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Abstract
This paper deals with a general open-shop scheduling problem where jobs have release and due dates, transferring between
machines incurs a machine–pair-dependent delay, and any regular objective defined over job completion times is minimized.
Such problems are widely encountered in practice, e.g., in industrial testing and maintenance processes and just-in-time
logistics. Despite its relevance, exact solution methods from the literature have so far focused on the makespan objective
or very specific special cases. We hence present the first exact method for the general open-shop scheduling problem with
any regular minsum objective with respect to job completion times. Moreover, we demonstrate how branch-cut-and-price
methods can be applied to the open shop. Finally, we also adapt the famous subset-row inequalities, originally proposed for
the vehicle routing problem, to the open shop. Our computational study on both newly generated instances as well as those
from the literature demonstrates good performance on a broad set of different objective functions, finding tight bounds even
for the largest problems.

Keywords Open-shop scheduling · Branch-cut-and-price · Subset-row inequalities · Minsum objective

1 Introduction

In the open-shop scheduling problem, a given set of jobs
must be processed on each of a given (sub-)set of machines
for given amounts of time. The order in which jobs are pro-
cessed is arbitrary, but at any point in time, each job must be
processed on at most one machine, and each machine pro-
cesses at most one job. This basic problem has a number of
applications, e.g., in industrial testing and maintenance pro-
cesses (Liaw, 2003), in garages for vehicle repairs (Gonzalez
& Sahni, 1976), in medical centers to schedule surgeries and
exams (Bai et al., 2016; Fei et al., 2009), and in satellite com-
munications (Dell’Amico & Martello, 1996), just to name a
few.
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In this context, we tackle the following problem. Given
are a set J of n jobs and a set M of m machines. Every job j
is associated with a given release date r j , a soft due date d j ,
and a priority weight w j . Each job j must be processed on
a given subset of machines Mj ⊆ M , and processing a job
j ∈ J on amachine i ∈ Mj takes pi j time units of processing
time. We refer to a job-machine pair (i, j) as an operation.
For notational convenience, we also use binary parameter
ρi j ∈ {0, 1} to indicate if job j ∈ J requires processing on
machine i ∈ M , i.e., Mj = {i ∈ M | ρi j = 1}. It is possi-
ble that some jobs need not be processed on some machines,
i.e., Mj may be a true subset of M for some or all j ∈ J .
Jobs can run through the machines in arbitrary order; how-
ever, transferring a job from one machine to another entails
machine–pair-dependent transportation delays tii ′ , for which
we assume the triangle inequality holds. Every job starts at
dummy machine 0, to which it must also eventually return,
which entails no processing time (i.e., p0 j = 0, ∀ j ∈ J )
but possibly transportation delays t0i (ti0) to (from) machine
i ∈ M .

We consider any regular objective function of the sum of
job completion times, including nonlinear ones. In machine
scheduling notation as introduced by Graham et al. (1979),
this can be seen as a generalization of the problem expressed
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by the tuple [O|tkl , ri | ∑ f (C j )], where ∑
f (C j ) denotes

any regular minsum objective depending upon the com-
pletion time of the jobs, which may (e.g., total weighted
tardiness) or may not (e.g., total completion time) be related
to due dates d j and weights w j . In our computational study,
we specifically consider the total number of late jobs (

∑
Uj ),

i.e., jobs that complete processing past their due date, the
sum of quadratic completion times (

∑
C2

j ), and the total
weighted tardiness (

∑
w j Tj ), i.e., the total weighted time

by which completion of the jobs exceeds their respective due
date. These examples cover a fairly wide spectrum of regu-
lar minsum objectives, ranging from job count (

∑
Uj ), over

nonlinear (
∑

C2
j ), to weighted-sum (

∑
w j Tj ). Note, how-

ever, that our problem definition is more general than the
tuple suggests, as we allow jobs to be processed on only a
subset of machines (as defined by the sets Mj ). This is not
equivalent to simply setting the processing time to zero on
unused machines, due to transportation delays. We refer to
this problem as the minsum open-shop scheduling problem
with transportation delays, or MOSP-TD.

This problem definition is quite general and covers a lot
of open-shop scheduling problems encountered in practice. It
is particularly relevant in just-in-time logistics, where trucks
(i.e., jobs) have to visit multiple facilities (i.e., machines) to
offload (parts of) their cargo. Driving between facilities takes
time (i.e., transportation delays), as does the unloading of the
trucks at the facilities (i.e., processing time). Not all trucks
may have to visit all facilities, and very commonly trucks
have time windows (i.e., release and due dates). These prac-
tical cases are further discussed in Wirth and Emde (2018);
Mejía and Yuraszeck (2020).

We contribute to the literature by proposing a flexi-
ble branch-cut-and-price algorithm capable of solving a
broad spectrum of open-shop scheduling problems. To the
best of our knowledge, branch-and-price has not yet been
applied to open-shop scheduling problems. We show how
Dantzig–Wolfe decomposition is applied to a time-indexed
formulation and adapt subset-row inequalities from the vehi-
cle routing literature to the open-shop scheduling problem.
We demonstrate the good computational performance on
diverse instance sets from the literature as well as newly gen-
erated data.

The remainder of this paper is organized as follows: In
Sect. 2, we review the literature on related open-shop and
truck scheduling problems. We formally define the prob-
lem and present mixed-integer programming (MIP) models
in Sect. 3. Section4 introduces our branch-cut-and-price
scheme, which we test on benchmark instances from the lit-
erature and on newly generated instances in Sect. 5. Finally,
Sect. 6 concludes the paper.

2 Literature review

Open-shop scheduling has received attention from academia
since at least the 1970s. The literature and complexity
results are recently surveyed by Anand and Panneerselvam
(2015); Pinedo (2016); Ahmadian et al. (2021) and Struse-
vich (2022). Despite the indisputable practical relevance of
open-shops, only few exact algorithms have been proposed
compared to other machine environments like flow shops or
job shops. Thismaybe due to the fact that open-shop schedul-
ing problems tend to be quite hard to analyze, let alone solve
[Chapter 8.6 (Pinedo, 2016)].

One of the first exact methods is the branch-and-bound
method proposed by Brucker et al. (1997) based on a
disjunctive-graph formulation of the classic [O||Cmax] prob-
lemwith amakespan objective. The algorithm is improved by
Guéret et al. (2000) by including a backtracking mechanism
and by Dorndorf et al. (2001) by integrating constraint-
propagation techniques to reduce the search space. More
recently, Laborie (2005); Tamura et al. (2009); Malapert
et al. (2012) propose constraint-programming approaches,
and Ozolins (2021) use a method based on dynamic pro-
gramming. Out of these exact methods, the constraint-
programming approach by Malapert et al. (2012) generally
yields the fastest results, solving instances with up to 20
machines and jobs. Note that all of these approaches aim
at the classic open-shop with a makespan objective. To the
best of our knowledge, a branch-and-price approach for the
open-shop scheduling problem has not yet been proposed.

While branch-and-price has not been applied to the open-
shop yet, it has seen widespread application to other types
of machine environments like parallel (Kowalczyk & Leus,
2018) or single (Wang et al., 2018) machine workshops.
The typical column generation scheme for parallel machine
scheduling problems consists of pricing out schedules for
individual machines (van Den Akker et al., 1999). How-
ever, the solution space of open-shop scheduling problems
tends to be much larger than that of other machine envi-
ronments because jobs consist of multiple operations that
can be processed in arbitrary order on different machines,
making an effective Dantzig–Wolfe decomposition difficult.
Decomposition schemes for other types of machine schedul-
ing problems are thus not easily adapted.

There are only a few published papers dealing with apply-
ing Dantzig–Wolfe decomposition to time-indexed schedul-
ing models, where the planning horizon is divided into T
discrete periods, similar to the approachwe take in this paper.
In their seminal paper, Van den Akker et al. (2000) apply a
column generation technique to a single-machine schedul-
ing problem,where columns correspond to pseudo-schedules
that allow each job to occur not at all, once, or multiple times.
The pricing problem is solved by finding a shortest path in a
network consisting of T +1 nodes, one for each time period.
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This approach is further refined by Bigras et al. (2008). As
Van den Akker et al. (2000) remark, an important advantage
of this time-indexed formulation and decomposition is that
it is relatively easy to consider different objective functions
and side constraints.

Considering more than a single machine, Lancia et al.
(2011) propose a column generation scheme for job shops
using a similar decomposition based on a time-indexed
model. Columns are priced out by a dynamic programming
approach. Pessoa et al. (2010) extend the time-indexedmodel
by adding another index for arcs, denoting the processing
sequence of the jobs. While this increases the number of
variables even further, it permits the generation of additional
cuts such as extended capacity cuts. The authors embed this
and several other algorithmic enhancements in a branch-cut-
and-price framework to solve a parallel machine scheduling
problem with a total weighted tardiness objective. The algo-
rithm is able to solve instances with up to 100 jobs and 4
machines. This algorithm is further improved by Oliveira
and Pessoa (2020). Recently, Bulhoes et al. (2020) pro-
pose a branch-cut-and-price framework for parallel machine
scheduling problems with time windows, setup times, and
any minsum objective. Similar to Pessoa et al. (2010) and
Oliveira and Pessoa (2020), the authors employ an arc-
time-indexed formulation and solve single-machine pricing
problems. Note that such a decomposition does not easily
translate to an open-shop scheduling environment because
jobs must be processed on more than one machine. More
recently, Naderi et al. (2023) compare the performance of
mixed-integer programming and constraint programming
across a variety of shop scheduling problems including open-
shop problems.

The vast majority of papers dealing with open-shop
scheduling problems and, indeed, machine scheduling prob-
lems in general, consider minmax objectives, especially the
makespan. Specifically, all of the exact algorithms reviewed
above are either for minmax objectives or for different
machine environments (single or parallel machine or else
flow or job shops). Looking at the literature from a mod-
eling perspective, Anand and Panneerselvam (2015) list
several papers up to 2015 that consider open-shop scheduling
problems with minsum objectives. Only a few publications
propose an exact solution method beyond a default solver.
Liu and Bulfin (1988) and Cheng and Shakhlevich (2005)
develop polynomial-time algorithms for the unit execution
time open shop with non-decreasing objective functions.
The non-preemptive problem variants are special cases of
the [O|tkl , ri | ∑ f (C j )] problem we solve, but given that
they are solvable in polynomial time under the particular
assumption of unit processing times of all operations, there
is no need for enumerative algorithms. The same also goes
for Błażewicz et al. (2004), who propose polynomial-time
methods for the special cases [O|pmtn, ri |Yw] and [O2|di =

d|Y ], where Y (Yw) denotes the total (weighted) work done
after the due date without considering the quantity of the
delay. The latter problem [O2|di = d|Y ] is a special case
of [O|tkl , ri | ∑ f (C j )], but, again, is not interesting for us
in relation to this paper because this particular case can be
solved efficiently without enumerative methods.

There are several papers that consider special cases of
[O|tkl , ri | ∑ f (C j )] other than polynomially solvable cor-
ner cases. Bai et al. (2017b) solve [O||∑w jC j ], i.e., an
open-shop scheduling problem with a total weighted com-
pletion time objective. They propose a “weighted shortest
processing time block heuristic” and a hybrid discrete differ-
ential evolution algorithm, with which they solve instances
with up to 200 jobs and 10 machines, or up to 80 jobs and
100 machines. These solution methods build on Tang and
Bai (2010), who solve the unweighted version [O||∑C j ]
with a constructive heuristic they dub “Shortest Processing
Time Block”. The same problem [O||∑C j ] is also solved
by Bräsel et al. (2008), who propose several constructive
heuristics, which they test on instances with up to 50 jobs
and 50 machines. Andresen et al. (2008) extend the previ-
ous paper with two metaheuristics (simulated annealing and
genetic algorithm). Naderi et al. (2011) present models and
metaheuristics (genetic algorithm and variable neighborhood
search) for [O||∑ Tj ], solving instances with up to 20 jobs
and machines.

Considering more complex scheduling environments,
Wirth and Emde (2018) model a real-world logistics prob-
lem as an open-shop scheduling problem with release and
due dates and transportation delays. They consider a total
weighted tardiness objective in order to minimize the delays
when receiving parts on factory premises in a just-in-time
context. The article describes heuristic solution methods
based on greedy adaptive randomized search (GRASP) and
simulated annealing. Publications that discuss special cases
of [O|tkl , ri | ∑ f (C j )] are summarized in Table 1.

Another real-world problem modeled as an open-shop
problem is considered recently by Zhuang et al. (2021),
where the planning of multi-robot systems in an order pick-
ing warehouse is described as an open-shop problem with
sequence-dependent setup and transportation times, with the
objective to minimize makespan. Zhuang et al. (2021) pro-
vide a mixed-integer linear programming model for small
instances and a hybrid artificial bee colony heuristic for larger
instances. Mejía and Yuraszeck (2020) is also similar to the
scheduling environment we discuss in this paper, seeing that
there are transportation delays in order to manage the trans-
portation of goods from suppliers to company warehouses
in a speedy manner. However, all of these papers deal with
a makespan objective, which is not a minsum objective and
hence not a special case of [O|tkl , ri | ∑ f (C j )].

Recently, Xiao et al. (2022) develop a heuristic based on
column generation to solve a generalization of the open-shop
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Table 1 Publications dealing with special cases of [O|tkl , ri | ∑ f (C j )]
Reference Problem Algorithm Max n × m

Bräsel et al. (2008) [O|| ∑C j ] Constructive heuristics 50 × 50

Andresen et al. (2008) [O|| ∑C j ] Metaheuristics 50 × 50

Tang and Bai (2010) [O|| ∑C j ] Constructive heuristic 1000 × 10

Naderi et al. (2011) [O|| ∑ Tj ] Metaheuristics 20 × 20

Bai et al. (2017b) [O|| ∑ w jC j ] Metaheuristic 200 × 10 and 80 × 100

Wirth and Emde (2018) [O|tkl , ri | ∑ w j Tj ] Metaheuristics 120 × 40

Table 2 Notation for the MIP
model adapted from the
literature

Sets

J Set of jobs, J = {1, . . . , n}
M Set of machines, M = {1, . . . ,m}
Parameters

T Number of time periods in the planning horizon

r j Release date of job j ∈ J , r j ∈ N0

d j Due date of job j ∈ J , d j ∈ N, d j > r j

w j Weight of job j in the objective function, w j ∈ N0

pi j Processing time of job j ∈ J on machine i ∈ Mj , pi j ∈ N0

ρi j 1, if job j ∈ J requires processing on machine i ∈ M ; 0, otherwise

tii ′ Transportation delay from machine i to machine i ′, tii ′ ∈ N0

t0i (ti0) Transportation delay from (to) initial (final) machine 0 to (from) machine i , t0i , ti0 ∈ N0

M Sufficiently large integer

f( j, t) Contribution to the objective function when job j finishes at time t

Variables

xi j j ′ 1, if job j precedes job j ′ on machine i ; 0, otherwise

α j i i ′ 1, if machine i precedes machine i ′ when processing job j ; 0, otherwise

τi j Time when job j starts processing on machine i

C jt 1, if job j finishes at time t ; 0, otherwise

scheduling problem with transfer times, reporting low opti-
mality gaps averaging 0.08%. Referring to an application in
healthcare services, patients (i.e., jobs) must visit a set of
therapists (i.e., machines), where moving between therapists
requires travel (i.e., transfer) time. The goal is to minimize
the sum of makespans over all patients, i.e., the total dif-
ference between start and end times of treatment. While the
problem formulation and decomposition bear some similar-
ity to our approach, there are three major differences: First,
although the objective inXiao et al. (2022) is aminsum objec-
tive, it is not regular, because delaying a completion time
does not necessarily worsen the objective value if the corre-
sponding start time is also delayed. Second, the treatment of
time windows differs in that Xiao et al. (2022) consider time
windows on the therapists (i.e., machines), whereas MOSP-
TD considers time windows on the jobs. Third, beyond a
default solver, Xiao et al. (2022) propose no exact method,
and the pricing problem is solved heuristically via a genetic
algorithm, whereas we propose an exact method with guar-

anteed convergence. Consequently, while the heuristic from
the literature yields strong upper bounds, it is neither easily
adaptable to MOSP-TD due to a disparity in objectives and
constraints, nor is our method straightforwardly applicable
to the problem of Xiao et al. (2022), due to the irregularity
of their objective.

The problem definition in Wirth and Emde (2018) comes
closest towhatwe address in this paper, integrating aminsum
objective, transportation delays, and time windows, based
on a real-world scheduling problem on factory premises.
Since their problem constitutes a special case of MOSP-TD,
we reuse their instances as part of our computational tests
(Sect. 5.2).

3 Mixed-integer programmingmodels

In this section, we formalize MOSP-TD, first, by adapting
the MIP model from Wirth and Emde (2018) and then as
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a generalized set-partitioning model, which forms the basis
of a column generation approach. Note that we assume for
the following models and procedures that all parameters are
integer. This can always be imposed by scaling real-valued
data to arbitrary precision.

3.1 Compact MIPmodel

Using the notation in Table 2, we adapt the model by Wirth
and Emde (2018) to account for arbitrary regular minsum
objectives as follows.

Minimize F(x, τ ,α,C) =
∑

j∈J

T∑

t=r j

f( j, t) · C jt (1)

subject to

T∑

t=r j

C jt = 1 ∀ j ∈ J (2)

T∑

t=r j

t · C jt − τi j ≥ pi j + ti0 ∀i ∈ Mj ; j ∈ J (3)

τi ′ j − τi j + (1 − α j i i ′) · M ≥ pi j + tii ′ ∀ j ∈ J ; i, i ′ ∈ Mj ; i �= i ′ (4)

α j i i ′ + α j i ′i = 1 ∀ j ∈ J ; i, i ′ ∈ Mj ; i �= i ′ (5)

τi j ′ − τi j + (1 − xi j j ′) · M ≥ pi j ∀ j, j ′ ∈ J ; j �= j ′; i ∈ Mj ∩ Mj ′ (6)

xi j j ′ + xi j ′ j = 1 ∀ j, j ′ ∈ J ; j �= j ′; i ∈ Mj ∩ Mj ′ (7)

xi j j ′ ∈ {0; 1} ∀ j, j ′ ∈ J ; j �= j ′; i ∈ Mj ∩ Mj ′ (8)

τi j ≥ r j + t0i ∀ j ∈ J ; i ∈ Mj (9)

α j i i ′ ∈ {0; 1} ∀ j ∈ J ; i, i ′ ∈ Mj ; i �= i ′ (10)

Objective function (1) minimizes any objective function
related to the total completion time of the jobs. This includes,
e.g., the total weighted tardiness objective ofWirth andEmde
(2018) if f( j, t) = w j · max{0, t − d j } and also nonlinear
objectives like the total k-power completion time (Bai et al.,
2017a) if f( j, t) = tk . Constraints (2) and (3) set the com-
pletion time to a single value that cannot be less than the time
when the job returns to machine 0. Constraints (4) and (5)
enforce non-overlapping processing times on the machines,
and (6) and (7) do the same for the jobs. Finally, (8) through
(10) define the domain of the variables.

While this MIP model is quite flexible, allowing for many
different objective functions, it suffers from a large num-
ber of variables as well as complicating big-M constraints,
which are notoriously difficult for default solvers to handle
[e.g., (Codato & Fischetti, 2006)]. Note that it is possible to
formulate a time-indexed MIP model for MOSP-TD without

big-M constraints; however, this requires a much larger num-
ber of constraints. In our preliminary experiments, Gurobi
was unable to even generate (let alone solve) such a model
for larger instances. To alleviate these issues, we propose
to reformulate the problem as a generalized set-partitioning
model, which we use as the foundation of a column genera-
tion approach.

3.2 Set-partitioningmodel

Using the additional notation in Table 3, we formulate
MOSP-TD as a generalized set-partitioning problem (GSP)
as follows. The GSP model requires a set of feasible single-
job schedules S as an input. Every schedule s ∈ S determines
the start times τi js , ∀i ∈ Mj , of the job js ∈ J that sched-
ule s refers to. Then, it is straightforward to calculate binary
parameter dsit for every schedule s ∈ S, indicating whether
job js is processed on machine i ∈ M at time t ∈ T . Anal-
ogously, binary parameter es j indicates whether schedule s
refers to job j ∈ J , i.e., if j = js .

Minimize G(λ) =
∑

s∈S
cs · λs (11)

subject to

∑

s∈S:
es j=1

λs=1 ∀ j ∈ J (12)

∑

s∈S
dsit · λs ≤ 1 ∀i ∈ M, t = 1, . . . , T (13)

λs ∈ {0; 1} ∀s ∈ S (14)

Variable λs indicates whether schedule s is used. A sched-
ule, in turn, defines the start times of one specific job js ∈ J
on all machines in Mj on which job js requires process-
ing. Objective function (11) minimizes the total cost of all
selected schedules, whereas Constraints (12) enforce that

123



284 Journal of Scheduling (2026) 29:279–298

Table 3 Additional notation for
the generalized set partitioning
model

Sets

S Set of single-job schedules

Parameters

cs Objective contribution of schedule s ∈ S

dsit 1, if schedule s ∈ S is processed on machine i at time t ; 0, otherwise

es j 1, if schedule s ∈ S is for job j ∈ J ; 0, otherwise

Variables

λs 1, if schedule s ∈ S is selected; 0, otherwise

exactly one schedule must be chosen for each job and Con-
straints (13) ensure that no two jobs occupy any machine at
the same time. Finally, a schedule is either selected or not,
according to Constraints (14).

Themodel has a neater structure than theMIPmodel from
Sect. 3.1,without any complicated (big-M) constraints. How-
ever, the number of variables is even larger, as there can be
an astronomically large number of schedules in set S. More-
over, the model is still time-indexed because of Constraints
(13). We deal with this in Sect. 4.

3.3 Example

To illustrate MOSP-TD, consider an example problem with
n = 3 jobs, m = 2 machines and a planning horizon
of T = 14, where every job must be processed on every
machine, i.e., ρi j = 1, ∀i ∈ M, j ∈ J , and machine i = 0
is the dummy machine where every job starts and ends. The
job characteristics and machine transfer times are given in
Table 4.

Assuming that the objective is to minimize the total
weighted tardiness, i.e., f (C j ) = w j · max{C j − d j ; 0},
an optimal solution with objective value 13 (jobs 2 and 3 fin-
ish seven and six time units past their due date, respectively)
is depicted as a Gantt chart in Fig. 1. In the GSP model, this
solution corresponds to three schedules s1 = {(1, 3), (2, 6)}
for job js1 = 1, s2 = {(1, 8), (2, 4)} for job js2 = 2, and
s3 = {(1, 5), (2, 9)} for job js3 = 3 being selected, where a
tuple (i, t) indicates that job js starts on machine i at time t .

4 Branch-cut-and-price

Due to the potentially enormous size of schedule set S,
it is more practical to only consider a subset S̄ ⊂ S of
schedules and generate additional schedules from set S \ S̄
iteratively in a delayed column generation framework. For
this, we consider the LP-relaxation of the set-partitioning
model from Sect. 3.2 with only a subset S̄ of columns. We
refer to this model as the restricted master problem (RMP).
We discuss the ensuing pricing problem in Sect. 4.1, and we

Table 4 Example problem data j 1 2 3

(a) Job characteristics

p1 j 1 2 2

p2 j 2 2 1

r j 2 1 4

d j 12 4 7

w j 1 1 1

(b) Machine transfer delays

i 0 1 2

t0i 0 1 3

t1i 1 0 2

t2i 3 2 0

adapt the famous subset-row inequalities originally proposed
by Jepsen et al. (2008) for the vehicle routing problem to
MOSP-TD in Sect. 4.2. We present a simple primal heuristic
for generating initial columns in Sect. 4.3. Finally, solutions
to the RMP may not be integral. To enforce integrality, we
embed the column generation scheme into a branch-and-
bound framework to create a branch-cut-and-price method
in Sect. 4.4..

4.1 Pricing problem

Since the RMP does not consider all possible schedules but
only a subset S̄, additional columns must be priced out. Let
π j ∈ R and μi t ≤ 0 be the dual variables associated with
Constraints (12) and (13), respectively. Then, the reduced
cost of variable λs is:

c̃s = cs − π js −
∑

i∈Mj

T∑

t=1

dsit · μi t .

The pricing problem consists of finding a column in set
S \ S̄ with negative reduced cost or proving that no such
column exists. For a given job j ∈ J , we can interpret finding
the best starting times on the machines as a shortest path
problem through a network N ( j), which is schematically
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Fig. 1 Gantt chart of the optimal solution for the min total tardiness objective in the example

depicted in Fig. 2. The network consists of O(m · T ) nodes,
where each node (i, t) denotes that job j starts processing
on machine i ∈ Mj at time t ∈ {r j , . . . , T }. Starting from
dummy node (0, r j ) and ending at dummy node (0, T ), an
arc from node (i, t) to some other node (i ′, t ′) signifies that
job j is processed on machine i ′ directly after machine i at
times t ′ and t , respectively. Such an arc only exists if

t ′ ≥ t + pi j + tii ′ ∧ t ′ + pi ′ j ≤ T

holds. The cost of an arc ((i, t), (i ′, t ′)) equals

ċ((i, t), (i ′, t ′)) =
⎧
⎨

⎩

f (t + pi j + ti0), if (i ′, t ′) = (0, T )

−∑t ′+pi ′ j−1
t ′′=t ′ μi ′t ′′ , otherwise

.

Any path through the network from source (0, r j ) to sink
(0, T ) that contains exactly one node for each machine i ∈
Mj constitutes a feasible schedule s ∈ S. Let c̈(s) be the
total cost of the path associated with schedule s. Then, the
reduced cost of schedule s is

c̃s = c̈(s) − π js .

Finding a minimum reduced cost schedule is equiva-
lent to solving an elementary shortest path problem with
resource constraints (ESPPRC) in this network, which we
solve with a label setting algorithm [surveyed, e.g., in Irnich
and Desaulniers (2005)] as follows.

A label is associated with a partial path in the network
and is defined by the tuple (Pv, Qv), where Pv stands for the
dual cost of the partial schedule ending at node v = (i, t) and
Qv is the set of already visited machines. Starting from node
(0, r j ) with label (0,∅), a label (Pv, Qv) is extended along
arc ((i, t), (i ′, t ′)) = (v, v′) to create a new label (P ′

v′ , Q′
v′)

using the following resource extension functions (REF).

P ′
v′ =REFCvv′(Pv, Qv) = Pv + ċ((i, t), (i ′, t ′))

Q′
v′ =REFM

vv′(Pv, Qv) = Qv ∪ {i ′}.

This new label is feasible only if it satisfies the following
conditions.

• t ′ + pi ′ j + ∑
i ′′∈Mj\Q′

v′ pi ′′ j ≤ T , i.e., the remaining

operations can potentially still be scheduled before the
end of the planning horizon.

• i ′ /∈ Qv , i.e., machine i ′ is not yet part of the partial
schedule.

For two different labels (Pv, Qv) and (P ′
v, Q

′
v) for the

same node v, we apply the following dominance rule. Label
(Pv, Qv) dominates label (P ′

v, Q
′
v) if Pv ≤ P ′

v and Qv ⊇
Q′

v . All dominated labels are discarded, except if the dom-
inance relationship is not strict, i.e., both Pv = P ′

v and
Qv = Q′

v , then one label is retained.

Lemma 1 The dominance rule is valid.

Proof For the rule to be valid, it must hold that for every
possible extension of (P ′

v, Q
′
v), there exists an extension of

(Pv, Qv) that yields a solution that is at least as good.
Since Qv ⊇ Q′

v , in the best case, the same set of opera-
tions must still be scheduled from both labels, starting from
the same node v = (i, t). Likewise, since Pv ≤ P ′

v , at best,
both labels are associated with the same cost Pv = P ′

v .
Extending the labels further cannot lead to lower cost for
label (P ′

v, Q
′
v), because arc cost function ċ((i, t), (i ′, t ′)) is

monotonically increasing. Objective function f is by defini-
tion regular, i.e., delaying completion of a job cannot improve
the objective value, and dual variable μi t is non-positive
because it is associated with inequalities (13). Intuitively
speaking, blocking some machine i at some time t can
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Fig. 2 Schematic depiction of
the nodes in network N ( j)

incur a dual penalty, but never a reward. Since extending
(P ′

v, Q
′
v) requires the scheduling of at least the same opera-

tions Qv ⊇ Q′
v as label (Pv, Qv), it is not possible to choose

more favorable starting times or an earlier completion time
for the extension of (P ′

v, Q
′
v) than what extending (Pv, Qv)

can also achieve. ��
To further reduce the computational effort, we consider

the following points, which follow directly from the mono-
tonicity of arc cost function ċ((i, t), (i ′, t ′)) as outlined in
the proof of Lemma 1.

• A label (Pv, Qv) can be discarded if it cannot lead
to negative reduced cost, i.e., if Pv + f (t + pi j +
∑

i ′′∈Mj\Qv
pi ′′ j + ti0) ≥ π j . Analogously, if a complete

negative reduced cost schedule has already been found,
we can replace π j on the right-hand side with the best
known upper bound.

• For a pair of labels (Pv, Qv) and (P ′
v′ , Q′

v′)where t ′ > t ,

i = i ′,
∑t+pi j−1

t ′′=t μi t ′′ ≥ ∑t ′+pi ′ j−1
t ′′=t ′ μi ′t ′′ , and Qv ⊇

Qv′ , label (P ′
v′, Q′

v′) can be discarded because delaying
an operation on the same machine cannot make sense if
there is no reward in terms of lower dual cost.

• The dual cost
∑t ′

t ′′=t μi t ′′ of blocking some machine i
from time t to time t ′ can be memorized for all i ∈ M ,
1 ≤ t < t ′ ≤ T and re-used for all j ∈ J until the dual
prices change, i.e., the RMP is re-solved. Hence, there is
no need to sum over μi t every time a label is extended.

The minimum reduced cost schedule can finally be recov-
ered from the label of sink node (0, T ). If no such label exists
(because all labels along the way have been discarded), there
is no schedule for job j with negative reduced cost. Other-
wise, the schedule is added to set S̄ of the RMP. Either way,
the process is repeated for each job j ∈ J .

Note that for the column generation algorithm to con-
verge, it is not necessary to find the very best schedule
for job j . It is sufficient to find any schedule as long as
it is feasible and has negative reduced cost. Therefore, we
prune the network heuristically: for every node (i, t), we
only consider arcs to nodes (i ′, t + pi j + tii ′ + ν), where
ν ∈ {0, 1, 2, 3, 5, 7, 10, 14, 19, . . .} is an offset reducing the
number of outgoing arcs per node. We determine υ from the
set of Padovan numbers (Stewart, 1996), that is, the increase
in υ is equivalent to the Padovan series, because in good

Fig. 3 Paths through network N (1) in the example

schedules, we expect the waiting time between operations to
be generally low, whereas for long waiting delays, a lower
degree of granularity is sufficient. If no negative reduced cost
schedule can be found in the reduced network, then it is still
necessary to solve the ESPPRC on the original network to
prove the non-existence of such a schedule.

Example (cont.): Consider network N (1) for job j =
1 from the example in Sect. 3.3. Assuming that all dual
prices are μi t = 0, ∀i ∈ {1, 2}, t = 1, . . . , 14, Fig. 3
depicts the only two non-dominated paths through the
network. In this example, either path is optimal. Path
〈(0, 2), (1, 3), (2, 6), (0, 14)〉 encodes the schedule for job
1 which is depicted in Fig. 1. Note that if we assume that
there is, e.g., a dual price μ2,7 < 0 to pay for using machine
2 at time 7, then we must consider one more node in the net-
work, namely (2, 8), which is connected via an arc from node
(1, 3). Note that node (2, 7) need not be considered (i.e., has
no undiscarded labels) because it offers a reduction neither
in dual cost nor in objective value compared to (2, 6). In this
case, the bottom path is shorter.

4.2 Valid inequalities

To speed up convergence, we adapt subset-row inequalities,
originally proposed for the vehicle routing problem with
time windows by Jepsen et al. (2008). Since then, they have
been applied to many different problems, especially routing
problems, with great success [e.g., Baldacci et al. (2011a);
Gschwind et al. (2020)]. We restrict ourselves to considering
subsets of cardinality 3 of Constraints (13).

Formally, the subset-row inequalities for MOSP-TD are
defined as follows.

∑

s∈S
λs · �βV

s /2� ≤ 1,∀ V ⊂ {(i, t) | i ∈ M, t = 1, . . . , T }

where |V | = 3,
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where βV
s is the number of machine-time pairs from set V

that schedule s occupies. Since we only consider elemen-
tary schedules, �βV

s /2� is one if schedule s occupies two
or three of the time–machine pairs in V , zero otherwise. In
plain words, these constraints enforce that at most one sched-
ule may occupy two or three of the machines at the specified
times in set V . Note that this must be true for any feasible
integer solution; otherwise at least two jobs would use the
same machine at overlapping times.

These constraints tighten the LP-relaxation of the set-
partitioning model, but their number can be extremely large.
We therefore separate these inequalities iteratively in the
column generation process by enumerating all subsets of
time–machine pairs with cardinality three and checking
which inequalities are violated by the current solution. The
violated inequalities are then added to the RMP.

Unlike the VRP, where these inequalities originate, we
have to contend with machine-time pairs in MOSP-TD,
which can be very numerous. Enumerating all possible sub-
sets of three can therefore take a long time. For this reason,
we restrict the enumeration of machine-time pairs to a max-
imum of 15,000 randomly chosen ones and do not separate
more than 64 inequalities.

The subset-row inequalities affect the pricing problem.We
add another element to the labels to keep track of how many
machine–time pairs for each inequality have been occupied
by a given (partial) schedule. When the number reaches two,
the dual price of the corresponding inequality is added to the
transition cost. These labels and the additional dual variables
must also be considered in the dominance criteria (a label
cannot dominate another label if the former occupies only a
subset of the relevant time–machine pairs of the latter) and
when comparing the dual cost of starting an operation at
specific points in time. (The potential dual cost of the subset-
row inequalities must also be considered). Details about how
to incorporate SRI into ESPPRC are discussed in Jepsen et
al. (2008); Desaulniers et al. (2008).

Example (cont.): Consider three schedules s1 = {(1, 7),
(2, 10)}, s2 = {(1, 6), (2, 12)}, and s3 = {(1, 5), (2, 11)} for
jobs js1 = 1, js2 = 2, and js3 = 3, respectively. Clearly, only
one of these three schedules can be used in an integer solution
because they overlap on machine 1 at times 6 and 7 and
on machine 2 at time 11. However, in the LP-relaxed RMP,
the variable assignments λs1 = λs2 = λs3 = 0.5 (among
others) violate no constraint. The subset-row inequality for
V = {(1, 6), (1, 7), (2, 11)} eliminates this solution.

4.3 Initial columns

To obtain an initial upper bound and set of columns, we
use a simple list scheduling-based constructive heuristic,
followed by a greedy local search phase. Both of these
heuristics phases operate on a sequence of operations θ =

〈( j1, i1), . . . , ( jo, io)〉, where o = ∑
j∈J |Mj | is the total

number of operations and ( jk, ik) indicates the k-th oper-
ation to be scheduled. A sequence θ is decoded by going
through it element by element, starting at the first element
k = 1 and scheduling job jk on machine ik as early as feasi-
ble, i.e., either as soon as machine i is available or job j can
transfer to that machine, whichever comes last.

An initial sequence is generated purely randomly. A
neighborhood is defined by swapping two operations in
the incumbent solution. The best neighborhood solution is
accepted and becomes the new incumbent. The search ends
when no solution in the entire neighborhood improves upon
the incumbent. This procedure is similar to the local search
method presented in Wirth and Emde (2018), which the
authors show to yield decent optimality gaps at short run-
times.

While these initial columns are guaranteed to constitute a
feasible solution, some or all of these columns may be cut
off during branching (see Sect. 4.4). Therefore, to ensure that
the RMP has at least one feasible solution in all branches,
we include a dummy column sd that covers all jobs with-
out blocking any machine, i.e., esd j = 1 and dsd it = 0,
∀ j ∈ J , i ∈ Mj , t = 1, . . . , T , and has a prohibitively large
coefficient in the objective function. If no column with neg-
ative reduced cost exists and this column is still in the basis
with a positive value, the node can be fathomed.

Example (cont.): Starting from random sequence θ =
〈(1, 2), (2, 2), (3, 1), (1, 1), (2, 1), (3, 2)〉, the best neigh-
borhoodmove is to swap operations (1, 2) and (1, 1), leading
to a sequence which decodes to the locally—and in this case
globally—optimal solution depicted in Fig. 1.

4.4 Branching

Since variables λ are continuous in the RMP, the objective
value of the optimalRMPsolutionmayonly be a lower bound
because not all variables may have integral values. In this
case, branching may be required to ensure integrality.

Let λ̄s be the value of variable λs . Let (i, j), j ∈ J ,
i ∈ Mj , be the operation of job j onmachine i , and let hsit ∈
{0, 1} be a binary parameter, indicating whether schedule s
starts an operation on machine i at time t . We define

(i∗, j∗) ∈ argmax(i, j)∈M×J :ρi j=1{|{t = 1, . . . , T | ∃s
∈ S : 0 < λ̄s < 1 ∧ es j = 1 ∧ hsit = 1}|} (15)

as the operation whose starting time is spread out across
the most fractional time periods. In case multiple opera-
tions maximize expression (15), ties are broken randomly.
Let (i∗, j∗) be undefined if λ̄ is integral. In this case, no
branching is necessary.
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Let ȳi∗ j∗t = ∑
s∈S:

es j∗=1
hsi∗t · λ̄s be the (fractional) number

of times operation (i, j) starts at time t . Let

t∗ ∈ arg mint=1,...,T

{
t∑

t ′=1

ȳi∗ j∗t ′ > 0.5

}

(16)

be the point in time such that about half the fractional start
times of operation (i∗, j∗) are sooner and about half are later
than t∗.

We branch on the starting time of operations. In the zero
branch, operation (i∗, j∗) must start sooner than time t∗. In
the one branch, (i∗, j∗) must start no earlier than time t∗. In
either branch, we can enforce these branching constraints by
removing any schedules that violate them from set S̄ in the
RMP and removing the affected nodes (i∗, t)where t ≥ t∗ or
t < t∗, respectively, from the network N ( j∗) in the pricing
problem.

Example (cont.): Consider the schedules s1 = {(1, 3),
(2, 6)}, s2 = {(1, 8), (2, 4)}, s3 = {(1, 5), (2, 9)}, and s4 =
{(1, 3), (2, 7)} for jobs js1 = js4 = 1, js2 = 2, and js3 = 3,
respectively, where λs1 = λs4 = 0.5 and λs2 = λs3 = 1. This
schedule also leads to an objective value of 13 and is feasible
for the RMP, but it is not integral and so requires branching.
The operation (i∗, j∗) that has the most fractional start times
is (2, 1). This leads to t∗ = 7, i.e., in one branch job 1 must
start on machine 2 before time 7, and in the other branch job
1 must start on machine 2 no sooner than time 7.

Lemma 2 Using the above branching rule, BCP converges
to an optimal integer solution in a finite number of steps.

Proof If (i∗, j∗) is defined, i.e., the current solution is not
integral, then by Constraints (12) there must be multiple
schedules S′ ⊂ S for at least one job js = j∗ with
0 < λs < 1, ∀s ∈ S′, and

∑
s∈S′ λs = 1. For at least

one machine i∗ ∈ Mj∗ , there must be at least two different
fractional start times τi∗ j∗ for job j∗ on machine i∗ defined
by S′, because two different schedules in S′ for the same job
j∗ cannot have the exact same start time on every machine,
otherwise the schedules would not be different. Determining
start time t∗ as per Eq. (16) ensures that at least one of the
schedules in S′ must have a (fractional) start time τi∗ j∗ < t∗
and at least one schedule must have a (fractional) start time
τi∗ j∗ ≥ t∗.

Branching on the start time t∗ hence ensures that at least
two of the fractional variables λs , s ∈ S′, that currently start
job j∗ on machine i∗ at different times τi∗ j∗ cannot be part
of the same solution anymore. The solutions in child nodes
must consequently be different than in the parent node in the
BCP tree. At the same time, no solution that is feasible for
the original problem is cut off: any feasible (and potentially
optimal) start time τi∗ j∗ is still in one of the branches.

Table 5 Instance parameters for instances fromWirth and Emde (2018)

Instance size Small Medium Large

Number of machines m 20 30 40

Number of jobs n 40, 50, 60 60, 75, 90 80, 100, 120

Number of instances 18 18 18

In the worst case, if every single node is branched, the
branching constraints in every leaf node will eventually fully
determine the integer start time t of every job j on every
machine i ∈ Mj . The number of potential branches for every
machine–job pair (i∗, j∗) is bounded by the number O(2T )

of potential start times. The optimal solutionmust necessarily
be in one of these leaf nodes, which concludes the proof. ��

5 Computational study

In this section, we test our branch-cut-and-price (BCP)
scheme on three different benchmark data sets and compare it
against the best heuristic from the literature as well as a state-
of-the-art default solver.We describe our test bed in Sect. 5.1,
investigate the effectiveness of the subset-row inequalities in
Sect. 5.2.1 and the algorithmic performance in Sect. 5.2.2.

5.1 Benchmark instances and computational
environment

Since the MOSP-TD is a general problem, we use three dif-
ferent benchmark data sets, two from the literature and one
newly generated. We describe the test data in more detail in
the following.

Wirth and Emde (2018) discuss a special case of the
MOSP-TD in the context of routing trucks on factory
premises to deliver parts to a production plant. They con-
sider a total weighted tardiness objective; otherwise, their
problem definition is identical to MOSP-TD. Consequently,
we reuse their original instances without any modification.
The instances are divided into three classes: small (up to 20
machines and 60 jobs), medium (up to 30 machines and 90
jobs), and large (up to 40 machines and 120 jobs), where not
all jobs need to be processed on all machines. There is a total
of 54 instances in the set, which is available via DOI https://
doi.org/10.5281/zenodo.5196633. The data are summarized
in Table 5.

Since the MOSP-TD is an open-shop scheduling prob-
lem, it is only natural to use classic open-shop instances from
the literature. Specifically, the instance set of Brucker et al.
(1997) still counts as one of the most difficult classic bench-
marks, even with a makespan objective (Ahmadian et al.,
2021; Malapert et al., 2012). The data set contains a total
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Table 6 Summary of the data sets used in this study

Symbol Count Source Original problem Modifications Max. size (n × m)

R10x10 20 This paper [O|tkl , ri | ∑C2
j ] - 10 × 10

R20x20 20 This paper [O|tkl , ri | ∑C2
j ] - 20 × 20

WE_small 18 Wirth and Emde (2018) [O|tkl , ri | ∑ w j Tj ] - 60 × 20

WE_medium 18 Wirth and Emde (2018) [O|tkl , ri | ∑ w j Tj ] - 90 × 30

WE_large 18 Wirth and Emde (2018) [O|tkl , ri | ∑ w j Tj ] - 120 × 40

j*-per* 52 Brucker et al. (1997) [O||Cmax] Release and due
dates,
transportation
delays, objective
function

∑
Uj

8 × 8

of 52 instances, ranging from small ones with 3 jobs and 3
machines up to 8 jobs and 8 machines.

To make the instances more challenging, we enrich them
with transportation delays by giving each machine a 2D-
coordinate (xi , yi ), where xi and yi are randomly drawn
integers from a uniform distribution between zero and nine.
We also add a dummy initial machine 0, which is always at
(x0, y0) = (0, 0). Delays between machines are then mea-
sured via the Manhattan metric, i.e., tii ′ = |xi − xi ′ | +
|yi − yi ′ |, ∀i, i ′ ∈ M ∪ {0}. Let P1 = ∑

i∈M pi1/m be
the average processing time of the first job. We set the
release date of job j to r j = U (0, P1) and the due date
to d j = r j + U (m/4 · P1, 2 · m · P1), where U stands for
a uniformly distributed random integer from the interval in
the argument. As an objective, we minimize the total number
of late jobs, i.e., we solve [O|r j , tkl | ∑Uj ]. While the mini-
mization of the number of tardy jobs is widely recognized as
an important goal in many scheduling applications [e.g.,Ho
and Chang (1995)], to the best of our knowledge, disre-
garding some investigations into special cases with bounded
numbers of machines and / or unit processing times, only
Ng et al. (2003) have applied a

∑
Uj goal in an open-shop

scheduling context, presenting some theoretical results. Our
branch-cut-and-price algorithm is hence one of the first pub-
lished exact solution procedures to explicitly solve open-shop
scheduling problems with this objective at all.

Finally, we also generate two sets of twenty new instances
each, one small one with n = m = 10 jobs and machines,
and one large one with n = m = 20 jobs and machines. We
generate the machine transfer delays and release dates the
same way as described above. Each job must be processed
on between one and six randomly chosen machines, where it
requires a randomly chosen processing time (uniformly dis-
tributed integer) from the interval [5, 17], the same as in Raut
et al. (2008). For this instance set, we consider a nonlinear
objective, namely minimizing the sum of quadratic comple-
tion times, a special case of the k-power completion time
(Bai et al., 2017a).

This gives us a diverse set of instances, totaling 54+52+
40 = 146 instances, which are summarized in Table 6. For
all instances, we set the planning horizon T to the makespan
of the initial solution (see Sect. 4.3) plus two times the max-
imum processing time of any operation. The instance set
can be downloaded via DOI https://doi.org/10.5281/zenodo.
5196711. All tests are run on an x64-PCwith anAMDRyzen
5 3600 CPU with a 3.6-GHz base clock. Our BCP scheme
is implemented in C# 8.0, and Gurobi 9.0.2 is the default
solver for the RMP and the single-model MIP from Sect. 3.1.
All programs are run on a single thread with a one-hour time
limit to ensure comparability.

Concerning the choice of benchmark solvers, given that
some of the most successful solution methods for the classic
open-shop with amakespan objective are based on constraint
programming [e.g.,Malapert et al. (2012)],we also attempted
to solve the instances from Wirth and Emde (2018) with a
state-of-the-art CP solver, namely IBM ILOGCP Optimizer.
However, the results turned out to be almost universally sig-
nificantly poorer than those of the MIP solver, both in terms
of bounds and runtimes. We therefore only print the results
for the MIP solver as a benchmark in the following.

5.2 Computational results

5.2.1 Effect of subset-row inequalities

First, we investigate the effect of the subset-row inequalities
(SRI) as elaborated in Sect. 4.2. Table 7 shows the results on
the random instances with and without SRI. Column Root
LB denotes the lower bound in the root node, while Best
LB is the lower bound after branching. Columns Root s and
Total s stand for the CPU time in seconds for solving the root
node and the whole enumeration tree, respectively. Nodes
and Columns list the total number of nodes in the branch-
and-bound tree and the total number of generated columns,
respectively. Note that we list the best bounds, which are
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Table 8 Average performance on the random R10x10 and R20x20 instances

MIP BCP

CPU s gap BKS-LB Optimal Root s Root LB Total s Best LB gap BKS-LB Optimal

Avg. 10 × 10 691.9 0.9% 90.0% 0.0 47272.4 21.6 47795.1 0.0% 100.0%

Avg. 20 × 20 3288.3 19.5% 10.0% 2.0 100484.5 1008.5 101735.8 0.7% 80.0%

not necessarily optimal, in case the one-hour time limit is
reached.

Overall, the quality of the bounds is very similar because
almost all instances can be solved to optimality within a one-
hour time limit. However, there is a difference in the required
CPU times. In only two small instances is BCP without SRI
faster than with SRI. Using SRI, the CPU times as well as the
number of explored nodes are significantly lower at the 90%
confidence level. For the large instances, the effect is less
clear: while the average CPU times are a little lower when
using SRI, the effect is not significant. This is not surprising
because the large instances, besides having more machines
and jobs, also have an inherently longer planning horizon and
thus a much greater number of columns and rows. Since we
limit the number of SRI cuts to 64, they become a proverbial
drop in the bucket.Note thatwe experimentedwith larger SRI
sets but found that this tends to increase the solution effort of
the pricing problem disproportionately and is generally not
worthwhile.

We can hence conclude that SRI can help to speed up
BCP for the MOSP-TD, although the effect is the greatest in
small and medium size instances. We hence use the SRI in
the following experiments in the given settings.

5.2.2 Algorithmic performance

As mentioned in Sect. 5.1, we tested BCP on three instance
sets: newly generated random ones, those from Wirth and
Emde (2018), and those derived from the classic open-shop
scheduling instances from Brucker et al. (1997). For all
instances, we list the CPU time in seconds for Gurobi solving
the single model from Sect. 3.1 as well as BCP. Moreover,
we calculate the gap between the best lower bound and the
best known upper bound (columns labeled gapBKS-LB) as as
( f BKS− f LB)/ f LB, where f BKS denotes the objective value
of the best known feasible solution and f LB stands for the
best lower bound of either Gurobi solving the single model
or BCP. The time limit is 3600 CPU seconds per instance.
For BCP, we also list the solution time (Root s) and LB (Root
LB) before branching. The total runtime is given as Total s
and the best found lower bound as Best LB.

Table 8 summarizes the average results for the new random
instances; more detailed results are also in Table 7. Column
Optimal gives the percentage of instances that were solved

to optimality within the one-hour time limit. BCP can solve
all small random instances with m = n = 10 machines and
jobs to optimality in about 20 s on average, whereas Gurobi
solving the MIP takes a little over ten minutes on average for
these instances. For the large instances, Gurobi solving the
MIP fails to solve all but two of the instances to optimality
within one hour, while BCP exhibits an optimality gap of less
than 1% on average, solving most instances to optimality.

Table 9 shows the results for the instances from Wirth
and Emde (2018). Although BCP struggles with solving the
Wirth and Emde (2018) instances to optimality within the
time limit, it finds good bounds almost across the board, the
largest gap between upper bound (UB) and lower bound (LB)
being 20.4% in instanceWE_medium_2.On average, the gap
is well below 4%. Gurobi working on the MIP model solves
more instances to proven optimality but fails to produce tight
bounds in those instances where it does not prove optimality.
This does not only concern the weak lower bounds but also
the best upper bounds: the gap between the best BCPandMIP
upper bounds is as large as 15.4% (in instanceWE_large_17).
Overall, the gap between the BCP upper bound and the best
known solution is well below 1%. Note that BCP already
finds very tight bounds in the root node: the average gap
BKS-LB gap is already down to 4.4% before branching.

Apart from our BCP, no exact algorithm (beyond a default
solver) has yet been proposed for this problem. However,
Wirth and Emde (2018) introduce several heuristics, the best
of which is a greedy adaptive search procedure (GRASP).
Unfortunately, all results given in Wirth and Emde (2018)
are averaged over groups of three instances, hence—even
though we test BCP on the exact same instance data—it is
not possible to compare the results instance-by-instance. We
can, however, compare the averages,whichwedo inTable 10.
We list the gap of the best found solution byGRASPandBCP,
respectively, to the best known lower bound LB∗, calculated
as UB−LB∗

LB∗ . Note that the best known lower bound may be
different from the one listed in Table 9, because the column
Best LB only lists the best bound found by BCP within the
given time limit. For any given instance, the best bound may
also have been found by solving the single model. For the
gaps relating to GRASP, we take the values from Wirth and
Emde (2018), who similarly calculate these gaps using the
best of several lower bounds as the baseline. Furthermore,
following Wirth and Emde (2018), we count an instance as

123



Journal of Scheduling (2026) 29:279–298 293

Ta
bl
e
9

R
es
ul
ts
on

th
e
W
E
_s
m
al
l,
W
E
_m

ed
iu
m
,a
nd

W
E
_l
ar
ge

in
st
an
ce
s
fr
om

W
ir
th

an
d
E
m
de

(2
01
8)
;o

pt
im

al
re
su
lts

ar
e
bo

ld
an
d
a
da
sh

(-
)
in
di
ca
te
s
th
at
th
e
tim

e
lim

it
w
as

ex
ce
ed
ed

M
IP

B
C
P

In
st
an
ce

m
n

B
K
S

C
PU

s
ga
p
B
K
S-
L
B

R
oo
ts

R
oo
tL

B
To

ta
ls

B
es
tL

B
B
es
tU

B
ga
p
B
K
S-
L
B

N
od
es

W
E
_s
m
al
l_
1

20
40

92
5

8
0.
0%

31
92
3

66
92
5

92
5

0.
0%

9

W
E
_s
m
al
l_
2

20
40

40
0

2
0.
0%

50
40
0

50
40
0

40
0

0.
0%

1

W
E
_s
m
al
l_
3

20
40

57
3

1
0.
0%

43
57
3

43
57
3

57
3

0.
0%

1

W
E
_s
m
al
l_
4

20
40

41
5

2
0.
0%

19
41
5

19
41
5

41
5

0.
0%

1

W
E
_s
m
al
l_
5

20
40

17
9

2
0.
0%

10
1

17
9

10
1

17
9

17
9

0.
0%

1

W
E
_s
m
al
l_
6

20
40

10
89

7
0.
0%

13
99
8

-
99
9

10
89

9.
1%

12
7

W
E
_s
m
al
l_
7

20
50

27
30

33
0.
0%

19
1

27
09

-
27
09

27
30

0.
8%

44

W
E
_s
m
al
l_
8

20
50

19
62

35
0.
0%

16
8

18
67

-
18
76

19
62

4.
6%

97

W
E
_s
m
al
l_
9

20
50

28
10

62
2

0.
0%

23
7

25
80

-
25
95

28
75

8.
3%

87

W
E
_s
m
al
l_
10

20
50

17
37

17
22

0.
0%

22
6

16
07

-
16
08

17
63

8.
0%

12
7

W
E
_s
m
al
l_
11

20
50

32
81

-
23
.7
%

15
7

31
45

-
31
86

33
21

3.
0%

31

W
E
_s
m
al
l_
12

20
50

12
92

-
85
.9
%

90
12
53

-
12
57

13
67

2.
8%

45

W
E
_s
m
al
l_
13

20
60

42
15

-
28
.0
%

54
41
09

-
41
50

42
15

1.
6%

59

W
E
_s
m
al
l_
14

20
60

39
10

-
61
.4
%

64
9

37
25

-
37
38

39
10

4.
6%

24

W
E
_s
m
al
l_
15

20
60

79
98

-
54
.4
%

20
2

78
04

-
78
29

79
98

2.
2%

69

W
E
_s
m
al
l_
16

20
60

28
54

-
28
.4
%

13
5

27
12

-
27
15

28
63

5.
2%

22

W
E
_s
m
al
l_
17

20
60

49
92

-
89
.4
%

45
8

45
72

-
45
79

49
92

9.
0%

10

W
E
_s
m
al
l_
18

20
60

57
19

-
16
8.
1%

75
1

51
18

-
51
43

57
19

11
.2
%

11

A
vg
.

26
15
.6

17
35
.2

30
.0
%

19
8.
6

24
82
.4

26
38
.7

24
92
.9

26
27
.6

3.
9%

42
.6

W
E
_m

ed
iu
m
_1

30
60

34
5

5
0.
0%

91
34
5

91
34
5

34
5

0.
0%

1

W
E
_m

ed
iu
m
_2

30
60

42
5

8
0.
0%

52
32
6

-
35
3

42
5

20
.4
%

28
4

W
E
_m

ed
iu
m
_3

30
60

34
63

33
0.
0%

16
8

33
76

-
33
84

34
63

2.
3%

14
2

W
E
_m

ed
iu
m
_4

30
60

30
70

16
15

0.
0%

32
9

29
35

-
29
77

30
70

3.
1%

52

W
E
_m

ed
iu
m
_5

30
60

69
8

7
0.
0%

14
5

66
8

-
66
8

69
8

4.
5%

25
1

W
E
_m

ed
iu
m
_6

30
60

11
29

22
0.
0%

37
2

11
00

-
11
00

11
38

2.
7%

15
2

W
E
_m

ed
iu
m
_7

30
75

28
24

54
1

0.
0%

14
2

27
57

-
27
79

28
24

1.
6%

69

W
E
_m

ed
iu
m
_8

30
75

35
23

15
80

0.
0%

20
3

34
97

-
35
22

35
23

0.
0%

91

W
E
_m

ed
iu
m
_9

30
75

34
69

16
0

0.
0%

28
7

34
39

-
34
51

34
69

0.
5%

59

W
E
_m

ed
iu
m
_1
0

30
75

21
57

33
6

0.
0%

97
2

21
23

-
21
23

21
58

1.
6%

26

123



294 Journal of Scheduling (2026) 29:279–298

Ta
bl
e
9

co
nt
in
ue
d

M
IP

B
C
P

In
st
an
ce

m
n

B
K
S

C
PU

s
ga
p
B
K
S-
L
B

R
oo
ts

R
oo
tL

B
To

ta
ls

B
es
tL

B
B
es
tU

B
ga
p
B
K
S-
L
B

N
od
es

W
E
_m

ed
iu
m
_1
1

30
75

29
13

-
21
.2
%

90
0

27
04

-
27
14

29
95

7.
4%

8

W
E
_m

ed
iu
m
_1
2

30
75

84
7

15
0.
0%

61
7

84
7

61
7

84
7

84
7

0.
0%

1

W
E
_m

ed
iu
m
_1
3

30
90

59
91

-
6.
9%

18
9

58
64

-
58
86

59
91

1.
8%

26

W
E
_m

ed
iu
m
_1
4

30
90

49
45

-
10
.8
%

62
9

48
86

-
48
94

49
61

1.
0%

23

W
E
_m

ed
iu
m
_1
5

30
90

46
37

-
18
.2
%

10
78

45
66

-
45
73

46
57

1.
4%

10

W
E
_m

ed
iu
m
_1
6

30
90

44
45

-
47
.9
%

35
33

42
11

-
42
23

44
45

5.
3%

1

W
E
_m

ed
iu
m
_1
7

30
90

51
40

-
12
5.
2%

44
7

48
38

-
48
38

53
63

6.
2%

6

W
E
_m

ed
iu
m
_1
8

30
90

28
38

-
15
.7
%

58
6

26
89

-
26
91

29
04

5.
5%

18

A
vg
.

29
36
.6

16
40
.4

13
.7
%

59
6.
7

28
42
.5

32
92
.7

28
53
.5

29
59
.8

3.
6%

67
.8

W
E
_l
ar
ge
_1

40
80

29
04

15
0.
0%

19
6

29
04

19
6

29
04

29
04

0.
0%

1

W
E
_l
ar
ge
_2

40
80

25
28

10
5

0.
0%

41
6

24
26

-
24
42

25
28

3.
5%

66

W
E
_l
ar
ge
_3

40
80

93
6

12
0.
0%

27
8

86
0

-
87
7

93
6

6.
7%

11
3

W
E
_l
ar
ge
_4

40
80

60
15

0.
0%

3
60

3
60

60
0.
0%

1

W
E
_l
ar
ge
_5

40
80

46
32

16
18

0.
0%

58
8

44
20

-
44
34

46
85

4.
5%

14

W
E
_l
ar
ge
_6

40
80

56
3

15
0.
0%

19
4

52
3

-
53
1

56
3

6.
0%

40
5

W
E
_l
ar
ge
_7

40
10
0

47
46

-
8.
5%

43
1

46
05

-
46
09

47
46

3.
0%

30

W
E
_l
ar
ge
_8

40
10
0

38
25

64
1

0.
0%

13
26

38
25

13
26

38
25

38
25

0.
0%

1

W
E
_l
ar
ge
_9

40
10
0

39
88

21
6

0.
0%

56
8

39
13

-
39
30

39
88

1.
5%

28

W
E
_l
ar
ge
_1
0

40
10
0

43
12

-
13
.6
%

13
19

42
77

-
42
77

43
21

0.
8%

9

W
E
_l
ar
ge
_1
1

40
10
0

14
05

18
5

0.
0%

67
6

13
39

-
13
39

14
67

5.
0%

45

W
E
_l
ar
ge
_1
2

40
10
0

53
6

46
5

0.
0%

18
17

51
1

-
51
1

60
0

4.
9%

2

W
E
_l
ar
ge
_1
3

40
12
0

77
54

-
82
.6
%

63
4

76
48

-
76
49

77
54

1.
4%

19

W
E
_l
ar
ge
_1
4

40
12
0

10
82
1

-
32
.9
%

49
0

10
65
5

-
10
67
4

10
84
2

1.
4%

13

W
E
_l
ar
ge
_1
5

40
12
0

88
90

-
70
.4
%

13
04

87
55

-
87
71

88
90

1.
4%

3

W
E
_l
ar
ge
_1
6

40
12
0

53
40

-
12
5.
5%

44
1

50
23

-
50
35

53
40

6.
1%

3

W
E
_l
ar
ge
_1
7

40
12
0

70
60

-
21
0.
2%

49
4

65
90

-
65
98

70
60

7.
0%

4

W
E
_l
ar
ge
_1
8

40
12
0

30
08

-
81
.1
%

45
05

25
21

45
05

30
08

30
08

0.
0%

1

A
vg
.

40
72
.7

17
83
.3

34
.7
%

87
1.
1

39
36
.0

32
62
.5

39
70
.6

40
84
.3

3.
0%

42
.1

123



Journal of Scheduling (2026) 29:279–298 295

Table 10 Comparison of BCP with the best heuristic from Wirth and Emde (2018) (GRASP) on the WE instances

GRASP BCP

CPU s # optimal UB-to-LB gap CPU s # optimal UB-to-LB gap

WE_small (m = 20) 6.8 9 3.3% 2638.7 8 2.8%

WE_medium (m = 30) 12.2 9 4.6% 3292.7 10 2.2%

WE_large (m = 40) 27.8 6 10.7% 3262.5 8 2.2%

Table 11 Results on the modified j*-per* instances from Brucker et al. (1997); missing values denote that the best found LB is 0; optimal results
are bold and a dash (-) indicates that the time limit was exceeded

MIP BCP

Instance m n BKS CPU s gap BKS-LB Root s Root LB Total s Best LB Best UB gap BKS-LB Nodes

j3-per0-1 3 3 2 7 0.0% 0 2 0 2 2 0.0% 1

j3-per0-2 3 3 3 0 0.0% 0 3 0 3 3 0.0% 1

j3-per10-0 3 3 2 2 0.0% 0 2 0 2 2 0.0% 1

j3-per10-1 3 3 1 0 0.0% 0 1 0 1 1 0.0% 1

j3-per10-2 3 3 1 0 0.0% 0 1 0 1 1 0.0% 1

j3-per20-0 3 3 3 0 0.0% 0 3 0 3 3 0.0% 1

j3-per20-1 3 3 3 12 0.0% 0 3 0 3 3 0.0% 1

j3-per20-2 3 3 2 0 0.0% 0 2 0 2 2 0.0% 1

j4-per0-0 4 4 0 4 0.0% 0 0 0 0 0 0.0% 1

j4-per0-1 4 4 1 6 0.0% 0 1 0 1 1 0.0% 1

j4-per0-2 4 4 2 4 0.0% 0 2 0 2 2 0.0% 1

j4-per10-0 4 4 2 3 0.0% 0 2 0 2 2 0.0% 1

j4-per10-1 4 4 1 4 0.0% 0 1 0 1 1 0.0% 1

j4-per10-2 4 4 1 3 0.0% 0 1 0 1 1 0.0% 1

j4-per20-0 4 4 2 3 0.0% 0 2 0 2 2 0.0% 1

j4-per20-1 4 4 1 4 0.0% 0 1 0 1 1 0.0% 1

j4-per20-2 4 4 2 100 0.0% 0 2 0 2 2 0.0% 1

j5-per0-0 5 5 4 16 0.0% 0 4 0 4 4 0.0% 1

j5-per0-1 5 5 1 10 0.0% 0 1 0 1 1 0.0% 1

j5-per0-2 5 5 2 16 0.0% 0 2 0 2 2 0.0% 1

j5-per10-0 5 5 3 - 50.0% 0 3 0 3 3 0.0% 1

j5-per10-1 5 5 2 10 0.0% 0 2 0 2 2 0.0% 1

j5-per10-2 5 5 2 12 0.0% 0 2 0 2 2 0.0% 1

j5-per20-0 5 5 2 9 0.0% 0 2 0 2 2 0.0% 1

j5-per20-1 5 5 3 11 0.0% 0 3 0 3 3 0.0% 1

j5-per20-2 5 5 4 - 100.0% 0 4 0 4 4 0.0% 1

j6-per0-0 6 6 3 - 50.0% 8 3 - 3 4 0.0% 350

j6-per0-1 6 6 4 60 0.0% 0 4 0 4 4 0.0% 1

j6-per0-2 6 6 4 423 0.0% 0 4 0 4 4 0.0% 1

j6-per10-0 6 6 4 - 100.0% 0 4 0 4 4 0.0% 1

j6-per10-1 6 6 1 25 0.0% 8 1 - 1 2 0.0% 222

j6-per10-2 6 6 2 - 0 2 0 2 2 0.0% 1

j6-per20-0 6 6 1 20 0.0% 0 1 0 1 1 0.0% 1

j6-per20-1 6 6 2 21 0.0% 0 2 0 2 2 0.0% 1

j6-per20-2 6 6 1 16 0.0% 0 1 0 1 1 0.0% 1
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Table 11 continued

MIP BCP

Instance m n BKS CPU s gap BKS-LB Root s Root LB Total s Best LB Best UB gap BKS-LB Nodes

j7-per0-0 7 7 6 - 200.0% 0 6 0 6 6 0.0% 1

j7-per0-1 7 7 3 - 0.0% 0 3 0 3 3 0.0% 1

j7-per0-2 7 7 5 - 0 5 0 5 5 0.0% 1

j7-per10-0 7 7 3 53 0.0% 0 3 0 3 3 0.0% 1

j7-per10-1 7 7 3 36 0.0% 0 3 0 3 3 0.0% 1

j7-per10-2 7 7 3 55 0.0% 0 3 0 3 3 0.0% 1

j7-per20-0 7 7 4 113 0.0% 0 4 0 4 4 0.0% 1

j7-per20-1 7 7 4 - 100.0% 0 4 0 4 4 0.0% 1

j7-per20-2 7 7 4 88 0.0% 0 4 0 4 4 0.0% 1

j8-per0-1 8 8 3 - 0.0% 0 3 0 3 3 0.0% 1

j8-per0-2 8 8 6 - 200.0% 1 6 1 6 6 0.0% 1

j8-per10-0 8 8 5 - 25.0% 0 5 0 5 5 0.0% 1

j8-per10-1 8 8 3 98 0.0% 0 3 0 3 3 0.0% 1

j8-per10-2 8 8 2 - 64 2 - 2 3 0.0% 105

j8-per20-0 8 8 3 840 0.0% 26 3 - 3 4 0.0% 282

j8-per20-1 8 8 4 - 100.0% 0 4 0 4 4 0.0% 1

j8-per20-2 8 8 1 58 0.0% 58 1 - 1 2 0.0% 118

Avg. 2.6 1010.6 18.9% 3.2 2.6 348.9 2.6 2.7 0.0% 21.6

solved to optimality if the best found upper bound returned
within the time limit is equal to the best lower bound LB∗,
even if the lower bound was not found by the same solution
method. The optimality criterion we use in the rest of the
study (including Table 9) is hence stricter than the one used in
Table 10, becausewe usually only count an instance as solved
to optimality if BCP itself manages to close the gap within
the time limit. Wirth and Emde (2018) use a PC equipped
with an Intel i7-6700K CPU (4.4 GHz) and 64 GB of RAM
to measure their CPU times, which we reproduce in Table
10.

The results show that GRASP is significantly faster than
BCP, which is not surprising, given that GRASP is a heuris-
tic by design. BCP finds the optimal upper bound slightly
more often than GRASP (26 vs. 24 times). More strikingly,
BCP produces much smaller gaps overall: the average gap
over all WE instances is 2.4%, whereas GRASP produces a
6.2% average gap. Moreover, unlike for GRASP, the gap for
BCP does not increase when solving larger instances. This
indicates, somewhat surprisingly, that BCP scales better than
the heuristic procedure, and can deliver decent upper bounds
even for large problems and even in cases where it does not
find the optimal solution within the time limit.

Our final benchmark set is the data from Brucker et al.
(1997), enriched with transfer times, time windows and a
minimum number of tardy jobs objective. Table 11 shows
that BCP could find the maximal lower bound in every sin-
gle instance. In the vast majority of instances, it could close

the gap completely; in only five instances is there a dif-
ference of one tardy job between the best lower and upper
bounds. Apart from those five instances, the optimal solution
is found already in the root node. Gurobi solving the single
model struggles substantially more, failing to close the gap
in 14 instances, yielding an average gap of almost 19% and
far longer CPU times. Overall, this suggests that the

∑
Uj

objective of the j*-per* instances poses less of a challenge
for BCP than the

∑
C2

j objective of the R and the
∑

w j Tj

objective of the WE instances. One reason may be that the
∑

Uj objective tends to be lead to a search space with large
plateaus, i.e., there are many solutions with the same objec-
tive value because

∑
Uj only counts the number of late jobs

but not the amount of lateness unlike, e.g.,
∑

w j Tj . TheMIP
(andmany heuristics based on neighborhood search) struggle
with this, but it seems to aid BCP.

6 Conclusion

We investigate a general open-shop scheduling problem
with machine–pair-dependent transfer times, release and
due dates, and any arbitrary regular minsum objective. We
develop a branch-cut-and-price method, which is based
on a time-indexed formulation of the problem. We adapt
subset-row cuts, originally from the VRP literature, to the
open-shop, and demonstrate in a computational study on
instances from the literature as well as newly generated ones
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that our BCP is effective in finding tight bounds even for
the largest problems. We also demonstrate that the approach
is flexible and well-performing across a range of different
objectives.

Our results show that BCP is a suitable method for solving
even complex open-shop scheduling problems, despite the
very large solution space. Moreover, our tests indicate that
adapting non-robust cuts to scheduling problems—which has
only rarely been tried before (Bulhoes et al., 2020)—may be
a viable strategy for boosting the performance of BCP for
scheduling problems in general (not just the open-shop). Our
adaptation of the famous SRI cuts yielded significant runtime
improvements at least in some instances.

Future research may even further generalize our BCP,
e.g., by also considering job sequence-dependent setup times
[e.g.,Mejía andYuraszeck (2020)]. Due to the flexible nature
of our method, this should be relatively straightforward.
Moreover, further robust and non-robust cuts may be appli-
cable to open-shop scheduling and could be integrated into
our BCP framework.It may also be possible to speed up the
solution of the pricing problem by employing, e.g., ng-route
relaxations (Baldacci et al., 2011b). Beyond BCP, constraint-
programming solvers may also serve as a good starting point
and/or benchmark. Finally, there is generally speaking a
dearth of powerful solution methods for complex (i.e., real-
istic) open-shop scheduling problems that go beyond the
classic makespan objective. For instance, investigating non-
regular objective functions [e.g., earliness-tardiness,Hall and
Posner (1991)] or general minmax objectives may be a fruit-
ful avenue for further research.
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