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Abstract

This article proposes a new method for estimating regime-switching models when
some slope parameters are constrained to be non-switching. The constrained param-
eters are simply found by an appropriate weighted average of the unconstrained
parameters. The advantage of this approach is twofold. First, the constrained esti-
mates are obtained by an unconstrained estimation procedure such as the EM algo-
rithm, and hence, the procedure is relatively straightforward to implement. Secondly,
as both the constrained and unconstrained estimators are available, testing based on
the likelihood ratio and model selection by means of likelihood-based information
criteria is particularly simple. The procedure is applied to a three-state Markov-
switching variance model.

Keywords Constrained estimation - Regime-switching model - EM algorithm -
ML-based tests - ML-based information criteria

JEL Classification C12 - C13 - C24

1 Introduction

This article assumes that the econometric model under examination contains two
classes of parameters, which may be either constant (invariant) or subject to regime
changes. In a seminal paper, Engle et al. (1983) state: “Over time, it is possible that
some of the parameters of the joint distribution may change perhaps through chang-
ing tastes, technology, or institutions such as government policy making. ... (how-
ever) there may be parameters which remain constant... This is a familiar assump-
tion about parameters in econometrics which is here called invariance. ... This
requirement is clearly very strong and its untested assumption has been criticized
in conventional practice by Lucas (1976) and Sargent (1981).” As outlined below,
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372 A. Beccarini

the view of Engle et al. (1983) characterizes significant and emerging strands of the
econometric and empirical literature, particularly in the context of rational expecta-
tions-based and DSGE models that incorporate regime changes.

This article is built on the assumption that the appropriate econometric model
includes both invariant and regime-dependent parameters. Moreover, the distinction
between the two classes of parameters should be testable and the researcher aims at
minimizing the computational burden.

Thus, regime-switching (RS) regressions are the natural statistical device to
address these issues. These models allow for abrupt and uncertain changes in both
cross-sectional and time-series data. The success of these statistical tools relies on
the fact that they provide both consistent estimates of the model’s parameters and
probabilistic inference about the latent variables governing the abrupt changes. The
RS models are used in many areas, including bioinformatics, biology, economics,
finance, hydrology, marketing, medicine, and speech recognition.

Throughout the article, “RS model” refers to a general class of models, including
mixtures of distributions, Markov-switching (MS) models and Time-Varying Tran-
sition Probability (TVTP) models; useful basic references may be, among others,
Hamilton (1994, Ch. 22), Kim and Nelson (1999) and Friihwirth-Schnatter (2006).

Thus, the objective of this article is to show, in the context of an RS model, how
constrained parameter estimates can be obtained from unconstrained ones, possibly
(but not necessarily) by applying closed-form solutions, and hence without the need
for numerical procedures. As the computation of the constrained and unconstrained
RS-variances is already explored in Hamilton (1990), we concentrate on the mean
parameters: the RS constants and slope parameters. The constraint in question is that
some parameters, such as the slopes, are not RS (i.e., they are constant or invari-
ant). Furthermore, the asymptotic properties of the constrained estimator are directly
derived.

Suppose the researcher chooses the EM algorithm of Dempster et al. (1977) or
Hamilton (1990) for estimating an RS model. The choice of the EM algorithm as the
preferred estimation procedure relies on its stability and the fact that it yields closed-
form solutions for many RS models or for ad hoc derivations of constrained Maxi-
mum Likelihood (ML) estimators. It is also proposed for didactic purposes, specifi-
cally for deriving the asymptotic properties of the constrained estimator. It will be
shown that the constrained estimator can be computed simply through a weighted
average of the unconstrained estimators. Thus, the constrained estimator can still be
obtained using the closed-form solutions provided by the standard EM algorithm.
This avoids modifying some steps of the (basic) EM algorithm or applying alterna-
tive estimation procedures, which are generally based on numerical and less stable
solutions (i.e., the classical (or direct) ML approach and the Gibbs-sampling), par-
ticularly in the context of constrained maximization problems.'

It is worth here to remark that the unconstrained estimates can be obtained
using any estimation procedure: it is always preferable to obtain a single set of

! The performance of the EM algorithm is analyzed, among others, in Redner and Walker (1984) and
Hamilton (1990).
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(unconstrained) estimates and then compute their constrained counterparts, rather
than starting with the constrained estimates or estimating both sets separately. Fur-
thermore, since both the unconstrained and constrained estimators are immediately
available, the Likelihood Ratio (LR) test is the natural way to verify the validity of
the constraint. The constrained model under consideration has RS in at least a subset
of its parameters. Thus, the testing procedure is not based on the null hypothesis of
no RS, as in Di Sanzo (2009) and references therein.

The invariance property of the ML estimator (see Greene 2003, Ch. 14) cannot
be applied because it requires a deterministic function linking the constrained with
the unconstrained estimators. On the other hand, the constraint in question is sto-
chastic, as it depends on the specific available sample. In fact, to construct the con-
strained estimator, the smoothed probabilities are needed (see Hamilton (1994, Ch.
22)). These probabilities are a natural byproduct of the EM algorithm. The fact that
the constraint is stochastic implies that the constrained estimator does not necessar-
ily inherit the (asymptotic) properties of the unconstrained counterpart. Thus, the
asymptotic properties of the constrained estimator must be explored.

These kinds of constraints are considered in several seminal papers. Hamilton
(1989) used an RS model for measuring the switches in the business cycles, where the
autoregressive parameters are constrained to be non-RS and estimates were obtained
through numerical procedures. Hamilton and Susmel (1994) outlined an autoregressive
model for stock returns with ARCH effects subject to RS. Hamilton and Lin (1996)
used a bivariate model for the growth rate of industrial production and the excess
return on stocks, where the vector of constants is specified as RS and the autoregres-
sive parameters as regime independent. Billion and Caporin (2005) allowed a dynamic
conditional correlation model to have some RS parameters. More recently, Becca-
rini and Kempa (2023) modeled unobserved heterogeneity in panel data as RS while
maintaining some parameters constant. The simplicity of computation of both the
constrained and unconstrained parameters can be particularly appreciated when deal-
ing with macro-econometric systems with changes in regimes, for which the computa-
tional burden of estimating both constrained and unconstrained estimates may be sub-
stantial and sometimes infeasible. In fact, a vast strand of literature has explored such
systems in a vector autoregressions context. For this purpose, the reader may consider
Krolzig (1997), some important extensions such as Cavicchioli (2014b), and applica-
tions as in Cavicchioli (2022). A related strand of the literature deals with multivari-
ate Markov-switching models, and in particular, their combination with Dynamic Sto-
chastic General Equilibrium (DSGE) models and rational expectations frameworks.
All the below-cited works make use of distinct classes of RS and non-RS parameters,
providing flexible frameworks for structural analysis of regime-dependent dynam-
ics and the economic interpretation of results. Farmer et al. (2011), and Cho (2021)
have advanced solution and estimation techniques for MS rational expectations models.
These studies provide deeper economic accounts of recurrent regime shifts in terms
of changes in the behavior of private agents and policymakers, as well as in the vola-
tilities of structural shocks. There is also increasing interest in the interplay between
regime switches, agents’ beliefs, and macroeconomic dynamics as shown by Bianchi
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374 A. Beccarini

(2013), who incorporates agents’ expectations and regime changes in monetary policy
behavior within an MS-DSGE model framework. In this context, Hur (2017) specified
the central bank reaction function as dependent on output growth, inflation, and stock
prices, allowing only the parameter related to stock prices to be RS. Chang et al. (2021)
introduce a monetary policy that switches between hawkish and dovish regimes, while
deep economic parameters remain constant. They also identify the drivers of policy
shifts. To this end, the proposed estimating and testing procedure aims at reducing the
substantial computational burden of these models. Based on unconstrained estimates,
econometric routines can automatically compute the constrained coefficients and the
related statistics.

Similar estimators can be found in the literature. Aitkin (1999) outlined models with
shared random effects arising through a variance component or repeated-measures
structure and provided nonparametric maximum likelihood estimates. Bartolucci and
Farcomeni (2009) considered a dynamic logit model, where the responses depend on
covariates and some unobserved heterogeneity. Importantly, they are ML estimators,
that is based on f.o.c. derived from a constrained log-likelihood function. Thus, the pro-
posed estimator, which is a sort of Generalized Least Squares estimator, has to prefer-
able for the following reasons. First, it does not require an ad hoc derivation of the
ML estimator, which is specific to the model of interest. Second, simulation exercises
indicate that small-samples properties of the proposed estimator outperform those of
the direct ML estimator.

Thus, for the proposed estimator, the relevant theoretical asymptotic properties are
provided. Further simulations exercises are also provided in order to verify how the
constrained estimator, the ML-based tests and the information criteria (AIC and BIC)
behave in small samples, and in case of (non)-separation of regimes, both in the null
and alternative hypotheses. In the simulation exercises, the performance of the ML-
based statistics are verified, i.e., the LR, Wald and Lagrange Multiplier (LM) tests. The
performance of the Akaike (AIC) and Schwarz or Bayesian (BIC) Information Criteria
is also explored; for details, the reader may consider Leroux (1992), Leroux and Puter-
man (1992), Cavicchioli (2014a) and references therein.

As an empirical application, the article of Kim et al. (1998) is considered, which is
also reported in Kim and Nelson (1999). The mean-reverting hypothesis of the monthly
stock returns is tested. This analysis relies on a simple three-state Markov-switching
Variance Model. Kim et al. (1998) estimated this model with constrained mean param-
eters, without testing this restriction. Whether this restriction is consistent with the data
is verified, among others, through the maximum likelihood-based tests.

This article is organized as follows. The next section outlines the RS model. The
third section presents the estimation strategy for obtaining the constrained estimator
and verifies its statistical properties. Section four presents the simulation results. Sec-
tion five considers the empirical application. Conclusions follow.
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A new estimator for the constrained regime-switching model 375

2 Outlining the RS model
2.1 Specifying the unconstrained RS model

To introduce the procedure, consider the typical representation of an RS model for
the dependent variable y,, explained by the vector of exogenous or predetermined
variables x”n , with M observations:

Y =0 + Xy, +u, (1)

where m=1,...,M with u,|s,, ~ i.d.(0, o"f ), (i.d. stays for independent distribu-
tion) a, ,y, and o, are RS parameters whose values are determined by the value of

m

a latent variable, s,, (m = 1, ..., M), which may take R values: 1,2, ... ,R.? As antici-
pated, with an RS model it is meant a class of models with RS, such as MD, MS and
TVTP models. For didactic purposes, the reader may consider the MS model with
an irreducible transition probability matrix (TPM) as the reference model and the

other two as variants.

2.2 Setting the analysis in matrix notation

It is convenient to cast the model in matrix notation, as this is simpler for consider-
ing their statistical properties:

Y =[S [iy Xi] ... Sg - [iw X\]] - B+ U 2)

where Y is a (M X 1) vector, iy, is a (M X 1) vector of ones , X, is (M X K) matrix of
exogenous, explanatory variables,® and g is a (K + 1) - R) x 1) vector of param-
eters. The information of the latent (M X 1) vector S (whose typical element is s,,,
m=1,..,M) is embedded in the S, (M X M) diagonal matrices r =1, ..., R, such
that each mth-element, m =1, ..., M, on the main diagonal of S, is 1 if the mth-
observation belongs to regime r (s,, = r) and 0 otherwise (such that Zf:] S, =1y
where [, is an identity matrix of order M).

In order to understand this matrix notation, note that the pre-multiplication of the
matrix of regressors through the matrix S, selects only the observations in X;, which
belong to regime r. Note also that f collects all parameters of the mean regression,
i.e., the first K + 1 elements of f belong to Regime 1, the second K + 1 elements of
belong to Regime 2 and so on. U is a (M X 1) vector of error terms. Later on, it will
be convenient to write the model of Eq.(2) in a more compact form by defining:

[Si- i Xi] - Sk [iv X1]] =X (3)

2 However, sometimes the shortcut: &, _, = a, is used.
3 With the expression [iM X 1] we mean a (M X (K + 1)) matrix whose first column is i), and the last K
columns corresponds to X,. This notation holds throughout the article.
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376 A. Beccarini

which renders the model of Eq.(2) linear, conditional on knowledge of the matrices
S, (r =1, .., R). In particular, for Eq.(2) it holds

B=lay v ay7) ... 71,e’]’ 4)

Only the statistical properties of the constrained model are explored in the next
subsection.

3 Estimation strategy and statistical properties of the estimation

This section begins by describing the necessary statistical properties of the distur-
bance term and the statistical relationships between the relevant variables of the RS
model. Next, it clarifies how to obtain the RS estimator based on the EM-algorithm,
when the relevant constraints are applied. Finally, the statistical properties of the
constrained RS estimator are explored.

3.1 Statistical assumptions underlying the data-generating process

In the previous subsection, the error term U was assumed to be i.d.. This implies
that*:

E[U|Sg, ... S;1=0,, 5)
R

E[UU'|Sg, ... Si1= ) 025, 6)
r=1

The special case of 61'2 =62, (i=1,...,R) is also considered. We further specify the
processes determining the values of X; and of U as joint covariance stationary and
ergodic (see Greene 2003, Ch. 20) within (or conditional on) each specified regime.5
Together with the assumption that the error term is conditionally zero in expectation
with finite variance, this implies:

E[X u,|Sg. 8] =0 m=1,....M 7)

Thus, within each regime, xfn u,, 1s zero in expectation with finite variance. Stationar-
ity of the process generating the elements of X; within regimes also implies Eq.(8)
and Eq.(9). In fact, under stationarity and conditional on regime r, it holds that:

E[x:n|sm =r] =y, r=1,...,R (8)

4 Note that the matrices S, r»---»S) express the same information as S, collecting the values of s,
m =1,..,M. It is convenient to express the condition in terms of the R matrices.
5 The reader may also consider Francq and Zakoian (2001) on this topic.
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A new estimator for the constrained regime-switching model 377

Thus, v, is the (1 X K) vector of finite elements containing the expectation of the
vector x,,, conditional on regime r and for observation m. Furthermore:

E|x,x |s, = r] =0, )

where 0, is a (K X K) matrix of finite elements, if the m — th observation belongs to
regime r, (im=1,...,M;r=1,...,R). Note that Eq.(8), Eq.(9) and ergodicity are
sufficient to conclude:

plim(t ', S,.X)) =v, r=1,...,R. (10)

r

plim(7'X/8,X,) =0, r=1,...,R. (11)
where 7, is the number of occurrences of regime r, such that ¢, = tr(S,); the plim
operator refers to the condition, 7, — oo, (r =1, ... ,R).6 This means that there is suf-
ficient information for each regime (which also implies M — o).

Now define as P, the (M X M) matrix estimating S,, r =1,...,R. In general
terms, these matrices embed smoothed estimations, which implies that the under-
lying model is a MS or a TVTP model, see Hamilton (1994, Ch. 22) or Kim and
Nelson (1999, Ch. 4) for an introduction. If the reference model is an RS model with
independent switches (or a MD model), the R matrices P, embed the conditional (on
current values) or posterior probabilities of each regime occurring.

3.2 Constructing the constrained estimator

In order to show the proposed procedure without loss of generality, we assume the

constraint that all slope parameters are equal (y, =y, r =1,...,R), and hence the
intercepts remain unconstrained (regime-dependent). Define 6 as the vector of true
parameters containing both the R intercepts (,, r = 1, ..., R) and the common slope

(y):0' =[a, a, ... agy']. The proposed estimator is the following:

>
I
>

(12)

with:

W, % R (13)

% Throughout the article, the plim(.) is an element-by-element operator and #r(-) is the trace operator.

@ Springer



378 A. Beccarini

which collapses to w, = p,/M in the special cases of equal variances (cyr2 =02,

r=1,..R).
Thus, the proposed constrained estimator 7 is obtained simply by running an
unconstrained RS regression and then taking an appropriate weighted average of the
R

unconstrained §,s: Y. w,7,. Appendix A.1 guides the reader in deriving the estimator
r=1

of Eq.(12) starting from the unconstrained estimator. The next section verifies under
which conditions the estimator of Eq.(12) is consistent, efficient and asymptotically
normal.

3.3 Statistical properties of the constrained estimator

The constrained estimator of Eq.(12) turns out to be consistent, efficient and asymp-
totically normal under some established conditions outlined below. Each of these
statements is now explored.

In order to evaluate the above properties, the RS estimators are considered as
weighted (or generalized) least-squares estimators, as in Beccarini (2019) , Hamil-
ton (1990), Hamilton (1994, Ch. 22) and Krolzig (1997, Ch. 6 and 8).

Identifying the RS estimators as weighted least-squares estimators, and hence
avoiding the classical maximum-likelihood framework, is particularly convenient,
as it enables easily finding their asymptotic properties. In fact, according to White
(1991, Ch. 1), any linear transformation of a linear stochastic relationship can be
considered within the framework of standard asymptotic theory. Small sample prop-
erties are then verified through a simulation exercise.

Now, 6 can be expressed directly in the model in place of f, and its estima-
tor is evaluated. Thus, having defined X in Eq.(3), now rewrite Eq.(2) in a more
compact form: Y =Xpf+ U, and substitute out f through Eq.(25), yielding
Y=Xp+U=XHO+ U, conditional on the specification of the matrix H. Pro-
ceeding as before, conditional on knowledge of the matrices S,, r =1, ..., R, which
determine X, # can be found through the OLS?®:

0=HXXH)'HX'Y. (14)

The theoretical properties of  can now be found as usual by substituting out Y,
yielding:

0—0=HXXH)'HXU. (15)

Note that the theoretical properties of 8 will be found without assuming any theoreti-
cal property of the unconstrained estimator f.

R

7 Note that %, with % = 1, is an estimate of the ergodic probability of regime r occurring, if it exists;

r=1
r=1,...,R.
8 It can be shown that the above formula and that of Eq.(28) are equivalent.
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A new estimator for the constrained regime-switching model 379

The following statements about Eq.(15) can now be made. They should be
interpreted in the context of the EM algorithm, which alternates the E-step with
the M-step in an iterative manner. That is, Eq.(14) may be interpreted as the out-
come of the M-step, for which a closed-form solution is obtained; meanwhile,
Eq.(19) may be interpreted as a possible outcome of the E-step. This implies that
Theorems 1 and 2, in order to be applicable, require the validity of the follow-
ing Theorem 3 and vice versa. In fact, suppose that L iterations are necessary to
obtain the final estimates. Define as }}/” the iteration index, [ =0, ...,L. At the
beginning (/ =0), some starting values for the parameters are assumed, from
which the smoothed probabilities are found. In general terms, these are not equal
to the values embedded in S;, (i = 1, ..., R). However, for the successive iterations,
new updates of the parameter vector and the smoothed probabilities are obtained.
Due to the property of the EM algorithm, each of these steps results in values
which are approaching the final estimate, see Hamilton (1990). Furthermore,
based on Theorem 3 (outlined below), if separation of regimes is present, the
smoothed probabilities approach O or 1. At the (L — 1)th step, the parameter esti-
mates are in a neighborhood of the final estimate, and hence, due to Theorem 3,
the smoothed probabilities are approaching S;, i = 1,...,R. At the Lth step, the
maximum-likelihood estimate is obtained by assumption. Thus, both theorems
can be applied.

Theorem 1 (Asymptotic normality and Consistency). The right-hand side of Eq.(15)
is asymptotically normally distributed with zero expectation and a finite covariance
matrix, when Eq.(5), Eq.(6), Eq.(7), Eq.(10), Eq.(11) and Eq.(19) are assumed. Fur-
thermore, the limit in probability value of Eq.(15) is zero, implying the weak con-
sistency of the estimator.

Proof See Appendix A.1. O
Theorem 2 (Efficiency). Assuming Theorem 1 and Eq.(19), the estimator defined
in Eq.(12) attains the Cramer—Rao lower bound in the class of the consistent
estimators.

Proof See Appendix A.2. O

Standard errors of constrained estimator & can be found as usual by the rel-
evant covariance matrix, which is specified in the following corollary.

Corollary 3.1 The covariance matrix of the constrained estimator 8 can be obtained
as follows.
For &j (j=1,...,R) it holds:

~1 — 0 ) 0
Var|a] = <I(K+1) _I(K+1)>Var[ﬂj] <I(K+1> _I(K+1)>' (16)
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380 A. Beccarini

where <I(K )~ I(OK+1)> is a (K + 1) square matrix of zeros except for the (1, 1)-ele-
ment, which is 1.° Moreover, Var [ﬁ;] = sz (XéPsz)_l, as defined in Eq.(49). For

>R w7, it holds:

R
Var lZ Wi 7’!] (K+1)Var lZ w,ﬂ,] (K+1)" (17
]

with
R
Var lz wiﬁi] Zw (X,P.X. B (18)
i=1
%
and w; = #,](K_H)IS defined such that §;, = (K+l)ﬂ (i= ,R).
(%)
Proof Considering the details provided in the proof of Theorem 2, this proof is triv-
ial. O
We now address the issue of the relationship between P, and S,, r=1,...,R.

This can be expressed as:
plim(P,) =S, (19)

With smoothed probabilities we mean the outcome of the smoothing algorithm pro-
posed by Kim (1994), Hamilton (1994, Ch. 22), Krolzig (1997, Ch. 22) and exten-
sions such as Alvarez et al. (2019).

Theorem 3 (Consistency of P, i =1,...,R). Given Theorem 1 (consistency of )
and consistency of [6‘1...8R], Eq. (19) holds.

Proof The condition that M — oo ensures that the values of P,, r =1, ..., R, (com-
puted in the E-step of the EM algorithm) must converge to O or 1, see Redner and
Walker (1984). Furthermore, each element of P, is ultimately a nonlinear, continu-
ous function of the underlying (in the M-step estimated) parameters, which are
assumed to be consistent (Theorem 1).

Then, due to the theorem of the limit in probability of continuous functions (or
Slutsky theorem, see White (1991, Ch. 2, Proposition 2.27), Eq.(19) must hold by
construction. O

Thus, Theorem 1 justifies Eq.(14) as the outcome of the M-step. On the other
hand, as the possible outcome of the E-step, Theorem 3 justifies Eq.(19). This

° Further details of 1?1( 1) can be found in Appendix A.2.
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A new estimator for the constrained regime-switching model 381

iteration is due to the iterative feature of the EM algorithm. In order to see this cir-
cularity from another perspective, consider the Generalized Method of Moments
(GMM) of Hansen (1982). This procedure exhibits a very similar situation. In fact,
Hamilton (1994) in Ch. 14, ’Optimal Weighting Matrix’, reports the circularity
between the main parameters to be estimated and the weighting matrix. This is over-
come by alternating the estimation of the two quantities until the change of the esti-
mated main parameter is negligible. Indeed, this is the same way the EM algorithm
deals with the alternation of the E-step and the M-step. Furthermore, as already
noted, the RS estimator can be considered as a type of Generalized Least Squares
Estimator, which, in turn, is a special case of the more general GMM.

Before considering the simulation exercises, the concept of separation of regimes
is outlined and in particular to its relationship with consistency. First, it should be
noted that for Theorem 3 only a weak consistency requirement is needed: consider-
ing each element of the vector |diag(P, — S,)|, the probability that each element of
this vector is smaller than every € > 0 tends to 1, as M — oo. Secondly, this asymp-
totic property is affected by how much regimes separation is present in the data.'
Roughly speaking, for almost all observations, separation means that densities con-
ditional on regimes are sufficiently distant from each other, in a way that the densi-
ties product is approximately zero for each value of their support; for details the
reader may consider Redner and Walker (1984). In fact, for a given € > 0, the value
of M(e), such that for all M > M(e), each element of |diag(P, — S,)| is smaller than e
in a probabilistic sense, does depend on the separation of regimes.

4 Simulations

Simulations have a threefold objective. The analysis of (small sample) properties of
the proposed constrained estimator also compared with the constrained direct ML
estimator, the ML-based tests (Wald, LM and LR), and the AIC and BIC.
Simulations are based on an MS model as specified in Eq.(1) with R = {2, 3}, for
which the constants are unconstrained (RS) and the slope parameter of the unique
regressor is constrained to be non-RS and equal to 1'' and 6;=1 (i = 1,..,R).
Regarding the comparison between the proposed and the direct ML estimators
and ML-based tests, we consider only the case R = 2, for simplicity of exposition.
Separation of regimes, as defined in Redner and Walker (1984), is also considered.
Separation of regimes is here measured by the distance of the RS-constants, while
maintaining the other parameters fixed. The DGP with poor separation considers RS
constants equal to (—1, +1) for R = 2 and (-2, 0, +2) for R = 3. The DGP with good
separation considers RS constants equal to (—2,+2) for R =2 and (—4,0, +4) for

10 In fact, the condition of Eq.(19) requires the number of observations in each regime to go to infinity.

" As the econometric model does not involve any dynamics for the dependent or the explanatory vari-
ables, any nonzero and finite value of the slope parameter and of the variance is appropriate. Thus, for
clarity of expositions the slope parameter is set to 1.
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R = 3. The evolution of the latent variable is governed by a Markov chain of the first
order, described by an ergodic TPM.'? The number of simulations is always 1000.

Table 1 shows the constrained parameter estimates of the proposed estimator as
a function of the number of regimes, separation of regimes and the sample size.
For reasons of space, the estimates of RS constants and variances are not reported;
however, their convergence properties are equivalent to that of the constrained
estimator. 3

Table 1 shows that the average constrained estimator is asymptotically unbiased,
although this property depends on how good regimes are separated. In fact, the
small samples bias vanishes more rapidly when separation is good.

Table 2 compares small and large samples properties of the constrained direct
ML estimator with the proposed estimator and also outlines the unconstrained esti-
mates (on which the proposed estimator is based). Computations are based on the
same starting values. The numerical procedure used for the direct ML estimator is
based on the optim () function in R, with the default optimization method. Sample
sizes range from 7' = 50 to T = 1000; R = 2, high separation is assumed.

There are remarkable differences in the performance of the two alternative esti-
mators for all of the mean parameters. In large samples, this difference decreases,
but the imprecision of the direct ML likelihood compared to the EM-based estimates
remains considerable. In small samples, the precision of the performed estimator is
remarkably higher than that of the ML estimator. Its inaccuracy vanishes gradually
with the sample size increases.

The performances of the ML-based tests, the AIC and the BIC are now con-
sidered. Tables 3, 4, and 5 show the behavior of the LR tests for different sample
sizes, separation and number of regimes. In particular, results are based on different
critical levels {a = 0.01,0.05,0.10}, for which the corresponding percentiles of the
relevant chi-squared distributions are found. For example, for the 3-Regimes case,
there are 2 constraints, and hence the relevant chi-squared distribution has 2 degrees
of freedom. Each table reports the percentage of the simulated LR tests, which
are equal or higher than the assumed percentile. For example, Table 3 is based on
a = 0.01 and hence the fraction of the simulated LR tests which are equal or larger
than the 99%-percentile of the relevant chi-squared distributions is reported. In this
way, it can be verified how the LR test is, in small samples, distributed. Fractions
similar to the assumed critical values show that the LR test is chi-squared distrib-
uted. A property which, in general terms, is valid only for large samples (Tables 3,
4,5).

From the comparison of the above values, the following conclusion can be drawn.
As expected, the LR is only asymptotically chi-squared distributed. However, the
convergence speed depends on the number of regimes and separation. Having good
separation implies that the convergence to the relevant chi-squared distribution is

12 For R = 2, the parameters of its main diagonal are 0.8 and 0.7. For R = 3, the parameters of the main
diagonal are 0.8, 0.7 and 0.6 and the parameters not belonging to the main diagonal are equal.

13 Equivalent results are obtained when simulation are based on a similar mixtures-of-distributions
model; results are available upon request.
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Table 1 Constrained estimates

. Sample size Poor separation Good separation
of the proposed estimator

50 200 1000 50 200 1000

No. regimes
2 1.05 0.98 1.01 1.03 0.99 1.00
3 0.94 0.97 1.02 0.95 0.99 1.00

This table shows the average constrained estimators over 1000
simulations, with different sample sizes and different separation of
regimes. The true parameter is equal to 1

Table2 Comparison between T i Unconstrained ~ Constrained Proposed RSE
the proposed and the ML RSE RSE
estimators

a; Bi a; B B

50 i=1 =201 103 —216 093 1.04
i=2 189 1.04 1.64 -

500 i=1 =201 1.00 -—214 096 1.01
i=2 200 1.01 1.71 - -

1000 i=1 —2.00 100 —2.12 097 1.00
i=2 200 1.00  1.86 - -

This table compares small and large samples properties of the con-
strained direct ML estimator (columns 5 and 6) with the proposed
estimator (column 7), which is based on the unconstrained estimator
(columns 3 and 4)

obtained by a smaller sample size.!* In small samples with poor separation and
for R = 3, the LR test tends to falsely reject the null hypothesis of the constrained
model more often with respect to the rejection rates obtained by the appropriate chi-
squared distribution.

The next tables compare the performance of all the ML-based tests by reporting
the fraction of each test, which is equal to or larger than the relevant percentile. This,
in turn, is based on the usual critical levels {a = 0.01,0.05,0.10}. Simulations are
obtained for R = 2, for the usual sample sizes and for poor and good separation of
regimes. !>

The results of Tables 6, 7, and 8 lead to the following conclusions. As expected,
the sample size and the regime separation play the usual roles in determining the
performance of the ML-based tests. Importantly, the LM test performs relatively
poorly (or not better) in almost all situations, making the Wald test the most reliable.
This further confirms that, at least for a 2-State MS model, the estimations are better

14 This is in line with the theoretical observation about separation of the last subsection.
15" As R = 2 and hence one constraint is assumed, the relevant percentiles of the chi-squared distribution
associated with the above critical levels are 6.63, 3.84, 2.71, respectively.
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Table 3 Fraction of the LR
values equal or larger than the
99%-percentile

Table 4 Fraction of the LR
values equal or larger than the
95%-percentile

Table 5 Fraction of the LR
values equal or larger than the
90%-percentile

Table 6 Fraction of the
ML-based tests equal or larger
than the 99%-percentile

Sample size Poor separation Good separation

50 200 1000 50 200 1000

No. regimes
2 0.22 0.02 0.01 0.03 0.01 0.01
3 0.28 0.12 0.01 0.25 0.02 0.01

This table shows the fraction of the LR tests equal or larger than the
relevant 99%-percentiles (6.63 for the 2-Regimes case and 9.21 for
the 3-Regimes case)

Sample size Poor separation Good separation

50 200 1000 50 200 1000

No. regimes
2 0.18 0.07 0.05 0.09 0.05 0.05
3 0.33 0.18 0.04 0.33 0.08 0.05

This table shows the fraction of the LR tests equal or larger than the
relevant 95%-percentiles (3.84 for the 2-Regimes case and 5.99 for
the 3-Regimes case)

Sample size Poor separation Good separation

50 200 1000 50 200 1000

No. regimes
2 0.22 0.15 0.10 0.13 0.12 0.10
3 0.40 0.23 0.06 0.40 0.14 0.10

This table shows the fraction of the LR tests equal or larger than the
relevant 90%-percentiles (2.71 for the 2-Regimes case and 4.61 for
the 3-Regimes case)

Sample size Poor separation Good separation

50 200 1000 50 200 1000
LR 0.22 0.02 0.01 0.03 0.01 0.01
LM 0.24 0.08 0.03 0.06 0.02 0.01
Wald 0.11 0.02 0.01 0.02 0.01 0.01

This table shows the fraction of the LR, LM, and Wald values equal
or larger than the 99%-percentile over 1000 simulations for R = 2,
different sample sizes and different separation of regimes

designed if based on an unconstrained model, and this holds for both estimation and

testing.

Now, the differences between the AIC and BIC, each evaluated at the uncon-
strained and the constrained models, are computed. Since these statistics have to
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Table 7 Fraction of
the ML-based tests
equal or larger than the
95%-percentile

Table 8 Fraction of the
ML-based tests equal or larger
than the 90%-percentile

Table 9 Percentage of correct
model identification through
the AIC

Table 10 Percentage of correct
model identification through
the BIC

Sample  poor separation good separation
size D ——

50 200 1000 50 200 1000
LR 0.18 0.07 0.05  0.09 0.05 0.05
LM 0.20 0.15 0.07  0.16 0.06 0.05

Wald 0.06 0.06 0.05 0.05 0.05 0.05

This table shows the fraction of the LR, LM, and Wald values equal
or larger than the 95%-percentile over 1000 simulations for R = 2,
different sample sizes and different separation of regimes

Sample size Poor separation Good separation

50 200 1000 50 200 1000
LR 0.22 0.15 0.10 0.13 0.12 0.10
LM 0.24 0.20 0.12 0.25 0.12 0.10
Wald 0.11 0.12 0.10 0.08 0.09 0.10

This table shows the fraction of the LR, LM, and Wald values equal
or larger than the 90%-percentile over 1000 simulations for R = 2,
different sample sizes and different separation of regimes

Sample size Poor separation Good separation

50 200 1000 50 200 1000

No. regimes
2 0.85 0.86 0.86 0.75 0.82 0.84
3 0.57 0.73 0.83 0.58 0.80 0.87

This table shows the fraction of the positive differences of the AIC
values. This positive difference indicates that the AIC identifies the
constrained model as the true specification

Sample size Poor separation Good separation

50 200 1000 50 200 1000

No. regimes
2 0.88 0.95 0.98 0.89 0.96 0.99
3 0.66 0.83 0.96 0.70 0.86 0.99

This table shows the fraction of the positive differences of the BIC
values. This positive difference indicates that the BIC identifies the
constrained model as the true specification

be minimized in order to choose the best model, a positive number for each of
these differences indicates a correct selection of the model (the constrained speci-
fication). Tables 9 and 10 report the percentage of these positive values.
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The AIC proves reliable in large samples (with a percentage of success over
80%), but also in small samples if R = 2. Good separation does not seem to be an
advantage in small samples.

Overall, the BIC criterion exhibits a better performance with respect to the AIC
criterion. The BIC performs particularly well in large samples (due to its consist-
ency property), and it performs worst when R = 3 and regimes are poorly separated.

The next estimation exercise considers the DGP under the alternative hypothesis,
i.e., the slope parameters are not constrained to be equal. It aims at verifying the
power of the ML-based tests, in particular in small samples (N = 50) with two dif-
ferent degrees of poor separation.'® In both cases, the RS constants equal to (—1, +1)
ando; = 1 (i = 1, ..., R), but the slope parameters are set to (+1, —1) and (+0.1, =0.1)
for very poor separation. To this purpose, the fraction of the ML-based that are
equal or larger than the usual percentiles is considered. This is a measure the prob-
ability of rejecting the null hypothesis (being it false), i.e., the power of the test.

From Tables 11 and 12, it is clear that the LM-based test outperforms the other
tests, being the Wald test the less performing. This particularly holds with very poor
separation of regimes (Table 12). All performances are improved by the increase
of the sample size, indicating that the tests are consistent (their power tends to one
asymptotically).

Based on performance comparisons of the ML-based tests under both the null
and the alternative hypotheses, it seems that LR-test performs relatively well in both
hypotheses.

Performances of the AIC and BIC criteria are very similar, showing little detec-
tion of the correct model in case of very poor separation of regimes and small sam-
ples size (for reason of space, they are available only upon request).

5 Estimating the 3-State MS Variance model

In order to describe the easiness of the computation of the constrained parameter
and the calculation of the LR test, the article of Kim et al. (1998) is now considered.
It deals with a variance ratio test for verifying the mean-reversion hypothesis of the
monthly returns (NYSE stocks). The scope of this section is not to provide a com-
prehensive analysis of stock returns but to verify possible misspecification in the
model of Kim et al. (1998).

A three state MS Variance is considered, with the following assumptions:

Y~ N(0,57) (20)

where y* is the demeaned value of y representing the time series of the monthly
returns, monthly CRSP data, 1926:1-1986:12, equal-weighted. Moreover, 612 repre-
sents the RS-variance of y, such that:

16 There is a presumption, that under very good separation, the testing procedure must perform satisfac-
torily. That is why, for reason of space, this situation is not considered.
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Table 11 The power of the

Sample si N=350 N =200

ML-based test with (+1, —1) as ampre size

slope parameters Percentile 90% 95% 99% 90% 95% 99%
LR 0.99 0.99 0.97 1.00 1.00 1.00
LM 1.00 1.00 0.98 1.00 1.00 1.00
Wald 0.96 0.92 0.85 1.00 1.00 1.00

This table shows the fraction of the LR, LM, and Wald values equal
or larger than the relevant percentiles over 1000 simulations for
R =2, different sample sizes (N = 50,200) and poor separation of

regimes

Table 12 The power of the .
S le N=50 N =200

ML-based test with (+0.1,-0.1) P S

as slope parameters Percentile 90% 95% 99% 90% 95% 99%
LR 0.54 0.46 0.36 0.58 0.48 0.39
LM 0.87 0.83 0.75 0.90 0.87 0.78
‘Wald 0.31 0.25 0.16 0.41 0.28 0.18

This table shows the fraction of the LR, LM, and Wald values equal
or larger than the relevant percentiles over 1000 simulations for
R = 2, different sample sizes (N = 50,200) and very poor separation
of regimes

02 =078, + 058, + 6353, Q1

where 0'j2 are the conditional-upon-regimes variances (j = 1,2, 3); S, describes the
latent variable governing the regimes and switches between 3 states: (S, = {0, 1},
j=1,2,3, with Zj’:l S]—, =1,t=1,2,...T) in line with an ergodic Markov chain of
the first order.

In order to provide a complete description of the data and of the estimation meth-
ods, three models are estimated. All of these three models share the same variance
specification outlined for atz. The first model is based Eq.(20) and hence replicates

the results of Kim et al. (1998). The second model considers y as dependent variable
and assumes non-RS mean for y, in line with:

y~N(3,07) 22)

where y is the unconditional mean of y, which can also be represented as a non-RS
parameter of the three state Markov-switching Variance Model.

The third model is an unconstrained 3-state MS Model; that is, both the means
and the variances are allowed to switch among regimes:

y~N(3,07) (23)
where y, is the conditional-on-regimes mean of y at period 7 ( = 1,2,...,T), such

that:
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Ve =381+ 9255 + V355 24

where y; is the conditional mean of y conditional upon regime j, (j=1,2,3).
Table 13 provides the main results of the models, which are labeled as “Demeaned
RS,” “Constrained RS,” and “Unconstrained RS,” respectively.

From Table 13, it is apparent that the constraint in question as assumed in Kim
et al. (1998) is not consistent with the data for the following reasons. First, the
regime-switching means y; (j = 1,2,3) are statistically significant at any conven-
tional significance level.!” Furthermore, as mentioned in the previous section, the
LR test is particularly easy to implement. Results also turn out to be not dependent
on which model (either the Demeaned RS or the Constrained RS model) is con-
trasted with the Unconstrained RS model.'® Since the Demeaned model exhibits
a smaller Log-likelihood value, the Constrained RS model is compared with the
Unconstrained RS model. Based on the Log-likelihood values of Table 13, the rel-
evant LR-statistic is equal to —2(1002.3 — 1005.7) = 6.8. Under the null hypothesis
of equality of means, and given 2 constraints, the LR-statistic is Chi-squared distrib-
uted with 2 degrees of freedom: the corresponding p value of 6.8 is 0.033; thus, the
null is rejected at the 5% critical level.!” Moreover, the Wald test leads to rejecting
the null of equality of the means with p — value = 0.000. As noted for example in
Aitkin and Wilson (1980), for the Unconstrained RS model, or the model of Eq.(23),
the ML estimate of the unconditional mean Ey, is the sample average of y. This is
not the case for the Constrained RS model whose unconditional mean, which coin-
cides with the constrained parameter, cannot be estimated by means of the sample
mean, due to its leptokurtic property. Thus, potential coincidence in this estimate
of the three models is a further informal evidence in favor to the Unconstrained RS
model. Computing ¥ for the Unconstrained RS model and hence in line with the
formula of Eq.(12) the following value is obtained, 0.01068, whose standard error
is 0.002 (p — value : 0.0000). This is equal to the sample average after rounding to
the seventh digit. The constrained mean estimator as obtained by the Constrained
RS model: 0.01164 whose standard error is 0.002 (p — value : 0.0000). Thus, basi-
cally no differences arise between the constrained estimators based on the formula
of Eq.(12) and the sample average of y.2° This, again, is an evidence in favor of the
of the Unconstrained RS model.

17 Results may be provided upon request.

18 Furthermore, very small differences arise in the series of the smoothed probabilities of the Demeaned
and Constrained models.

19 Using the log-likelihood of the Demeaned RS models instead does not change the result. The cor-
responding LR-statistic is equal to —2(1001.9 — 1005.7) = 7.6. Under the null hypothesis of equality of
means, and given 2 constraints, the LR-statistic is Chi-squared distributed with 2 degrees of freedom: the
corresponding p value of 7.6 is 0.022; thus, the null is rejected at the 5% critical level.

20 The potential differences in the estimates between the Demeaned RS and the Constrained RS models
are only because the latter is estimated by means of numerical procedures. Several procedures are used:
BFGS, BHHH, Newton—Raphson, with 500 starting values with 100 iterations using 1 standard devia-
tion, with different random generators.
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Table 13 Main results of the 3-State Markov-switching estimates

Regimes Demeaned RS Constrained RS Unconstrained RS
1 2 3 1 2 3 1 2 3
Means - - 0.012 0.014 0419 —0.015

Variances  0.001 0.031 0.004  0.001 0.031 0.004 0.002 0.023 0.010
Erg. prob 0369  0.127 0.504 0365 0.129 0.506  0.723  0.012 0.265

LL 1001.9 1002.3 1005.7
AIC —2.713 —2.710 —2.716
BIC —2.656 —2.648 —2.639

In the demeaned RS model, the dependent variable is the demeaned return; it replicates the model
of Kim et al. (1998). The constrained model assumes a non-RS mean but RS variances for the (non-
demeaned) return. The unconstrained model assumes that both means and variances of the (non-
demeaned) returns are RS. All parameters are significant, at least at the 1% critical level

This misspecification might have dramatic results for the outcome of the vari-
ance ratio test as proposed in Kim et al. (1998). In fact, as apparent in Table 13, the
estimations of the RS variances are affected by the regime-switching specifications
of the means. Thus, the time-varying unconditional-on-regimes variances, as con-
structed by means of eq.(21), are apparently different for the Constrained RS model
(or the Demeaned RS model) and the Unconstrained RS model. This is because they
are based on significantly different means. Figure 1 compares them.

Furthermore, the summary statistics of the standardized returns are also dif-
ferent. As in Kim et al. (1998), standardized returns are computed by dividing
the demeaned returns by their historical standard deviations as computed through
Eq.(21). Meanwhile, the demeaning of the historical returns based on the Uncon-
strained RS model is obtained by means of eq.(24).

Figure 2 reports their histograms, and Table 14 reports the main results: it is
apparent that the non-rejection of the null hypothesis of normally distributed residu-
als is stronger for the Unconstrained RS model.

All of this evidence casts doubts on the assumption of the equality of means of
excess returns within regimes; importantly, it turns out that the Variance-ratio test
used for verifying mean-reversion of returns may be jeopardized. However, based on
the proposed procedure of this article, the unconstrained model and the LR statistics
are estimated at no extra costs.

6 Conclusion

This article proposes a simple and new way to estimate a regime-switching model in
which some mean parameters are constrained to be non-regime-switching. Usually,
this requires an ad hoc derivation of the constrained ML estimator or the applica-
tion of numerical procedures. Instead, the closed-form solutions generally obtained
through the EM algorithm may be used, together with the smoothed probabilities.
In fact, should the slope parameters be constrained to be non-regime-switching, the
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Fig. 2 distribution of standardized returns for the constrained and unconstrained models

constrained slope parameter can be obtained by averaging the regime-switching
slopes using the ergodic probabilities and regime-switching variances as weights.
However, the use of the EM algorithm is not necessary: what we need is the uncon-
strained estimates and the smoothed probabilities of each regime to occur.

It has been shown that this estimator is consistent, efficient and asymptotically nor-
mally distributed. Small sample properties of the proposed estimator outperform those
on the constrained direct ML estimator. Testing the validity of the constraint is also sim-
ple. The likelihood ratio test can be easily applied because the analyst disposes, at the
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Table 14 Standardized returns Unconstrained STR Constrained STR

Mean 0.009353 0.024976
Median —0.000241 0.015225
Maximum 2.59732 3.648329
Minimum —3.011072 —2.773908

Std. Dev 0.911309 0.926932
Skewness —0.016388 0.14773
Kurtosis 2.83391 3.269575
Jarque—Bera 0.874134 4.878988
Probability 0.645928 0.087205

Standardized returns (STR) are obtained from the historical mean
and variances of the unconstrained and constrained models

same time (or at trivial costs), of both the unconstrained and constrained estimators and
of the associated log-likelihood values. Based on simulation exercises, under the null
hypothesis of constrained slope parameters, the Wald test outperforms the Likelihood
ratio and, by large, the Lagrange Multiplier test, remaining all asymptotically equiva-
lent. The Akaike and the Bayesian Information Criteria can be immediately computed;
the latter appears to be the most reliable. Simulation exercises are also conducted under
the alternative hypothesis of non-constrained slope parameters. As expected, the power
of all tests depends negatively on separation and positively on the sample size. The
LM-based tests outperform the other tests in all circumstances, being the Wald test the
worst performing. Thus, as LR-test performs relatively well in both hypotheses, it turns
out to be the most reliable testing procedure. It is worth to remark only asymptotically
these tests are consistent. As an empirical application, a three-state Markov-variance
model is considered, for which the monthly returns series of the NYSE stock exchange
was assumed to have a non-RS mean and a three-state-based variance process. Apply-
ing the proposed procedure proved to be more reasonable as both the unconstrained
and constrained estimates of the mean and the Likelihood-ratio test were immediately
available. All evidence has shown that the unrestricted model with (three state) RS
means and variances is more consistent with the data.

Appendices
First appendix
The objective of this annex is first to derive the proposed constrained estimator of

Eq.(12). Furthermore, it finds the term (H'X’'XH)~'(XH)' U of Eq.(15), and in turn, its
asymptotic properties, as stated in Theorem 1.
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The constrained estimator

The proposed constrained estimator can be found by the unconstrained estimator.
The relationship between the constrained and unconstrained parameters can be

defined in an explicit form?!:

p=HO (25)

where His a (R - (1 + K) X (R + K))-matrix of constants, which formulate the equal-
ity between each y,,i = 1,...,R, and y:

[, ] [1 0 - 0 le,(_

71 Ogx1 Okt =+ Ogsr Ii a;

a, 0 1 <0 Ok a,

2 | = Iy S IR (26)

: : . : ap

aR 1 01k 4
| VR | _0K><1 Ogxi * Oxsa Ix

Note that Eq.(25) can be used to specify the constrained parameter vector as a func-
tion of the unconstrained parameter vector: § = (H'H)~'H'f. However, this can-
not be used to find the constrained estimator from the unconstrained one, since
this holds for the true parameters only. In other words, the specification of Eq.(26)
holds only for the true parameters, under the hypothesis that the R constraints y; = y,
i=1,...,R, are true. That is, even if these R constraints are true, the estimators 7;,
i=1,...,R are, in general terms, different from each other, which may break the
equality of Eq.(26). This implies that if the corresponding estimators are inserted
into Eq.(25), the equality does not necessarily hold. This confirms the fact that the
statistical properties of the unconstrained estimator cannot be automatically con-
veyed to the constrained estimator. Nevertheless, considering the estimates of f and
0, if the matrix H is now specified as follows:

[¢, ] [1 0 0 Okl
" Ogx1 Oxxi = Ogsr q1lx d
@, 0 1 -0 05k d,
n|= Aol |- ¢ (27)
: : : dp
dg 1 01k 7
| 7r ] _kal Ogx1 * Ogxa qrlk |
then the (unknown) scalars ¢,, r = 1, ..., R, can be defined such that the constrained
estimator:
0=HHTH} (28)

21 For this approach, see Favero (2001, chapter 1) or Gourieuox and Monfort (1995, chapter 1). The
advantage of this approach is that f can be simply substituted out from the data-generating process,
which can be directly expressed as a function of H6.
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exists and is at least consistent, efficient and asymptotic normally distributed. Now
setting

Qr:ﬁr:1’~~sRs (29)
2(4)

with p, =tr(P,), r =1, ..., R, and substituting Eq.(29) in the matrix H of Eq.(27),
then the result in Eq.(28) yields:

ay
a,
0= &R (30)
R
2w,
L r=1 |
with:
&
62
2
w=—"—r=1,...,R
r B s L\ 31
2
=1\
which collapses to w, = p,/M in the special cases of equal variances (ar2 =02,
r=1,..,R*
Now, further details are provided. In order to derive Eq.(12), note that:
[ 1 Oixg 0 O 0 oo Opg ! 00 O
0 Opg 1 Opg O oo Ope 0 1 0 .. Ong
H=| 0 0, 0 Oyl ..0,|[HH=] O 0 1 O
R
7OK><1 alk Oxxa @aly - qrlg Ogxi Okt Okt - ;]qr'IK
1 0 0 ... O 1 05k 0 Opg 0 .. Oy
0 1 0 ... Oy 0 Oux 1 Ok 0 . Opg
() = 0o 0 1 0, () 0 Opx 0  Ong 1 .. Oug
1 9 9> q
OKx] 0K><] 0K><] R_'Ik 0K><l R_'IK O1<><1 R_'IK RR 'IK
Z]qr Z,]q ;qr ;qr
(32)

R

22 Note that Z—;, with Y ;’7 = 1, is an estimate of the ergodic probability of regime r occurring, if it exists;
r=1

r=1,...,R.
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Pr Pr

Now setting g, = ——, r = 1, ..., R, the weighting terms in Eq.(32) are R"' = =,
pj pj

2B 2o E

=F p f=ty

r=1,...,R. Thus, postmultiplying the matrix (H'H)"'H’ by f yields the result of
Eq.(30).

Note furthermore that, forg, = 1,7 = 1, ..., R, the weighting terms in Eq.(32) are
R

4qr —

R
;q,-
Deriving the expression of Eq. (15)

r=1,...,R, which implies § = Z}%}?r'

1
b
R r=1

We first note that the specification of the matrix H through the choice of g,,
r =1, ., R, does not affect the asymptotic properties of the above term.> In fact, the
choice of whatever (nonzero, finite and real) number for g,, r = 1, .., R, results in a
different weighted average of the unconstrained estimators, 7,. For example, setting

q,=1,r=1,.,R, the last element of 0 turns into a simple average of the uncon-
R

strained estimators: § = ), ILQ)A/”’ see Annex A.2.1 for details.
r=1

In order to find the consistency properties of the term (H'X'XH)™'(XH)' U of
Eq.(15), we set g, =1, r =1,..,R, bearing in mind that the result will be valid
for whatever (nonzero, finite and real) value for g,, r = 1, .., R, including that of
Eq.(29).

For this purpose, we first find the quantity (H'X’XH)~'(XH)'. We start by finding
XH, where X is defined in Eq.(3):

(1 0 0 0y ]
Ot Ot Ogsr Ix
0 1 - 0 0k
XH=[SI‘[iM xl]...SR‘[iM X,” Iy
1 leK
L Ot Ogx1 + Ogsr Ig

=[Sy ing|[S2 - ing] - [Sk - i) [S1 X1 + S, + ..+ Sp X |]-

Note that we can now exploit the fact that: $,X; + 5,X; + ... + SzX; = X|, so that
the (R + K) X (R + K) matrix H'X’'XH becomes:

23 However, the choice of g,, r = 1, .., R does affect the efficiency of the estimator, see Theorem 2.
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51
ih,S;
o | 181 i) [S2 i) - [Se ] [X0]]
i Sk
X
7, Syiy 7,5,X,

g oo M
i, Saiy i,5,X,

7, Srin ih,SpX,
XISyiy X\ iy X|Spiyy XX,

Note that #) S,i), = t,(= tr(S,)) is a scalar and equals the number of observations
belonging to regime 7, r = 1, ..., R. Thus, we now have to find the inverse matrix of
H'X'XH:
-1
4 i;wSle
t 0,5, X

xR iSkX)
X!Syiy X! Syips -+ X! Sgip X1X,

Note now that the above matrix can be inverted by using the formula of partitioned
matrices (see, for example, Greene (2003, Appendix A)), where the upper-left block
is a diagonal matrix of order R, for which the elements of the main diagonal are the
inverse values of 7., r = 1, ..., R. The other partitions are defined conformably. Let
us define the partitions of the above matrix as follows:

- -1 _|AB
(H X XH)(R+K)X(R+K) - [C D]

then, the inverse of the lower-right block is:

Dy = (X)X, = [ X[Syips X[ Saipg -+ X Sgi |
— . -1
10 ... 0 0,8 X,
0 ! | 8%,
0 | L ,SeX,
= (X[ [y = [ Siine Saing -+ Skire]

0 0 [aS T Y

0 ! iS,
S . M: X,
0 1y i\, Sk

= (X [Ly = 17" S1ipih, Sy + 17 Syingil Sy + -+ + t,;‘SRiMingR]]Xl)“.
(33)
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Note that the matrix [t7S iy, S; + 5" Syips i, Sy + ++ + 15" Spiyyi}, Se] is a (M X M)
matrix, such that each element of the t-th row is the scalar z‘r‘1 if regime r occurs for
the t-th observation (and zero otherwise). Thus, define

H° =1, — [ S1iygih, Sy + 6 Syingil, Sy + -+ + 15 Sgipgih Sg] (34)

which implies,

-1
Dy = (X|HX,) 35)
Furthermore:
-1 T
tl
t—l
Apxr = 2
-1
tR h
iglslxl
-/
Lo+ | 9520 [ mOx ) XIS i XISy e XSy
rT : (XTHX,) " - [ X]S1iys X[ Saiyy [Skin |
i SpXi
_1 n
f .
t2
-1
tR a
! e ingIXI
t; i S, X -1
Bpux = — 2 M:2 ! (X;H0X1>
il S ¢
—1
£ 1
-1 . . . t
Cyxr = —(X{HOX,) 7 [ X Sying X[ Sping -+ X[ Sgins ]| . 2
-1
tR
Note now that:
o
/ lM.S2
(XH)(R+K)><1 = , .
1SR
Xl

Thus, all factors for the computation of the matrix (H'X’XH)~'(XH)' are available,
yielding:
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(H'X'XH)™\(XH) = [Al +B! ]

C' +D!

_ . _1.
7S 7178, X,

_]-/ _1 Y
5,8 £ S, X, PR
ARXM_ 2 M + 2 M (XIH Xl)
' Sg ' SpX,
_i , Sl
XISy X! Syiyy - X! Sping | 2 S
_1.
ty l]/wSR
—l l S X]
S X -1
1 — 2441 0
BRxM (X;H Xl) X;
t,;‘z‘;WSRX1
'S,
1 0y N\ Ty e wro s rQ tz_li[’wSz
Croyy =— (XTH X)) [ X[Syipg X)Syips -+ X Sgip | :
-1
121,k
1 0 1
Dy = (X1HX)) " X].

Having now found all elements of the matrix (H'X’XH)~!(XH)Y', we are in a position
to evaluate: (H'X'XH)~'(XH)' U of Eq.(15). Noting that:

[ X1S1ip X! Syiyg -+ X Sgiy

= X [171S1ipih, Sy + 15 Sy, S, +
It follows that:

(H'X'XH)""(XH)'U

7,8, ' 81X,
‘1 i S2 ¢
= U - :
t“z’ S 7l S.X
R "M“R R "MPR*1
Ogxmr Iy

+ 15" Spiyit Se] = X\ [1y

(XHX,) ' x| H°U

- H'|

(36)
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Deriving the proof of Theorem 1

Note that Eq.(5) and Eq.(6) provide sufficient conditions such that the terms

_1 . _ . . . .
" ;WS,U (r=1,...,R), are asymptotically normally distributed with zero mean and

finite variance®*:
l';WSrU d 5
IJT_)N(O’GV) r=1,...,R. (37)

which, in turn, implies25 :

plim(t7'i,,S,Uy=0 r=1,...,R. (38)

Let us now evaluate the term (X] HOXI)_IX;HOU of Eq.(36). First note that the con-
vergence of X] HX, (to a finite, non-random matrix) has to be verified?s. By defini-
tion of HY, see Eq. (34), the relevant term to be evaluated is X (r7'S,iyi},S,)X,. It
is easy to see that its convergence is ensured by the assumption of Eq.(11)*’, and
hence:

X/ HX,

PlimM—mo T = QHU (39)

where Q0 is a matrix of non-random and finite elements. As noted, X; H°U com-
putes the sum of deviations from the means of the columns of X,, within each
regime, multiplied by the error term U. Thus, by virtue of Eq.(7) and of Eq.(39) and
since H° = H'H® we have:

X'HU 4

. H°X':X,H° . . . .
where V = plim—-=— and X = diag(c,) = ¥_, 6,5,, that is a diagonal matrix
whose entries are the conditional variances.

24 Where i» denotes the limit in distribution operator.

25 As the number of observations within regime r goes to infinity (. — o), the average computed
through the factor tr‘l i), of the error term in regime r, S, U goes to zero.

%6 Note that H? is an idempotent matrix, implying that H°X, computes deviations of the observations in
X, with respect to the relevant mean values within regimes; thus X;HOX1 computes sums of squares and
cross products of deviations from the respective R column means. The matrix H° generalizes the matrix
M, in Greene (2003, Appendix A.2.8), who considers the non-regime-switching case.

27 The matrix X1S,X,in Eq.(11) computes the sums of squared values of the columns of X,; meanwhile,
the matrix X|(S,iy),S,)X, computes the squared values of the sum of the columns of X;, both using the

observations belonging to regime r. Furthermore, note that, due to the structure of H°, we also require:
. XX
plimy o\ —

implied by Eq.(11).

= Q, where Q, is a (K X K) non-stochastic matrix of finite elements; this, however, is
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Equation (40) provides a sufficient condition for the convergence in probability to
zero. Thus,

plimy,_., (X{HX,) ™' X/HU = 0 1)

At this juncture, by combining the results of Eq.(10), Eq.(38) and of Eq.(41) and by
virtue of the Slutsky theorem, for Eq.(15) we have:

plimy_(0—0) =0 (42)

which establishes consistency.
The issue of the asymptotic normality is now addressed. Eq.(39) together with
Eq.(40) implies:

_ d
M2 (X HX,) " X, HOU = N(O, ;) VO3 (43)

Thus, by virtue of Eq.(10), Eq.(37) and Eq.(43), the constrained estimator 0 is
asymptotically normally distributed:

-0

s N0 (44)

where Q is a (R + K) X (R + K)) matrix of non-stochastic and finite elements, i.c., a
function of v,, o-r2 (r=1,...,R), Vand Q.

The above results are derived conditional on knowledge of unobservable quanti-
ties: S,, r = 1,..., R. Thus, based on the result of Theorem 3, implying the property
of Eq.(19), we can replace (in the above results) S, by its (smoothed) estimating
counterpart, P,,r = 1, ..., R, since Eq.(42) and Eq.(44) are linked to the matrices S,,
r =1, ..., R, through continuous functions (Slutsky theorem).

Second appendix
This appendix provides the proof of Theorem 2.
Setup of the proof of Theorem 2

Given Theorem 1, the scaled (asymptotic) covariance matrix of the constrained esti-
mator, as a function of a generic weight, w;,i = 1,..,R, is, 28

28 Throughout this subsection, for ease of exposition, we omit the conditions of the expectation and of
the variance operators, i.e., Var[.] = Var[.lX] Sgs S ]
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R R !
g - -
i=1 i=1

1l
e
VR
M=
=
=
~_
VN
M=
=
=
\/\
|
-
3

Thus, w;, i=1,..,R must be chosen such that the above variance attains the
Cramer—Rao lower bound. To this end, further define the parameter vector f of
Eq.(4) as follows:

p=lay v ay vy agve) =[B B ... B (45)

such that [a,« yi’]’ = ﬁi’, i=1,...,R. Thus, the regime-switching estimator of ﬁ;,
i=1,...,R,is:

B = (X,PX,)” (X,P,Y) with (46)
Var[ﬁi] o2 (X,P.X,)” " Wwhere 47

X, = [iy X;] and (48)
Y=8Xp0,+5X6+ ... + Sp X, + U. (49)

see Beccarini (2019) for the details. Now define,

00... ... 0
01

0 .

I(K+1) : 1
0 1

(K+1)?

which implies that 7, = I(OK 1P and

Var lZwyl] (KH)Var lZwﬂ] K+1)* (50)

Since it is easier to deal with Var[Z;il wi/};] instead of Var[Zf=1 wi?i], we first show
the following:

R
VarlZwiﬁ;] Zw (X,PX,) " 1)

i=1
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We then find the optimal weights w;, i =1,...,R, such that the above covariance
matrix attains the Cramer-Rao lower bound. This will obviously also hold for

R A~
Var[zi:l Wﬂ/i]-
Asymptotic covariance matrix of the constrained estimator

We now show that Eq.(51) holds. Note first that if plim([,i;) = f,, which is a conse-
quence of Theorem 1, then,”’

R [/ & R R R !
Var lz wiﬁ[] =E <2 w;f; — Z W,‘ﬂ,') <Z w;B; — 2 Wiﬁi>
i=1 ' i=1

i=1 i=1

- , , (52)
R R R R
= E| <Zwi i><zwiﬂi> - Zwiﬂi<zwiﬂi> .
i=1 i=1 i=1 i=1
Thus, since
R R
Y wihi= Y wi(XiPX,) (XP,Y)
i=1 i=1
R ! R
(zw,: = S () ()
i=1 i=1
then
R R R R ! 1 B
<Z wlﬂl>< w; l-) = [wl (X2P1X2) ...WR(X;Psz) ]
i=1 i=1
X,P,Y wi (XPX,)
[(X;PLY)’ (XQPRY)’] :
X,PrY w(X,PeX,)™
(53)

Now first consider the product of the second and third vectors of the above expres-
sion, for which the typical element is:

(X,PY)(X,PY) ij=1,....R.

Note now that substituting out Y (in line with Eq.(2) and Eq.(45)) yields:

29 Note that, if the constraint over the ?,-, i=1,...,R, is true, meaning that there is a unique parameter y,

’
the parameters f; are still regime-dependent, because of its first element, the constant term: [a; vl ] =p,
i=1,...,R
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X\P.Y = X)P;[S,X,8, + $:X, 0, + ... + SpXo B + UJ,

assuming Eq.(19) implies that P;S; ~ P,P; ~ P;and P;S; ~ O, ifi #j (i,j=1,...,R),
thus:

X\PY = X,P;[P.X,p,+ U| = (X,PX,)B; + X,P,U.
This result implies:
(X3P, Y) (X,PY) = (X4PXy) BB (XoPXy) + X5 P,UBL(X5PX, )
+ (X,P.X,) B, (X,P,U) + X,P,UU'P X,

which, due to Eq.(6), it holds: E[UU'] = Zle ¢S, and hence:
E(X,PY)(XPY) = (X;P.X5) 8.5 (XoP;X, )" +X,P; Za S P

Note also that if Eq.(19) is assumed, then Pin ~ 0, Sin ~ 0, and the latter addend
of the above equation is zero fori # j,i,j =1, ...,R. Thus:
X,P,Y
! !
El [(X;P,Y) . (X5PRY) ]
X,PY
XOP X)) B (XP1 X)) ... (X5P X5) By B(XPrX,)
X PRX)BRPI (X P1IXD)" - (XyPRXo) BpBr(XyPpXo)'

6]2(X£P1X2) 0 e 0
0 o3 (X)P,X,)

0 o7 (X) PpX,)

Pre- and post-multiplying the latter results by the first and the fourth term of Eq.(53),
and simplifying yields:

R R ! R R !
E<Z Wiﬁi) <Z Wiﬁi) = z Wiﬁi(Z Wiﬂi)
i=1 i=1 i=1 i=1

- , I
+ [wlaf(xgplxz) L wgol (X, PRX, ) ]

WR

which gives the result:

R
Var lz w,-//i] 2 wro? (X)PX. 1. (54)
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The optimal weights

In order to choose the optimal weights (w;, i = 1, ..., R), we first have to perform
a minimization problem which, in general terms, requires evaluating a covariance
matrix, namely that of Eq.(54). Nevertheless, we apply the standard (constrained)
optimization procedure at each element of the above covariance matrix. Provided
that we show that this solution does not depend on the particular element we have
considered, the solution applies to every element of the matrix in question. To char-
acterize these elements, consider one generic row and one generic column of the
matrix X, namely x/ and x,, respectively. Thus, the minimization problem becomes:

R

R
Z 2 2 melxn —ﬂ Zw -1 —Zﬂ?wim,n=1,...,K, (55)

i=1

where 4 and y? are the Lagrange and the Kuhn—Tucker multipliers which allow tak-
ing into account, in the minimization problem, that for each w;, the following con-
straints, Eil w; = 1 and 0 < w; < 1, hold®. We then argue that, if the solution is
independent of the chosen row and column (x;n and x,, m,n=1,...,K), it is then
the solution, such that the corresponding covariance matrix attains the Cramer—Rao
lower bound. Then, the derivative of the (K?) Lagrangians with respect to each w, is:

oL

m,n

ow;

l

= 20 w(x Px) —l—,u?i=l,...,R, mn=1,...,K.

m" i'n

Setting the results equal to zero yields:
— (melxn)
207

1

(A+u))i=1,...,R, mn=1,....K. (56)

Note now that since A + /4? >0,i=1,...,R, because A > 0, and af > 0, then w, can
only be zero if and only if each element of P, is zero, meaning that no observation
belongs to regime i. This was excluded in our main setup. Thus, this implies that
the constraint 0 < w; < 1is binding: 0 < w; < 1, and hence it must be that ,u? =0.
Exploiting this latter result and summing both sides of the above equation yields:

R R
x P.x
_ _ m- ron
mel_z S Amn =1, K
r= r= r

Thus,

3 Note that, for a given w;, the constraint 0 <w; <1 may be expressed in the Lagrangian as
/4?(0 -w;)+ /4[1(1 — w;). However, the second constraint is redundant because of the first equality con-

straint: 2,1-11 w; = 1. Furthermore, it holds: 4 > 0 and u? = 0 if w; > 0.
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& Ps)
A= ZT m,nzl,...,K.

r=1

Substituting the value of A in the first-order condition of Eq.(56) yields,

R /P -1
20'i2<x:nPixn)_1wi=(Z (xmz—rzxn)) i=1,...,R, mn=1,...
o

r=1 r

or
Py (& (P
K i%n (xm rxn) .
w; = 5 Z > i=1,....Rmn=1,....K
o; c
i r=1 r
/
w.P x Px, )
X Z L)y =2 i=1,....,Rmn=1,...,K
m s2 " o2
r=1 r i
R
/ Pr Pi _ =1 =1
X, Wi— == = i=1,...,Rmn=1,...,K
o [0
r=1 r i
having assumed nonzero values for x/ and x, it must be:
R
P. P
Z ) —2=0 i=1....,Rmn=1,...,K,
o [op
r=1 r i
R
P, P
tr zwl_z__z =0 i=1...,.Rmn=1,...,K,
- 0 o;
r=1 r i

which yields the result®':
tr(P;/c?)
==
>R tr(P,/c?)

(57)

Since this solution does not depend on the chosen row and column of X,, we
conclude that this value, cast in Eq.(54), renders the covariance matrix as the
Cramer—Rao lower bound, i.e., for other possible R weights cast in Eq.(54), the

quadratic form of the following difference

al tr(P;/c? 2
022 w? - (M) (XQP,-Xz)_l
i=1

SR r(P,/o?)

(58)

31 Note that the following necessary condition for a minimum-solution is also sufficient because of the

convexity of the function in question.
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. » . r(Pi/o})
is positive definite for w; # ————,i=1,... ,R.

S (P /6?)
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