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ABSTRACT
We study the accuracy of a variety of parametric price duration-based realized variance estimators constructed via various finan-
cial duration models and compare their forecasting performance with the performance of various nonparametric return-based 
realized variance estimators. Our financial duration models consist of an autoregressive conditional duration (ACD), its logarith-
mic version (Log–ACD), and the fractionally integrated ACD (FIACD), as well as the Markov switching multifractal duration 
(MSMD) model and the factorial hidden Markov duration (FHMD) process. In an empirical study using high-frequency data 
on 10 stocks traded on the New York stock exchange (NYSE), our in-sample and out-of-sample results show that the parametric 
price duration-based realized variance (RV) estimators, especially the ACD-based RV estimator, seem to be robust to price jumps 
and microstructure noise and perform better than the non-parametric return-based RV estimators. Furthermore, we also find 
that the price duration- and return-based RV models perform relatively well and produce more accurate and valid value-at-risk 
forecasts than the GARCH(1,1).

1   |   Introduction

Although 60 years of research has been dedicated to the study of 
asset price variability, it has lost none of its appeal for academia 
and practitioners due to its ongoing importance for risk manage-
ment, derivative pricing, and asset allocation. Initially, a lot of 
attention has been devoted to the development of parametric ap-
proaches for volatility modeling. The incorporation of the styl-
ized facts of financial return time series data, such as volatility 
clustering, leverage, fat tails, jumps, and long memory, has led 
to an abundance of GARCH-type and stochastic volatility (SV) 
models[ see Zaharieva et al. (2020) and the references therein for 
a recent overview.

Owing to the advent of high-frequency data, during the last two 
decades, the focus for the measurement of asset price variability 

has been shifted from parametric to nonparametric methods. 
The first model-free approaches for constructing daily variance 
estimators utilizing high-frequency intraday return data date 
back to the seminal works of Andersen et al. (2001a), Andersen 
et  al.  (2001b) and Barndorff-Nielsen and Shephard  (2002a,b). 
They establish a realized variance (RV) estimator to obtain a 
consistent estimate of an asset's integrated variance. However, 
as remarked by Hansen and Lunde (2006) as well as by Bandi 
and Russell (2008), exploiting the entire record of observations 
induces a severe bias in the proposed RV estimator, when the 
price process is distorted by market microstructure noise. In 
fact, it is well-documented that asset prices recorded at high fre-
quencies are characterized by discontinuities and contaminated 
by microstructure noise due to various market frictions such 
as information asymmetries; see Glosten and Milgrom  (1985), 
transaction costs; see Garman (1976) and their presence lead to 
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biases and inconsistency of the RV estimators; see Hansen and 
Lunde (2006), Hautsch and Podolskij (2013). Subsequently, a va-
riety of approaches have been proposed to handle these issues; 
see Liu et al. (2015) and Mukherjee et al. (2020) for a more com-
prehensive review on RV estimators.

The availability of high-frequency data has also unleashed 
the development of financial duration models for testing 
some market microstructure theories, understanding the 
abundance of issues related to trading and price adjustment 
processes and estimating instantaneous volatility; see Engle 
and Russell (1998) for the autoregressive conditional duration 
(ACD) model, Bauwens and Giot  (2000) for the logarithmic 
ACD (Log–ACD), Jasiak (1998) for the fractionally integrated 
ACD (FIACD), Chen et al. (2013) and Žikeš et al. (2017) for the 
Markov switching multifractal duration (MSMD) model, and 
Segnon and Schulte-Tillmann (2025) for the factorial hidden 
Markov duration (FHMD) model.1 Recent applications of ACD 
models in estimating instantaneous volatility include Tse and 
Yang (2012), Liu and Tse (2015), as well as Hong et al. (2023) 
and indicate a superiority of the price intensity-based estima-
tors2 over the return-based RV ones.

Despite the promising results of the price duration-based 
approaches, it lacks a systematic study of the impact of dif-
ferent modeling frameworks, the sampling methods, and the 
distributional assumptions on the forecasting performance of 
parametric price duration-based RV estimators. To this end, 
we consider a portfolio that consists of the ACD(1,1) model, its 
logarithmic version, Log–ACD(1,1) and the FIACD(1,1) model. 
Apart from the ACD-type models, we further incorporate the 
MSMD and the FHMD model and adopt a Burr distribution 
for the innovations in all our financial duration models. The 
reasons for our choice of the financial duration models and the 
distributional assumption for the innovation are twofold: (i) 
the empirical findings in Bauwens et al. (2004) show that the 
ACD(1,1) and Log–ACD(1,1) model with a Burr or Generalized 
Gamma distribution for the innovation outperform more com-
plex financial duration models in terms of modeling the dy-
namics of the data and forecasting. (ii) It is well-documented 
that financial duration data are characterized by long mem-
ory and nonlinearities, features that can be reproduced by the 
FIACD, MSMD, and the FHMD model. In an empirical study 
using time series data on price durations of 10 actively traded 
stocks on the New York Stock Exchange (NYSE), we compare 
the forecasting performance of our price duration-based RV 
estimators with the performance of returns-based RV estima-
tors. Our in-sample and out-of-sample results show that the 
price duration-based RV estimators are robust to microstruc-
ture noise and perform better than the return-based RV esti-
mators in most cases. However, we note that the performance 
of the price duration-based RV estimators across various mod-
eling frameworks depends on the distributional assumption 
used for the innovation. Furthermore, we also find that the 
ACD(1,1) model produces more accurate and valid value-at-
risk forecasts than the standard GARCH(1,1).

The rest of this paper is organized as follows. Section 2 presents 
the theoretical background and setup for the estimation of inte-
grated variance. Section 3 discusses the empirical application. 
Finally, Section 4 concludes the study.

2   |   Setup

We briefly describe the setup for both return- and price duration-
based realized measures of the integrated variance. We consider 
a standard arbitrage-free framework, in which the log-price of 
a financial asset at continuous time t , say Y = (Yt)t≥0, follows a 
Brownian semi-martingale process without jumps. Y  is defined 
on a filtered probability space (Ω,ℱ, {ℱt}t∈[0,∞),P) and adapted 
to the filtration {ℱt}t∈[0,∞), that is, a family of �-fields with 
ℱs ⊆ℱt ⊆ℱ for all s ≤ t ≤∞.

Let Y  be characterized by the following stochastic differential: 

where � = (�t)t≥0 is locally bounded and predictable, � = (�t)t≥0 
is càdlàg, and W = (Wt)t≥0 a standard Brownian motion. As 
pointed out by Hull and White (1987) when there are no jumps, 
quadratic variation equals the integrated variance. So, the true 
variation of process Yt in our framework3 is given by 

where IV  is the integrated variance at day t . It is well-known 
that IV  is crucial in asset- and derivatives-pricing and risk 
management, and since IV  is latent, different methods have 
been proposed to estimate integrated variance at intraday level. 
Moreover, it well-documented that high-frequency data are con-
taminated by market microstructure noise. This suggests that 
the observed log-price X  can be formalized as follows: 

where Y  is the unobserved log-price and � denotes market mi-
crostructure noise.

We assume that high-frequency data are available through [0, t], 
which is the sampling period and is thought of as being a trading 
day. Let Δ be the sampling frequency. The intraday return at the 
equidistant interval 

[
t(i− 1)Δ, tiΔ

]
 is rti = XtiΔ −Xt(i− 1)Δ.

To complete the setup, we consider the following stochastic 
process, where at the beginning of a trading period, t0, we mark 
every point in time, at which the absolute cumulative price 
change exceeds a certain threshold, �, by t1 < t2 <… < tN. As a 
result, we obtain the strictly increasing sequence of hitting times 
{tj}j=0,…,N. Moreover, we denote the associated total number of 
hitting events (or price events) up to time t  by Nt. The following 
conditional price intensity function 

is well-known to completely describe the stochastic process un-
derlying the price events. We use the conditional price intensity 

(1)Yt = Y0 +

t

∫
0

�sds +

t

∫
0

�sdWs,

(2)IVt =

t

∫
t − 1

�2s ds, t = 1,…,T

(3)X = Y + �,

(4)𝜆(t|Nt, t1,…, tNt
)= lim

Δt→0

Pr
(
Nt+Δt>Nt|Nt, t1,…, tNt

)

Δt
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function to infer the integrated variance in the price duration 
modeling frameworks, our objective of interest.

2.1   |   Return-Based RV

The first nonparametric return-based realized measure of in-
tegrated volatility, called RV, has been proposed by Andersen 
et al.  (2001b). They showed that under certain conditions, RV  
is an unbiased and efficient estimator of the quadratic variation 
of intraday returns. To estimate the integrated variance in this 
paper, we consider the RV (RV(Δ)),4 its subsampled version (RVΔ

ss), 
the time-scale (TSRVΔ), and multiple time scale RV estimator 
(MSRV); see Zhang et  al.  (2005) and Zhang  (2006). Moreover, 
we also utilize the realized kernel estimator (RK), see Barndorff-
Nielsen et al. (2008); the noise-robust RV estimator (RVpa), see 
Christensen et al. (2014) and the realized bipower variation es-
timator (BPV), see Barndorff-Nielsen and Shephard (2006). We 
refer the reader to the Supporting Information for details on the 
return-based RV estimators used in this paper.

2.2   |   Price Duration-Based RV

We revisit the estimation of integrated volatility based on the 
conditional price intensity function which represents the prob-
ability of a price event at time t > ti− 1 given the price event has 
not occurred before time t  and the information set available up 
to arrival time ti− 1, denoted by ℱi− 1 as follows: 

where d = t − ti− 1 and f ( ⋅ ) and F( ⋅ ) denote the density and cu-
mulative distribution function, respectively. According to Engle 
and Russell (1998), the conditional intensity function (or equiva-
lently the conditional hazard function) can be linked to the con-
ditional instantaneous variance at time ti by 

where Pi− 1 denotes the asset's price at time ti− 1. Building on this 
work, Tse and Yang (2012) and Hong et al. (2023) provide the foun-
dation for non-parametric as well as parametric price duration-
based estimators. By integrating over the interval (ti− 1, ti), we 
obtain an estimator of the integrated variance. However, typically, 
we are interested in the integrated variance over a specific time 
interval [t0, tN ], which represents a trading day, an hour, and so on. 
Hence, we aggregate the single integrals as follows: 

Given Equation (7), we see that the estimation of the integrated 
variance necessitates an appropriate choice of the conditional 
intensity function. Following Engle and Russell  (1998), we 
model financial price durations, di, as 

(5)�(d|ℱi− 1) =
f (d|ℱi− 1)

1−F(d|ℱi− 1)
,

(6)�2(t|ℱi− 1) =

(
�

Pi− 1

)2

�(d|ℱi− 1),

(7)

ÎV t =

N∑

i=1

ti

∫
ti− 1

�2(t|ℱi− 1)dt

=

N∑

i=1

(
�

Pi− 1

)2
ti

∫
ti− 1

�(t − ti− 1|ℱi− 1)dt

= − �2
N∑

i=1

ln
(
1−F(di|ℱi− 1)

)

P2
i− 1

.

TABLE 1    |    Overview about RV measures.

Realized measures Acronym Source

Return-based

Basic realized variance RV(�) Inter alia Andersen et al. (2001a)

Subsampled realized variance RV(�)
ss Zhang et al. (2005)

Realized kernel RK(�) Barndorff-Nielsen et al. (2008)

Two-scale realized variance TSRV(�) Zhang et al. (2005)

Multiscale realized variance MSRV(�) Zhang (2006)

Pre-averaged realized variance RV(�)
pa Inter alia Jacod et al. (2009)

Realized bipower variation BPV(�) Barndorff-Nielsen and Shephard (2006)

Price-Intensity-based

Factorial hidden Markov duration PDVFHMD Segnon and Schulte-Tillmann (2025)

Markov-switching multifractal duration PDVMSMD Chen et al. (2013) and Zikes et al. (2017)

Autoregressive conditional duration PDVACD Engle and Russell (1998)

Fractionally integrated ACD PDVFIACD Jasiak (1998)

Logarithmic-ACD PDVLog−ACD Bauwens and Giot (2000)

Nonparametric duration-based variance NPDV Hong et al. (2023)

Note: For return-based RV measures, we attach each estimator's sampling frequency (Δ) in the superscript. In the subscript, we provide further details on the estimator 
in abbreviated form (ss - subsampled; parzen, cubic, th2 or bartlett - names of weighting functions; db - debiased estimator; pa - pre-averaged). For duration-based 
RV measures, we point out which data samples we use, that is, “5min” or “Spread” data, in the superscript. In the subscript, we denote the employed duration model 
in combination with the choice of the distribution for the innovation term. A model name without a specifically mentioned distribution refers to the baseline case of 
exponentially distributed errors.
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where � i denotes the conditional duration and {�i} is a sequence 
of i.i.d.  unit-mean innovations with nonnegative support. 
Furthermore, we assume that the innovation {�i} follows a Burr 
distribution that encompasses the exponential and the Weibull 
distribution as special cases; see Hautsch  (2012). We consider 
the ACD, the Log–ACD, the FIACD, the MSMD, and the FHMD 
frameworks; see Table 15 for an overview of our modeling ap-
proaches for the conditional duration, � i. We note that all the 
models are estimated via the maximum likelihood approach.

Hong et al. (2023) also propose a nonparametric duration-based 
variance estimator (NPDV) which is given by 

where N ≡ Nt denotes in praxis a reasonable number of price events 
over interval [t0, tN ] that represents a trading day for example.

3   |   Empirical Analysis

3.1   |   Data Description and Adjustment

We apply the parametric as well as the nonparametric ap-
proaches for the estimation of the daily variance on 10 ac-
tively traded stocks. We investigate the returns and the price 
durations of Apple (AAPL), Bank of America (BAC), The Walt 
Disney Company (DIS), Evergy Inc (EVRG), Facebook (FB), 
General Electric (GE), International Business Machines (IBM), 
Pfizer (PFE), Tesla, Inc. (TSLA), and Walmart (WMT). For each 
stock, except FB and TSLA, we extract the data for the time 
period from January 3, 2007 to December 31, 2019, spanning 
3272 trading days, from the Trade and Quote (TAQ) database. 
Owing to later initial public offerings, we base our analysis on 
data beginning on May 18, 2012 for FB and on June 29, 2010 
for TSLA, covering 1917 and 2394 trading days, respectively. 
The TAQ database is inevitably prone to market microstructure 
and requires a certain amount of cleaning. Our data cleaning 
steps are described in Appendix A. Generally, we concentrate 
on trades that occurred between 9:30 and 16:00 and resample 
the trade data to a second by second frequency taking volume 
weighted price averages within one second.

We define the price duration for each stock as the minimal time 
required to observe a cumulative change in the price not less 
than the threshold �.6 We follow two approaches to find an ap-
propriate threshold. Firstly, in line with Tse and Yang (2012), we 
aim to set the value for the daily threshold, such that we obtain 
an average price duration of five minutes. The choice of 5 min 
sampling intervals and its impact on duration-based realized 
volatility have been documented by Andersen et al. (2008). Their 
empirical findings show that this sampling interval choice re-
duces the impact of microstructure noise on duration-based RV 
estimators considerably and guarantees their robustness.

To this end, we define a fine grid of relative thresholds � = �∗∕P, 
where P is the average daily stock price and select the threshold 

value that leads to an average duration that comes closest to 
our target. Secondly, akin to Hong et al. (2023), we define the 
threshold parameter as the average daily bid/ask spread times a 
factor lying in the range of 3 to 10. In both approaches, we dis-
card all overnight durations following Engle and Russell (1998).

The intensity of trading activities on financial markets 
changes over the course of a trading day. Typically, the average 
duration is short at market open and close and comparatively 
longer in between. At the beginning of a day, trading activi-
ties are very high due to new events that have occurred during 
the night (macroeconomic or firm-related news that have be-
come public after the previous market close). At the end of a 
day, traders tend to close their positions to reduce their expo-
sure to overnight stock market risk.7 These systematic varia-
tions are responsible for the pronounced diurnal seasonality 
observed in high-frequency financial duration data. However, 
since these variations are predetermined by market character-
istics, we remove the intraday seasonality component, so that 
we are able to implement our parametric estimation approaches 
to the stochastic part of the data. Some studies, like Rodríguez-
Poo et al. (2008), directly incorporate the deterministic part in 
their modeling approach. But as Engle  (2000) notes, this pro-
cedure does not yield a remarkable efficiency gain relative to a 
two-stage adjustment process. Since Tse and Dong (2014) find 
that the diurnal adjustment does not have a huge impact on the 
daily volatility estimation, we follow the simple-to-implement 
dummy-adjustment approach of Ghysels et al. (2004)8:

We split the 6.5-h trading time per day into 13 intervals of 30 
min. Then, we construct an indicator variable 

for each 30-minutes interval k = 1,…, 13 and perform a logarith-
mic dummy variable regression 

(8)di = � i�i, i ∈ ℤ,

(9)NPDVt =

Nt∑

i= 1

(
�

Pi− 1

)2

,

(10)yki =

{
1 if i∈k,

0 otherwise

(11)ln (Di) =

13∑

k= 1

�kyki + ui,

FIGURE 1    |    Plots of the mean diurnal seasonality factor for all 10 
stocks using 5-min data.
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FIGURE 2    |    Plot of raw and adjusted IBM price durations for September 2019.

TABLE 2    |    Descriptive statistics of the raw and adjusted duration data.

Raw duration data Adjusted duration data

No. of obs. Mean Overdisp. Skewness Kurtosis Mean Overdisp. Skewness Kurtosis

5-min data

AAPL 251,348 299.731 1.346 3.768 30.547 1.613 1.072 3.416 31.136

BAC 253,726 296.695 1.406 4.057 33.295 1.689 1.142 3.718 38.271

DIS 251,566 299.364 1.359 3.509 24.091 1.714 1.175 3.823 31.864

EVRG 251,864 299.244 1.419 4.161 36.818 1.858 1.210 4.210 50.773

FB 146,714 299.486 1.378 3.787 30.656 1.597 1.059 3.372 33.972

GE 253,982 297.236 1.412 4.013 33.176 1.755 1.180 3.556 28.246

IBM 251,565 299.895 1.385 3.814 30.253 1.722 1.156 3.578 28.198

PFE 253,489 298.128 1.368 3.688 26.967 1.744 1.159 3.321 23.325

TSLA 182,464 299.669 1.534 4.363 37.765 1.800 1.296 5.779 94.962

WMT 251,848 299.485 1.412 3.906 32.217 1.716 1.164 3.704 34.967

Spread data

AAPL 168,165 430.600 1.957 6.549 71.632 1.709 1.309 8.047 206.391

BAC 585,670 127.545 2.771 10.489 209.479 1.746 1.394 13.949 1151.886

DIS 253,402 294.969 1.668 5.455 61.693 1.797 1.338 7.845 233.522

EVRG 181,249 409.463 1.748 5.554 55.344 1.862 1.357 7.469 179.940

FB 396,104 111.695 1.841 9.759 259.408 1.699 1.244 5.898 118.267

GE 378,093 198.547 2.114 8.096 138.145 1.828 1.372 5.816 97.187

IBM 252,155 296.280 1.727 5.569 60.275 1.777 1.233 4.153 39.834

PFE 95,662 747.073 1.721 4.597 35.803 1.783 1.335 8.736 266.290

TSLA 261,735 207.892 1.990 8.367 147.362 1.858 1.415 8.248 220.006

WMT 128,303 526.859 1.796 4.946 42.316 1.823 1.616 19.660 910.529

Note: For each stock, we report the descriptive statistics for the (raw and adjusted) 5-min data in the top panel and for the (raw and adjusted) spread-based data in the 
bottom panel.
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where Di represents the raw duration data and ui the error term. 
Finally, we eliminate the time-of-the-day-effect and obtain the 
adjusted durations by 

where �̂ = (�̂1,…, �̂13)
� and yi = (y1i,…, y13i)

�. In line with the 
aforementioned literature, our durations exhibit a hump-shaped 
pattern over a trading day. As Figure 1 illustrates, the increase 
of the trading activity at the end of a day is not as distinct as at 
the beginning of the day.9 Table 2 reveals that all stocks exhibit 
overdispersion, right skewness and heavy tails, irrespective 
of the method used to obtain the raw duration data (5 min or 
spread-based). However, the data sets differ in many aspects. 
The mean duration ranges from almost 2 (FB) to more than 12 
min (PFE) for the spread-based data, whereas for the other data 
set, the average time for a price event is close to 5 min as desired. 
We also find that the degree of overdispersion, skewness, and 
kurtosis is always remarkably higher for the spread-based data. 
The data adjustment process leads to a small attenuation of the 

degree of overdispersion but to an amplification of the other two 
characteristics for both data sets in most of the cases. Hence, we 
can ascertain that the method used to determine the threshold 
parameter will have a great impact on the received price dura-
tion data. Finally, Figure 2 depicts the raw IBM price durations 
and the adjusted IBM price durations obtained via the logarith-
mic dummy variable regression approach, clearly indicating that 
the adjustment process successfully removes the diurnal pattern 
present in the top panel of Figure 2.

3.2   |   In-Sample Analysis

In our in-sample analysis, we estimate the daily variance of all 10 
stocks over the whole sample period using all previously presented 
estimators. Figure  3 shows the annualized volatility of IBM for 
an illustrative set of RV estimators (PDV5min

FHMD, db
, TSRV5sec

db
 and 

RV5min). For all estimates, volatility peaks during the financial cri-
sis, and also beyond that, the trajectories follow each other quite 
closely but differ in their level of annualized volatility.

The general tendency that estimates keep close track of each other 
is also confirmed for the remaining estimates by the correlation 
heat map in Figure 4, in which we display the correlation coeffi-
cients between all RV estimates for IBM. We note that especially 
the parametric duration-based estimates originating from differ-
ent duration models are highly correlated with each other. In com-
parison to former studies; see Patton and Sheppard (2009), which 
rely on older high-frequency data from 1996 to 2008, we find a 
higher overall level of correlation. Results for the other stocks are 
qualitatively (and quantitatively) the same and not shown here.

In the next step, we evaluate the estimation accuracy of all 
presented RV estimators. In contrast to Tse and Yang  (2012) 
and Hong et al. (2023), who assess the accuracy of their newly 

(12)di = Di exp
(
− �̂

�
yi
)
,

FIGURE 3    |    Annualized volatility of IBM.
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FIGURE 4    |    Correlation heatmap for realized variance estimates (IBM).
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TABLE 3    |    In-sample performance of realized measures (proxy: 5-min RV).

AAPL BAC DIS EVRG FB

RMSE QLIKE RMSE QLIKE RMSE QLIKE RMSE QLIKE RMSE QLIKE

RV5min 5.064 0.279 14.013 0.225 2.900 0.211 4.292 0.237 3.787 0.231

RV5minss
5.317 0.279 15.106 0.219 3.487 0.208 4.263 0.220 3.461 0.229

RK5sec
parzen

5.296 0.265 15.750 0.224 3.860 0.201 4.261 0.223 3.424 0.218

RK5sec
cubic

5.479 0.258 16.104 0.219 3.842 0.193 4.185 0.211 3.386 0.213

RK5sec
th2

6.211 0.245 15.701 0.197 3.767 0.183 4.332 0.193 3.388 0.204

RK5sec
bartlett

5.899 0.245 15.634 0.197 3.741 0.182 4.310 0.192 3.391 0.203

TSRV5sec
db

5.061 0.230 15.181 0.181 3.357 0.171 5.417 0.189 3.808 0.190

MSRV5sec 4.578 0.675 14.071 0.417 3.101 0.510 4.221 0.235 3.490 0.601

RV5minpa
4.754 0.627 14.791 0.538 3.017 0.464 4.794 0.684 3.529 0.506

BPV5min
db

5.248 0.313 13.100 0.259 2.689 0.234 4.260 0.280 3.431 0.258

BPV5min
ss,db

5.281 0.309 14.796 0.242 3.187 0.229 4.057 0.258 3.297 0.253

PDV5min
FHMD,db

4.366 0.284 14.134 0.206 2.965 0.231 3.918 0.388 3.271 0.242

PDV5min
FHMD−Burr,db

4.380 0.282 13.951 0.204 2.987 0.228 3.915 0.385 3.141 0.240

PDV
Spread

FHMD,db
4.196 0.241 12.893 0.184 2.605 0.185 3.726 0.262 2.993 0.228

PDV
Spread

FHMD−Burr,db
4.148 0.234 12.853 0.181 2.608 0.182 3.757 0.257 2.981 0.222

PDV5min
MSMD,db

4.494 0.283 13.969 0.207 3.108 0.229 3.920 0.390 3.199 0.241

PDV5min
MSMD-Burr,db

4.464 0.279 14.176 0.203 3.009 0.227 3.916 0.386 3.220 0.237

PDV
Spread

MSMD,db
4.216 0.250 12.893 0.189 2.616 0.191 3.748 0.272 3.004 0.236

PDV
Spread

MSMD-Burr,db
4.203 0.241 13.075 0.187 2.630 0.187 3.801 0.264 2.987 0.230

PDV5min
ACD, db

4.377 0.268 13.603 0.189 3.049 0.224 4.033 0.386 3.047 0.235

PDV5min
ACD−Burr,db

4.371 0.269 13.473 0.190 2.961 0.223 4.007 0.387 3.089 0.235

PDV
Spread

ACD,db
4.086 0.236 12.871 0.182 2.561 0.181 3.705 0.261 2.979 0.229

PDV
Spread

ACD−Burr,db
4.088 0.237 12.762 0.182 2.561 0.185 3.706 0.261 2.982 0.229

PDV5min
FIACD,db

4.546 1.004 14.572 0.815 3.074 0.818 3.829 1.205 3.527 0.846

PDV5min
FIACD−Burr,db

4.880 1.081 14.365 0.795 3.140 0.841 3.775 1.391 3.554 0.911

PDV
Spread

FIACD,db
4.461 12.446 13.023 3.449 2.905 2.304 3.893 5.646 3.107 0.388

PDV
Spread

FIACD−Burr,db
4.463 11.267 13.004 3.305 2.875 2.021 3.880 5.177 3.111 0.386

PDV5min
Log−ACD,db

4.383 0.268 13.576 0.189 2.993 0.223 4.038 0.384 3.052 0.234

PDV5min
Log−ACD−Burr,db

4.376 0.269 13.455 0.191 2.929 0.223 4.015 0.385 3.063 0.234

PDV
Spread

Log−ACD,db
4.089 0.239 12.831 0.181 2.574 0.182 3.705 0.258 2.983 0.227

PDV
Spread

Log−ACD−Burr,db
4.076 0.244 12.673 0.183 2.562 0.184 3.701 0.258 2.992 0.231

NPDV5min
db

4.405 0.272 14.039 0.192 3.050 0.225 3.986 0.402 3.095 0.233

NPDV
Spread

db
4.298 0.278 13.150 0.203 2.656 0.212 3.771 0.301 3.028 0.253

Continued on next page.
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TABLE 3    |    Continued.

GE IBM PFE TSLA WMT

RMSE QLIKE RMSE QLIKE RMSE QLIKE RMSE QLIKE RMSE QLIKE

RV5min 6.168 0.207 2.470 0.199 2.060 0.186 9.221 0.273 2.303 0.244

RV5minss
6.204 0.207 2.442 0.198 2.204 0.181 8.846 0.268 2.856 0.239

RK5sec
parzen

6.457 0.207 2.432 0.191 2.222 0.179 8.929 0.264 2.696 0.230

RK5sec
cubic

6.596 0.203 2.371 0.181 2.337 0.172 9.034 0.250 2.975 0.217

RK5sec
th2

6.468 0.185 2.574 0.170 2.461 0.158 8.817 0.229 2.926 0.206

RK5sec
bartlett

6.428 0.185 2.527 0.169 2.420 0.157 8.868 0.229 2.879 0.205

TSRV5sec
db

6.095 0.174 2.809 0.160 2.251 0.149 9.086 0.209 2.314 0.198

MSRV5sec 5.907 0.387 2.418 0.465 2.121 0.362 9.489 0.412 2.187 0.589

RV5minpa
5.864 0.557 2.357 0.497 1.985 0.514 10.156 0.701 2.507 0.618

BPV5min
db

5.981 0.243 2.538 0.223 1.986 0.214 8.739 0.311 2.305 0.268

BPV5min
ss,db

6.005 0.234 2.448 0.217 2.166 0.207 8.470 0.300 2.740 0.266

PDV5min
FHMD,db

5.647 0.203 2.333 0.209 2.021 0.196 8.578 0.298 2.241 0.269

PDV5min
FHMD−Burr,db

5.641 0.201 2.332 0.207 2.022 0.193 8.698 0.297 2.236 0.266

PDV
Spread

FHMD,db
5.280 0.153 2.180 0.176 1.778 0.142 8.682 0.246 1.994 0.193

PDV
Spread

FHMD−Burr,db
5.263 0.151 2.224 0.173 1.781 0.141 8.662 0.241 1.990 0.191

PDV5min
MSMD,db

5.795 0.203 2.374 0.208 2.142 0.195 8.584 0.299 2.372 0.266

PDV5min
MSMD-Burr,db

5.720 0.199 2.418 0.205 2.038 0.192 8.584 0.294 2.273 0.266

PDV
Spread

MSMD,db
5.318 0.160 2.207 0.185 1.825 0.150 8.705 0.255 2.013 0.200

PDV
Spread

MSMD-Burr,db
5.305 0.157 2.225 0.178 1.815 0.147 8.777 0.251 2.013 0.193

PDV5min
ACD,db

5.618 0.180 2.384 0.203 2.088 0.174 8.544 0.297 2.254 0.257

PDV5min
ACD−Burr,db

5.548 0.181 2.387 0.204 2.085 0.177 8.433 0.297 2.269 0.257

PDV
Spread

ACD,db
5.255 0.154 2.106 0.174 1.734 0.147 8.690 0.250 1.970 0.185

PDV
Spread

ACD−Burr,db
5.248 0.154 2.126 0.178 1.746 0.144 8.655 0.250 1.973 0.187

PDV5min
FIACD,db

6.219 0.527 2.399 0.737 2.166 0.558 8.845 0.677 2.275 0.623

PDV5min
FIACD−Burr,db

6.053 0.619 2.448 0.782 2.084 0.647 10.979 0.860 2.154 0.741

PDV
Spread

FIACD,db
5.570 1.748 2.249 3.157 2.445 14.044 9.795 1.578 2.155 8.194

PDV
Spread

FIACD−Burr,db
5.575 1.660 2.233 2.750 2.430 13.399 9.713 1.211 2.138 7.711

PDV5min
Log−ACD,db

5.611 0.180 2.385 0.204 2.084 0.175 8.555 0.297 2.261 0.256

PDV5min
Log−ACD−Burr,db

5.543 0.181 2.385 0.204 2.080 0.177 8.447 0.298 2.274 0.256

PDV
Spread

Log−ACD,db
5.269 0.154 2.107 0.175 1.764 0.149 8.699 0.245 1.974 0.189

PDV
Spread

Log−ACD−Burr,db
5.269 0.155 2.120 0.179 1.755 0.149 8.676 0.247 1.970 0.185

NPDV5min
db

5.587 0.182 2.462 0.206 2.077 0.180 8.369 0.298 2.262 0.259

NPDV
Spread

db
5.354 0.170 2.242 0.196 1.876 0.188 8.768 0.281 2.036 0.237

Note: We report the average RMSE and QLike losses. The RMSE means are multiplied with factor 10, 000 for the sake of legibility. For some estimators, we perform 
a small-sample adjustment, which we abbreviate by “db” in the subscript. The sampling frequency (e.g., 5 min) of every RV estimator is attached to its superscript. 
A gray-shaded cell indicates that the associated estimate belongs to the 75% model confidence set. The entries in the first column are as follows: The RV (RV(Δ)), 
the subsampled RV (RVΔ

ss
), time scale RV (TSRVΔ), and multiple time scale RV (MSRV), the realized kernel estimator (RK), the noise-robust RV estimator (RVpa), the 

realized bipower variation estimator (BPV), parametric variance estimator (PDV), and nonparametric variance estimator (NPDV). Δ denotes the sampling interval.
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TABLE 4    |    Model confidence set inclusion frequency.

1-day ahead 1-week ahead 1-month ahead Total

RMSE QLIKE RMSE QLIKE RMSE QLIKE RMSE QLIKE Σ

RV5min 3 0 1 2 10 10 14 12 26

RV5minss
4 2 1 2 10 9 15 13 28

RK5sec
parzen

4 3 2 2 10 9 16 14 30

RK5sec
cubic

4 2 1 2 10 9 15 13 28

RK5sec
th2

4 1 1 2 10 9 15 12 27

RK5sec
bartlett

4 1 1 2 10 9 15 12 27

TSRV5sec
db

3 0 1 2 10 9 14 11 25

MSRV5sec 3 0 1 1 9 8 13 9 22

RV5minpa
4 0 3 3 10 9 17 12 29

BPV5min
db

3 1 3 2 10 9 16 12 28

BPV5min
ss,db

4 2 2 3 10 9 16 14 30

PDV5min
FHMD,db

3 1 1 2 10 9 14 12 26

PDV5min
FHMD−Burr,db

4 1 2 2 10 9 16 12 28

PDV
Spread

FHMD,db
3 0 1 2 10 10 14 12 26

PDV
Spread

FHMD−Burr,db
4 0 3 3 10 10 17 13 30

PDV5min
MSMD,db

3 1 1 2 10 9 14 12 26

PDV5min
MSMD-Burr,db

4 1 1 2 10 9 15 12 27

PDV
Spread

MSMD,db
3 0 1 2 10 8 14 10 24

PDV
Spread

MSMD-Burr,db
4 0 1 2 10 10 15 12 27

PDV5min
ACD,db

5 1 1 1 10 10 16 12 28

PDV5min
ACD−Burr,db

5 1 1 2 10 10 16 13 29

PDV
Spread

ACD,db
10 10 10 8 10 10 30 28 58

PDV
Spread

ACD−Burr,db
6 5 5 3 10 10 21 18 39

PDV5min
FIACD,db

2 0 1 1 10 9 13 10 23

PDV5min
FIACD−Burr,db

2 0 1 1 10 9 13 10 23

PDV
Spread

FIACD,db
4 1 3 5 10 9 17 15 32

PDV
Spread

FIACD−Burr,db
4 1 3 5 10 9 17 15 32

PDV5min
Log−ACD,db

5 1 1 1 10 10 16 12 28

PDV5min
Log−ACD−Burr,db

4 1 1 1 10 10 15 12 27

PDV
Spread

Log−ACD,db
9 6 7 7 10 10 26 23 49

PDV
Spread

Log−ACD−Burr,db
6 4 7 4 10 10 23 18 41

NPDV5min
db

4 1 2 2 10 10 15 13 28

NPDV
Spread

db
3 0 1 1 10 9 14 10 24

Note: For each RV estimator, we report the number of inclusions in the 75% model confidence set across all 10 stocks for both loss functions (RMSE and QLike) 
and for three forecast horizons (1 day, 1-week ahead, 1-month ahead). The entries in the first column are as follows: The realized variance (RV(Δ)), the subsampled 
RV (RVΔ

ss
), time scale RV (TSRVΔ), and multiple time scale RV (MSRV), the realized kernel estimator (RK), the noise-robust realized variance estimator (RVpa), the 

realized bipower variation estimator (BPV), parametric variance estimator (PDV), and nonparametric variance estimator (NPDV). Δ denotes the sampling interval.
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TABLE 5    |    Out-of-sample relative forecasting performance for WMT.

1-day ahead 1-week ahead 1-month ahead

RMSE QLIKE RMSE QLIKE RMSE QLIKE

RV5min 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

RV5minss
0.9982 0.9786 0.9991 0.9912 0.9998 0.9967

RK5sec
parzen

0.9969 0.9748 0.9982 0.9858 0.9995 0.9938

RK5sec
cubic

0.9980 0.9767 0.9981 0.9854 0.9991 0.9903

RK5sec
th2

0.9971 0.9780 0.9981 0.9865 0.9987 0.9874

RK5sec
bartlett

0.9968 0.9745 0.9980 0.9849 0.9987 0.9871

TSRV5sec
db

1.0018 1.0088 1.0000 0.9899 0.9993 0.9856

MSRV5sec 1.0024 1.0105 1.0003 0.9924 0.9994 0.9854

RV5minpa
0.9998 1.0056 1.0013 0.9950 1.0007 1.0001

BPV5min
db

0.9974 0.9834 0.9997 0.9979 0.9999 0.9962

BPV5min
ss, db

0.9969 0.9634 0.9988 0.9895 0.9998 0.9963

PDV5min
FHMD, db

0.9966 0.9707 0.9980 0.9809 0.9988 0.9826

PDV5min
FHMD−Burr,db

0.9964 0.9703 0.9979 0.9801 0.9988 0.9830

PDV
Spread

FHMD, db
0.9901 0.9431 0.9939 0.9502 0.9987 0.9837

PDV
Spread

FHMD−Burr,db
0.9888 0.9185 0.9931 0.9450 0.9986 0.9830

PDV5min
MSMD, db

0.9968 0.9708 0.9981 0.9808 0.9987 0.9825

PDV5min
MSMD-Burr,db

0.9990 0.9790 0.9987 0.9815 0.9990 0.9834

PDV
Spread

MSMD, db
0.9882 0.9233 0.9940 0.9540 0.9991 0.9862

PDV
Spread

MSMD-Burr,db
0.9885 0.9267 0.9938 0.9505 0.9990 0.9841

PDV5min
ACD, db

0.9958 0.9698 0.9975 0.9781 0.9985 0.9842

PDV5min
ACD−Burr,db

0.9961 0.9679 0.9976 0.9796 0.9986 0.9844

PDV
Spread

ACD, db
0.9791 0.8760 0.9896 0.9185 0.9977 0.9739

PDV
Spread

ACD−Burr,db
0.9824 0.8846 0.9913 0.9295 0.9981 0.9773

PDV5min
FIACD, db

1.0114 1.0877 1.0020 1.0075 0.9983 0.9767

PDV5min
FIACD−Burr,db

1.0156 1.0920 1.0056 1.0147 0.9994 0.9860

PDV
Spread

FIACD, db
1.0197 1.1537 0.9988 0.9737 1.0004 1.0037

PDV
Spread

FIACD−Burr,db
1.0136 1.1121 0.9963 0.9524 0.9998 0.9947

PDV5min
Log−ACD,db

0.9959 0.9694 0.9975 0.9785 0.9986 0.9845

PDV5min
Log−ACD−Burr,db

0.9962 0.9673 0.9977 0.9800 0.9987 0.9846

PDV
Spread

Log−ACD,db
0.9807 0.8962 0.9896 0.9166 0.9980 0.9770

PDV
Spread

Log−ACD−Burr,db
0.9828 0.8879 0.9911 0.9294 0.9982 0.9787

NPDV5min
db

0.9970 0.9729 0.9983 0.9837 0.9988 0.9859

NPDV
Spread

db
0.9917 0.9580 0.9964 0.9784 0.9989 0.9863

Note: We report ratios of the average RMSE and QLike losses of all RV measures relative to the RV5min measure. A gray-shaded cell indicates that the associated estimate 
belongs to the 75% model confidence set. The entries in the first column are as follows: The realized variance (RV(Δ)), the subsampled RV (RVΔ

ss
), time scale RV (TSRVΔ), 

and multiple time scale RV (MSRV), the realized kernel estimator (RK), the noise-robust realized variance estimator (RVpa), the realized bipower variation estimator 
(BPV), parametric variance estimator (PDV), and nonparametric variance estimator (NPDV). Δ denotes the sampling interval.
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introduced price duration-based estimators in the context of a 
simulation study, we compare their estimation accuracy in a 
real-world application. We overcome the fact that the object of 
interest is not observable, even not ex post, by applying the data-
based ranking methodology of Patton  (2011a). The approach 
requires an unbiased but not necessarily precise proxy for the 
integrated variance. The RV estimator based on 5-min data is 
an example for a suitable proxy. However, since the proxy and 
the estimators share the same data basis, the estimation errors 
are likely to be correlated. Therefore, Patton (2011a) proposes to 
employ a 1-day lead of the proxy as an instrument to break the 
correlation.

We measure the estimation accuracy using two well-established 
loss functions, the root mean squared error (RMSE), 

and the quasi-likelihood (QLike) that is defined by 

where �t displays the instrument at day t and Mi,t denotes the i
-th RV estimator at day t. This setup enables us to obtain a consis-
tent estimate of the difference in the accuracy between two com-
peting estimators, so that an iterative testing procedure, such as 
the model confidence set (MCS) approach of Hansen et al. (2011), 
can be applied. In fact, we assess the forecast performance of our 
proposed return- and duration-based RV estimators and infer 
whether the differences observed between their loss functions 
are statistically significant at a given confidence level using the 
MCS test. The MCS test allows us to obtain from an initial set of 
competing return- and duration-based RV estimators, without a 
predefined benchmark model, a set of superior RV estimators at a 
given forecasting horizon with a given confidence level. Based on 
both expected loss functions, return- and duration-based RV esti-
mators are ranked, and the worst performing RV estimator at each 
step is eliminated. The sequential elimination is performed until 

the null hypothesis of equal loss differentials for all RV estimators 
cannot be rejected.

In our in-sample analysis, we estimate the parameters under-
lying the parametric approaches on a monthly basis and use 
the 1-day lead of the 5-min RV estimator as an instrument. 
In Table 3, we report the values for the RMSE and QLike cri-
teria for all stocks and mark estimators that belong to the 
75%-model confidence set. Depending on the considered loss 
function, the results differ substantially. In general, the sets 
of surviving models under the RMSE loss function are less 
sparse compared to the model confidence sets under the QLike 
criterion. The final sets are also found to be different in terms 
of their composition. Thus, for the RMSE loss function, para-
metric approaches dominate the model confidence sets, which 
can be seen by the fact that the estimates of daily volatility 
based on the ACD(–Burr) model using spread data are always 
part of the model confidence sets for all stocks. Additionally, 
the FHMD–Burr as well as the Log–ACD–Burr model also re-
lying on spread data are included in 8 out of 10 cases, whereas 
the most successful return-based approaches (BPV5mindb

 and 
BPV5min

ss, db
) only appear in three model confidence sets. The 

good performance of the parametric price duration-based es-
timators is also reflected in the smallest average losses across 
all stocks. With 4. 58× 10− 4, the ACD–Burr (spread data) has 

(13)RMSE =

√√√√ 1

T

T∑

t = 1

(�t −Mi,t)
2,

(14)QLike =
1

T

T∑

t = 1

(
�t
Mi,t

− ln

(
�t
Mi,t

)
− 1

)
,

FIGURE 5    |    Histogram of IBM standardized returns and Student-t Q-Q IBM standardized returns plot.

FIGURE 6    |    5%-VaR forecasts for IBM returns using RV5min and 
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the lowest mean loss across all stocks, closely followed by 
the FHMD–Burr model (spread data) with an average loss 
of 4. 63× 10− 4.

However, under the QLike criterion, the composition of the 
model confidence sets changes. The two-scale RV estimator 
(TSRV5sec

db
) dominates in this situation, since it is part of the sur-

viving set for seven stocks and also exhibits the smallest aver-
age loss across all stocks with 0.19. The FHMD–Burr model on 
spread data appears the second most frequently in the model 

confidence sets and also has the fourth lowest average loss with 
0.20. Interestingly, the performance of the two-scale RV estima-
tor in terms of the QLike criterion is in stark contrast to its per-
formance under the RMSE loss function, where it is only present 
in two model confidence sets and has the fourth highest average 
RMSE-loss across all stocks.

Moreover, we can ascertain that the performance of the duration-
based estimators is better, when using spread data compared to 
5-min data. This can be explained by the fact that the bid/ask 

TABLE 6    |    Out-of-sample Likelihood ratio test results for the VaR predictions of all 10 stocks at the � = 5% confidence level.

IBM BAC GE AAPL DIS EVRG FB PFE TSLA WMT

GARCH

EFV 0.042 0.041 0.045 0.038 0.041 0.040 0.048 0.039 0.051 0.035

LR-UC 0.043 0.021 0.228 0.003 0.027 0.016 0.729 0.007 0.804 0.000

LR-IND 0.072 0.000 0.000 0.065 0.059 0.018 0.052 0.012 0.079 0.359

LR-CC 0.025 0.000 0.000 0.002 0.015 0.003 0.142 0.001 0.207 0.000

RV

EFV 0.040 0.04 0.039 0.039 0.044 0.048 0.037 0.043 0.045 0.040

LR-UC 0.010 0.001 0.007 0.007 0.140 0.625 0.016 0.065 0.352 0.013

LR-IND 0.096 0.236 0.088 0.199 0.466 0.155 0.918 0.088 0.559 0.770

LR-CC 0.009 0.001 0.006 0.012 0.258 0.323 0.053 0.043 0.546 0.043

TSRV

EFV 0.036 0.034 0.039 0.038 0.037 0.047 0.034 0.042 0.049 0.038

LR-UC 0.000 0.000 0.007 0.003 0.002 0.505 0.005 0.043 0.861 0.003

LR-IND 0.092 0.316 0.708 0.333 0.940 0.131 0.785 0.162 0.117 0.333

LR-CC 0.001 0.000 0.026 0.008 0.007 0.256 0.018 0.048 0.287 0.008

BPV

EFV 0.036 0.035 0.040 0.036 0.040 0.045 0.035 0.040 0.045 0.040

LR-UC 0.001 0.000 0.016 0.000 0.013 0.265 0.007 0.016 0.352 0.016

LR-IND 0.481 0.174 0.248 0.455 0.841 0.175 0.829 0.248 0.559 0.801

LR-CC 0.002 0.000 0.029 0.001 0.044 0.215 0.026 0.029 0.546 0.054

FHMD

EFV 0.038 0.032 0.039 0.041 0.042 0.048 0.035 0.041 0.046 0.040

LR-UC 0.003 0.000 0.006 0.034 0.043 0.689 0.007 0.021 0.476 0.010

LR-IND 0.157 0.572 0.678 0.149 0.693 0.037 0.829 0.053 0.158 0.739

LR-CC 0.005 0.000 0.019 0.037 0.118 0.105 0.026 0.011 0.286 0.033

ACD

EFV 0.039 0.034 0.040 0.041 0.042 0.049 0.035 0.041 0.048 0.041

LR-UC 0.007 0.000 0.016 0.027 0.043 0.823 0.007 0.021 0.697 0.021

LR-IND 0.088 0.902 0.475 0.286 0.693 0.046 0.829 0.126 0.211 0.832

LR-CC 0.006 0.000 0.044 0.049 0.118 0.134 0.026 0.022 0.424 0.068

Note: EFV denotes the ratio of VaR violations to the out-of-sample size. The entries are the p-values of the likelihood ratio test for the unconditional coverage (UC) 
hypothesis, independence (IND) hypothesis, and conditional coverage (CC) hypothesis. The out-of-sample evaluation time period stretches from December 2008 until 
December 2019.
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spread adjustments seem to reflect the trading intensity and the 
volatility level in the market properly. Thus, the bid/ask spread-
based price durations are more informative and robust than the 
5-min-based price durations.

3.3   |   Out-of-Sample Analysis

Next, we investigate whether accurate estimates translate into 
precise forecasts. In order to construct individual variance 

forecasts for each estimator, we need to employ a time series 
model that reflects the dynamics of the IV estimates. Owing 
to the strong persistence of the RV measures, we base our pre-
dictions on the heterogeneous autoregressive (HAR) model of 
Corsi  (2009) that accommodates the long-memory feature of 
RV: 

(15)

�t+h = �0,i,h + �1,i,hMi,t + �2,i,h
1

5

4∑

l= 0

Mi,t − l + �3,i,h
1

22

21∑

l= 0

Mi,t − l + ui,t .

TABLE 7    |    Out-of-sample Likelihood ratio test results for the VaR predictions of all 10 stocks at the � = 1% coverage rate.

IBM BAC GE AAPL DIS EVRG FB PFE TSLA WMT

GARCH

EFV 0.005 0.007 0.004 0.003 0.008 0.004 0.009 0.003 0.008 0.004

LR-UC 0.002 0.052 0.000 0.000 0.193 0.001 0.589 0.000 0.370 0.000

LR-IND 0.725 0.000 0.787 0.850 0.570 0.041 0.089 0.829 0.108 0.787

LR-CC 0.008 0.000 0.001 0.000 0.365 0.001 0.204 0.000 0.184 0.001

RV

EFV 0.007 0.005 0.003 0.007 0.005 0.009 0.005 0.004 0.008 0.007

LR-UC 0.084 0.004 0.000 0.052 0.004 0.492 0.038 0.001 0.370 0.130

LR-IND 0.607 0.705 0.829 0.107 0.705 0.206 0.791 0.041 0.108 0.008

LR-CC 0.197 0.016 0.000 0.041 0.016 0.355 0.113 0.001 0.184 0.009

TSRV

EFV 0.006 0.004 0.002 0.006 0.004 0.011 0.004 0.003 0.009 0.005

LR-UC 0.017 0.000 0.000 0.017 0.001 0.512 0.016 0.000 0.516 0.002

LR-IND 0.665 0.766 0.871 0.665 0.746 0.401 0.820 0.850 0.125 0.050

LR-CC 0.052 0.002 0.000 0.052 0.004 0.567 0.053 0.000 0.250 0.001

BPV

EFV 0.007 0.0044 0.003 0.006 0.004 0.010 0.005 0.003 0.008 0.006

LR-UC 0.084 0.0008 0.000 0.030 0.000 0.922 0.038 0.000 0.370 0.017

LR-IND 0.607 0.746 0.829 0.646 0.766 0.464 0.791 0.850 0.108 0.081

LR-CC 0.197 0.004 0.000 0.086 0.002 0.762 0.113 0.000 0.184 0.013

FHMD

EFV 0.008 0.005 0.002 0.007 0.004 0.012 0.004 0.003 0.009 0.007

LR-UC 0.274 0.002 0.000 0.084 0.000 0.308 0.016 0.000 0.516 0.052

LR-IND 0.552 0.050 0.871 0.607 0.787 0.371 0.820 0.808 0.125 0.005

LR-CC 0.460 0.001 0.000 0.197 0.001 0.398 0.053 0.000 0.250 0.003

ACD

EFV 0.008 0.004 0.003 0.007 0.004 0.013 0.004 0.003 0.009 0.007

LR-UC 0.374 0.000 0.000 0.084 0.000 0.169 0.016 0.000 0.516 0.084

LR-IND 0.533 0.766 0.850 0.607 0.787 0.342 0.820 0.850 0.600 0.006

LR-CC 0.555 0.002 0.000 0.197 0.001 0.247 0.053 0.000 0.705 0.005

Note: EFV denotes the ratio of VaR violations to the out-of-sample size. The entries are the p-values of the likelihood ratio test for the unconditional coverage (LR-UC) 
hypothesis, independence (LR-IND) hypothesis, and conditional coverage (LR-CC) hypothesis. The out-of-sample evaluation time period stretches from December 
2008 until December 2019.
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We estimate the HAR model based on a rolling window of 
the 500 most recent observations for three forecast horizons, 
h = 1, 5, 22, that represent forecasts one day/week/month ahead. 
In line with Clements and Preve (2021), we use a weighted least 
squares estimation technique10 to enhance the predictive accu-
racy. Again, we employ the 5-min RV estimates as the variance 
proxy and use the RMSE and QLike criteria to assess the fore-
cast performance following Patton (2011b).

To rule out any look-ahead bias, we estimate the duration-based 
models day-by-day using the 21 most recent days of intraday obser-
vations. In Table 4, we summarize the results of the MCS test and 
report how often a particular model is part of the final surviving 
set. Across all stocks and for each forecasting horizon, the paramet-
ric duration estimator PDVSpread

ACD, db
 exhibits the highest precision in 

terms of the RMSE and QLike criteria in most cases; see, for ex-
ample, Table 5 for WMT stock.11 Especially, in terms of the QLike 

TABLE 8    |    The Expected Future Value (EFV) of the (unconditional) probability of a VaR hit for all 10 stocks.

Models IBM BAC GE AAPL DIS EVRG FB PFE TSLA WMT

5-day ahead forecasting horizons

Coverage rate=5%

GARCH 0.069 0.111 0.109 0.101 0.067 0.053 0.082 0.068 0.180 0.046

RV 0.072 0.070 0.075 0.072 0.060 0.054 0.050 0.076 0.081 0.074

TSRV 0.070 0.068 0.077 0.069 0.062 0.053 0.052 0.076 0.080 0.074

BPV 0.071 0.068 0.075 0.069 0.060 0.053 0.050 0.078 0.076 0.073

FHMD 0.069 0.066 0.076 0.071 0.061 0.051 0.051 0.078 0.079 0.074

ACD 0.069 0.068 0.077 0.071 0.063 0.052 0.051 0.077 0.078 0.076

Coverage rate=1%

GARCH 0.020 0.027 0.009 0.039 0.026 0.053 0.041 0.036 0.026 0.031

RV 0.016 0.045 0.024 0.028 0.023 0.020 0.018 0.027 0.079 0.028

TSRV 0.016 0.044 0.026 0.026 0.022 0.017 0.019 0.027 0.079 0.027

BPV 0.016 0.047 0.024 0.026 0.023 0.019 0.020 0.028 0.075 0.028

FHMD 0.017 0.045 0.027 0.026 0.023 0.019 0.020 0.027 0.077 0.026

ACD 0.011 0.046 0.028 0.026 0.025 0.011 0.011 0.026 0.077 0.026

20-day ahead forecasting horizons

Coverage rate=5%

GARCH 0.123 0.105 0.114 0.097 0.094 0.086 0.109 0.093 0.069 0.092

RV 0.070 0.069 0.076 0.078 0.055 0.060 0.053 0.066 0.042 0.075

TSRV 0.071 0.068 0.075 0.080 0.055 0.058 0.053 0.067 0.044 0.075

BPV 0.069 0.068 0.076 0.078 0.054 0.062 0.056 0.064 0.041 0.076

FHMD 0.072 0.067 0.079 0.079 0.057 0.062 0.053 0.067 0.042 0.076

ACD 0.072 0.068 0.076 0.081 0.054 0.062 0.053 0.067 0.042 0.076

Coverage rate=1%

GARCH 0.067 0.045 0.033 0.033 0.046 0.046 0.029 0.031 0.033 0.078

RV 0.023 0.031 0.018 0.014 0.021 0.017 0.023 0.018 0.030 0.019

TSRV 0.023 0.031 0.018 0.015 0.020 0.015 0.024 0.017 0.032 0.020

BPV 0.022 0.030 0.019 0.013 0.021 0.017 0.024 0.018 0.032 0.020

FHMD 0.024 0.029 0.017 0.014 0.021 0.018 0.021 0.018 0.030 0.021

ACD 0.024 0.029 0.012 0.014 0.021 0.019 0.022 0.014 0.030 0.020

Note: The entries are the expected future values (EFVs) of the (unconditional) probability of a VaR hit (estimated by the ratio of the VaR hits counted in relation to 
the sample size for each stock). Boldface numbers denote the cases where the null hypothesis of the likelihood ratio test for the unconditional coverage (LR-UC) 
hypothesis, independence (LR-IND) hypothesis, and conditional coverage (LR-CC) cannot be rejected. All the models produce independent value-at-risk forecasts. The 
out-of-sample evaluation time period stretches from December 2008 until December 2019.
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criterion, we find large statistically significant improvements up to 
12% compared to the benchmark model RV5min; see Table 5. This 
is also reflected by the highest number of inclusions in the model 
confidence sets. In 58 out of 60 cases, the PDVSpread

ACD, db
 belongs to the 

final set, followed by the Log–ACD with 49 out of 60 cases. The 
best return-based method, the BPV5min

ss, db
, follows at a wide gap with 

only 30 inclusions. The other duration-based approaches also do 
not appear frequently in the model confidence set; for example, the 
PDV

Spread

FHMD−Burr,db
 has a total of 30 inclusions. In general, we find 

that the forecasting performance of the parametric duration-based 
approaches hinges on the specification underlying the PDV esti-
mator. Moreover, the accuracy of all parametric duration methods 
is once again higher when they are based on spread-data instead 
of 5-min data.

3.4   |   Value-at-Risk Forecasting

Without loss of generality, financial returns can be formalized 
as 

where ut 
iid
∼ t�(0, 1) and �2t  follow a standard GARCH(1,1): 

where 𝛽0 > 0, 𝛼1 > 0 and 𝛽1 > 0 and 𝛼1 + 𝛽1 < 1. The nonneg-
ativity constraints on �0, �1, and �1 guarantee the positivity 
of �2t .

Based on this location-scale family setting, the resulting one-
step-ahead 100�% VaR conditional on the information set avail-
able at time t − 1 can be computed by 

where F − 1(�) displays the �-quantile of the distribution of ut and 
�̂t is the one-step ahead volatility forecast.

Some recent approaches employ intraday data in the form of dif-
ferent RV measures for VaR forecasting with promising results, 
like inter alia Giot and Laurent (2004), Clements et al. (2008) or 
Fuertes and Olmo (2013). Given the success of the parametric 
price duration-based realized measures of integrated variance 
in the in-sample as well as in the out-of-sample analysis, we 
examine whether they can help to produce more accurate and 
valid VaR forecasts.

(16)rt = � + �t , �t = �tut ,

(17)�2t = �0 + �1�
2
t − 1 + �1�

2
t − 1,

(18)VaR�
t|t − 1 = �̂ + �̂tF

− 1(�),

TABLE 9    |    Out-of-sample VaR 1-day ahead forecasts evaluated by tick loss function.

GARCH RV5min TSRV5sec
db

BPV5min
ss, db

PDV
Spread

FHMD−Burr, db
PDV

Spread

ACD, db

AAPL
5% 0.1956∗∗∗ 0.1820∗∗ 0.1815∗∗ 0.1817∗∗ 0.1813∗∗∗ 0.1801

1% 0.0642∗∗∗ 0.0569 0.0569 0.0569 0.0568 0.0567

BAC
5% 0.3110∗∗∗ 0.2546 0.2514 0.2539 0.2565∗∗∗ 0.2544

1% 0.1123∗∗∗ 0.0786 0.0767 0.0781 0.0768∗∗ 0.0756

DIS
5% 0.1646∗∗∗ 0.1502∗∗ 0.1494∗∗∗ 0.1484 0.1482∗∗ 0.1473

1% 0.0580∗∗∗ 0.0459∗∗∗ 0.0454∗∗∗ 0.0449∗∗ 0.0440 0.0438

EVRG
5% 0.1259∗∗∗ 0.1212 0.1212∗∗ 0.1207 0.1205∗∗∗ 0.1197

1% 0.0428∗∗∗ 0.0382 0.0386∗∗ 0.0379 0.0379∗∗ 0.0374

FB
5% 0.2147∗∗∗ 0.2027∗∗∗ 0.2015∗∗ 0.2020∗∗ 0.2001 0.1997

1% 0.0796∗∗ 0.0714 0.0718∗∗ 0.0713 0.0706 0.0705

GE
5% 0.2016∗∗∗ 0.1811 0.1772 0.1802 0.1794 0.1792

1% 0.0631∗∗∗ 0.0529 0.0517†† 0.0523 0.0534 0.0532

IBM
5% 0.1576∗∗∗ 0.1431 0.1429∗∗ 0.1424 0.1422∗ 0.1416

1% 0.0568∗∗∗ 0.0515 0.0517 0.0517 0.0517∗∗∗ 0.0510

PFE
5% 0.1353∗∗∗ 0.1288∗∗∗ 0.1273 0.1286∗∗∗ 0.1276∗∗ 0.1261

1% 0.0404∗∗∗ 0.0366∗∗ 0.0353 0.0363∗∗ 0.0362∗∗∗ 0.0351

TSLA
5% 0.3525 0.3507 0.3534∗∗ 0.3507 0.3516 0.3508

1% 0.1185 0.1148 0.1158 0.1145 0.1143 0.1142

WMT
5% 0.1281∗∗∗ 0.1230∗∗ 0.1226∗∗ 0.1226∗∗ 0.1225∗∗∗ 0.1212

1% 0.0460∗∗∗ 0.0416∗∗ 0.0411 0.0408 0.0409∗∗∗ 0.0400

Note: We report the average tick loss function values for 5%- and 1% -VaR 1-day ahead forecast. Boldface numbers denote the lowest average tick loss values for every 
considered stock. We test for significant improvements (deteriorations) via the Diebold–Mariano test and report the significance levels 1% , 5% , and 10% by ∗∗∗ (†††), ∗∗ 
(††), and ∗(†).
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For incorporating RV measures in the VaR predictions, we need 
to have (i) a law of motion for the RV dynamics and (ii) a map-
ping between the conditional expectation of the RV measure 
and the conditional variance of the returns; see Brownlees and 
Gallo (2010). Most approaches rely on a two-step procedure that 
builds up on, for example,  a HAR or ARFIMA(X) model; see 
Giot and Laurent (2004) and Clements et al. (2008) in the first 
instance and relate the conditional RV prediction with the con-
ditional variance by means of a linear function in a consecu-
tive step. A more novel approach of Maheu and McCurdy (2011) 
combines the two steps into one by using a bivariate model. 
Owing to its success in the closely related field of return density 
forecasting, we follow their approach and model the return and 
the RV simultaneously in the following way:12

The authors argue that—under certain empirically realis-
tic conditions—the conditional expectation of an unbiased 
RV measure is equal to the conditional variance of returns, 
that is, �t − 1(RVt) = Vart − 1(rt) = �2t . By that, they establish a 
linkage between these two measures. Due to the log-normal 

distribution of the RV measure in this specification, the con-
nection becomes 

Based on this framework, we employ duration-based as well 
as return-based RV measures for our VaR forecasting ex-
ercise. In our analysis, we concentrate on the most success-
ful RV measures from Sections  3.2 and 3.3. Relying on the 
PDV

Spread

FHMD−Burr,db
 and the PDVSpread

ACD, db
 as duration-based RV mea-

sures and on the RV5min, the TSRV5sec
db

 as well as the BPV5min
ss, db

 as 
return-based benchmarks; we estimate the bivariate model via 
maximum-likelihood and project the conditional return vari-
ance 1-day ahead to obtain a VaR forecast. The distributional 
assumption for the standardized returns in the location-scale 
framework is motivated by our empirical results indicating 
that the Student-t  is the appropriate; see Figure  5. Doing so 
for a rolling window of 500 observations, we receive a series 
of 2752 VaR predictions for the time span of December 2008 
until December 2019.13

An exemplary illustration of our VaR predictions using the 
RV5min and PDVSpread

ACD,db
 measures as components for the bi-

variate model for IBM against its returns in Figure 6 reveals 
that our forecasts sometimes fail to quantify the maximum 

(19)

rt =�+�t, �t=�tut, where ut∼ t�(0, 1),

log(RVt) =�+�1log(RVt− 1)+�2log(RVt− 5,5)

+�3log(RVt− 22,22)+vt, where vt∼�(0, 1).

(20)
�2t = �t − 1(RVt) = exp

(
�t − 1

(
log (RVt)

)
+ 0. 5�art − 1

(
log (RVt)

))
.

TABLE 10    |    Out-of-sample VaR 5-day ahead forecasts evaluated by tick loss function.

GARCH RV5min TSRV5sec
db

BPV5min
ss, db

PDV
Spread

FHMD−Burr,db
PDV

Spread

ACD, db

AAPL
5% 0.8538∗∗∗ 0.4554∗∗∗ 0.4523∗∗ 0.4545∗ 0.4478 0.4478

1% 0.1625∗∗∗ 0.1432 0.1425∗ 0.1446 0.1394 0.1393

BAC
5% 1.0092∗∗ 0.7378†† 0.7452†† 0.7416†† 0.7981 0.8004

1% 0.1433††† 0.2760 0.2762 0.2758 0.2863 0.2885

DIS
5% 0.7421∗∗∗ 0.3886 0.3869 0.3898 0.3911 0.3868

1% 0.0588††† 0.1299 0.1284† 0.1303 0.1307 0.1317

EVRG
5% 0.6385∗∗∗ 0.2990 0.2940 0.2989 0.2955 0.2940

1% 0.0403††† 0.0970 0.0940 0.0954 0.0935 0.0939

FB
5% 0.7717∗∗∗ 0.5192∗∗∗ 0.5137∗∗∗ 0.5179∗∗∗ 0.5041 0.5040

1% 0.1705†† 0.1875† 0.1864†† 0.1885† 0.1824 0.1822

GE
5% 0.9332∗∗∗ 0.5550†† 0.5624†† 0.5654 0.5799 0.5806

1% 0.1005††† 0.1832†† 0.1868 0.1884 0.1932 0.1927

IBM
5% 0.7529∗∗∗ 0.3801∗∗ 0.3756 0.3796∗ 0.3739 0.3739

1% 0.1417∗∗∗ 0.1265∗ 0.1233 0.1272∗ 0.1228 0.1228

PFE
5% 0.7019∗∗∗ 0.3444 0.3408† 0.3450 0.3454 0.3455

1% 0.1421∗∗∗ 0.1254 0.1233 0.1253 0.1254 0.1246

TSLA
5% 1.1854∗∗∗ 0.8169 0.8143 0.8159 0.8148 0.8143

1% 0.1615††† 0.3745 0.3788† 0.3726 0.3696 0.3701

WMT
5% 0.6317∗∗∗ 0.2990∗∗ 0.2962 0.2970 0.2922† 0.2939

1% 0.1331∗∗∗ 0.1071 0.1062 0.1053 0.1036 0.1043

Note: We report the average tick loss function values for 5%- and 1% -VaR 5-day ahead forecast. Boldface numbers denote the lowest average tick loss values for every 
considered stock. We test for significant improvements (deteriorations) via the Diebold–Mariano test and report the significance levels 1% , 5% , and 10% by ∗∗∗ (†††), ∗∗ 
(††), and ∗(†).
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loss that will not be exceeded with 95% probability and the 
returns occasionally exceed (or “hit”) the threshold set by 
the forecasted VaR. To make inference about the validity of 
our VaR predictions, we adopt the likelihood ratio (LR) test 
of Christoffersen  (1998) that is designed on a transition ma-
trix that governs a two-states Markov chain model that de-
scribes the behavior of the violations of the VaR predictions. 
In other words, a VaR model is valid if the violation process 
satisfies the martingale difference hypothesis, that is, (i) the 
expected frequency of VaR violations or hits is equal to the 
nominal coverage rate � and (ii) the VaR violations are distrib-
uted independently. The p-values of the LR for 1-day ahead 
VaR forecasts are reported in Tables 6 and 7. For all the VaR 
models, the unconditional probability of violations is signifi-
cantly smaller than the coverage rate (5% or 1%). This implies 
that all our VaR models in most cases tend to overestimate 
the level of market risk. Based on the LR-IND and LR-CC re-
sults, it seems that price duration-based and returns-based 
RV estimators are more capable to produce violations that are 
distributed independently than the standard GARCH(1,1). 
For 5- and 20-day VaR forecasts, we report the unconditional 
probability of violations; see Table 8. In general, all the models 
show the tendency to underestimate the level of market risks 
at 5- and 20-day forecasting horizons but produce in most 

cases independent VaR forecasts for all stocks. However, for 
some stocks, the duration-based RV estimators produce valid 
VaR forecasts at both forecasting horizons and at both cover-
age rates.

In Figure 6, we see that for both approaches, the VaR violations 
often coincide. Furthermore, the total numbers of “hits” (137 
and 140 for RV5min and PDVSpread

FHMD−Burr,db
, respectively) are close 

to the expected number of 137.55.

However, for a risk manager, the number of “hits” is an uninfor-
mative indicator because it does not reflect the trade-off between 
the costs of overpredictions and underpredictions (regulatory 
penalty vs. opportunity cost of capital). In order to account for 
these conflicting targets, we compare the forecasting accuracy 
on the basis of the asymmetric tick-loss function of Giacomini 
and Komunjer (2005), which is given by 

For 5%- as well as 1%-VaR forecasts, we present the average 
tick-loss function values for every stock in Tables  9–11. For 
each row, we highlight the best forecast in boldface numbers. 

(21)
TL𝛼

(
rt+1,VaRt+1|t

)
=
(
𝛼 − �{rt+1<VaR

𝛼
t+1|t}

)(
rt+1 −VaR

𝛼
t+1|t

)
.

TABLE 11    |    Out-of-sample VaR 20-day ahead forecasts evaluated by tick loss function.

GARCH RV5min TSRV5sec
db

BPV5min
ss, db

PDV
Spread

FHMD−Burr,db
PDV

Spread

ACD, db

AAPL
5% 1.0828∗ 0.9545 0.9612∗ 0.9580 0.9551 0.9545

1% 0.1863††† 0.2673 0.2710 0.2699 0.2710 0.2693

BAC
5% 1.3440 1.5885∗∗ 1.5835∗∗ 1.5768∗∗ 1.3440 1.3438

1% 0.3305†† 0.5139 0.5112 0.5101 0.5225 0.5217

DIS
5% 0.9522∗ 0.7775 0.7745 0.7798 0.7814 0.7744

1% 0.1575∗∗∗ 0.2415 0.2407 0.2433 0.2434 0.2424

EVRG
5% 0.8822∗∗∗ 0.5778 0.5707 0.5804 0.5757 0.5706

1% 0.1020††† 0.1676 0.1643 0.1683 0.1656 0.1663

FB
5% 1.0054 0.9449 0.9466 0.9500 0.9313 0.9312

1% 0.1370††† 0.3027 0.3054∗∗ 0.3054∗∗ 0.2957∗ 0.2977

GE
5% 1.3261 1.3015 1.3077 1.3133 1.3239 1.3015

1% 0.2976††† 0.4751 0.4977 0.4969 0.4838 0.4925

IBM
5% 1.1180∗∗∗ 0.7728 0.7734 0.7720 0.7776 0.7719

1% 0.1058†† 0.2643 0.2634 0.2639 0.2645 0.2644

PFE
5% 0.9871∗∗∗ 0.6288 0.6269 0.6316 0.6269 0.6269

1% 0.0979†† 0.2228 0.2197 0.2247 0.2206 0.2214

TSLA
5% 1.5662 1.4662 1.4610 1.4679 1.4685 1.4609

1% 0.3211 0.4135 0.4155 0.4152 0.4176 0.4180

WMT
5% 0.9700∗∗∗ 0.6042 0.6071 0.6054 0.6030 0.6030

1% 0.0912††† 0.1937 0.1923† 0.1961 0.1955∗∗ 0.1937

Note: We report the average tick loss function values for 5%- and 1% -VaR 20-day ahead forecast. Boldface numbers denote the lowest average tick loss values for every 
considered stock. We test for significant improvements (deteriorations) via the Diebold–Mariano test and report the significance levels 1% , 5% , and 10% by ∗∗∗ (†††), ∗∗ 
(††), and ∗(†).
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We note that the asymmetric tick-loss function defined in 
(21) is not differentiable due to the presence of the indicator 
function. The nondifferentiability of the asymmetric tick-loss 
function may cause a problem in the implementation of the 
Diebold and Mariano (1995) test. However, as pointed out in 
Granger  (1999), the nondifferentiability issue may be just a 
technicality due to the fact that it should always be possible 
to find a smooth function which is arbitrarily close to the non-
smooth one. To test for the predictive power of the duration-
based RV measure stemming from the ACD model, we conduct 
pairwise comparisons via the Diebold and Mariano (1995) test 
(in the framework of Giacomini and White 2006). We display 
significant outperformance (underperformance) by ∗∗∗ (†††), 
∗∗ (††), and ∗ (†) for the 1% , 5%, and 10% significance levels. 
Apart from our intraday-based RV measures, we opt for the 
classical location-scale family approach in combination with 
a GARCH(1, 1) model as described in Equation  (17) as a 
benchmark.

According to Table 9, the predictions of 1-day VaR values based 
on the PDVSpread

ACD, db
 measure perform best in terms of the tick-loss 

function for almost every stock and confidence level. In com-
parison to other forecasts, we find that the PDVSpread

ACD, db
-based 

forecasting approach is significantly better than the other 
forecasting methods in the vast majority of cases. In partic-
ular, compared to GARCH model-based forecasts, we find 

highly significant outperformance in favor of the duration-
based approach. This result holds for all other VaR forecasts 
that rely on high-frequency intraday data, as well. They also 
perform substantially better than predictions that only employ 
daily return data (GARCH). Among all competitors, VaR fore-
casts utilizing the other duration-based variance estimates, 
PDV

Spread

FHMD−Burr,db
, seem to be a viable option. They often per-

form slightly better than return-based methods. However, in 
comparison to predictions on the basis of PDVSpread

ACD,db
 estimates, 

we often find significant inferior forecasting accuracy.

The tick-loss functions for 5- and 20-day VaR values based on 
both return- and duration-based estimators as well as for the 
GARCH(1,1) and for both coverage rates (5% and 1%) are re-
ported in Tables 10 and 11. Again, the PDVSpread

ACD, db
-based forecast-

ing approach outperforms its competitors. However, unlike the 
return-based RV estimators, the GARCH(1,1) model becomes 
very competitive to the duration-based RV estimator based on 
the ACD and performs very well at the 20-day forecasting hori-
zon and at the 1% coverage rate.

3.5   |   Realized Utility Benefits

So far, we have shown that the price duration-based RV estimator 
can relatively outperform return-based ones via RMSE, QLIKE 

TABLE 12    |    Out-of-sample realized utility (RU) results.

AAPL BAC DIS EVRG

1 day 5 days 20 days 1 day 5 days 20 days 1 day 5 days 20 days 1 day 5 days 20 days

RV5min 0.0363 0.0374 0.0377 0.0272 0.0282 0.0290 0.0352 0.0361 0.0366 0.0365 0.0371 0.0375

RV5minss
0.0361 0.0373 0.0377 0.0273 0.0279 0.0290 0.0353 0.0361 0.0365 0.0365 0.0372 0.0376

BPV5min
db

0.0365 0.0375 0.0378 0.0272 0.0286 0.0292 0.0351 0.0360 0.0365 0.0366 0.0373 0.0375

BPV5min
ss, db

0.0361 0.0373 0.0377 0.0273 0.0279 0.0292 0.0352 0.0360 0.0365 0.0365 0.0372 0.0375

RK5sec
bartlett

0.0362 0.0373 0.0376 0.0272 0.0277 0.0290 0.0352 0.0361 0.0365 0.0366 0.0372 0.0376

RK5sec
cubic

0.0361 0.0373 0.0376 0.0273 0.0277 0.0290 0.0353 0.0361 0.0366 0.0365 0.0372 0.0376

RK5sec
parzen

0.0361 0.0373 0.0376 0.0273 0.0279 0.0290 0.0353 0.0362 0.0366 0.0365 0.0372 0.0376

RK5sec
th2

0.0361 0.0373 0.0376 0.0272 0.0277 0.0290 0.0352 0.0361 0.0365 0.0366 0.0372 0.0376

MSRV5sec 0.0363 0.0373 0.0377 0.0271 0.0276 0.0289 0.0353 0.0362 0.0366 0.0371 0.0375 0.0377

RV5minpa
0.0364 0.0374 0.0379 0.0270 0.0274 0.0291 0.0354 0.0360 0.0366 0.0365 0.0372 0.0376

TSRV5sec
db

0.0363 0.0373 0.0377 0.0274 0.0278 0.0290 0.0353 0.0362 0.0366 0.0369 0.0375 0.0377

NPDV
Spread

db
0.0360 0.0373 0.0377 0.0256 0.0259 0.0285 0.0348 0.0358 0.0364 0.0367 0.0373 0.0375

PDV
Spread

ACD−Burr,db
0.0362 0.0373 0.0377 0.0255 0.0259 0.0285 0.0347 0.0358 0.0363 0.0367 0.0373 0.0375

PDV
Spread

FHMD−Burr,db
0.0361 0.0372 0.0376 0.0256 0.0258 0.0285 0.0347 0.0358 0.0363 0.0368 0.0373 0.0375

PDV
Spread

FIACD−Burr,db
0.0379 0.0383 0.0381 0.0265 0.0265 0.0290 0.0359 0.0366 0.0369 0.0372 0.0375 0.0376

PDV
Spread

Log−ACD−Burr,db
0.0361 0.0373 0.0377 0.0256 0.0259 0.0285 0.0347 0.0357 0.0363 0.0367 0.0373 0.0375

PDV
Spread

MSMD-Burr,db
0.0362 0.0373 0.0377 0.0256 0.0258 0.0285 0.0348 0.0358 0.0363 0.0368 0.0373 0.0375

Note: We report the realized utilities. The entries in the first column are as follows: The realized variance (RV(Δ)), the subsampled RV (RVΔ
ss
), time scale RV (TSRVΔ), 

and multiple time scale RV (MSRV), the realized kernel estimator (RK), the noise-robust realized variance estimator (RVpa), the realized bipower variation estimator 
(BPV), parametric variance estimator (PDV), and nonparametric variance estimator (NPDV). Δ denotes the sampling interval.
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TABLE 13    |    Out-of-sample realized utility (RU) results.

FB GE IBM

1 day 5 days 20 days 1 day 5 days 20 days 1 day 5 days 20 days

RV5min 0.0363 0.0379 0.0384 0.0307 0.0319 0.0333 0.0366 0.0376 0.0382

RV5minss
0.0362 0.0379 0.0384 0.0305 0.0318 0.0333 0.0366 0.0376 0.0382

BPV5min
db

0.0363 0.0380 0.0384 0.0300 0.0317 0.0333 0.0367 0.0377 0.0382

BPV5min
ss, db

0.0362 0.0379 0.0384 0.0301 0.0316 0.0333 0.0366 0.0376 0.0382

RK5sec
bartlett

0.0362 0.0379 0.0384 0.0305 0.0318 0.0333 0.0366 0.0376 0.0382

RK5sec
cubic

0.0362 0.0379 0.0384 0.0305 0.0318 0.0333 0.0366 0.0376 0.0382

RK5sec
parzen

0.0362 0.0379 0.0384 0.0305 0.0318 0.0333 0.0366 0.0376 0.0382

RK5sec
th2

0.0362 0.0379 0.0384 0.0304 0.0318 0.0333 0.0366 0.0376 0.0382

MSRV5sec 0.0365 0.0381 0.0384 0.0301 0.0315 0.0333 0.0369 0.0378 0.0383

RV5minpa
0.0361 0.0377 0.0384 0.0303 0.0316 0.0334 0.0367 0.0376 0.0382

TSRV5sec
db

0.0365 0.0381 0.0384 0.0304 0.0318 0.0335 0.0368 0.0378 0.0383

NPDV
Spread

db
0.0361 0.0379 0.0384 0.0291 0.0307 0.0329 0.0367 0.0377 0.0382

PDV
Spread

ACD−Burr,db
0.0360 0.0378 0.0384 0.0291 0.0307 0.0329 0.0367 0.0377 0.0382

PDV
Spread

FHMD−Burr,db
0.0360 0.0378 0.0384 0.0291 0.0307 0.0329 0.0367 0.0377 0.0382

PDV
Spread

FIACD−Burr,db
0.0361 0.0378 0.0383 0.0294 0.0310 0.0331 0.0370 0.0378 0.0382

PDV
Spread

Log−ACD−Burr,db
0.0360 0.0378 0.0384 0.0291 0.0307 0.0329 0.0366 0.0377 0.0382

PDV
Spread

MSMD-Burr,db
0.0360 0.0378 0.0384 0.0290 0.0307 0.0330 0.0367 0.0377 0.0382

PFE TSLA WMT

1 day 5 days 20 days 1 day 5 days 20 days 1 day 5 days 20 days

RV5min 0.0364 0.0372 0.0379 0.0371 0.0382 0.0389 0.0376 0.0383 0.0385

RV5minss
0.0365 0.0373 0.0378 0.0371 0.0382 0.0389 0.0376 0.0383 0.0385

BPV5min
db

0.0364 0.0372 0.0378 0.0370 0.0382 0.0389 0.0376 0.0383 0.0385

BPV5min
ss, db

0.0365 0.0372 0.0378 0.0370 0.0382 0.0389 0.0376 0.0383 0.0385

RK5sec
bartlett

0.0366 0.0373 0.0378 0.0372 0.0383 0.0389 0.0376 0.0383 0.0385

RK5sec
cubic

0.0366 0.0373 0.0378 0.0373 0.0383 0.0389 0.0376 0.0383 0.0385

RK5sec
parzen

0.0366 0.0373 0.0378 0.0372 0.0382 0.0389 0.0376 0.0383 0.0385

RK5sec
th2

0.0366 0.0373 0.0378 0.0373 0.0383 0.0389 0.0376 0.0383 0.0385

MSRV5sec 0.0365 0.0373 0.0378 0.0376 0.0385 0.0389 0.0377 0.0384 0.0386

RV5minpa
0.0364 0.0372 0.0379 0.0374 0.0383 0.0389 0.0376 0.0382 0.0385

TSRV5sec
db

0.0367 0.0374 0.0379 0.0372 0.0383 0.0389 0.0376 0.0384 0.0386

NPDV
Spread

db
0.0362 0.0370 0.0377 0.0370 0.0381 0.0389 0.0374 0.0382 0.0385

PDV
Spread

ACD−Burr,db
0.0361 0.0369 0.0377 0.0369 0.0381 0.0389 0.0374 0.0382 0.0385

PDV
Spread

FHMD−Burr,db
0.0362 0.0369 0.0377 0.0370 0.0381 0.0389 0.0374 0.0382 0.0385

PDV
Spread

FIACD−Burr,db
0.0380 0.0382 0.0382 0.0372 0.0381 0.0388 0.0381 0.0384 0.0385

(Continues)
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and MCS. In this section, we want to evaluate the economic value 
of price duration-based RV forecasts. We adopt the framework in-
troduced by Bollerslev et al. (2018) in which the expected utility of 
a mean-variance investor at t can be formalized as follows: 

where �A ≡ −u��∕u� is the absolute risk aversion of the in-
vestor. By assuming that the investor allocates at time t  a 
fraction �t of his current wealth (W ) to a risky asset with re-
turn rt+1 and the rest to a risk-free money market account 
earning rft . With this portfolio, his future wealth becomes 
Wt+1 =Wt(1 + �t rt+1 + (1− �t)r

f
t ) =Wt(1 + r

f
t ) +Wt�t r

e
t+1

, where 
re
t+1

≡ rt+1 − r
f
t  represents the excess return. After dropping con-

stant terms, the expected utility in Equation (22) becomes the 
following: 

where � ≡ �AWt is the investor's relative risk aversion.

Under the assumption of a constant conditional sharpe ratio 
(SR), the expected utility can be rewritten as 

with SR ≡ �t

(
re
t+1

)
∕

√
�t

(
RVt+1

)
 and it is maximized by invest-

ing �∗t = (SR∕�)∕
�√

�t(RVt+1)
�

 of wealth to the risky asset and 
1− �∗t  to a risk-free money market. In order to compute the re-
alized utility gains based on various RV estimators, we replace 
�t(RVt+1) with the true and observed RVt+1 and we obtain 

where ��
t (. ) denotes the conditional expectation under a specific 

RV estimator �.

In line with Bollerslev et al. (2018), we assume that the sharpe 
ratio (SR) is 0.4 and the coefficient of risk aversion (�) is 2 and 
the realized utility benefits are reported in Tables  12 and 13. 
In an ideal risk model, the predicted realized utility is given by 
SR2∕2 = 8%. At 20-day forecasting horizon, all the price dura-
tion- and return-based RV estimators deliver the highest realized 

utility (RU) for TSLA (RU=3.89%) and for FB (RU=3.84%). 
Overall, our out-of-sample realized utility results show that 
the price duration-based RV estimators yield higher utilities for 
many stocks than the return-based ones. The PDVSpread

FIACD−Burr,db
 

RV estimator seems to the best model followed by TSRV5sec
db

.

4   |   Conclusion

We compared in this paper the forecasting performance of vari-
ous parametric price duration-based RV estimators constructed 
via the (FI)ACD, the Log–ACD, the MSMD and the FHMD 
models with the performance of the return-based RV estima-
tors. Furthermore, we document the ability of the parametric 
price duration-based RV estimators to be more robust to micro-
structure noise and to outperform the GARCH(1,1) in terms of 
forecasting market risks. In an empirical study using time series 
data on price duration from January 2007 to December 2019 
for 10 stocks on NYSE, we find that (i) the price duration-based 
approaches, in particular the ACD- and FHMD–Burr-based es-
timates, exhibit a high estimation precision under the RMSE 
criterion and (ii) the TSRV measure and the FHMD-based esti-
mator perform best in terms of the QLike loss. The out-of-sample 
forecasting performances can be confirmed by the realized utili-
ties that are higher for price-duration-based approaches. In ad-
dition, the results also show that the ACD(1,1) provides more 
accurate and valid VaR forecasts than the GARCH(1,1), sug-
gesting that the information content in the irregularly-spaced 
price duration data can help improve the estimation and fore-
casting accuracy of the VaR forecasts. These empirical findings 
suggest that the ACD–Burr-based RV estimators are very robust 
to microstructure noise and produce more accurate volatility 
forecasts than return-based RV approaches. Therefore, they can 
be useful in risk management for high-frequency trading and in 
derivative pricing.
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TABLE 13    |    (Continued)

PFE TSLA WMT

1 day 5 days 20 days 1 day 5 days 20 days 1 day 5 days 20 days

PDV
Spread

Log−ACD−Burr,db
0.0361 0.0369 0.0377 0.0369 0.0381 0.0389 0.0373 0.0381 0.0385

PDV
Spread

MSMD-Burr,db
0.0363 0.0370 0.0377 0.0370 0.0381 0.0389 0.0373 0.0382 0.0385

Note: We report the realized utilities. The entries in the first column are as follows: The realized variance (RV(Δ)), the subsampled RV (RVΔ
ss
), time scale RV (TSRVΔ), and 

multiple time scale RV (MSRV), the realized kernel estimator (RK), the noise-robust realized variance estimator (RVpa), the realized bipower variation estimator (BPV), 
parametric variance estimator (PDV), and non-parametric variance estimator (NPDV). Δ denotes the sampling interval.
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Endnotes

	 1	see Pacurar (2008) for a detailed literature review on ACD models.

	 2	Andersen et  al.  (2008) showed that price intensity-based estimators 
seem to be robust to asset price jumps. Hong et al. (2023) derive the as-
ymptotic theory for the non-parametric price duration-based estimators.

	 3	With jumps in Equation (1), the log-price Yt can be decomposed into a 
continuous Brownian component and discontinuous component due 
to jumps. In this case, the true variance of process Yt will be equal to 
the integrated volatility plus an additional term.

	 4	Δ denotes here the sampling interval.

	 5	We refer the reader to the Supporting Information for more details on 
the various frameworks.

	 6	The choice of the optimal threshold � is subject to debate in the empir-
ical finance research literature; see Andersen et al. (2008) and Hong 
et al. (2023) for more details.

	 7	Besides this so-called time-of-the-day-effect early studies based on 
duration data from the nineties or the start of the new millennium, 
like inter alia Engle and Russell  (1998) and Bauwens et  al.  (2004), 
document a distinct day-of-the-week-effect, which does not seem to be 
present in our data.

	 8	We also apply a Nadaraya–Watson kernel regression and spline func-
tions to remove the diurnal pattern. The logarithmic dummy variable 
regression seems to the best approach for our data here.

	 9	We refrain to display the analogous figure for the spread data, since 
the seasonality pattern is qualitatively similar.

	10	Given the documented bias in the estimated coefficients of the HAR 
model in the presence of measurement error in RV, we do not address 
this issue directly, as Bollerslev et al. (2016) do with their HARQ model 
but employ a weighted least squares (WLS) estimation technique pro-
posed by Clements and Preve (2021) to overcome this deficiency.

	11	The results of the out-of-sample relative forecasting performance for 
all 10 stocks are available in the Supporting Information.

	12	Other options to characterize the dynamics of the log-RV than the 
above presented HAR model are also viable and are described by 
Maheu and McCurdy (2011).

	13	For FB and TSLA the out-of-sample period is reduced.
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Appendix A

Data Cleaning

We retain only trades with positive trade prices and volumes and 
valid trade correction indicators “00” and “01”. Following Aït-Sahalia 
et  al.  (2020), we further exclude trade sale conditions, “Z”, “B”, “U”, 
“T”, “L”, “G”, “W”, “K”, and “J”, as well as an accompanying “I” for 
odd lot trades. We take the median price if multiple trades are recorded 
at the same timestamp which further reduces recording errors. This 
procedure however, does not yet guarantee fully reliable data. When 
merging the trade and quote observations within 1 μs, we apply the 
following two filters: (i) the first is to remove all crossed quotes, that 
is, all quotes where the bid price exceeds the ask and (ii) the second 
is to exclude all transaction prices which are not part of the interval 
(Bid-Spread;Ask+Spread).
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