general formulation, and our intent here is to
demonstrate its feasibility. A deeper investigation into computational challenges and
broader generalizations is reserved for future work. This section is structured as fol-
lows. We begin by outlining various classes of demand-price relationships commonly
encountered in practice. We then present the inner regression problem used to esti-
mate demand from historical price-sales data. Finally, we introduce a simplified for-

mulation of the problem in an abs-quadratic form, which aligns with the requirements
of the QCASM framework.

2.1 Demand types

In this subsection, we focus on elaborating on different types of demand models
that have been deployed in literature from the context of portfolio optimization. We
also signify the importance of modeling demand with piecewise linear functions. We
begin by exploring fundamental economic models that define demand as a function
of reference prices (Chen 2016). These models naturally encompass simpler frame-
works where demand is constrained to be non-negative. In certain retail portfolios,
pricing structures exhibit relative pricing effects, where demand drops significantly
once a price crosses a certain threshold. This phenomenon is commonly studied in
both game-theoretic contexts (Fibich et al. 2003) and single-agent optimization set-
tings (Greenleaf 1995). Moreover, considerable attention has been given to such pric-
ing structures in marketing-driven retail environments with multiple sales channels
(Chiang et al. 2003). Retail industries often involve both physical outlets and online
stores. While indirect channels typically show minimal reference price effects, direct
channels tend to exhibit pronounced demand behaviors that require such nonsmooth
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pricing effects. These nonsmooth behaviors are particularly relevant in direct-to-con-
sumer channels, where the consumer’s sensitivity to price changes can be starkly dif-
ferent across different price ranges. Such complex pricing dynamics can significantly
impact sales strategies and optimization models in retail. Some examples of such
functions are presented below.

t
dtpt) = a — bpt — b Deet), — ) Trefs P > Pref |
") e (Ve ) 0. < pos
Positive sales: In simpler cases, where the demand function is linear and smooth, it
can still be noticed that the sales have to be non-negative (Kunz and Crone 2014).
This is dictated by

s' = max(d',0) = max(a — bp",0).

It can be easily observed that this is a special case of the model with reference price
effects. A natural question that would arise is whether this behavior can be simply
invoked in the problem by plugging in s? instead of d* in the objective and imposing
constraints s* > 0 and s* > d*. However, such a formulation induces bilinear terms
of the form p’st in the objective, and we lose the benefits of the primitive formulation
as discussed earlier.

From a business perspective, this is crucial in that when demand is approximated
by linear models, there is a possibility of a negative demand mathematically. While
an optimizer technically will stay away from such a region, this difficulty is obviated
when using a max(.,0) type function to approximate demand data. This is one of
our crucial models for numerical results (as shown later). At the same time, when
using other PLF approximations, we obtain our price bounds from data. These upper
bounds on price are reasonable in practice in that they inherently keep the demand
positive.

Zero price-elasticity: In wholesale outlets, demand responses can be signifi-
cantly low or even zero for certain levels of price. For example, assume that the
regular price of a milk is 1.2 Euros per litre and the demand at this level is 1000
units. If the price drops to 0.5 Euros, the demand increases to 5000 units. If the price
drops further down to 0.2 Euros, the demand still stays at 5000 units. Beyond a
point, the society becomes “in-elastic” to price changes. This effect can be described
by d(p) = min(a — bp, d). This setting is also analogous to price-caps in Cournot
based regimes (Jean and Patrick 2019), where prices are defined as a consequence of
demand, e.g., p(¢) = min (a — bq, ). In both of these cases, the revenue functions
lead to convex optimization problems.

Polynomial Models: In addition to reference price models, polynomial functions
offer a relatively straightforward way to represent demand. A few illustrative exam-
ples are presented below.

dip) =ai—bi ()", Aol = (@i —bpl)Y,  dpl) = ai(p)) ",

concave for y>1 concave for y<1 and convex fory>1 convex

2
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1 Page 8 of 37 A. Kannan et al.

Note that a;, b;, and -y are positive scalars. A broader discussion on various demand-
pricing functional forms can be found in (Huang et al. 2013). Traditional demand
models treat demand as a static function of current price, disregarding historical
data. In contrast, dynamic models account for the influence of past prices on present
demand, as explored in works such as Cohen (2015, 2017). An illustrative example
follows.

di(ph) = (ph)™ (pi~ ") ... (i )

While the dynamic model captures historical pricing effects more realistically, it
poses significant computational challenges for large-scale revenue maximization. To
maintain tractability, we therefore focus on a static formulation, where demand d’
depends solely on the current price pt. Beyond polynomial and reference price-based
formulations, the literature offers a wide array of demand models-including logarith-
mic, exponential, logit, and Multiplicative Competitive Interaction (MCI) models.
For clarity and ease of analysis, we categorize these broadly into convex and non-
convex classes. As we will see, many of these models can be closely approximated
by specific types of piecewise linear functions (PLFs), facilitating both modeling
flexibility and computational tractability.

2.1.1 Convex demand

An exhaustive survey of convex models has been described in Huang et al. (2013).
This type of behavior stems in both competitive (oligopolistic) and single-firm based
settings. In the case of competition, it has been well accepted that demand either
falls under the category of discrete choice or Multiplicative Competitive Interaction
(MCI) models. Discrete choice models are either logistic (Kunz and Crone 2014) or
probit type (Chintagunta 2001), which are mostly concave. As an alternative to logit
models, the MCI model (Nakanishi and Cooper 1974; Kunz and Crone 2014) has
also been studied in great detail. A static example (dropping time suffixes) of MCI
type models from the standpoint of competition is given in Eq. (3). Here, p_; refers to
prices of agents (retailers) other than ;. Logarithmic type models (log-log) of the form
given by Eq. (3) have also been studied in literature (Cohen 2017). As mentioned
earlier, Cohen (2017) also presents an MCI model in the context of dynamic and
non-competitive regimes. In addition to the earlier discussion, figure 2 also depicts
convex behavior of demand.

MCL:d;(ps,p—i) = a;p’ H#Z—pgj, Log-Log: log (d;(pt)) = a; log(pl) + bi. (3)
We further highlight a few important model classes from literature as follows.

e Linear type: These take a simple form d(p) = a — bp and have been extensively
studied (Mills 1959). Nonsmooth counterparts related to price caps and reference
prices have also been studied (to be discussed later).

e [so-clastic type: These have a sharper elasticity or response towards price (Kar-
lin 1962) and have also been widely studied in literature. These are of the form
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d(p) = ap™".

e Power Linear type: These are inverse demand functions that are represented as
follows (Song et al. 2008): d(p) = (a — bp)7, ~ > 1.

e Hybrid versions (Lau et al. 2003): They are combinations of any of the above
three forms of functions (additive or composition).

Smooth and convex demand functions can be approximated by a max over multiple
linear functions, i.e.,

d(p) = max (a; + bip), a;,b; > 0.

One of the main disadvantages with this setting is that the revenue function, which is
a product of negative price times demand happens to be nonconvex. In this relation,
we present the following lemma on convexity. We note that the related extensions
follow by direct inspection.

Lemma 2.1 Let f(p) = —p - max(a — bp, 0) and let a,b > 0. Then, the function
f(p) is not convex over the complete domain —oo < p < oo.

Proof Let us consider p; and ps such that a — bp; > 0 and a — bpy < 0. That is,
p2 > ¢ >p1. Let p3 = ap; + (1 — a)py for a € (0,1). It is easy to observe that
p2 > p1 and f(p1) < f(p2) = 0. This further implies

af(pr) + (1 —a)f(p2) = af(p1) <0. )
Noting the strict inequalities, it is easy to observe that there exists & € (0, 1) such that

_ _ a
ps =ap; + (1 — a)pa, where p3 = 3

Using Eq. 4), this implies that
f(p3) = flapr + (1 —a)p2) =0 > af(p1) + (1 — a)f(p2). This completes the
proof. [J

Remark For max over three functions and higher, recursive arguments can be made
by using expressions similar to max(f1, f2, f3) = max(max(f1, f2), f3).

Stock Response Factor: This setting is very common in domains pertaining to
fashion. Here, the differences between sales and available inventory can be enormous
(Corsten and Gruen 2005) and only a subset of products are kept on display. As an
example, consider a firm that may have 100 white T-shirts in their stock. The size is
say, spread over “Small”, “Medium”, “Large”, and “XL”. The distribution may not
be exactly 25 each. The display may start, e.g., with 10 T-shirts per size. During the
course of the day this could be reduced to one T-shirt of size “Small”. This may not
exactly correspond to the situation in the inventory. Usually there are minor price dif-
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1 Page 10 of 37 A. Kannan et al.

ferences between sizes among the same brand, but these are assumed to follow fixed
patterns. Then, the sales capacity is limited by the following expression

s; < sefi(I7) - di(p)),
——
constant

where the function srf(-) denotes the stock response factor (SRF), which cap-
tures how inventory levels influence demand. The srf function is typically
nonlinear, and a widely accepted approach in the literature is to approxi-
mate it using a set of piecewise linear functions (Li et al. 2022), as follows:
st (I!) = foontin(1f) ~ max;(b;I! + a;), a;,b; > 0. Here, the objective is to
maximize sales and prices are assumed to be fixed as per seasonal rules within a firm.
Note that the above inequality automatically presents a nonconvex constraint in s and
1. We do not focus on “srf” in this work, but mention it in this subsection, because it
follows a similar problem structure as our case of convex demand.

2.1.2 Nonconvex demand

Literature’s focus has also been significant on concave demand type models. These
may be classified vaguely into three forms as follows. This classification is not exis-
tent in literature and we merely state it for the ease of understanding.

e Logit models: These choice models as stated previously in Chintagunta (2001);
Kunz and Crone (2014) have predominantly been the mainstay of literature. Sim-
ilar to price p, we note that product attributes a,, like design specification become
very relevant to the question. An example of a logit model is given as follows.

-1
d(p, ap) =y (14 e V@)

The utility function U(.) is usually linear or quadratic. Consider a winter-wear prod-

uct (shawl or gloves). Let p and a; denote the price and number of woolen layers
respectively. Then, the utility function may take the form U (p, a,) = 0.1p — 0.01a;.
The equation above is a case restricted to a single-firm with the customer presented
with two options, namely purchase (high utility) and no-purchase (the scalar term
“1” indicates the no-purchase option or no-utility). The purchase levels are fractions
or probability levels, which are in turn multiplied by the market population 7,. We
note that this extends to a multinomial-logit model (Chan et al. 1990) when there
are multiple firms, each with an exponential component defined in the denominator.
However, we do not focus on product attributes in this work.

e Exponential models (Chen and Simchi-Levi 2004): These models can be defined
by d(p) = a — be"P, where a, b,y > 0 are scalars. Exponential models are struc-
turally slightly different from logit models.

e [ogarithmic models (Chen et al. 2006; Ray et al. 2005): Their structure is also
similar to exponential models and they take the form: d(p) = (loga — bp)” .
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e Polynomial models (Song et al. 2008): These models are more commonly de-
ployed in several industries and are given by d(p) = (a — bp)” fory < 1. Above,
we had discussed cases where these models are convex for v > 1. Concave de-
mand models of the form d(p) = a — bp” have also been studied (Chen et al.
2006).

Some examples of data depicting nonconvex demand functions are given in Fig. 3.

We note that when demand is concave, then the resulting minimization problem
happens to be convex. Prior to moving to the regression problem, we present the
formal statement on convexity as follows.

Lemma 2.2 Let f(p) = —p - min(a — bp, a — bp) and let @, b,a,b > 0. Then, the
function f(p) is convex over the complete domain —oco < p < 0.

Proof Using a similar argument along the lines of lemma 2.1, this result follows. The
proof can also be taken from lemma 2.4, which is discussed later in this section. [J

2.2 Regression subproblem

It can be observed that building “parametric” models based on data automatically
leads to regression based settings. Given that we already have piecewise linear func-
tions in our model to be estimated, we move along the path of 11-regression, which
further presents piecewise linear functions in the absolute value form, i.e., using |.|.
The benefit of such an 11-type setting is that the learning problem yields an optimi-
zation formulation with piecewise linear objectives, which can be handled by our
QCASM framework. Moving to 12-type regression (or polynomial and more com-
plex models) further makes the problem nonlinear, obviously necessitating the use of
more stylized solvers and reformulations. We do not intend to compare the complex-
ity versus accuracy behavior of multiple regression models in this work and leave
this large area for future research. Since all three classes of PLFs yield structurally
similar formulations, we focus on the regression problem corresponding to PLFs

7000 5000
® actual data ® actual data
6000 cubic fit cubic fit
- —min(0,,0,) o 4000 —min(o,,0,)
- 5000 5
- s
3000
T 4000 °
< I
a a
‘S 3000 ‘s 2000
1] 0
4] o]
© 2000 ©
%] 2]
1000
1000
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
price of product-13 price of product-40

Fig.3 Concave example of a demand-price curve for products for the logit demand from Eben-Chaime
(2023)
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of the form df(p!) ~ min(a; — b;pt, a; — bpt). Given historical price-sales data

K
{ pf’Sl, df’SI} , the corresponding regression problem can be written as follows.
k=1

K
min~ E E ‘min (dl — bipf’Sl, a; — bipi-c’Sl) — d?’Sl
a,a,b,b Vel k=1 (5)

subject to &i,ai,gi,bi >0 Viel.

Here, @;, a; and b;, b; denote the intercept and slope of the demand function, respec-

tively. The pair {p’fwl

A df’Sl} represents the historical price and corresponding
demand observed in the &*" record. We denote the price and demand values in data
by index “sl” to distinguish the same from decision variables p! and d!. We note that
the regression problem also need not necessarily be convex by means of the follow-

ing corollary.

Corollary 2.3 Let h(a,b) = |max(a — bp, 0) — d| for scalars p,d > 0. Then,
min, y>¢ h(a, b) does not necessarily present a convex problem.

Proof Using the same argument as in lemma 2.1, this result follows. The steps are
straightforward. [J

We move to the next subsection to analyze the formulation of the larger revenue
maximization problem from the angle of a composition of absolute value type func-
tions. As we will see later through the next section, this fits into the general frame-
work of EQLPs, for which our solver QCASM can be deployed.

2.3 Larger problem in abs-quadratic form

We deliberately omit inter-item constraints, replenishment decisions, and full inven-
tory trajectory constraints in this formulation, while retaining only the initial and
final inventory bounds. This simplification is motivated by three key considerations.
First, inter-item pricing constraints-such as substitution or bundling effects-are often
domain-specific and can vary significantly across retailers, making it difficult to define
a unified and generalizable formulation. Second, replenishment modeling introduces
supply-side dynamics and operational lead-time effects, which, while important, are
peripheral to the core pricing optimization structure being studied here. Third, mod-
eling the complete inventory trajectory-i.e., inventory levels at every time point-can
significantly increase computational complexity without altering the essential eco-
nomic intuition captured by initial and final bounds. Importantly, these modeling
choices do not compromise the generality of our formulation or the applicability of
our solution method. The proposed QCASM framework is structurally compatible
with extensions that include inter-item constraints, replenishment policies, and richer
inventory dynamics. These components can be layered on top of our formulation with
appropriate modifications to the constraint sets, without disrupting the tractability or

@ Springer



On solving nonsmooth retail portfolio maximization problems using... Page 130f37 1

convergence guarantees of the algorithm. Our current focus on a more streamlined
problem is intended to highlight the methodological core and ensure computational
feasibility in empirical settings. These richer extensions are a natural direction for
future work and system-level integration.

We state our formulation for the case (1) as minimum over two functions. Note
that the flipping of signs (maximum over two functions) and subtraction of linear
terms (maximum over a linear function and 0) lead to the other two types of PLFs.

min f(p ZZPZ min (@ — bip}, a; — bip}) ZZ}% max (bip} — @i, bip} — a;)

i€Z t=0 1€Z t=0

subject to : It = If + uf + max (Eipﬁ — @i, bipl — a;)

pig < pt < Di s vteT Bound constraints on price
Il >0, VieZ,teT Non-negativity constraints
IiT <1, Viel Final-inventory constraint.

For the sake of clarity and ease with notation, we integrate both promotion and mark-
down type constraints into a single set of bound constraints. Additionally, we unify
the lower and upper bounds for promotions (p) and markdowns () into p; and p,,
respectively. Introducing additional variables, the problem can be rewritten in the
following abs-quadratic form:

1 T-1
Ir;nn f(p,s,8) = LEZI;]) bipt — a; EZI;)(& )

subject to st = (b; — bi)pt — @; + as, vte T (EQ-class-1)
211 = 2TF 4 2ul + 2b;p! — 2a; + st + 81, Vte{0,...,T—1} (EQ-class-1) (6)

pit < pb < piu, VieZ,teT (INQ-class-1)

Il >0, VieZteT (INQ-class-1)

I <1, VieZl (INQ-class-1)

st =5, VieZteT (EQ-class-2),

using max(st,0) = (st + |st|) /2. Here, note that (INQ-class-1) refers to inequality
constraints of a particular form handled by QCASM (described later) and (EQ-class-1)
and (EQ-class-2) refer to two similar classes of equality constraints. For the ease of
parsing and clarity, we maintain the same terminology in both (6) and (13) discussed
in Sect. 3 for constraint classes (EQ-class-1), (EQ-class-2), and (INQ-class-1).
Benefits of the Abs-smooth formulation: Although introducing additional vari-
ables increases the problem size, it allows a direct fit into our solver by leveraging
a linear relationship between variables s and § through absolute value constraints.
This structure enables the tracking of signatures-the signs of s-which, while distinct
from active-set methods, serve a similar role in identifying nonsmooth points in
the constraints. An alternative reformulation using slack variables (termed the inq
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reformulation) replaces max(s,0) = ¢ with inequality constraints: s > s, § > 0, and
s = t. However, this approach results in a relaxation-not an exact equivalent-espe-
cially problematic when the original problem is convex, as convexity may be lost and
solutions may diverge. In contrast, our abs-quadratic formulation preserves convex-
ity when the original problem is convex, offering an exact reformulation and main-
taining theoretical convergence guarantees for the QCASM method. While empirical
comparisons with inq formulations may be promising (even in nonconvex settings),
they are beyond this paper’s scope. Our focus remains on the theoretical soundness
and implementation of QCASM, which is applicable to both convex and empirically
to nonconvex problems. Additionally, when demand is modeled as the minimum of
two linear functions, convexity of the reformulated problem is guaranteed as stated
in the forthcoming lemma.

Lemma 2.4 Consider problem (6) and the function f Assume that there exists a fea-
sible point (p, s, §) that satisfies all the constraints (EQ and INQ). Additionally, let
p > 0. Then, in the feasible region governed by the constraints (EQ and INQ), the
function f is convex.

Proof Exploiting the structure of f , it suffices to prove the convexity of the following
function

fp)=2p(bp—a)+p(b-bp—a+a+|b—bp—a+al),

for given and fixed values of a,a, b,b € R. Note that we drop the subscripts of i
pertaining to products for the simplicity of notation for this discussion. Let
b=b+6,a =a+~. Then, f can be further simplified to

f(p) = (2b+ 6)p” + [6p* — ypl.
Setting A = 1, then it suffices to prove the convexity of the function g(p) for A > 0.
§(p) = p* +[p* = Mpl, A>0.
Here, we note that for A < 0, the |.| sign (absolute value sign) becomes redundant
(since p > 0) and the convexity of f(p) follows. Observe that the condition p > 0
aligns seamlessly with our framework, as prices are inherently lower-bounded by p;
as indicated in (6). Let p4 and pp refer to any two arbitrary prices that satisfy the
bounds, i.e., the inequality constraints INQ in (6). Then, it suffices to show that

glapa + (1 —a)pp) < ag(pa) + (1 — a)§(ps) @)

holds. We prove this by an exhaustive case-by-case analysis. Let
pc = apa + (1 — @)pp denote the convex combination of p4 and pg.

® p4,pp > A\ Then, inequality (7) follows from the convexity of the quadratic
function (2p? — A\p).
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® pa,pp < \: Here, g(pa) = A\pa and g(pg) = App holds. Then, the result fol-
lows from the convexity of the linear function Ap.
o p4 <\ <pc <pg:For the expressions in inequality (7) one obtains

glapa+ (1= a)pp) — ag(pa)—(1 = a)g(ps) = 2 ((apa + (1 — a)pp)® — adpa — (1 - a)p})
=2 (a2p§1 +p%5(a? —a) +2a(1 — a)paps — aipa)
=2 (azpi —p3a(l —a) +2a(l — a)papp — a/\pA)
<2(a?p% —pha(l — @) +2a(1 — a)paps — aph)
—2(~a(l - a)ph — a(l - a)p + 2a(1 — a)paps)
— —20(1 - a)(pa - pp <0,

proving the assertion for this case.

o p4 < pc < X< ppg:Then one obtains for the expressions in inequality (7) that

glapa+ (1 —a)pp) — ag(pa)—(1 — @)g(ps)
= Aapa + (1 — a)pp) — adpa — (1 — a)(2ph — App)
=—(1—a)2ph +2\(1 — a)pp = 2(1 — a)ps(A —pp) < 0,

proving the assertion for this case.
Hence, the convexity of our objective f{.) is shown. [

We conclude this section by mentioning that the above lemma on convexity does
not hold for the other two instances of PLF given by the max (@ — bp, a — bp) and
max(a — bp, 0) types.

3 Optimization approach

In this section, we will present a solution algorithm for the optimization problem
posed previously. Since this algorithm is not specific and exclusive to the problem in
this paper and builds on a previously published algorithm, the notation in this section
is detached from the other sections.

For solving unconstrained piecewise linear optimization problems, Andreas Grie-
wank and Andrea Walther presented the Active Signature Method (ASM) in Grie-
wank and Walther (2018). The basic idea of this method is to explicitly exploit the
structure of the given nonsmoothness caused by the absolute value. For this purpose,
the argument space is decomposed into polyhedra and then a sequence of quadratic
optimization problems is solved on them. A given starting point determines the initial
polyhedron and then optimality conditions help to identify a suitable neighboring
polyhedron until a local minimizer is reached.

In Kreimeier (2023) this concept was extended to the Constrained Active Signa-
ture Method (CASM) for piecewise linear optimization problems with piecewise lin-
ear equality and inequality constraints. Here, an active set strategy is used to handle
the constraints. For both ASM and CASM, necessary and sufficient optimality con-
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straints, which can be verified in polynomial time, can be derived, see (Griewank and
Walther 2018; Kreimeier 2023). Furthermore, in the same references, convergence in
finitely many steps is proven. Optimality conditions for the more general nonlinear,
nonsmooth case are considered in Hegerhorst-Schultchen and Steinbach (2020).

In this section, first we will introduce some notations and then present the Con-
strained Active Signature Method for Abs-quadratic Problems, short QCASM, an
algorithm derived from CASM to handle additional quadratic components in the
objective function.

3.1 Notation and definitions

The basis for developing the new optimization method is the so-called abs-linear
form, which was introduced in Griewank (2013) and is defined as follows.

Definition 3.1 (abs-linear form, switching vector) A continuous piecewise linear
function f : R™ — R is in abs-linear form if y = f(x) is given by

y=d+a' z+b"z, (8a)
z=c+ Zx+ Mz+ L|z|, (8b)

with z € R” the argument vector, z € R® the vector of switching variables, called
switching vector, and constants a € R™, b,c € R*,d € R, Z € R**™, L, M € R**5,
where the last two matrices are strictly lower triangular. Eq. (8b) is called switching
system.

Here, |z| denotes the component-wise absolute value of a vector z. In the context of
optimization, one can set d = 0 without loss of generality. Furthermore, we assume
that all components z;, 1 < ¢ < s, are used as arguments of the absolute value for
simplicity of notation. It follows with the identities

. 1 1
min(z,y) = 5 (@ +y—|z—yl) and max(z,y) =5 @+y+lr-yl)

and the representation of piecewise linear function shown, e.g., in (Scholtes
2012, Proposition 2.2.2), that every piecewise linear function has a representation in
an abs-linear form, see also (Griewank and Walther 2020, Lemma 2). However, this
representation might be not unique.

We denote by a(z)={ie{l,...,s—1}|z(x) =0} the set of indi-
ces of so-called active switching variables and by P, = (e, )ica € RI®I¥s
the projection onto the active components of z(x), where e; is the ith unit vec-
tor of appropriate size. For each x € R™ we define the signature vector by
o(xz) = (sgn(z1(x)),..., sgn(zs(x))) € {—1,0,1}°. The corresponding signature
matrix is given by X(z) = diag(o(z)). As in Griewank (2013), the signature vectors
are used to define a polyhedral structure.

Definition 3.2 ((extended) signature domain) For a fixed 0 € {—1,0, 1}, define
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P, ={zx cR"| sgn(z(z)) =0} C P, ={zx c R"|Zz(x) = |2(z)|} . (9)

The set P, is called signature domain and the set P, extended signature domain.
As shown in (Griewank 2016, Proposition 2), the union of all possible extended sig-
nature domains equals R™. By definition, the extended signature domains do not have
common interior points. Hence, they form a decomposition of R™. The points where
the underlying piecewise linear function is not differentiable are located exclusively
on the boundaries of the polyhedra. Motivated by the structure in R? these boundaries
are also called kinks, see for example (Griewank and Walther 2018; Kreimeier 2023)
for more details.

To incorporate also quadratic components in the objective function, we now
extend the definition of abs-linear functions as follows.

Definition 3.3 (abs-quadratic form) A continuous piecewise smooth function
f: R™ — R is in abs-quadratic form if y = f(x) is given by

y=x'Qiz+2' Quz+2 Qsz4+a'z+b z+d, (10a)
z=c+ Zx+ Mz+ L|z|, (10b)

with x € R™ the argument vector, z € R® the switching vector, and constants
Q1 =Q] ER™™ Qy e R™S, Q3 =0Q3 €cR***, acR", b,ccR*, deR,
Z € R¥*™ L, M € R**% where the last two matrices are strictly lower triangular.
The chosen name is motivated by quadratic optimization problems, where the objec-
tive function is quadratic and the constraints are linear. In the further course of the
paper, Eq. (10a) serves as the objective function of the considered optimization prob-
lem and Eq. (10b) represents one of the constraint sets. Note that in contrast to the
piecewise linear case, not every piecewise quadratic function has an abs-quadratic
form, as shown by the following example.

Example 3.4 The function fi(x1,x2) = |r122| = |z1||z2| can be represented by the
abs-quadratic form

00 0 0] /x4
00 0 0|z
y=(21 22 23 24) 00 0 % 2 (11)
00 & 0] \=
1 0 00 0 0\ /|z]
0 1| (= 00 0 0]z
=10 o <$2)+ 100 0[]z (12)
00 01 0 0/ \|zg]

setting the remaining matrices and vectors to zero. However, the function
fa(x1,22) = |x129 + 1| cannot be written in abs-quadratic form, since the switching
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equation does not allow a quadratic term. Furthermore, the term z122 + 1 cannot be
decomposed into linear factors over R.

3.2 Description of the Algorithm
First, we state the optimization problem for which we will present and analyze a solu-
tion algorithm in this paper, i.e., the constrained abs-quadratic optimization problem

(13) given by

min 2 Qrur+2"Qaz42"Qsz+a ' x+b z44d

z€R™,z€RS
s.t. 0=g+Az+ Bz+C|z|, (13)
0>h+Dzx+ Ez+ Flz],
z=c+ Zx+ Mz+ L|z| ,
with an abs-quadratic target function and

geER™ heRP,AcR™" B,C € R DecRP*" as well as E, F € RP*?,
For a detailed investigation of necessary and sufficient optimality conditions we refer
to Hegerhorst-Schultchen and Steinbach (2020); Griewank and Walther (2016); Kre-
imeier (2023).

For later use, we introduce

H:R"xR°*xR* = RP, (x,z,|2]) = h+Dx+ Ez+ F|z|

as the function for the inequality constraints. Furthermore, we define
w = sgn(H(x,z,|z|)) to identify the active inequalities and 2 = diag(w) as the
projection onto these active inequality constraints.

The proposed optimization method is a feasible point approach. Hence, a fea-
sible starting point z( is required that determines the initial polyhedron P, with
o = o(x¢) to be examined. For such a fixed o, we will now describe the steps of the
optimization algorithm:

Computing a descent direction for given ¢ andw Following the approaches
presented in Griewank and Walther (2018); Kreimeier (2023), on each polyhedron
defined by o taking account the required signs of z, we obtain the optimization
problem

min_ 2 Qz 42 Qa|S|z+ 2" |Z|Qs|X|z +a 'z + b 8|z +d

zeR™ zeRs
s.t. 0=g+ Az + B|X|z + CXz,
0> h+ Dz + E|X|z + FXz, (14)
0=|%z—¢—Zx,
0< Xz,

with Z and ¢ defined as
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Z=(1I,-M-L%)"'Z and é=(I,—M—-L%) c. (15)

Due to the fixed signature vector, this optimization problem is smooth, has a qua-
dratic target function and linear constraints. When a solution exists, it can be solved
with a standard QP method. However, we want to exploit the structure provided by
the signature vector as additional feature. For this purpose, we apply standard KKT
theory to Equation (14). With Lagrange multipliers § € R™, v € RP. A € R® and
1 € R®, we obtain the following necessary optimality conditions

0=22"Q1+2"|1%|Qg +a' +5"A+v'D-\"Z, (15a)
0=2" Qs3] + 227 [2|Qs[Z + b7

+6"(BIZ|+CR)+ v (B +FE) + AT —u'2, (15)

0=g+ Az + B|E|z + CXz, (15¢)

0>h+ Dz + E|S|z+ FXz, (15d)

0=|%|z—¢é— Zx, (15¢)

0<%z, 0<p, 0=pu'%z, (159)

0<v, O0=v'(h+Dx+E|Sz+FX2). (15g)

Multiplying Eq. (15b) by ¥ from the right and using the sign condition for p yields

0<u" B =2T@E+2:"2|Q32 + b2+ 48T (BE+CID|) +v' (ES + FIE|) + AT .(16)

Due to the complementarity condition ;' Xz = 0, this inequality must hold as an
equation. Hence, it follows that

'Y =2"QX +2:"|2|Q3E 46" (BE+CIE)+ v (ES+ FIB) + 1'%

Thus with w = sgn(H (z, z, |z|)) and Q = diag(w) denoting as before the projec-
tion onto the active inequality constraints, a solution x of the optimization task (14)
together with the corresponding z and the Lagrange multipliers must satisfy the linear
system

T AT DT

2Q: Q21X

-7 T a
2Qq 22033 Y UBT+E|CT SETHZIFT |2 b
Z —|3 0 0 0 Al=—1|¢| .17
A BIS|+CE 0 0 0 § 9
QD QEIZ[+F%) 0 0 Q v Qh
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where Q = I, — || forces the active inequalities to vanish. The matrix {2 in the right
lower corner ensures that v is zero for the inactive inequality constraints. A solution
of this linear system must exists as soon as the optimization task (14) has at least one
solution. At the end of this section, we will discuss options to ensure the existence
of such a solution. For the time being, we assume that we can compute a solution
(Z,2,\,9,v) of this linear system and define for the current iterate x and z

Ar:=% —z and Az:=%2-—2

as directions towards the next iterate.

Computing a step size 5 The optimization problem (13) has only (piecewise) lin-
ear constraints. This situation was already analyzed for the CASM solver. Hence the
step size strategy from CASM (Kreimeier (2023)) can be reused here. Nevertheless,
we sketch the step calculation briefly for a complete picture of the algorithm.

For a solution (Z, 2) of Eq. (17), we must check whether (%) = o is still valid
and that the inequality constraints of Eq. (15a) still hold to ensure feasibility. For this
purpose, we calculate two step sizes. The first one is the step length from the current
iterate x in the direction Ax to a possible kink, i.e., a sign change in one component
of z. It is denoted by 57 and defined as

—2

8% = inf {ﬂfz

1<i<s

P (21 - ZZ)O'I < 0} S (0,00] . (18)

If 8% < oo the first index for which the minimum is attained is denoted by j*. For
5% < 1, there exists a blocking kink such that we can not take the full step to the
solution . For a given signature vector ¢ with o; # 0 and x € P, it follows that
zi(x) # 0. Thus, $* > 0 must hold.

The second step size is the step length from the current iterate x in the direction
Az to a possible inequality constraint H;(z, z, ¥2),1 < [ < p, that becomes active.
Similar to the computation of 37, this step size 5 is given by

H
H : H __ l
= inf = —
b 1S1§P{ﬁl H; — H;

(ﬁl — Hl)wg < 0} S (0, OO] s (19)

where H = H(z,z,%2), H = H(%,2,%2) and [ denotes the /th component of H
and H, respectively. We denote by j* the smallest index for which the minimum is
attained. If 37 < 1, there exists a blocking inequality constraint, i.e., the solution % is
not feasible. Therefore, the new iterate 2t should be chosen such that the jth com-
ponents of H(xz", 2%, ¥27) and w(x™) drop to zero in comparison to H(x, z,¥z)
and w, respectively. Setting w;.rH = 0 changes the optimality system (15a) and a new

solution of system (17) has to be computed. If 37 < 3% then we have zjnZin >0

such that the iterate £ is still contained in Py, i.e., 0(£) = o is still valid. Since all
active constraints are encoded in w, one must have 57 > 0.

Finally, we determine the actual step size
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g =min{p*, 7,1} € (0,1] (20)
where the upper bound 1 on 3 ensures with the update
vt =(1-p)z+pi =2+ BAx

that the next iterate is feasible for the optimization task (14) and the current o. As
can be seen, the case 5 < 1 corresponds to the activation of a kink or an inequality
constraint, respectively. Therefore, we will refer to this situation as a restriction of o
or w, respectively. If 3 = 1, one has for the new iterate 2+ = 2 that 0(27) = o and
w(z™) = w. In this case, 27 is called signature stationary since the two signature
vectors are kept.

Checking the optimality If =T is signature stationary on the current polyhedron
P, it fulfills the necessary optimality condition of the optimization task (14) on P,.
Then, one has to check whether 2 is a minimizer of (13). If this is the case the itera-
tion stops. Otherwise, the optimization continues in one of the neighboring polyhedra
P; with & = o where

oro holds if &jUjZJJZ for j=1,...,s.

Such a & can be decomposed into o + « with |o| T |y| = 0. Replacing 3 in the opti-
mality conditions (15a) by the corresponding 3 + I" and using

25(2) = 244 (x) = (Is = M — LY — LT) " Y(c+ Zz) = (I, — LT) " (¢ + Zx)

it follows that most of the equations still hold for the current values of Z, Z and A.
Just Eq. (16) changes in that it has as many new nontrivial components as v which
are given by

0<pu' T =2TQT +25T Qs +b' T +6' (BL + C|T|) +v' (ET + F|T|) + AT (I, — LT)T
=(27Q2+22"Q3+b" +8" B+v ' E+AT) T+ (8'C+v'F-AL)T.

This condition is violated if and only if there exists at least one index kwith1 < k < s
such that

y=—sgn(@' Qo +22TQs+b" +6"B+vTE+ A\ ey
satisfies

0>@"C+v ' F=ATL)er —[87TQ2+25TQs+b" +6"B+v E+AT|e, and op=0. (21)

This optimality condition can be verified as a matrix-vector product in polynomial
time. For the unconstrained and abs-linear case a similar complexity result was
shown in Griewank and Walther (2018) and for the general case of abs-smooth and
constrained problems in Hegerhorst-Schultchen and Steinbach (2020).
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The overall algorithm Combining all the steps described above, one obtains
Algo. 1 as an extension of (Kreimeier et al. 2025, Algorithm 1) for the piecewise
linear case. Once more, the resulting algorithm consists of three main parts: First,
the computation of the search direction (cf. line 2 of Algo. 1). Second, computing the
step size and in case of blocking kinks and/or inequality constraints restrict o and/
or w, respectively (cf. line 3-6). Third, checking the optimality and relaxing kinks or
constraints in case of nonoptimality (cf. line 7-14).

Require: Feasible start point z € R",n € N, s,;m,p € NU{0},a € R", bc € R’ Z € R**",
L,M € R*** strictly lower triangular, Q; = Qf € R™" Qs € R***, Q3 = Q4 € R®**, g € R™ h € RP,
A e R B,C € R"* D € R*" E,F € RP* =0
Set: z := z(z) via Eq. (8b), 0 := o(z) and w := w(x)

1: loop
If possible compute (, 2, A, §, ) by solving Eq. (17) else return ERROR

3 Compute 5% via Eq. (18), 8# via Eq. (19) and 3 via Eq. (20)

4 Set (zt,2%) = (1 - B)(z,2) + B(&, 2)

5: if B = /3 then Restrict w > Add constraint
6: if 5* = 8 then Restrict o > Add kink
7 if 3 =1 then > 27T is feasible signature stationary
8 if v # 0 then

9 Relax w, set 8 =0 > Drop constraint
10: else > 7T is feasible signature optimal
11: if Eq. (21) holds true then

12: Relax o, set =0 > Drop kink
13: else > 27T is local optimal
14: return (z*,27) > Problem solved
15: Set (z,2) = (T, 27)

Algorithm 1 Quadratic constrained active signature method (QCASM)

As can be seen from Line 2 of Algo. 1, in each iteration of QCASM one system of
linear equations, see Equation (17), has to be solved. The dimension of this system
depends on the dimensions n, s, m and p, i.e., the number of variables, the number
of switching variables as well as the number of equality and inequality constraints,
respectively. Depending on the software used, properties such as the block struc-
ture (see also (Kreimeier 2023, Lemma 4.9) for the linear case) or sparsity can be
exploited to reduce the overall computational effort. In the applications considered so
far, the matrices occurring in (13) are usually very sparse. Assuming a feasible start-
ing point, the system is always consistent, so that a solution of (17) always exists. The
complexity of the remaining steps in Algo 1 is negligble.

Finite convergence of QCASM For the piecewise linear case, convergence prop-
erties of (C)ASM have already been analyzed in detail in Griewank and Walther
(2018); Kreimeier (2023). The basic idea is that by decomposing R there are only
finitely many polyhedra and on one polyhedron a solution is found in finitely many
steps. However, the essential difference lies in the quadratic parts of the objective
function. For the piecewise linear case considered in Griewank and Walther (2018);
Kreimeier (2023) the resulting linear problems on each polyhedron were extended
by a quadratic penalty term with a positive definite matrix Q to ensure the existence
of a minimizer in each polyhedron. To derive the same convergence results for the
optimization task (13), a similar requirement would be that the matrix
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is positive definite. However, this is not necessarily the case for the examples con-
sidered in the earlier sections of this paper. On the other hand, it was shown in the
Lemmas 2.1 and 2.4 that the target function is convex on the feasible domain. There-
fore, we will now analyze the convergence of QCASM under more general convexity
assumptions including also the case that the matrix Q is positive definite. For this pur-
pose, first we define a regularity condition, which has already been introduced (Grie-
wank and Walther 2019) for the unconstrained case and in Hegerhorst-Schultchen
and Steinbach (2020) for the constrained case. It corresponds to the well-known
LICQ in the smooth case.

Definition 3.5 (LIKQ (constrained case)) Let a constrained optimization problem of
the form (13) and a signature vector o € {—1,0, 1}* be given. Then the linear inde-
pendent kink qualification (LIKQ) holds at a feasible point x of the corresponding
optimization problem (14) if the active Jacobian

A+ BIS|Z+CSZ
Js = |Pr(D+ E[S|Z + FEZ)| € RUFIEIHalxn (22)
P.Z

has full row rank m + |Z| 4 |«|. Here, Z = Z(x) collects the indices of the active
inequality constraints at x and the projection onto the active components of H(x) is
defined as Pr = (e )iez € RIZIXP with e; denoting the ith unit vector of appropriate
size.

Now, we present one of the main contributions of this paper.

Theorem 3.6 (Finite convergence of QCASM) Let an optimization problem of the
form (13) be given and suppose that LIKQ holds at every feasible point. Furthermore,
assume that the target function f : R™ — R of (13) is convex on the compact feasible
set F. Then, Algorithm 1 terminates for any feasible starting point x € R™ after
finitely many iterations at a global minimizer of (13).

Proof Since f'is continuous and F is compact, there exists a minimizer of the optimi-
zation task (13). For a fixed given o, the same statement holds for the optimization
task (14), such that one can always compute a solution of Eq. (17) and Algorithm 1
does not terminate with an error. Moreover, it is clear that if the current iterate x; is
not a minimizer of (13), then a descent direction must exist. Now, we show that such
a descent direction is determined by Algorithm 1.

Since standard KKT theory was used to derive the system of Eq. (17), its solution
is a stationary point for the currently active set of constraints, encoded by the matrix
Q, and the active switches, encoded by the matrix . Since f'is convex on the fea-
sible set, such a stationary point is already a minimum for the restricted subproblem
defined by the current 2 and Y. If the solution of (17) yields a point Z that is not
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equal to the current iterate x, then Ax = & — x # 0 defines a direction of descent. If
Z = x, but x is not a minimizer of the original problem (13), then active inequality
constraints and/or switches must be dropped. Since we can ensure in the next iterate
that the step length 3 is larger than zero, a cycling can not happen. Hence, standard
active set theory yields the convergence to a minimizer of the optimization task (14)
in finitely many steps.

There are only finitely many polyhedra. Furthermore, if the signature vector o is
modified by Algo. 1, the value of the target function is consistently reduced in the
next iterate. Hence, the signature vector can be modified only finitely many times
leading to a finite convergence of the overall algorithm. [J

4 Numerical validation

This section is organized into two subsections. The first subsection discusses about a
few possible data sources that have been used in the literature. This is included for the
benefit of the community and aims at showing the importance of such datasets. We
also note that most of these datasets are proprietary and are far from being published
in open-source repositories. The second subsection presents the numerical perfor-
mance of our proposed approach on three retail datasets. Two out of the three datasets
correspond to real data and one refers to simulated data.

4.1 Data sources

We divide this subsection further into three parts, where the first one elaborates on
case studies that are proprietary, the second one on the datasets we use for this work,
and the third one on other possible sources that can be used for the future.

4.1.1 Propriety industry data

We present two use-cases that specifically focus on problems pertaining to discounts
and pricing.

e Assortment Optimization Case (2017): This work presents an inventory man-
agement problem, where the demand is a consequence of product prices. Here,
promotions and markdowns follow a slightly different structure and apply not to
the product pricing, but instead to their shelf assortment within the store. Here,
product sales is limited by an upper bound, which is a consequence of some pre-
defined rules set by the store.

d: = min(d}(p!). ). d}(p!) = mas (a; — b 0)

Note that d! is a constant, which is determined based on the various shelf widths and
heights, specific to the store. Recent work (Hekimoglu et al. 2019) investigates this
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setting in detail based on real business data from a Turkish grocery store. However,
the data has not been made publicly available.

o Markdown Optimization Case (2020/2021): Recent work (Burman et al. 2021)
considers the promotions planning problem (discrete version) in spirit similar to
our proposed formulation. However, the setting is slightly more complex, where
the objective includes metrics that are not restricted to only revenue. This data is
from a European retail outlet (details also anonymized) and is not publicly avail-
able.

4.1.2 Open source repositories

While there are multiple datasets available from the standpoint of retail, e.g., market
basket data, product attribute data, inventory data, and geographical variation data,
very few actually correspond to historical price-sales entries. Of these, we describe
two crucial and widely used datasets and one simulated dataset as follows.

e Tech-Gadget Retailer (Cohen’s dataset): This dataset is anonymized and refers to
real data from a US based retailer (Cohen et al. 2022). It comprises 44 SKUs and
4400+ entries, with individual columns for price and sales. This dataset has been
used as one of the standards for demand forecasts, e.g., by Deng et al. (2022);
Cohen et al. (2019). The time stamps for the records range from the years of 2016
to 2018 for 98 weeks.

e Online Retail: This refers to data from the UCI repository (Daqing et al. 2012)
and contains all the transactions between Jan. 2010 and Sep. 2011 for a real UK
based online retail company (details similarly anonymized). The customers are
wholesalers and the products/SKUs are “gifts” (occasion specific). The dataset
has a few additional indicators like geography. It contains more than 2500 SKUs
and roughly 50,000 records (transactions).

e Logit: Here, we simulate data based on previous work on logit models (Eben-
Chaime 2023). While the logit model is well established and possibly the most
widely used, most of these models also contain product attributes or competition
related additions. The model takes the form: d(p) = {1 + exp {—¢(p)}} ' We
use the same parameters from Eben-Chaime (2023), adding minor randomization
with respect to the products. Our data is generated for 50 products and 50 weeks.

4.1.3 Other references

Some datasets from Chen (xxxx); Seaman and Bowman (2021) and beyond Skenderi
et al. (2021) also contain the necessary price-sales entries. However, they consist
of information on product attributes in addition to prices. These datasets have been
mainly analyzed in literature from the standpoint of clustering or association rule
mining. Demand forecasting in these cases has also been studied, but over these
comprehensive input features. These datasets hence do not ideally suit our case study.
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4.2 Numerical results

We present four sets of results in this discussion. The numbers denoting the rev-
enue are expressed in the respective currency units (US-Dollars or Pounds). First,
we analyze the progressive performance of the QCASM algorithm for the differ-
ent datasets. Second, we discuss the accuracy of the three different piecewise linear
functions on each of these datasets. Third, we evaluate the performance of our opti-
mization algorithm against standard baseline pricing strategies as well as randomly
generated price sets. Finally, we benchmark our QCASM-based approach against
the conventional state-of-the-art solver Gurobi. To integrate the primitive nonsmooth
optimization problem into this solver framework, we reformulate it into a smooth
mixed-integer optimization problem. Further details on this transformation are pro-
vided in the final subsection of this section. All our computations were done on a
quadcore Linux machine (Ubuntu 15.0) with 2.7Ghz speed and 32 GB RAM. We
consider a simple version of the revenue maximization problem, which is continuous
and further ignore inter-item constraints. Prices are bounded from above and below,
where upper bounds indicate the base price. The lower bounds and the interior values
of price indicate discounts. The price bounds are set based on historical data. The
initial inventory and replenishment levels are set to be proportionate to the total his-
torical sales. All the datasets considered in our study and the related implementation
details are available online!.

Additional Specifics: Beyond the hardware and platform details, we highlight
several key aspects of our implementation. In implementing QCASM, we begin with
a feasible starting point-specifically, a vector of ones representing base prices, as it
yields higher initial revenue than full discounts (zeros). This choice also aligns with
the goal of evaluating revenue gains from offering discounts. Given the large size of
our datasets, especially UCI, we report revenue outcomes for a representative subset
of products, selected from low, medium, and high revenue segments. This approach
provides a comprehensive view of QCASM’s performance across the portfolio, with
a slightly larger sample used for UCI to reflect its scale. For consistency in presenta-
tion, we order the product columns in ascending or lexicographic order. We proceed
with detailed performance analysis in the following paragraphs. The paper presents
numerical results based on a simplified version of the problem (6), which excludes
inter-item constraints and stock response factors. This simplification helps keep the
focus on the core idea. Including these additional constraints would not change the
fundamental theory behind deploying QCASM. However, exploring these empirical
aspects further is suggested as a future research direction.

Iterative Performance: We begin our analysis with Cohen’s dataset. For this
dataset, the sales data obviously appeared to follow a non-concave trajectory and
hence the choice of max(.,.) is practical. Given the 44 SKUs, QCASM was used
to solve both the regression and revenue maximization problems. The termination
criterion for QCASM was 200 iterations or attainment of optimal error tolerance
levels. Table 1 shows the revenue of different products at different stages of the
QCASM algorithm. The estimation problem is relatively simple in that it consumes

!'Please follow this link for all details: https://scm.cms.hu-berlin.de/aswinkannan1987/retail-code-base.
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Table 1 Iterative progress of QCASM for Cohen’s problem

Iteration Revenue (in multiples of 100,000)
Product 4 Product 5 Product 7 Product 8 Product 12 Total

1 0.07529 0.04287 0.11084 1.14629 0.56539 24.4017
10 0.07620 0.04380 0.11968 1.16121 0.56647 25.4976
20 0.07734 0.04496 0.13073 1.17985 0.56783 26.8673
50 0.08075 0.04844 0.16388 1.23578 0.57191 30.9767
70 0.08121 0.04891 0.18598 1.27306 0.57191 32.3248
80 0.08121 0.04891 0.19703 1.29170 0.57191 32.8250
100 0.08121 0.04891 0.21913 1.32899 0.57191 33.8253

a significantly lesser number of iterations. Hence, we ignore reporting the related
iterative performance. Here, coefficients a and b refer to the values from the fit

dt(pt) ~ max (a; — bip!, a; — bipt).

It can be observed that convergence is reached in very few iterations for some
products. This is very much expected since the variability in price and demand levels
is huge across the product portfolio. In the case of nearly one-third of the products,
the number of iterations did not exceed 10. For the UCI dataset, a similar iterative
behavior is reported in Table 2. Here, coefficients a and b are fitted with respect to the
curve dt(p!) = max(a; — b;pt, 0) and the second problem (revenue maximization) is
solved using the same expression. For this case, the sales data had a large fraction of
“0” values and product returns, and the choice of max(.,0) is the most practical. The
total revenue is reported in the last column. Similar results are reported in Table 3 for
another set of products.

For the logit dataset, a similar iterative behavior is reported in Table 4. Here, coef-
ficients @ and b are fitted with respect to the curve df(p!) = min(a; — b;p!, d; — b;p})
and the revenue maximization problem is solved accordingly. This solves the issue
of concavity with respect to maximization of revenue and as we will see later also
provides the best possible fit. The choice of the min type PLF for the logit case can
be observed to be quite straightforward.

Comparison of models: In synopsis, the three piecewise linear models give a
good estimate on the nature of demand for each of our datasets. If a min type func-
tion is more accurate, then demand can be possibly more concave. Table 5 shows the
accuracy error (mean absolute error) for all the different possible scenarios. It fol-
lows that the max(., .) fits the Cohen problem finer, and min(.,.) suits the concave
demand problem.

Solution Quality: For the revenue maximization problem, we compare our results
with three standard (and rudimentary) settings. One is setting the prices throughout at
the base level (upper bound). The second setup refers to a randomly generated price
vector between the lower and upper bounds, while the third one refers to the mid
point between the lower and upper price bounds. It can be easily noticed from Table 6
that there is a significant improvement in running our algorithm QCASM on the
actual nonsmooth optimization problem. At this point, we do not intend to compare
the performance of our algorithms against other smooth reformulations or other qua-
dratic optimization methods. We just demonstrate as a proof of concept that the non-
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smooth problem can be solved efficiently by the QCASM solver. The scheme is also
theoretically convergent when demand functions follow some structure on concavity.

Benchmarking and Comparisons We reformulate the primitive nonsmooth opti-
mization problem in (1) into a smooth form by introducing binary variables. How-
ever, it is important to note that the resulting formulation may be nonconvex, even if
the original problem is convex. We begin by expressing the demand function d:(p!)
as:

d(p) = max (@; — bipt, a; — bpt).

Let v} = d!(p!) denote an auxiliary variable representing demand or sales, and let
vl € {0,1} be a binary variable used to identify the active piece in the piecewise
linear function. Using a sufficiently large scalar M, we can reformulate the above as
a system of inequalities:

vl > d; — i)iplf,

vf > a; — bip;,

i < a; —biph + M(1—v}),
vf < a; —bipi + Mvj,

vl e {0,1}.

Here, M is a suitably large constant to enforce the disjunctive logic in the reformula-
tion. In the case where the maximum is replaced by a minimum over the same affine
terms, the representation can be modified accordingly. For instance,

vf = —d!(p) = max (bp! — @;, bipl — a;) = —min (@ — bip!, a; — bipl)

3

can be written as follows.

t

vf > l;ipi — ay,

vf > bip} — a;,

vt < bipt —a; + M(1 —vb),
vl < bipt —a; + M,

vl e {0,1}.

For our comparisons, we use the standard benchmark, namely Gurobi Optimization
(2020). For our experiments in this regard, we adopt the min-type piecewise lin-
ear function (PLF) approximation. This choice is primarily motivated by the fact
that our theoretical guarantees are strongest in the convex setting, and, as discussed
in the introductory section, a significant portion of demand-side models in the lit-
erature naturally lead to convex formulations. Although our theoretical framework
extends to nonconvex problems-ensuring local optimality-the current implementa-
tion of our solver remains at a prototype stage. In contrast, Gurobi is a mature and
highly optimized solver that incorporates a suite of algorithms and heuristics spe-
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Table 3 Iterative progress of QCASM for UCI’s problem (second set)

Iteration Revenue

P-1145  P-1169 P-1201 P-1316  P-1404 P-1433 P-1476  P-1541 P-1913
1 1325.48 187.13  309.40 1505.40 1549.08 1677.52 1491.85 388.96 895.44
10 3816.33 55590 1068.77 4884.62 2033.86 2001.66 3248.09 1650.53 4273.68
20 6929.90 1016.87 2017.98 9108.65 2639.84 2406.83 544338 3227.48 8496.49
50 16270.60 2399.77 4865.62 21780.72 4457.78 3622.35 12029.27 7958.35 21164.91
70 17516.03 2584.16 5245.30 23470.33 4700.18 3784.42 12907.38 8589.13 22854.03
80 17516.03 2584.16 5245.30 23470.33 4700.18 3784.42 12907.38 8589.13 22854.03
100 17516.03 2584.16 5245.30 23470.33 4700.18 3784.42 12907.38 8589.13 22854.03
150 17516.03 2584.16 524530 23470.33 4700.18 3784.42 12907.38 8589.13 22854.03
Table 4 Iterative progress of QCASM for the Logit problem
Iteration Revenue - in multiples of 100,000
P-8 P-11 P-21 P-24 P-25 P-33 P-36 P-38 Total
1 13.6753 3.7833 8.4056 7.7593 9.2360  7.5832 9.9388  9.5455  342.6827
10 14.5872 5.6423 93681 9.7020 10.1433 9.3743  11.2419 9.9612  428.4903
20 15.7272 79662 10.5713 12.1304 11.2774 11.6132 12.8707 10.4809 535.7499
50 19.1471 149376 14.1807 19.4154 14.6798 18.3299 17.7572 12.0400 857.5285
70 21.4270 15.8672 16.5871 20.3867 16.9481 19.2254 18.4088 13.0794 919.1238
80 22.5669 15.8672 17.7902 20.3867 18.0822 19.2254 18.4088 13.5991 930.8060
100 24.8468 15.8672 20.1965 20.3867 20.3505 19.2254 18.4088 14.6385 954.1704
150 25.5308 15.8672 20.9184 20.3867 21.0310 19.2254 18.4088 14.9504 961.1797
Table 5 Comparison of different  pataget Mean Absolute Error (Scaled)
piecewise linear functions Model Model Model -
- max(.,0) -max(.,.) min(.,.)
Cohen 46.4562 42.7222 47.8897
UCI 19.9365 6.1840 8.6981
Concave-Demand 5.6640 5.6637 0.7258
Table 6 Comparison of different  pataset Revenue
piecewise linear functions Base price  Random Midpoint QCASM
price price
Cohen 2440173.82 2970553.95 284604630 4774583.20
UCI 5857376.16  15807897.04 12736676.95 17841259.92
Con-  34268272.32 88747048.32 76545493.35 96117974.13
cave-
De-
mand

cifically designed to handle nonconvexity. Additionally, it benefits from its backend
being implemented in compiled languages, offering substantial speed advantages.
Our solver, by comparison, is written in MATLAB and lacks these low-level perfor-
mance optimizations at this stage of development. For the min(-, -)-type approxima-
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tion, incorporating the associated switching constraints into (1) yields the following
optimization formulation:

T-1
min g E pt-o!
p, 1o, S

i€Z t=0

st I =T 4wl 4 of VieI t=0,...,T—1,
vl > bipt — @ VieT, teT,
vl > bpt — a; VieZ tecT,
vt < bipt —a; + M(1—vf) VieT teT,
vf < bipt —a; + My} VieT, teT,
vl € {0,1} VieZ teT,
pig <Pl < pin VieZ teT,
I} >0 VieI teT,
<1 VieT.

Note that we have only inventory and bound constraints throughout our numerical
results section. As earlier, we proceed with the Logit dataset for the min(.,.) type
approximation. We evaluate algorithmic performance based on two primary criteria:
computational time and solution quality. All comparisons are conducted using Gurobi
as a benchmark solver. While earlier evaluations of our proposed QCASM method
emphasized its iterative behavior, the current experiments apply a time-based stop-
ping criterion to report both solution quality and convergence characteristics. For our
computational experiments, we increase the problem size by varying 7, the number
of time steps, from 7" = 52 to T' = 780 in increments of 104 (i.e., 2 years per step).
The computational budget naturally differs with problem size. For smaller instances,
we limit the runtime to a few hundred seconds, while for the largest problems we
allow up to 3500 (s), where “(s)” denotes seconds. The variable count in QCASM
grows from approximately 10,000 to over 130,000, whereas in Gurobi, the number
of variables remains roughly similar across instances-but with about half of them
being binary, marking a key distinction. The problem structurally decomposes in the
products, and we present the problem in this form to both QCASM and Gurobi for
consistency. Results are summarized in Table 7. The third and fourth columns report
the objective values (revenues) obtained under comparable computational budgets
(shown in the second column). We use cputime as a unified metric, recognizing
that QCASM is implemented in MATLAB, while Gurobi uses compiled backends in
C/C++. Given the fundamentally different algorithmic strategies employed, we con-
sider cputime time a more meaningful metric than iteration counts: while QCASM
identifies kinks and structural transitions in the continuous space, Gurobi applies
advanced Branch-and-Bound (BnB) and Branch-and-Cut (BnC) procedures over a
binary-variable-augmented space. Although both solvers exhibit similar asymptotic
performance in terms of solution quality, QCASM consistently reaches high-quality
solutions faster. It typically begins slower than Gurobi, but then steadily improves,
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Table 7 Comparison of QCASM with Gurobi on the Logit dataset for PLFs of the form min(_, .)

Time Horizon Computational Time (s) Revenue - in multiples of 100,000 dollars/
units
Gurobi QCASM
T=52 10 961.1295 961.1797
20 961.1295 961.1797
30 961.1295 961.1797
40 961.1295 961.1797
T=156 50 288.3049 288.3539
100 288.3049 288.3539
150 288.3049 288.3539
200 288.3049 288.3539
T=260 60 439.2096 390.2729
100 439.2096 480.3758
150 480.2955 480.3758
300 480.2955 480.3758
400 480.2955 *
600 480.2955 *
800 480.2955 *
T=364 100 614.7760 467.6873
200 614.7760 504.8708
300 614.7760 609.4616
400 614.7760 671.4470
600 614.7760 *
800 614.7760 *
1000 614.7760 *
T=468 100 722.4738 455.0444
200 722.9352 689.1916
300 723.4192 715.0395
400 723.8193 808.9788
600 724.8932 808.9788
800 724.8932 *
1100 724.8932 *
3500 724.8932 *
T=572 100 883.0291 495.1663
250 965.5139 678.1153
400 965.5139 817.3932
700 965.5139 1030.5200
900 965.5139 *
1100 965.5139 *
1500 965.5139 *
3500 965.5139 *
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Table 7 (continued)

Time Horizon Computational Time (s) Revenue - in multiples of 100,000 dollars/
units
Gurobi QCASM
T=676 100 1043.5798 560.8207
300 1043.5798 752.1873
500 1043.5798 816.6001
800 1043.5798 1169.3449
1200 1043.5798 *
1500 1043.5798 *
1800 1043.5798 *
3500 1043.5798 *
T=780 100 1204.1306 611.0686
300 1204.1306 787.1123
500 1204.1306 862.2696
800 1204.1306 1097.9531
1200 1204.1306 1270.2441
1500 1204.1306 *
1800 1204.1306 *
3500 1252.4200 *

eventually surpassing Gurobi’s performance as dimensionality increases. This differ-
ence is rooted in formulation: QCASM evolves in a continuous search space where
complexity increases more gracefully, whereas Gurobi operates in a discrete space
with rapidly growing combinatorial complexity. For higher values of 7, the improve-
ments by Gurobi become marginal. Although it is guaranteed to converge to the
global optimum asymptotically, we impose a practical timeout of 3000 (s). For small
instances like 7' = 52, Gurobi naturally has an edge, but the advantages of QCASM
emerge clearly as the scale increases. In particular, Gurobi’s progress stagnates beyond
T = 364,T = 468, and T' = 572, often showing minimal gain after a decent solution
is found. An asterisk “*” in the table denotes instances where QCASM has converged
to a global solution, after which no further runs were conducted. A deeper profiling of
the solvers’ computational characteristics is left for future work. However, these find-
ings already highlight that directly solving the original nonsmooth formulation via
QCASM yields significant advantages in convex regimes-compared to reformulating
the problem with binary variables and relying on commercial mixed-integer solvers.

Remark Our comparison with Gurobi is currently restricted to the convex setting. For
nonconvex problems, our solver QCASM is still in an early stage and requires fur-
ther development. Firstly, as a MATLAB-based prototype, QCASM lacks the perfor-
mance benefits that could be gained from a C/C++ implementation-porting to such a
compiled language could yield significant speedups. Secondly, Gurobi is a mature and
production-grade solver that incorporates a range of advanced techniques, including
sequenced algorithms and global optimization heuristics. In contrast, QCASM pres-
ently guarantees only local optimality in the nonconvex regime. Consequently, it may
not always match Gurobi’s solution quality in such settings. That said, Gurobi itself'is
not immune to challenges-it can also converge to local optima and exhibits scalability
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issues in higher dimensions, particularly due to the growing number of binary vari-
ables, as seen in earlier tables. At this stage, our intention is simply to demonstrate
that QCASM functions reliably on both convex and nonconvex instances, and that
it scales well in convex cases, where convergence theory is also satisfied. A deeper
treatment of nonconvex scenarios, including improved heuristics and C/C++ porta-
bility, is planned for future versions of this work.

5 Conclusion

This work considered nonsmooth quadratic optimization problems in retail revenue
management. A continuous variant of the multi-period problem with inventory con-
straints and price bounds was analyzed and some preliminary statements on convexity
were stated. The problem also required the estimation of piecewise linear functions
that fit the historical data on price-sales leading to a similar optimization problem. A
convergent active signature method that deploys the structure of the nonsmoothness
was proposed for both problems in question. For a proof of concept, three practi-
cal datasets were studied. While the first two cases originate from real retail data,
the third one was simulated from the widely used logit model. Preliminary results
demonstrated a good behavior in iterative performance and revenue improvement in
comparison to other trivially chosen points. Future work aims to expand on deploy-
ing active signature methods for generalizations of our problem involving discrete
prices and product design attributes.
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